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Physics: Contemporary QFT is a very active subject, and it seems to 
work in Physics (Standard Model, Higgs boson in CERN,…)

Mathematics: Precise definition of QFT uses infinite-dimensional 
integral that we don’t have a precise mathematical definition for.

Main Question in Mathematical Physics
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Physics: Contemporary QFT is a very active subject, and it seems to 
work in Physics (Standard Model, Higgs boson in CERN,…)

Mathematics: Precise definition of QFT uses infinite-dimensional 
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Particular type of QFT, called 
quantum Chern-Simons theory, 

Shiing-Shen Chern James Simons

contributed to the development of string theory by providing a theoretical framework 
to combine geometry and topology with quantum field theory.

Try to answer the question

https://en.wikipedia.org/wiki/Geometry
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Main Properties: 
There is no dynamics. The only dynamic is 
when the topology change.



Particular type of QFT, called 
quantum Chern-Simons theory, 

Try to answer the question

Take qCs for certain compact Lie 
group SU(2). Take observables Knot embedded in 3 space.

Not any invariant but 
the Jones polynomial of 
a given knot

In 1988 Witten wrote a foundational paper:

This path integrals can produce important invariants in topology

Main Properties: 
There is no dynamics. The only dynamic is 
when the topology change.



In 1988 Witten wrote a foundational paper. 
This paper answered a major question posed 
by Michael Atiyah: 

“What is the physical interpretation of 
the Jones polynomial?”

Communications in
Commun. Math. Phys. 121, 351-399 (1989) Mathematical

Physics
© Springer-Verlag 1989

Quantum Field Theory and the Jones Polynomial
Edward Witten **
School of Natural Sciences, Institute for Advanced Study, Olden Lane, Princeton,
NJ 08540, USA

Abstract. It is shown that 2 + 1 dimensional quantum Yang-Mills theory, with
an action consisting purely of the Chern-Simons term, is exactly soluble and
gives a natural framework for understanding the Jones polynomial of knot
theory in three dimensional terms. In this version, the Jones polynomial can be
generalized from S3 to arbitrary three manifolds, giving invariants of three
manifolds that are computable from a surgery presentation. These results shed
a surprising new light on conformal field theory in 1 -f-1 dimensions.

In a lecture at the Hermann Weyl Symposium last year [1], Michael Atiyah
proposed two problems for quantum field theorists. The first problem was to give
a physical interpretation to Donaldson theory. The second problem was to find an
intrinsically three dimensional definition of the Jones polynomial of knot theory.
These two problems might roughly be described as follows.

Donaldson theory is a key to understanding geometry in four dimensions.
Four is the physical dimension at least macroscopically, so one may take a slight
liberty and say that Donaldson theory is a key to understanding the geometry of
space-time. Geometers have long known that (via de Rham theory) the self-dual
and anti-self-dual Maxwell equations are related to natural topological invariants
of a four manifold, namely the second homology group and its intersection form.
For a simply connected four manifold, these are essentially the only classical
invariants, but they leave many basic questions out of reach. Donaldson's great
insight [2] was to realize that moduli spaces of solutions of the self-dual Yang-
Mills equations can be powerful tools for addressing these questions.

Donaldson theory has always been an intrinsically four dimensional theory,
and it has always been clear that it was connected with mathematical physics at
least at the level of classical nonlinear equations. The puzzle about Donaldson
theory was whether this theory was tied to more central ideas in physics, whether it
could be interpreted in terms of quantum field theory. The most important

* An expanded version of a lecture at the IAMP Congress, Swansea, July,
** Research supported in part by NSF Grant No. 86-20266, and NSF Waterman Grant 88-17521

Vaghaun Jones

The Big Picture
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In 1991, Reshetikhin–Turaev used language of 
representation theory of quantum group
 (and Modular tensor category) to construct 
mathematical precisely the output of this path integral.

Vaghaun Jones

The Big Picture

3d- CS was the first and most important example of a 
topological quantum field theory (TQFT) called WRT-TQFT 

and birth of quantum topology.
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My talk in Hobart: Combinatorial qCS

[Blanchet, Geer,….][Gukov,Dimofte,….]
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My talk Today:

Super Teichmüller TQFT



I) Play a game



Pentagon Relation
Quantization of the Teichmüller space/Kashaev coordinates

Nezhla Aghaei (DESY)- Quantization of Super Teichmüller spaces 6 / 24

[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

Flip



Pentagon Relation
Quantization of the Teichmüller space/Kashaev coordinates

Nezhla Aghaei (DESY)- Quantization of Super Teichmüller spaces 6 / 24

[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

Flip
Kashaev coordinates/Quantization of the Teichmüller space

Nezhla Aghaei- Quantization of Super Teichmüller Spaces 8 / 19

[Kashaev’00]

• Associate Hilbert space Hv = L2(R) to

each triangle.

• Rotation and flip map promote to operators

A and T .

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Av : Hv → Hv

Tvw : Hv ⊗Hw → Hv ⊗Hw



Pentagon Relation
Ptolemy groupoid

Nezhla Aghaei- Quantization of Super Teichmüller Spaces 9 / 19

The relation between the quantized form of the operators is derived.

A3 = 1

T23T13T12 = T12T23 Pentagon

Relations between A and T .

This list allows us to define a

Projective representation of

Ptolemy groupoid.

Tvw = eb(qv + pw − qw)e
−2πipvqw

where eb is Faddeev’s quantum dilogarithm function

T23T12 = T12T13T23

Flip
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2. For each tetrahedron we prepare a matrix element 〈q|T|q′〉. |q〉 and |q′〉 now
represent the boundary conditions at the faces of the tetrahedron25.

