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Abstract

The symmetric moment problem is to find a possibly unique, positive symmetric
measure that will produce a given sequence of momgmits. Let us assume
that the (Hankel) condition for existence of a solution is satisfied, ana, lbe

the unigue measure, supportedmpoints, whose first2 moments agree with
Mo, ..., Man_1. Itis known thatoo, = o (weak convergence) arap,, 1 —

0w, Whereogp and 0., are solutions to the full moment problem. Moreover,
0p = O if and only if the problem has a unique solution. In this paper we
present an analogue of this theorem for Krein's problem of extendirigy #o
real, even positive definite function originally defined[efl, T] whereT < co.

Our proof relies on the machinery of Krein’s strings. As we show, these strings
help explain the connection between the moment and the extension problems.
(© 1999 John Wiley & Sons, Inc.

1 Introduction

In the (Hamburger) classical moment problem, one is given a sequence of real
numbers{Mg} and asked to verify the existence and uniqueness, af positive
measure ofR, such that for alk > 0, M = [y*da(y). Itis known that a necessary
and sufficient condition for the existence ofis that for anyn the Hankel matrix
Hn = (hij 4 Mi.j:0<i, j <n)is positive definite (see, e.g., [2]). The uniqueness
is, generally, a subtler question. However, for the symmetric moment problem
(whereMy,,1 = 0 for all n) there is a “hands on” way to settle the uniqueness
question while approximating at least one solution. This method is based on the
fact that for a given sequence afl homents{M : k=0,...,2n— 1} there exists
a unique positive measut®, supported om points, such thaf y<do = My for
k=0,...,2n—1[2, p. 31]. One can then prove the following known result:

THEOREM 1.1 (Even-Odd Theorems,, = 0p and 02n+1 = O (Weak conver-
gence of measures), where the symmetric positive measures o and 0., are solu-
tions to the full symmetric moment problem. Moreover, g and o., are the only
symmetric solutions o with dense polynomials in L?(0), and ag = 0, if and only if
this moment problem has an overall unique solution.

This theorem can be proved by reducing the symmetric moment problem to
a moment problem on the half-line, where one can use Stieltjes results. Alterna-
tively, in [7, section 5.5] we provide an outline of the proof following Akheizer’s
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reasoning in [2]. In [11] Simon provides a somewhat different proof, while an
additional approach is outlined in Section 4. We show that an analogue of this
even-odd theorem applies to the problem of extending a real, even positive definite
function.

A complex-valued functiorf defined on an interval-T, T| is a positive definite
function ifz{jjzl f(ti—t;)&& >0foralln, 0<t <T, and§ € C. In [8] Krein
studies the problem of extending a Hermitian positive definite function from its
initial domain[—T, T] to a Hermitian positive definite function & Approaching
this question in an analogous way to the classical moment probleiin, dfiems
the existence of such an extension and provides a certain necessary and sufficient
condition for its uniqueness. Note that according to Bochner’s theorem we can
identify any extensiorF of f as the Fourier transform of a positive measare
(denoted a§ =6 oro =F).

Suppose now tha&is areal, even positive definite function defined pAT, T].

With &, 4 T/(n—1), the sequencéq 4 R(kd,) : k=—-n+1,...,n—1} is a pos-
itive definite sequence, i.ezﬂj‘:loci_jEiE]f > 0 for all § € C. Therefore, there
exists a uniquesymmetric measureyy, that is supported on at mostpoints in
(70T S0 thatee = [ €% dpn(w) (see, e.g., [1]). Letn(0) = pn(0/3n), and let

the dimension of an even positive definite function be the cardinality of the sup-
port of the corresponding measure. Note tRdt) 4 [€@dan(w) = Gn(t) is the
unique positive definite function of dimensiarR, for whichR(kd,) = R(k8y) for
k=0,1,...,n—1.

Our main result is the following:

THEOREM 1.2 Suppose R is a real, even positive definite function on [—T,T].
Then Ry, — Ry and Rop 1 — R uniformly on compact subsets, where Ry and
R.. are positive definite extensions of R. Moreover, R has a unique extension over-

all if and only if Ry = Re. Finally, o < Ro and 0. < Re are the only symmetric
positive measures o for which {€'®: |t| < T/2} span L?(o).

We prove this theorem in Section 5 using Krein’s theory of vibrations of gen-
eralized strings. In Section 2 you will find a brief introduction to this theory that
is essentially adopted from Dym and McKean’s monograph on the subject [5]. In
Section 3 we give further details of a few results that are essential to proving this
theorem. We prove those statements for which either the proof or the explicit state-
ment could not be found in the literature.