3. When we glue two ideal tetrahedra, we glue the two corresponding wave functions
by integrating over boundary conditions. The partition function onM is obtained

by gluing all the ideal tetrahedra as in (4.36).

Some readers might think at this moment that this is just a trivial rewriting of

what we already know. However, all of the above 3 steps are given intrinsically in 3d,
and in particular, we can choose triangulations different from the ones coming from

the triangulation of the 2d surface Σ. Any two 3d ideal triangulations are related by a
series of 2-3 Pachner moves shown in Figure 10, and pentagon relation in 2d can now
be interpreted as an invariance of our partition function under the 2-3 Pachner move26.

Figure 10. The 2-3 Pachner move. This move changes a 3d ideal triangulation into another.

The partition function defined by the procedure above is a kind of a state sum model
for the Chern-Simons theory. The basic idea is the same as our previous discussion of

Chern-Simons theory as TQFT, except that we now apply the same procedure to each
tetrahedra. Namely, we have a wave function (an element in the Hilbert space) for each
tetrahedron when we do the path integral over the tetrahedron with specific boundary

conditions. There are some well-known state sum models for Chern-Simons theory, see
[67, 68]. For the case of direct relevance to our paper, i.e. SL(2,R) Chern-Simons

theory or its analytic continuation into SL(2,C), there is a proposed state sum model
by Hikami [66, 69], which is a non-compact analog of [70]. See also [71–73]. It is an

25For notational simplicity we used the same symbols q, q′ for slightly different boundary conditions
in 3d and in 2d; in 3d they determine the boundary conditions at the boundary of a tetrahedron,
whereas in 2d they determine the boundary conditions in the whole Riemann surface, not only in the
quadrilateral.

26This result is known in the literature, see for example [66]. This reference also discuss examples
of once-punctured torus bundles, and computed their partition functions by using canonical triangu-
lations.

– 35 –
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tetrahedron when we do the path integral over the tetrahedron with specific boundary

conditions. There are some well-known state sum models for Chern-Simons theory, see
[67, 68]. For the case of direct relevance to our paper, i.e. SL(2,R) Chern-Simons

theory or its analytic continuation into SL(2,C), there is a proposed state sum model
by Hikami [66, 69], which is a non-compact analog of [70]. See also [71–73]. It is an

25For notational simplicity we used the same symbols q, q′ for slightly different boundary conditions
in 3d and in 2d; in 3d they determine the boundary conditions at the boundary of a tetrahedron,
whereas in 2d they determine the boundary conditions in the whole Riemann surface, not only in the
quadrilateral.

26This result is known in the literature, see for example [66]. This reference also discuss examples
of once-punctured torus bundles, and computed their partition functions by using canonical triangu-
lations.
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Super Pentagon Relation
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More Super Flip
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Super Pentagon Relation

• Question: How many super pentagon relation we can get?



Super Pentagon Relation
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• There are 16 pentagon relation.

T (1)•         satisfy pentagon by itself.

• All the other combinations reduced to the 
pentagon                    satisfy pentagon by 
itself.

[N.A-Pawelkiewicz-Teschner ’15]



Pentagon relation

Nezhla Aghaei (DESY)- Quantization of Super Teichmüller spaces 7 / 24

Quantized form of the operator:

Tvw = gb(e
2πb(qv+pw−qw))e−2πipvqw ,

where gb is Faddeev quantum dilogarithm function

T23T13T12 = T12T23

Algebraic Relation

Quantization of the Teichmüller space/Kashaev coordinates

Nezhla Aghaei (DESY)- Quantization of Super Teichmüller spaces 6 / 24

[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

Using Hopf algebra techniques and 
quantum groups representations

       ,      for triangle   .

[Kashaev]
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Quantum Teichmüller spaces
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Using Hopf algebra techniques and 
quantum groups representations



Quantum Dilogarithm Function

eb(x) = gb(
1

2⇡b
) = exp[

Z

R+i0

dw

w

e�2ixw

4 sinh(wb) sinh(wb�1)
]

<latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit>

It is a special function. It has relation with double gamma function.                                                  

[Faddaeev]



eb(x� ib±1

2
) = (1 + e2⇡b

±1x)eb(x+
ib±1

2
)

<latexit sha1_base64="XbogN8dHWmG8TJvPfZGNxPd8aRQ="></latexit><latexit sha1_base64="XbogN8dHWmG8TJvPfZGNxPd8aRQ="></latexit><latexit sha1_base64="XbogN8dHWmG8TJvPfZGNxPd8aRQ="></latexit><latexit sha1_base64="XbogN8dHWmG8TJvPfZGNxPd8aRQ="></latexit>

eb(x)eb(�x) = e�i⇡(1�Q2/2)/6ei⇡x
2

.
<latexit sha1_base64="qh5fSqLDxRzYPbS1IgAIpckawA4="></latexit><latexit sha1_base64="qh5fSqLDxRzYPbS1IgAIpckawA4="></latexit><latexit sha1_base64="qh5fSqLDxRzYPbS1IgAIpckawA4="></latexit><latexit sha1_base64="qh5fSqLDxRzYPbS1IgAIpckawA4="></latexit>

• It has the following shift and reflection relations:                                                  

eb(x) = gb(
1

2⇡b
) = exp[

Z

R+i0

dw

w

e�2ixw

4 sinh(wb) sinh(wb�1)
]

<latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit>

eb(x) = 1 x ! �1

eb(x) = e�i⇡(1�Q2/2)/6ei⇡x
2

x ! +1
<latexit sha1_base64="e8+tR28npk2P5iTKd9OnrMG7jok="></latexit><latexit sha1_base64="e8+tR28npk2P5iTKd9OnrMG7jok="></latexit><latexit sha1_base64="e8+tR28npk2P5iTKd9OnrMG7jok="></latexit><latexit sha1_base64="e8+tR28npk2P5iTKd9OnrMG7jok="></latexit>