The fundamental property of these strings is that they are in perfect equivalence
with real positive definite functions oR. It will be shown that all the strings
that correspond to positive definite extensions of a real positive definite furiRtion
defined on[—T, T] share a nontrivial common string (Claim 3.3). Moreover, this
shared string, “tied” wittk = 0 andk = o, corresponds t& andR., respectively,
from Theorem 1.2.
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Krein’s strings can also explain the apparent analogy between the even-odd the-
orem (Theorem 1.1) and Theorem 1.2, as both are essentially questions of extend-
ing the aforementioned shared string. This analogy will become clearer in Section
4, where the connection between the moment problem and strings is examined. For
now, we note the following:

e The classical moment problem can be regarded as an infinitesimal version
of the extension problem. Namely, df is a solution to the moment prob-
lem, thenR< G is a positive definite function andy = iXR¥(0). Thus, the
classical moment problem is equivalent to the problem of finding a positive
definite functionR with given derivatives at 0.

e Conversely, the extension problem can be regarded as a question of finding
a positive definite function with given finite differences. Indeed, recall that
in solving the extension problem, as described in Theorem 1.2, we look for
ann-dimensional positive definite functid®, such thatR,(kd) = R(kd) for
k=0,...,n—1. For a givem, let A be the finite difference operator defined
by

afypg ¢ 16D T 2)

Then, for any symmetric real functiohy A%+ (0) = 0 and

NF(0) = ;k[( ) 22}( ) ((k— 1)5)],

so{A%f(0):k < n—1}isin perfect equivalence witpf (kd) : 0 <k<n—1}.
In particular, computindR, amounts to finding a positive definite function
with given finite differences.

e Furthermore, findindR, in the extension problem is equivalent to solving a
(finite) symmetric moment problem: Le%, be, as beforeR,. Then with

0 =0n,
NR(0) = o, szo (%) -viRi- 9
R

e|66/2 _ ef|66/2
-/ (f) don(9)

T8 /sin(05/2)\ *
= (_l)k/n/6< 6—/2 ) dO'n(e)
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Definea,, as the measure induced by on [—2/5,2/3] through the change
of variable 2/8sin(68/2) — vy, then

(-1 kAsz /y2k d4o,,.

Thus, findingR, is essentially equivalent to finding the measmyavith the
corresponding moments. In particulax, is the uniqgue symmetric mea-
sure supported on at mostpoints in[—2/9,2/8] with the even moments

(-1)*A%R(0) fork=0,...,n—1.

This paper ends with Section 6, where we comment on the actual computations
involved in findingo, and where a numerical example of Theorem 1.2 is worked
out. This example also underscores the interaction between the moment and the
extension problem.

2 A Review of Krein’s Strings

Let A be a positive symmetric measure Brwith f 1+m2 < o, In a series of
papers (1952—-1954, an account of which is given in{Kjein showed that there
is an interesting connection between vibrations of a generalized string and certain
subspaces oZ (A) 4 L?(dA). A string is characterized by
e m(Xx), its positive, nondecreasing, right-continuous (accumulated) mass func-
tion, defined forx > 0,

e its lengthl = |nf{x> 0:m(x) =m(e)}, and
e a tying constant, & k < o, is specified ifl + m(l) < o (“short string”). If
k < oo, then the string is tied at= 14k, while if k= oo, it is loose atx = |.
The other end of the string,= 0, is always free.
Krein showed that there is a one-to-one correspondence between positive mea-
suresA with f < o and such strings. The basic idea is that on the appropriate
domain |nL2(dm) the second-order differential operafér= ¢ /dmdx is a non-
positive self-adjoint operator and therefore has a spectral representation.
To be more precise, le4(x) = A(x,y) be the eigenfunctions db (or if you
will, the eigenvibrations of the strlngﬁA, yZAy X) subject to the boundary
conditionsAy(0) = 1 andA, (0) = 0 (A, (X) is the denvatlve from the left with
respect toK). Fordm(x) = dx, i.e., the “ordinary string,” we havg,(x) = cogyx).
The even transform fof € L?(dm) is defined by

0= [ 10y ).

Theprincipal spectral function of the string is the unique symmetric and positive
measure\ for which

1The notations and interpretations here are borrowed from [5].
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e the even transform is an isometopto the subspace of even functions in

Z(0)
I113,= [ 1oame = 2 [172an= 272

e there is an inverse transform

_ % / Ax,Y) f(v)dA(y),

e Ais a spectral measure: The domairofs the class of alf € L2(dm) such
that [ y*f(y)2dA(y) < « andG f = —y2f(y).

Form(x) = x, we havedA(y) = dy andf is the cosine transform.

Similarly, one defines an odd transform (analogous to the sine transform) based
on the functionB(x,y) = —A"(x,y)/y (with A" (x,y) being the derivative from the
right with respect tox): Let X be the subspace &f ([0, +k),dx) comprised of
functions that are constant on intervals where the string has no mass. The odd
transform is defined fof € X as

fly) = /O'H( £(x)B(x, y)dx.

The odd transform is an invertible isometry onto the subspace of odd functions in
Z(A); more precisely,

e for f € X, f is an odd function inz(A) and

I+k 17 .2 1 .2
2 24,1 _1
71 = [ 1#Pax= = [17Pan = ZIT),

e for any oddg € Z(A) there exists a uniqué € X such thag = f and

/g B(x,y) dA(y).