• It has the asymptotic behaviour :   

[Faddaeev]

Quantum Dilogarithm Function

It is a special function. It has relation with double gamma function.                                                  



eb(x) = gb(
1

2⇡b
) = exp[

Z

R+i0

dw

w

e�2ixw

4 sinh(wb) sinh(wb�1)
]

<latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit><latexit sha1_base64="aRBnoBSz0XASbcxvPXIZbjC5pTA="></latexit>

eb(p)eb(x) = eb(x)eb(x+ p)eb(p)
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• we have the following variant of the pentagon relation :  

[p, x] =
1

2⇡i
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[Faddaeev]

Quantum Dilogarithm Function

It is a special function. It has relation with double gamma function.                                                  
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eb(p)eb(x) = eb(x)eb(x+ p)eb(p)
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• we have the following variant of the pentagon relation :  

[p, x] =
1

2⇡i
<latexit sha1_base64="dD3kFZqJLgAqvz+x8IsxjuL1WpE=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZSkCLoRim5cVrAPaEKZTCft0MkkzEzEMmTjxl9x40IRt/6DO//GaZuFth64cDjnXu69J0wZlcp1v63S0vLK6lp53d7Y3NrecXb3WjLJBCZNnLBEdEIkCaOcNBVVjHRSQVAcMtIOR9cTv31PhKQJv1PjlAQxGnAaUYyUkXrOod3VaX6qH/Lg0o8EwtrLdc1PKaQ57DkVt+pOAReJV5AKKNDoOV9+P8FZTLjCDEnZ9dxUBRoJRTEjue1nkqQIj9CAdA3lKCYy0NMvcnhslD6MEmGKKzhVf09oFEs5jkPTGSM1lPPeRPzP62Yqugg05WmmCMezRVHGoErgJBLYp4JgxcaGICyouRXiITJZKBOcbULw5l9eJK1a1XOr3u1ZpX5VxFEGB+AInAAPnIM6uAEN0AQYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+AIdul+8=</latexit><latexit sha1_base64="dD3kFZqJLgAqvz+x8IsxjuL1WpE=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZSkCLoRim5cVrAPaEKZTCft0MkkzEzEMmTjxl9x40IRt/6DO//GaZuFth64cDjnXu69J0wZlcp1v63S0vLK6lp53d7Y3NrecXb3WjLJBCZNnLBEdEIkCaOcNBVVjHRSQVAcMtIOR9cTv31PhKQJv1PjlAQxGnAaUYyUkXrOod3VaX6qH/Lg0o8EwtrLdc1PKaQ57DkVt+pOAReJV5AKKNDoOV9+P8FZTLjCDEnZ9dxUBRoJRTEjue1nkqQIj9CAdA3lKCYy0NMvcnhslD6MEmGKKzhVf09oFEs5jkPTGSM1lPPeRPzP62Yqugg05WmmCMezRVHGoErgJBLYp4JgxcaGICyouRXiITJZKBOcbULw5l9eJK1a1XOr3u1ZpX5VxFEGB+AInAAPnIM6uAEN0AQYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+AIdul+8=</latexit><latexit sha1_base64="dD3kFZqJLgAqvz+x8IsxjuL1WpE=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZSkCLoRim5cVrAPaEKZTCft0MkkzEzEMmTjxl9x40IRt/6DO//GaZuFth64cDjnXu69J0wZlcp1v63S0vLK6lp53d7Y3NrecXb3WjLJBCZNnLBEdEIkCaOcNBVVjHRSQVAcMtIOR9cTv31PhKQJv1PjlAQxGnAaUYyUkXrOod3VaX6qH/Lg0o8EwtrLdc1PKaQ57DkVt+pOAReJV5AKKNDoOV9+P8FZTLjCDEnZ9dxUBRoJRTEjue1nkqQIj9CAdA3lKCYy0NMvcnhslD6MEmGKKzhVf09oFEs5jkPTGSM1lPPeRPzP62Yqugg05WmmCMezRVHGoErgJBLYp4JgxcaGICyouRXiITJZKBOcbULw5l9eJK1a1XOr3u1ZpX5VxFEGB+AInAAPnIM6uAEN0AQYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+AIdul+8=</latexit><latexit sha1_base64="dD3kFZqJLgAqvz+x8IsxjuL1WpE=">AAACBXicbVDLSsNAFJ3UV42vqEtdDBbBhZSkCLoRim5cVrAPaEKZTCft0MkkzEzEMmTjxl9x40IRt/6DO//GaZuFth64cDjnXu69J0wZlcp1v63S0vLK6lp53d7Y3NrecXb3WjLJBCZNnLBEdEIkCaOcNBVVjHRSQVAcMtIOR9cTv31PhKQJv1PjlAQxGnAaUYyUkXrOod3VaX6qH/Lg0o8EwtrLdc1PKaQ57DkVt+pOAReJV5AKKNDoOV9+P8FZTLjCDEnZ9dxUBRoJRTEjue1nkqQIj9CAdA3lKCYy0NMvcnhslD6MEmGKKzhVf09oFEs5jkPTGSM1lPPeRPzP62Yqugg05WmmCMezRVHGoErgJBLYp4JgxcaGICyouRXiITJZKBOcbULw5l9eJK1a1XOr3u1ZpX5VxFEGB+AInAAPnIM6uAEN0AQYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+AIdul+8=</latexit>

gb(U)gb(V ) = gb(V )gb(q
�1UV )gb(U).

<latexit sha1_base64="umqGUBR5/KPpqA197/p1tPKFS78=">AAACF3icbVBNS8MwGE79nPWr6tFLcAjbwdKKoBdh6MXjBLsNtlrSLNvC0rQmqTDK/oUX/4oXD4p41Zv/xnSroJsPhPfJ87wvyfuECaNSOc6XsbC4tLyyWloz1zc2t7atnd2GjFOBiYdjFotWiCRhlBNPUcVIKxEERSEjzXB4mfvNeyIkjfmNGiXEj1Cf0x7FSGkpsGyzH4QVrwrz0qjC8x+Sl7vb7MgdQ6+4elU7sMqO7UwA54lbkDIoUA+sz043xmlEuMIMSdl2nUT5GRKKYkbGZieVJEF4iPqkrSlHEZF+NtlrDA+10oW9WOjDFZyovycyFEk5ikLdGSE1kLNeLv7ntVPVO/MzypNUEY6nD/VSBlUM85BglwqCFRtpgrCg+q8QD5BAWOkoTR2CO7vyPGkc265ju9cn5dpFEUcJ7IMDUAEuOAU1cAXqwAMYPIAn8AJejUfj2Xgz3qetC0Yxswf+wPj4BpQJmy8=</latexit><latexit sha1_base64="umqGUBR5/KPpqA197/p1tPKFS78=">AAACF3icbVBNS8MwGE79nPWr6tFLcAjbwdKKoBdh6MXjBLsNtlrSLNvC0rQmqTDK/oUX/4oXD4p41Zv/xnSroJsPhPfJ87wvyfuECaNSOc6XsbC4tLyyWloz1zc2t7atnd2GjFOBiYdjFotWiCRhlBNPUcVIKxEERSEjzXB4mfvNeyIkjfmNGiXEj1Cf0x7FSGkpsGyzH4QVrwrz0qjC8x+Sl7vb7MgdQ6+4elU7sMqO7UwA54lbkDIoUA+sz043xmlEuMIMSdl2nUT5GRKKYkbGZieVJEF4iPqkrSlHEZF+NtlrDA+10oW9WOjDFZyovycyFEk5ikLdGSE1kLNeLv7ntVPVO/MzypNUEY6nD/VSBlUM85BglwqCFRtpgrCg+q8QD5BAWOkoTR2CO7vyPGkc265ju9cn5dpFEUcJ7IMDUAEuOAU1cAXqwAMYPIAn8AJejUfj2Xgz3qetC0Yxswf+wPj4BpQJmy8=</latexit><latexit sha1_base64="umqGUBR5/KPpqA197/p1tPKFS78=">AAACF3icbVBNS8MwGE79nPWr6tFLcAjbwdKKoBdh6MXjBLsNtlrSLNvC0rQmqTDK/oUX/4oXD4p41Zv/xnSroJsPhPfJ87wvyfuECaNSOc6XsbC4tLyyWloz1zc2t7atnd2GjFOBiYdjFotWiCRhlBNPUcVIKxEERSEjzXB4mfvNeyIkjfmNGiXEj1Cf0x7FSGkpsGyzH4QVrwrz0qjC8x+Sl7vb7MgdQ6+4elU7sMqO7UwA54lbkDIoUA+sz043xmlEuMIMSdl2nUT5GRKKYkbGZieVJEF4iPqkrSlHEZF+NtlrDA+10oW9WOjDFZyovycyFEk5ikLdGSE1kLNeLv7ntVPVO/MzypNUEY6nD/VSBlUM85BglwqCFRtpgrCg+q8QD5BAWOkoTR2CO7vyPGkc265ju9cn5dpFEUcJ7IMDUAEuOAU1cAXqwAMYPIAn8AJejUfj2Xgz3qetC0Yxswf+wPj4BpQJmy8=</latexit><latexit sha1_base64="umqGUBR5/KPpqA197/p1tPKFS78=">AAACF3icbVBNS8MwGE79nPWr6tFLcAjbwdKKoBdh6MXjBLsNtlrSLNvC0rQmqTDK/oUX/4oXD4p41Zv/xnSroJsPhPfJ87wvyfuECaNSOc6XsbC4tLyyWloz1zc2t7atnd2GjFOBiYdjFotWiCRhlBNPUcVIKxEERSEjzXB4mfvNeyIkjfmNGiXEj1Cf0x7FSGkpsGyzH4QVrwrz0qjC8x+Sl7vb7MgdQ6+4elU7sMqO7UwA54lbkDIoUA+sz043xmlEuMIMSdl2nUT5GRKKYkbGZieVJEF4iPqkrSlHEZF+NtlrDA+10oW9WOjDFZyovycyFEk5ikLdGSE1kLNeLv7ntVPVO/MzypNUEY6nD/VSBlUM85BglwqCFRtpgrCg+q8QD5BAWOkoTR2CO7vyPGkc265ju9cn5dpFEUcJ7IMDUAEuOAU1cAXqwAMYPIAn8AJejUfj2Xgz3qetC0Yxswf+wPj4BpQJmy8=</latexit>