Remarks. e By their construction, for any € C, A(X,Yy) andB(Xo,Yy) depend
only onm(x) for x < xp. Furthermore, they are holomorphic functionsyiof
exponential typd = [3°/m/(s) ds [5, chapter 6].

e Since we have a positive definite function in mind, we requiidd < co.
This simplifies matters; in particular, it means that all our strings start with a
discrete mass at On(0] > 0).

A symmetric positive measuikis a spectral function of the stringm, 1) if the
even transformf — f, defines an isometry af(dm) into Z(A). In particular, the
principal spectral function is a spectral function. Krein proves that any Aush
a principal spectral function of a longer strigg= (ma,la,ka) that contains the
original one; i.e.m(x) = my(x) for x € [0,1] [5, section 5.10]. In particular, a long
string has a unique spectral function: its principal one.
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3 Basic Results and Consequences

The first result we need does not involve strings. Z&tA) 4 Spar{é'* :t <
T c Z(D).

CLAIM 3.1 LetR be a positive definite function defined ¢n2T,2T], andQ the
set of all positive measures that extéRdThen either
« there is more than one extension, and there efist<Q such thatZ' (A) ¢
Z(A) or
o there is only one extension, adl (A) = Z(A).

Remark. An analogous statement holds for the moment problem, #ftreplaced
by Z.. (the span of the polynomials i#f(A)).

PrROOF. The first alternative follows immediately from Krein's work [8]; the
proof goes along the lines of the corresponding proof for the moment problem. Al-
ternatively, it can easily be derived directly: Suppasée Az are inQ. If ZT (&) #
Z(I\) for eitheri = 1,2, then we are done. Otherwise, with 0+ 30, € Q,
one can verify thaZ" (A) C Z(A). Furthermore, iR is real on[—T,T], then by
considering(dA(y) + dA(—y))/2, we can assumA is symmetric. Note tha®,
being convex, either is a singleton or is infinite.

On the other hand, if the extension is unique, it follows from Krein's analysis
that for allze C\ R, (u—2)"* € ZT(A). We continue following Akheizer's proof
of a similar statement in the moment problem [2, section 2.3. 2 [A) # Z (D),
then there existg € Z(A) such that the functions

g(u) (u)”
o) = [T dw,  w@ - [T da).
are both 0 orC*. It follows thatg = 0. O

By next restricting our attention to the real case (symmetric weight), we can
use Krein strings to say more about this extension problem.

Consider the strin®= (m,l,k). For a fixedy, A(x,y) is a continuous function
of x, and for a fixedx < | it is a holomorphic function of. Similarly, B(x,y) is
constant irk on mass-free intervals of the string and is holomorphig it follows
that for a fixeda < | and anyp € L2(dm) andy € X,

@) FO) = [ 000Ax v + [ W B(xYdx

is a holomorphic function. Lek? be the space of holomorphic functioRsthat
can be expressed as above, Fe= § + . Note that the definition dk®~ depends

21n most of these papers, Krein does not provide proofs; at most he gives a hint as to how the
proof goes.
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only on the short strin&, 4 (I =a,m(x)1x<a). Letl be the set of spectral measures
of S,. Then by the isometric properties of the odd and even transforms, for any
Ael,

* [ FoRane) = [ 1600Pdm0 + [ wePax <o

Thus, the restriction of anff € K#~ to R yields a unique function irZ(4), or
K&~ C Z(A). Conversely, we have the following:

CLAIM 3.2 There are exactly two measuredisuch thakk?® > Z(A), meaning
any f € Z(A) is arestriction o € K* to A. These measures andA, are the
principal spectral functions of the strings obtained by tyg&@vithout adding any
mass) withk = 0 andk = oo, respectively.

PROOE LetA €T have a stringm,la,ka) that has an extra piece of mass so
thatmp (Ia) > ma(a—). Then there exists a nontrivigle L?(dmy) that is supported
on([a,l,]. Of courseg is orthogonal ir.?(dmy) to any that is supported of, a);
thus, with f|5 denotingf restricted to the support &,

40,

F) L " #00mxymaa)|

is orthogonal ta&k?®~ in Z(A), andK?~ 5 Z(A).
Next, suppos@ € I" has a stringm, Ia, ka) with In =aandma(la) = m(a—),
but 0< ky < 0. Letd 4 laaik,)- Thenp € Xy, and

FO L [ 0Bax v

#0,
A

and, as beforef is orthogonal t&k?~ in Z(A). Indeed, in this case the codimen-
sion ofK#~ in Z(A) is 1.
Finally, any f € Z(Ag,.,) has its even inverse transform supported|@m),
since this is the support of their corresponding strings. Similarly, the odd transform
has to be supported ¢0, a) since it is constant ofa, a+k|. Thusk®™ 5 Z(A¢/«)-
O

Letxo(T) <x1(T) be the minimal and maximal solutions, respectively, of
X
(3.2) T :/ /(9 ds.
0

By using strings, Krein claims that i£7 (A) # Z(A), thenxy < « and ZT(A)
= K*~, meaning that there is an equivalence between holomorphic functions in
K*~ and their restrictions to the support &f which, as the claim goes, lie in
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ZT(0) [9]. A proof of this identification, which will be used extensively in Claim
3.3 below, can be found in [5, section 6.4].