UV = q2V U
<latexit sha1_base64="g6stBWCdEoNK9AkUT+lTR2UP1mk=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBbBU0mKUC9C0YvHCiYttLFstpt26WYTdzdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXphyprTjfFultfWNza3ytr2zu7d/UDk88lWSSUI9kvBEdkKsKGeCepppTjuppDgOOW2H45uZ336iUrFE3OtJSoMYDwWLGMHaSD3b89EVenyoI9/rV6pOzZkDrRK3IFUo0OpXvnqDhGQxFZpwrFTXdVId5FhqRjid2r1M0RSTMR7SrqECx1QF+fzmKTozygBFiTQlNJqrvydyHCs1iUPTGWM9UsveTPzP62Y6ugxyJtJMU0EWi6KMI52gWQBowCQlmk8MwUQycysiIywx0SYm24TgLr+8Svx6zXVq7t1FtXldxFGGEziFc3ChAU24hRZ4QCCFZ3iFNyuzXqx362PRWrKKmWP4A+vzB17vj/A=</latexit><latexit sha1_base64="g6stBWCdEoNK9AkUT+lTR2UP1mk=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBbBU0mKUC9C0YvHCiYttLFstpt26WYTdzdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXphyprTjfFultfWNza3ytr2zu7d/UDk88lWSSUI9kvBEdkKsKGeCepppTjuppDgOOW2H45uZ336iUrFE3OtJSoMYDwWLGMHaSD3b89EVenyoI9/rV6pOzZkDrRK3IFUo0OpXvnqDhGQxFZpwrFTXdVId5FhqRjid2r1M0RSTMR7SrqECx1QF+fzmKTozygBFiTQlNJqrvydyHCs1iUPTGWM9UsveTPzP62Y6ugxyJtJMU0EWi6KMI52gWQBowCQlmk8MwUQycysiIywx0SYm24TgLr+8Svx6zXVq7t1FtXldxFGGEziFc3ChAU24hRZ4QCCFZ3iFNyuzXqx362PRWrKKmWP4A+vzB17vj/A=</latexit><latexit sha1_base64="g6stBWCdEoNK9AkUT+lTR2UP1mk=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBbBU0mKUC9C0YvHCiYttLFstpt26WYTdzdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXphyprTjfFultfWNza3ytr2zu7d/UDk88lWSSUI9kvBEdkKsKGeCepppTjuppDgOOW2H45uZ336iUrFE3OtJSoMYDwWLGMHaSD3b89EVenyoI9/rV6pOzZkDrRK3IFUo0OpXvnqDhGQxFZpwrFTXdVId5FhqRjid2r1M0RSTMR7SrqECx1QF+fzmKTozygBFiTQlNJqrvydyHCs1iUPTGWM9UsveTPzP62Y6ugxyJtJMU0EWi6KMI52gWQBowCQlmk8MwUQycysiIywx0SYm24TgLr+8Svx6zXVq7t1FtXldxFGGEziFc3ChAU24hRZ4QCCFZ3iFNyuzXqx362PRWrKKmWP4A+vzB17vj/A=</latexit><latexit sha1_base64="g6stBWCdEoNK9AkUT+lTR2UP1mk=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBbBU0mKUC9C0YvHCiYttLFstpt26WYTdzdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXphyprTjfFultfWNza3ytr2zu7d/UDk88lWSSUI9kvBEdkKsKGeCepppTjuppDgOOW2H45uZ336iUrFE3OtJSoMYDwWLGMHaSD3b89EVenyoI9/rV6pOzZkDrRK3IFUo0OpXvnqDhGQxFZpwrFTXdVId5FhqRjid2r1M0RSTMR7SrqECx1QF+fzmKTozygBFiTQlNJqrvydyHCs1iUPTGWM9UsveTPzP62Y6ugxyJtJMU0EWi6KMI52gWQBowCQlmk8MwUQycysiIywx0SYm24TgLr+8Svx6zXVq7t1FtXldxFGGEziFc3ChAU24hRZ4QCCFZ3iFNyuzXqx362PRWrKKmWP4A+vzB17vj/A=</latexit>

q = ei⇡b
2

<latexit sha1_base64="MwMZubhmoDNnelxj2iuyHSHV2bs=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEInkpSBL0IRS8eK9gPaNOy2W7apZtN3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t5+yTk4bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN/M/NYjlYrF4l5PEupHeChYyAjWRuo7JfvhivYy1k0YCnrVad8puxV3DrRKvJyUIUe973x1BzFJIyo04Vipjucm2s+w1IxwOrW7qaIJJmM8pB1DBY6o8rP54VN0apQBCmNpSmg0V39PZDhSahIFpjPCeqSWvZn4n9dJdXjpZ0wkqaaCLBaFKUc6RrMU0IBJSjSfGIKJZOZWREZYYqJNVrYJwVt+eZU0qxXPrXh35+XadR5HEY7hBM7AgwuowS3UoQEEUniGV3iznqwX6936WLQWrHzmCP7A+vwBmWaSZA==</latexit><latexit sha1_base64="MwMZubhmoDNnelxj2iuyHSHV2bs=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEInkpSBL0IRS8eK9gPaNOy2W7apZtN3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t5+yTk4bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN/M/NYjlYrF4l5PEupHeChYyAjWRuo7JfvhivYy1k0YCnrVad8puxV3DrRKvJyUIUe973x1BzFJIyo04Vipjucm2s+w1IxwOrW7qaIJJmM8pB1DBY6o8rP54VN0apQBCmNpSmg0V39PZDhSahIFpjPCeqSWvZn4n9dJdXjpZ0wkqaaCLBaFKUc6RrMU0IBJSjSfGIKJZOZWREZYYqJNVrYJwVt+eZU0qxXPrXh35+XadR5HEY7hBM7AgwuowS3UoQEEUniGV3iznqwX6936WLQWrHzmCP7A+vwBmWaSZA==</latexit><latexit sha1_base64="MwMZubhmoDNnelxj2iuyHSHV2bs=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEInkpSBL0IRS8eK9gPaNOy2W7apZtN3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t5+yTk4bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN/M/NYjlYrF4l5PEupHeChYyAjWRuo7JfvhivYy1k0YCnrVad8puxV3DrRKvJyUIUe973x1BzFJIyo04Vipjucm2s+w1IxwOrW7qaIJJmM8pB1DBY6o8rP54VN0apQBCmNpSmg0V39PZDhSahIFpjPCeqSWvZn4n9dJdXjpZ0wkqaaCLBaFKUc6RrMU0IBJSjSfGIKJZOZWREZYYqJNVrYJwVt+eZU0qxXPrXh35+XadR5HEY7hBM7AgwuowS3UoQEEUniGV3iznqwX6936WLQWrHzmCP7A+vwBmWaSZA==</latexit><latexit sha1_base64="MwMZubhmoDNnelxj2iuyHSHV2bs=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEInkpSBL0IRS8eK9gPaNOy2W7apZtN3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKu+20V1tY3NreK2/bO7t5+yTk4bKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN/M/NYjlYrF4l5PEupHeChYyAjWRuo7JfvhivYy1k0YCnrVad8puxV3DrRKvJyUIUe973x1BzFJIyo04Vipjucm2s+w1IxwOrW7qaIJJmM8pB1DBY6o8rP54VN0apQBCmNpSmg0V39PZDhSahIFpjPCeqSWvZn4n9dJdXjpZ0wkqaaCLBaFKUc6RrMU0IBJSjSfGIKJZOZWREZYYqJNVrYJwVt+eZU0qxXPrXh35+XadR5HEY7hBM7AgwuowS3UoQEEUniGV3iznqwX6936WLQWrHzmCP7A+vwBmWaSZA==</latexit>

• Also, for non-commutative variables U,V such that
satisfies the pentagon relation

,

[Faddaeev]

Quantum Dilogarithm Function

It is a special function. It has relation with double gamma function.                                                  



Goal of the Game

e
z

1

ξ
1

ξ
2

e
z

2

e
z

3

e
z

4

 
T

12

(1)

e
z '

2

e
z '

1

e
z '

3

e
z '

4

ξ '
1

ξ '
2

*

*

*

*

e
z

e

e
z '

e

W

Quantization of the Teichmüller space/Kashaev coordinates

Nezhla Aghaei (DESY)- Quantization of Super Teichmüller spaces 6 / 24

[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

W

V

V



 II) AGT (4d-2d) Correspondence

Physics Motivation
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• Gauge theories describe the interactions that bind the quarks into hadrons.

• Interactions behavior is much less understood at low energies.

• Understanding strong coupling behaviour remains as an important

challenge (confinement).

• Simplify computational difficulties, add supersymmetry, add more

mathematical structure.

• Certain physical quantities can be calculated: expectation values of loop

observables (Wilson loop).

• Quantum Teichmüller theory is a mathematical framework for describing

these loop observables in certain class of SUSY gauge theory.

SUSY Gauge theory

• Gauge theory describes the interactions that bind quarks into Hadrons.

• Understanding strong coupling behaviour remains as an challenge (confinement).

• Adding Supersymmetry: Simplify computational difficulties, add more mathematical structure.



        4d,  
Gauge theory 
 

S4

N = 2
<latexit sha1_base64="gRE1vtHElVGYJyZ6WcRY0JjT7Ek=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaKoBuh6MaVVLAPaIeSSTNtaCYzJplCGfodblwo4taPceffmGlnoa0HAodz7uWeHD8WXBvH+UaFtfWNza3idmlnd2//oHx41NJRoihr0khEquMTzQSXrGm4EawTK0ZCX7C2P77N/PaEKc0j+WimMfNCMpQ84JQYK3m9kJgRJSK9n13X+uWKU3XmwKvEzUkFcjT65a/eIKJJyKShgmjddZ3YeClRhlPBZqVeollM6JgMWddSSUKmvXQeeobPrDLAQaTskwbP1d8bKQm1noa+ncxC6mUvE//zuokJrryUyzgxTNLFoSAR2EQ4awAPuGLUiKklhCpus2I6IopQY3sq2RLc5S+vklat6jpV9+GiUr/J6yjCCZzCObhwCXW4gwY0gcITPMMrvKEJekHv6GMxWkD5zjH8Afr8AX+Bkec=</latexit><latexit sha1_base64="gRE1vtHElVGYJyZ6WcRY0JjT7Ek=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaKoBuh6MaVVLAPaIeSSTNtaCYzJplCGfodblwo4taPceffmGlnoa0HAodz7uWeHD8WXBvH+UaFtfWNza3idmlnd2//oHx41NJRoihr0khEquMTzQSXrGm4EawTK0ZCX7C2P77N/PaEKc0j+WimMfNCMpQ84JQYK3m9kJgRJSK9n13X+uWKU3XmwKvEzUkFcjT65a/eIKJJyKShgmjddZ3YeClRhlPBZqVeollM6JgMWddSSUKmvXQeeobPrDLAQaTskwbP1d8bKQm1noa+ncxC6mUvE//zuokJrryUyzgxTNLFoSAR2EQ4awAPuGLUiKklhCpus2I6IopQY3sq2RLc5S+vklat6jpV9+GiUr/J6yjCCZzCObhwCXW4gwY0gcITPMMrvKEJekHv6GMxWkD5zjH8Afr8AX+Bkec=</latexit><latexit sha1_base64="gRE1vtHElVGYJyZ6WcRY0JjT7Ek=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaKoBuh6MaVVLAPaIeSSTNtaCYzJplCGfodblwo4taPceffmGlnoa0HAodz7uWeHD8WXBvH+UaFtfWNza3idmlnd2//oHx41NJRoihr0khEquMTzQSXrGm4EawTK0ZCX7C2P77N/PaEKc0j+WimMfNCMpQ84JQYK3m9kJgRJSK9n13X+uWKU3XmwKvEzUkFcjT65a/eIKJJyKShgmjddZ3YeClRhlPBZqVeollM6JgMWddSSUKmvXQeeobPrDLAQaTskwbP1d8bKQm1noa+ncxC6mUvE//zuokJrryUyzgxTNLFoSAR2EQ4awAPuGLUiKklhCpus2I6IopQY3sq2RLc5S+vklat6jpV9+GiUr/J6yjCCZzCObhwCXW4gwY0gcITPMMrvKEJekHv6GMxWkD5zjH8Afr8AX+Bkec=</latexit><latexit sha1_base64="gRE1vtHElVGYJyZ6WcRY0JjT7Ek=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaKoBuh6MaVVLAPaIeSSTNtaCYzJplCGfodblwo4taPceffmGlnoa0HAodz7uWeHD8WXBvH+UaFtfWNza3idmlnd2//oHx41NJRoihr0khEquMTzQSXrGm4EawTK0ZCX7C2P77N/PaEKc0j+WimMfNCMpQ84JQYK3m9kJgRJSK9n13X+uWKU3XmwKvEzUkFcjT65a/eIKJJyKShgmjddZ3YeClRhlPBZqVeollM6JgMWddSSUKmvXQeeobPrDLAQaTskwbP1d8bKQm1noa+ncxC6mUvE//zuokJrryUyzgxTNLFoSAR2EQ4awAPuGLUiKklhCpus2I6IopQY3sq2RLc5S+vklat6jpV9+GiUr/J6yjCCZzCObhwCXW4gwY0gcITPMMrvKEJekHv6GMxWkD5zjH8Afr8AX+Bkec=</latexit>
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Physics Motivation