Let us go back to the case of a real positive definite funcRahat is given
on [-2T,2T]. As before, lefQ be the nonempty set of its extensions (real or Her-
mitian) to the whole line. 1{Q| = 1, then there is a unique string (short or long)
associated with the (symmetric) positive meastireand Z' (A) = Z(A). Con-
versely, we have the following:

CLAIM 3.3 If the extension is not unique, then there exists a short sgirg
(mg,l¢) such that a symmetrio is in Q if and only if o is the principal spectral
function of a longer stringmy, I, Ks) with mg(x) = mg(x) for all x < .

PROOF. Claim 3.1 guarantees the existence of a symmatdcQ for Z'(A) #
Z (D). Letx be the minimal solution of (3.2) and note thgt c sinceZ'(A) #
Z (D). The string: we look for is defined by the mass function

nent o0, <
mA(XO_)v XZX07

and, clearly). = Xg. Leto be a symmetric measure éh We need to show thatis

a spectral function of the stringy. This will be established if we can prove that for
any ¢ € L2(dme), F(y) < 32 00A(x y)dme(x) satisfies|F | zq) = IF|5(a)-
SinceK®|, = ZT(A), F|a € ZT (), and therefore there exist trigonometric poly-
nomialsp(y) = ¥ ok with [t| < T such thatp, — F in Z(A). Since botho and
Aare inQ, [|pnll z(g) = IPnll z(a), SO proving thaim — F in Z (o) will complete
the proof. But{p,} is a Cauchy sequence #(A) and thus also irZ (o), and it
remains to show only that the limit Is.

Sincepn, € Z7 (D) = K*, there existh, € L?(dmg) andy, € X such that

Xo— Xo
Pn(Y) = dn(X)Ac(x,y)dme(x) + /O Wn(X)Be(x, y)dx.

0,
Hence,

Ipn(Y) —F (V)| =

[ (800~ 00)Aclxyim

+ /OXO Wn(X)Be(X,y) dx

1/2
< 0 lizam, | [ Actx Pame(o)

% , V2
10— Ol ongan | BelewPax|
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Thus, with
o T pro- , 1/2
o) & | [ IAtxPam| <o
and
d [ [ 2 Y2
catn & | [“IBtxiax| <o
we have

[pa(y) —F(Y)| < %maKCA,CB)H Pn—Fllzn)-

Hencepn(y) — F(y) for everyy € C, and it follows thatp, converges td~ in
Z(0).

As for the second half of the claim, suppose that the symmetric meassra
principal spectral function of a stringn,|,k) that agrees wittg for x < I.. Since
for a fixed|t| < T, cogty) € ZT(A), there existsh; € L?(dm;) such that

le—

costty) = [ 00Ax Y)dme (9.

Forx < I, m(X) = me(X), thus,An(X,y) = Ac(X,y) for anyx < Ic andy € C (sim-
ilarly, Bm(X,y) = Bc(X,y)). Hence the even transform ¢f(x), from L?(dm) into
L?(0), is costy) as well, or

0:() = [ costy)An(xy)da(y).

It follows that
/ cog'ty) cog(sy)da(y) = /O ‘ bt (X)ds(x)dme(x)
— | cosity) cos(sy)day).

An analogous treatment for giy) using the odd transforms completes the proof
thato € Q. O

Remark 3.4. So far we learned that either the extension problem is determined, in
which case there exists a unique extension prescribed by the symmetric measure
AandZ" (A) = Z(A), or it is not determined, in which case there are exactly two
extensionsfy andA., for which ZT(A) = Z(A) (cf. Claim 3.2). It can be shown

that in the second case, these two measures are supported on the z&flgs) of
andB(l,-), respectively. The latter are holomorphic functions of typ& with
interlacing zeros [5, section 6.3]. In particulds, andA. are discrete and, as in

the moment case, have disjoint support (Wigf0] = 0 < A [0]).
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FIGURE 3.1. Example 3.5:Ap, A», andA. The three distributions
whose graphs are plotted here are spectral measures of the short string
S that corresponds tB(r) = eIl on [—2,2]. The continuous line is of

Aly) = %ﬁz dy, while Ag andA., are the principal spectral functions of

S tied with k = 0 andk = «, respectively. Figure 3.2 depid® = Ag

andRy, = A

As Krein points out in [10], one can gain some insight into the relation between
short strings and “short” positive definite functions as follows: Suppose that a
force impulse (a delta function) is applied to the left end of the string Q) at
timet = 0. The motion of that end of the string as a function of time is given by
W(t) = [ sin(wt)/wdA(w). Note thaty/(t) = [ cogwt)dA(w) = A(t). Let T(x) 4
J&+/m(y)dy. ThenT is the travel time of the wave from 0 to Since the time it
takes the wave to reach the pokdnd return to 0 isB(x), it is intuitively clear that
for t < 2T(x), Y(t) depends only omjg,). In other words, any string that agrees
with m[jg, will reproduce the same motiomy(t), for t < 2T(x), and therefore

R(t) = A(t) will be identical for all such strings.

EXAMPLE 3.5 Consider the positive definite functid(r) = e I'l for r € [-2,
2]. Rextends naturally t® ase |, which corresponds to the measui#(y) =
L(1+y?) 'dy. Since[loga(y)(1+y2) ‘dy> —e, it follows by Szegd's alter-
native [5, section 4.2] that this extension is not unique.

Applying [5, rule 1, p. 265] to [5, example 6.10.1] yields the common stfng
mentioned in Claim 3.3:

1
me(X) = T+ 12X, o= =
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FIGURE 3.2. Example 3.5: Extensions ef "l from [~2,2]. The upper
picture is ofRy = Ag andR(r) = e I, which is plotted for reference.
The two positive definite functions are the same[eR,2]. The lower
picture contrastR. = Aw andR.

Also provided this way are

A(X,Y) = COSTIW) —ySIn(Tw),  B(x,y) = —Tisin(Tw) — Tycos( ).

The supports ofyy andA, the principal spectral measures $ftied with k =0
andk = oo, respectively, can be found by solving the equatiéik,y) = 0 and
B(l¢,y) = O, respectively. The weights aty, can then be found by computing
%HHA(o,yn)H,;Z [5, section 5.5]. Figure 3.1 depicg, A, andA, while Figure 3.2
describes the corresponding positive definite functi®n®., andR, respectively.
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The following remarks about strings and their spectral functions will be re-
quired later on:

Remark 3.6. Since the inverse even transform is an isometry, by applying it to the
indicator function 1o, (y) € Z(4), we learn that ifA[0] > 0, thenmy(Ia) = T/A[0]
(cf. [5, exercise 5.8.4]).

Remark 3.7. Suppose that thA, satisfyAy[0] > € > 0, An(R) = 1, andA, = A.
Then, by the previous remark, the corresponding mass funatipase uniformly
bounded. Thus, there exists a subsequdmgeand a nondecreasing right-contin-
uous functionm(x) such thatm, (x) — m(x) for any x such thaimx] = 0. Since
the A, are finite measuresn0] > 0, and one can then follow the rest of Dym and
McKean's proof of an analogous case [5, p. 203] to proverthiaas to be the mass
function of the string of. Thereforem(x) — ma(x) for all x such thatry[x] = 0.

Remark 3.8 By applying the odd transform to the functign- (y+ ib)‘1 and then
letting b — 0, we see that [5, p. 192, (4)]

1/ Ik i Emi) < o,
ﬁ/y “da(y) = {| if 1+ m(l) = .

4 Strings and the Moment Problem

Strings can be applied just as effectively to the study of the symmetric moment
problem. Assumd\ is a symmetric measure with moments of all orddvg; =
JY"dA(y) < . Letd < o be the number of growth points &f or the dimension
of R. From [5, sections 5.8-5.9], we learn the following:

e If d=2n+2 < o, then the mass function of the string consists of masses
m; located at = xy < X1 < --- < X, = |. The string is tied ak,,1 > I, i.e.,

k == Xn+1 - I > 0
e If d=2n+1, thenmandl| are as above, but the string is tied at »x, with
K= o0,

e If d =0, thenm(x) begins with an infinite number of isolated jumpsg:lo-

cated at G=xg < X3 < Xp---. LetL 4 sup X; thenm(L) 4+ L = o if and only

if the moment problem is determinate. If it is not determinate, then any spec-
tral function of the short stringm, L) is a solution of this symmetric moment
problem, and these are the only symmetric solutions. In this case, tying the
string withk = 0 andk = o will produce the only two symmetric solutions,

A andA., respectively, with dense polynomials. This can be deduced from
Claim 3.2 after we (readily) identifik-~ = Z..

It can also be shown that any spectral function of a string of the type described
above has moments of all orders.
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The precise recipe for recovering the string from the moments is taken from [5,
section 5.8]: Orthogonalize the powefg' : 0 < n < d} forming a sequence of
alternatively even and odd polynomidlR,(y) }n<d, Normalized so that

Pn(0) =1, 2n<d,
}/Mm(y) —1, 2ntl<d.
T Y
The massesy, and spacing%,. 1 — X, are specified by

mnzpi, 2n<d,
4.1) | Z”ﬂﬂ
Xni1—Xn=—>, 2n+1<d.
[Pon+1lla

Remark 4.1 Animmediate corollary of (4.1) is that is expressed wholly in terms
of Mg, My, ..., Ms_» and thatm depends only oivp, Mo, ..., M.

Strings can be used to prove the even-odd theorem in a way that sheds some ex-
tra light. LetS; be the string constructed from the given moments; iggconsists
of a sequence of jumps located atx as described above. Let, be the unique
measure supported om points such that

Mk:/ykdOZn(y), k=0,1,...,4n—1.