[Alday, Gaiotto, Tachikawa.’ 09]

 Alday, Gaiotto, and Tachikawa ’09:
made the observation that the four-sphere partition function theories 
can be expressed in terms of the correlation functions of Liouville 
conformal field theory on Riemann surface .



The AGT-W correspondence

4D N=2 theories Tg,n of class S with SU(2)/SU(N) factors

2D Liouville/Toda CFT

A relation between:

4D gauge theory 2D CFT
instanton partition function conformal block

perturbative part 3-point function (Liouville)
coupling constants cross ratios

masses external momenta
Coulomb moduli internal momenta

generalized S-duality crossing symmetry
Omega background Coupling constant/central charge

[Alday,Gaiotto,Tachikawa] [Wyllard]
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Strategy

The AGT-W correspondence gives a new way of trying to solve Toda!
We need the three point functions (sphere with three punctures)
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Moduli space of flat connection 
(quantum Teichmüller space)

One can show that this moduli space contains a component
  which can be identified with Teichmüller space. 

Physics Motivation

4d-2d correspondence (AGT)

 Alday, Gaiotto, and Tachikawa ’09:
made the observation that the four-sphere partition function theories 
can be expressed in terms of the correlation functions of Liouville 
conformal field theory on Riemann surface .



AGT Correspondence 

Math: Quantise the Classical Teichmüller space

Motivations

TQFT



Teichmüller 
spaces

q-Teichmüller

[Kashaev ’98]

Mathematics Motivation
[Penner, …]



Teichmüller 
spaces

q-Teichmüller

Super-Teichmüller

[Kashaev ’98]

[Fock-Buchbacher ’13/  
Penner-Zeitlin ’15]

In the late 80s the problem of construction of Penner’s coordinates on 
Super Teichmüller was introduced in Yu.I. Manin’s Moscow seminar.

[Penner, …]

Mathematics Motivation
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Super-Teichmüller

Super-q-Teichmüller

[Kashaev ’98]

[N.A-Pawelkiewicz ’19]

[N.A-Pawelkiewicz-
Teschner ’15]

Super pentagon relation

R-matrix

MCG

[N.A-Pawelkiewicz-Yamazaki ’20]

[N.A ’16]

TODAY

Towards Super Teichmüller 
Spin TQFT

[Penner, …]

[Fock-Buchbacher ’13/  
Penner-Zeitlin ’15]

OverviewMathematics Motivation

 Pentagon relation

TODAY



Plan for the rest of the talk
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[Penner, …]

I’) Super Teichmüller space and Super Penner coordinate on that.

II’) Super Kashaev coordinate to be able to quantise.
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Example: Punctured Torus C1,1

The torus can be written as complex plane

modulo lattice Λ. Different Λ will give different

complex structures.

C1,1 ∼ C/Λ

! How many inequivalent complex structures are there?

Teichmüller space of Riemann surfaces Tg,n:

Space of deformations of complex structures.

Teichmüller space
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Teichmüller space Tg,n
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• Riemann surface Σg,n with genus g ≥ 0 and n ≥ 1 boundary components.

• Complex manifold with conformal structure, constant negative curvature.

• Boundary components being punctures, i.e. holes of zero length.

• Any Riemann surface represented

as a quotient of upper half plane by

a discrete group of isometries Γ.

Σ ≡ H/Γ

ψ is an uniformisation map

Definition

The space of deformations of the metrics of constant negative curvature

Tg,n = Hom(π1(Σg,n) → PSL(2,R))/PSL(2,R),

PSL(2,R) acts by conjugation

Teichmüller space

The space of deformations of the metrics of constant negative curvature

acts by conjugation.

Definition:



System of Coordinates

Goal: Find a system of coordinates on         ,
 so that the action of MC(F) is realised in the simplest possible way.
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[Penner,Thurston, Fock,... ]

An ideal triangulation of Σg,n: Geodesics that start and end at the punctures.

• Conformal cross ratio: ez = (x1−x2)(x3−x4)
(x1−x4)(x3−x2)

invariant under the action of PSL(2,R)

• Fock coordinate (Shear coordinates): Assign ez to

the edge e

• Teichmüller spaces has symplectic structure: Given

by the Weil-Petersson form

System of Coordinates

Remember our game!