The stringS, associated witlw,, consists of masseg”, me", ..., m2" | located at
0=x3"<xa" < ... <x2" and is tied ak2". By Remark 4.1x?" = x for 0<i <n,

and similarlymz” =m for0<i <n-—1. ThusS, is a “substring” ofS. It is now
obvious that the stringSy, converge pointwise to the strirfy. Furthermore, i,

is short, theron, = Xn — Xn—-1 - 0 andintuitively it follows thatoy, = Ap.

Similarly, the stringSn.1, corresponding tas 4, satisfiesx’™™ = x and
" = m for 0 <i < nand is tied withkn 1 = 0. Therefore S, 1 converges to
S, and obviouslykpn 1 — o, so we should expetty, 1 = A». This intuition
can be turned into a rigorous proof quite easily; however, since a similar task is
ahead of us, we will skip it here.

5 Proof of the Main Theorem

Let 9t be the set of finite symmetric positive measuresfonLet d = &, =
T/(n—1) andAf(x) = (f(x+8/2) — f(x—5/2))/d. GivenR, a real positive
definite function o—T, T], we define

4 {oeMm:6(t) =R({)forallt e [-T,T|},

502 {0 €M :6(kd) =R(Kd) fork=0,1,...,n—1},
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5h g {66 9 : supfo) C [-2/9,2/9] and fork=0,1,...,n—1,

/ vdo = (—1)¥ AZ"R(O)}

Let ¢5(0) 4 2/8sin(80/2), and for anyo € %; define the measures d ooq)gl;
i.e., 05 is the pullback ofo by ¢5. Clearly, o5 is supported oi—2/8,2/9], and
since asin (1.1) fok=0,1,...,n—1,

. 2k
/ <%> da(6) = (~1)A%R(0),

it follows that ag € Sn. In particular, foro,, the unique measure ig, that is
supported on at most points (in[—11/,11/3]), Oy 4 ooq)gl € Z,. Furthermore,
sinceay is the unique measure ¥y that is supported on at maspoints, its string,
mg,, is a substring ofg for anyo € Z,, i.e.,mg (X) = mg(x) for all x < 5.

Remark 5.1 As you recall, we denoted hy the unique symmetric positive mea-
sure supported on at mastoints in[—t, 1] for which R(k8) = [ €“dyy,(w) for
k=0,1,...,n—1. It can be shown that if the sequenid&kd) : k=0,1,...,n—1}

is strictly positive definite, thep, is supported on exactly points [1, chapter 1].
Sinceaoy is determined fronyw, by the simple change of variable— w/d, it fol-
lows that botho,, anda,, will be supported on exactlyg points in this case. IR

is not determined fronmj—T,T], then the sequencgR(kd) : k=0,1,...,n—1} is
strictly positive definite [8], and therefoms, is supported on exactlg points in
the nondetermined case.

CLAaM 5.2 {0,} is a tight set of measures, and any of its limit measuresis in

PROOF. Leta = [inf~1(1— @)]—1. Since for anyp > 0

o([53]) <5 i

[3, proposition 8.29]; to prove tightness, it suffices to show thatRhbave a
uniform modulus of continuity at= 0.
Sinceoy, is supported of—Tt/&,, 11/ 8], for |r| < oy,

TY/dn /8,
11— Ra(r)| —/ (1— coswr) dop(w / S|n2—d0n( w)
- 1/dn
/5n
(1) < 2/n smz—don( )
/0n
=1-Ro(8n) = 1-R(3y).
Fore > 0, there exists @ > 0 such that
(5.2) Irl<p=1|R(0)—R(r)| <e.
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For anyn big enough so tha}, < p and for|r| < p, letr, = kd, be the closest grid
point to the left ofr; i.e.,.ke Nand
0<r—r,<?9o.
Note thatR,(r,) = R(rp); thus with (5.2) and (5.1),
[1—=Ra(r)| < [1=Ra(rn)|+[Ra(rn) = Ra(r)]
< L= R(r)| + /21~ Ro(r — 1) <&+ V2.

Finally, as
R(kdn) = Ry(kdn), |kl <n-1,
the limit has to be a real extension Rf O

Remark 5.3 Itis clear from the definitions that, —> v if and only if 6, = v.

If Rhas a unique extensid®, then the previous claim assures us fRat> Re
uniformly on compact subsets, and by Claim 3.1, witk: Re, Z7/2(0) = Z(0).
This proves the theorem in the determined case.

Conversely, assumR is not determined fromi—T,T|. Then all real exten-
sions ofR share a common short string, = (m,l¢) (Claim 3.3). Letop and o,
be the principal spectral functions of this string tied with= 0 andk = o, re-
spectively. We first show thaty, ; = 0.. Let 0j 9 Gwo q>gl; thenaoy € =,
ando;[0] > 0,[0] > 0 (Remark 3.4); thereforey,(l5,) < me(lc) (Remark 3.6).
As noted above, the string of, is a substring of any other string whose principal
spectral function is &, In particular,mg, (I5,) < mg,(l5,), and sincez,,1(0] >0
(aso2n+1 has exactly 8+ 1 points of increase), it follows thabn, 1[0] > 0. [0].
Clearly, 02n+1[0] = 02n+1[0]; therefore, for anw such thatoy, 11 = v, v[0] >
0.[0], and it follows thatm,(ly) < mc(l¢). Butv € X, so we can conclude that
m, = m. (andl, = I¢). It remains to verify thak, = o, which follows immediately
fromv[0] > 0 and Remark 3.8. Hence = 0., and Claim 5.2 completes the proof
thatozn 1 = Ow.

We conclude the proof of our theorem by showing next that—> og (cf.
Remark 5.3). It suffices to show that g, +ks,,) <lc. Indeed, suppose it so
and assume thatb, = v. Then

L [y 2dviy) <tim [y2dGm, = limls, +Ke) <.
This implies thal, < |; (Remark 3.8), and sincec 2,
my(lv) <my(lc) = mg(le) < oo.

We conclude that

1
I, +k, = ﬁ/yfzdv(y) <Ie,
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and thereford, = I andk, = 0, orv = 0.

Let ST = (mpr, lo1, kot = ) be an extension of the common short strifig-
(me,l¢) such thate < It < 00 andmy () exists and is positive for anye (I, lo7).
Let 6T be the principal spectral function 8. LetR*T = T, and consider the
problem of extending®" from [-2T,2T]. Our treatment thus far assures us that
05, =>0?T. As before, itis easy to see ti@g_,[0] > 02" [0] > 0 and therefore
for anyx with mpr[X] = 0, mgzr _(x) — mer () (Remark 3.7). The simple identity
2T/[(4n—1) — 1] = T/(2n—1) implies thatoz! , € 55, and therefore also that
Eﬂ_l € Zon. Recall tha@n € 2yn is supported on exactlyrpoints, so the string
of any other measuree Z,, will satisfy mg(x) = mg,, (X) for anyx < Ig,, +ks,, (cf.
Section 4). It follows that for any such thatm x| = 0 andx < lim(Ig,, + Ks,,).
Mg, (X) — Mpr(X). But a2, is independent of the particular extensi8i and
therefore linls,, + ks,,) < l¢, which completes the proof.

6 A Word on the Computation

One way to compute, is to find i, and then make the necessary change of
variable (scaling). To compuig, one can follow the prescription outlined in [1,
chapter 1]. As to the complexity of this numerical procedure, it calls for the com-
putation of threen x n determinants, the finding of a 1-dimensional null space of a
certainn x n Toeplitz matrix, and the computation of the complex roots of a certain
polynomial of degree.

Alternatively, one can comput®, by solving the finite moment problem,
/ V"dGn = (—~1*A%R(0).

Ordinarily, this “moment approach” should not be the preferred solution since it is
known that the map that takes you from the moments to the corresponding mea-
sure is numerically ill-conditioned [6]. Thus, in fact, the moment approach com-
poses two numerically ill-conditioned maps, the first frétrio the “moments”
{(-1)*aZR(0) : k=0,...,n— 1}, and the second from the momentssto Nev-
ertheless, one might gain something from the moment approach.

Typically, one would solve the moment problem by first computing the asso-
ciated tridiagonal Jacobi matrix, or equivalently, find the coefficients in the three-
term recursion formula of the orthogonal polynomials. Given the Jacobi matrix,
the measure is easily recovered: It is supported on the eigenvalues of this tridiago-
nal matrix. As noted in [6], the ill-conditioned part is the computation of the Jacobi
matrix. Thus, if we can somehow compute the n Jacobi matrix explicitly, then
the moment approach will provide a faster and more accurate way to couppute
than by computing it through,. We next demonstrate this by an example.

ExAMPLE 6.1 We continue with the study we began in Example 3.5 of extending
R(r) = €l from [-2,2]. As noted there, the measucedefined bydo(w) <
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TABLE 6.1. Example 6.1: Convergence Ofn VS.O2ny1. R(r) = e 'l
on[—2,2]. The table describes the numerical convergenaenf, and

O2n to O andoy, respectivelyoy, is supported om points with a jump

of pnl at=+wy . The upper half of the table illustrates the convergence of
O2n. The first two columns descril®. You can check that 21, p? ~

0.9807 (out of 1). Columns 3 through 5 specify the relative distance in
the location of the jump betweesy ando,. The next three columns
record the relative error in the size of the j Jump The second half of the
table does the same forn1; here2 + 22 Zp, ~ 0.9798. Note the
approximate quadratic convergence.

i —On,i p| pnl
oo 92| (<10°9) e

W p? | n=40[n=280|n=160| n=40[n=280|n=160

0.8603 | 0.3649| 0.1392| 0.0339 0.0084 || 0.0003 0.0001; 0.0000
3.4256 | 0.0728| 0.2032| 0.0495| 0.0122|| 0.0029 0.0007 0.0002
6.4373|0.0230|| 0.2144 0.0522| 0.0129| 0.0095 0.0023 0.0006
9.5293|0.0108|| 0.2176| 0.0529 0.0130|| 0.0206 0.0050 0.0012
12.6453| 0.0062|| 0.2193| 0.0532| 0.0131| 0.0362 0.0087 0.0021
15.7713| 0.0040|| 0.2206| 0.0533| 0.0131| 0.0568 0.0135 0.0033
18.9024| 0.0028|| 0.2220] 0.0535| 0.0132]|| 0.0825 0.0194 0.0048
22.0365| 0.0021| 0.2234| 0.0536| 0.0132| 0.114Q 0.0265 0.0065
251724/ 0.0016| 0.2251] 0.0537| 0.0132| 0.1516 0.034 0.0084
28.3096| 0.0012| 0.2269| 0.0538 0.0132| 0.1962 0.0440 0.0107
314477/ 0.0010| 0.2290| 0.0539 0.0132| 0.2485 0.054 0.0132

i —Wn,i p| pnl
O 2| (+1073) ="
W p? |n=41]n=81|n=161n=41]n=81|n=161
0 [0.5000] O 0 0 || 0.0001] 0.0000 0.0000

2.0288|0.3270| 0.1743) 0.0436, 0.0109| 0.0011 0.0003 0.0001
4.9132 | 0.0765| 0.2005| 0.0501] 0.0125|| 0.0054 0.0014 0.0003
7.9787 | 0.0305|| 0.2057| 0.0513 0.0128| 0.0138 0.0034 0.0009
11.0855| 0.0160|| 0.2077| 0.0517| 0.0129| 0.0264 0.0065 0.0016
14.2074| 0.0098|| 0.2090| 0.0519 0.0130]| 0.0435 0.0107 0.0027
17.3364| 0.0066| 0.2102 0.0521] 0.0130]| 0.0654 0.0159 0.0039
20.4692| 0.0048| 0.2115| 0.0522| 0.0130|| 0.0925 0.0222 0.0055
23.6043| 0.0036| 0.2129| 0.0523 0.0130|| 0.125Q0 0.029 0.0073
26.7409| 0.0028| 0.2145| 0.0524| 0.0130| 0.1637 0.0382 0.0094
29.8786| 0.0022| 0.2162| 0.0525| 0.0130| 0.2091 0.0479 0.0117
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FIGURE 6.1. Example 6.1:|(R321— Rw)/Rw|. R(r) = e Il is consid-
ered on[—2,2]. The graphs depidtR321— Rx)/Rw| 0N [—4,4] (upper)
and|[0,2] (lower). Only the first 401 terms in the expansiBa(r) =
y p?cogwir) were taken § %] p? ~ 0.9995).

Iz dwisin I (with T =2). Fixnand letd = T/(n— 1) andos % ooq)gl._We
next explicitly compute the infinite Jacobi matdassociated witdis. Sinceos €
%, thenx nleading submatrix of is the Jacobi matrix af,. Fory € [-2/8,2/9),

let w(y) £ ¢ (y) = 2/darcsin(yd/2). Then,

_ dw dy 1 1
da3(y) = do(w) Sody = =
os(Y) w:%(zw):y o(w) ay TR e kgz M1 (coly) £ KE)?
B dy 4 sinh(d)
1- (3y)? 4 sint?(3) +sirf(w(y)3)
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6.5

I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

FIGURE6.2. Example 6.1: Convergencemis,, , tome. Again,R(r) =

e 'l is considered on—2,2]. The straight line is the mass function
me(X) = 114 12X of the common string. The stairs are the mass func-
tionsmg,,,, of the strings corresponding tmpn1 for n= 10,40, 160.

Thus, withv(x) £ G5(2x/8) andpu = —sinhr2(8/2), for —1 < x < 1,

1 dx +1-p
d == .
V(X) T /1_X2 l—IJXZ
This is a weight function studied by GrinSpun [4, section VI.13], and the coef-
ficients in the three-term recursion formula of the orthogonal polynomials (the
entries in the associated Jacobi matixare: g = 0 for all i (J has vanishing
diagonal) and

- . 1-e9 . J/1te?d -1
Bo=1, b=y, B=Y—"- b= iz3

The recursion coefficients of are now given by a simple scaling argumespt:- 0
foralli,bp=1, and fori > 1, b = 2/3by;.

With the Jacobi matrices explicitly computed, findiggis a rather trivial nu-
merical task. Table 6.1 describes the convergena@cdnd oz, 1 t0 6 and o,
respectively (see Example 3.5 as to how these two measures can be computed).
Figure 6.1 illustrates the relative error betwd®p andR., (corresponding to the
spectral function®izp; ando., respectively) on a larger intervah-4,4]. Finally,
Figure 6.2 describes the convergence of the mass functipps of the strings
corresponding t@,n 1, to mg, the mass function of the strirg from Claim 3.3.
me was provided in Example 3.5, ant,,,, was computed from its moments,
{(=1)*aZR(0) : k=0,...,2n}, as explained in Section 4. The stringsoaf, 1 are
harder to compute.
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