Goal: Find a system of coordinates on         ,
 so that the action of MC(F) is realised in the simplest possible way.
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• Conformal cross ratio: ez = (x1−x2)(x3−x4)
(x1−x4)(x3−x2)

invariant under the action of PSL(2,R)

• Fock coordinate (Shear coordinates): Assign ez to
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System of Coordinates

Penner coordinates

on super-Teichmüller

spaces

Anton Zeitlin

Outline

Introduction

Cast of characters

Coordinates on

Super-Teichmüller

space

N = 2

Super-Teichmüller

theory

Open problems

Penner’s work in the 1980s: a construction of coordinates associated to
the ideal triangulation of F :

2 Penner’s coordinate-system for the Teichmüller space of a

punctured surface

Let F = Fg,n be an oriented surface of genus g with n punctures, n � 1 and 2g�2+n > 0,

and Tg,n denote the Teichmüller space of hyperbolic structures on F with finite area.

Let � = (c1, c2, ..., cD) be an ideal triangulation of F , where D = 6g � 6 + 3n.

6

so that one assigns one positive number for every edge.

This provides coordinates for the decorated Teichmüller space:

T̃ (F ) = R
s

+ ⇥ T (F )

• Positive parameters correspond to the ”renormalized” geodesic lengths

• R
s

+-fiber provides cut-o↵ parameter (determining the size of the
horocycle) for every puncture.

Goal: Find a system of coordinates on         ,
 so that the action of MC(F) is realised in the simplest possible way.



A construction of coordinates associated to the

 ideal triangulation of     , so one assigns one positive number for every edge.                 F

System of coordinates
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[Penner,Thurston, Fock,... ]

An ideal triangulation of Σg,n: Geodesics that start and end at the punctures.

• Conformal cross ratio: ez = (x1−x2)(x3−x4)
(x1−x4)(x3−x2)

invariant under the action of PSL(2,R)

• Fock coordinate (Shear coordinates): Assign ez to

the edge e

• Teichmüller spaces has symplectic structure: Given

by the Weil-Petersson form

System of Coordinates

Penner coordinates

on super-Teichmüller

spaces

Anton Zeitlin
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N = 2

Super-Teichmüller

theory

Open problems

Penner’s work in the 1980s: a construction of coordinates associated to
the ideal triangulation of F :

2 Penner’s coordinate-system for the Teichmüller space of a

punctured surface

Let F = Fg,n be an oriented surface of genus g with n punctures, n � 1 and 2g�2+n > 0,

and Tg,n denote the Teichmüller space of hyperbolic structures on F with finite area.

Let � = (c1, c2, ..., cD) be an ideal triangulation of F , where D = 6g � 6 + 3n.

6

so that one assigns one positive number for every edge.

This provides coordinates for the decorated Teichmüller space:

T̃ (F ) = R
s

+ ⇥ T (F )

• Positive parameters correspond to the ”renormalized” geodesic lengths

• R
s

+-fiber provides cut-o↵ parameter (determining the size of the
horocycle) for every puncture.

[Penner’s 1980s]

Goal: Find a system of coordinates on         ,
 so that the action of MC(F) is realised in the simplest possible way.



• In order to obtain coordinates on
one can consider penner/shear coordinates 
to the edge       

System of coordinates
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[Penner,Thurston, Fock,... ]

An ideal triangulation of Cg,n: Geodesics that start and end at the punctures.

• In the hyperbolic spaces geodesics are half circles

and straight lines.

• lenghth coordinate

• Conformal cross ratio: ez = (x1−x2)(x3−x4)
(x1−x4)(x3−x2)

invariant under the action of PSL(2,R).

• Shear coordinates: Assign ez to the edge e.

System of coordinates
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[Penner,Thurston, Fock,... ]

An ideal triangulation of Cg,n: Geodesics that start and end at the punctures.

Change of triangulations:

• An element of the mapping class group will map a given triangulation into

another one.

• Teichmüller spaces has symplectic structure and the coordinates admit

Poisson: Given by the Weil-Petersson form

a = x1 � x2

eze =
ac

bd

ze

a 

System of Coordinates

• Conformal cross ration is:

b 



The action of MC(F) can be described combinatorially 
using elementary transformations called flips:

ef = ac+ bd

Penner coordinates

on super-Teichmüller

spaces

Anton Zeitlin

Outline
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Super-Teichmüller

theory

Open problems

The action of MC(F ) can be described combinatorially using
elementary transformations called flips:

a b

cd

e flip

a b

cd

f

Ptolemy relation : ef = ac + bd

In order to obtain coordinates on T (F ), one has to consider shear
coordinates ze = log( ac

bd
), which are subjects to certain linear

constraints.

Ptolemy relation

Teichmüller space

The theory should be independent of the choice of triangulations.



Transformation of coordinates via the change of triangulation is therefore 
governed by Ptolemy relations. 

This leads to the prominent geometric example of cluster algebra.
[S. Fomin and A. Zelevinsky 2000]

Change of shear coordinates under the change of triangulation

Change of triangulations
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• Flip changes two triangulation as follow:

Changes of Fock coordinates under the change of triangulation

ez
′

e = e−ze ,

ez
′

1 = e
z1
2 (1 + eze)e

z1
2 ,

ez
′

2 = e
z2
2 (1 + e−ze)−1e

z2
2 ,

ez
′

3 = e
z3
2 (1 + eze)e

z3
2 ,

ez
′

4 = e
z4
2 (1 + e−ze)−1e

z4
2 .

Teichmüller space



Teichmüller 
spaces

q-Teichmüller

Super-Teichmüller

Super-q-Teichmüller

[Kashaev ’98]

[Fock-Buchbacher ’13/  
Penner-Zeitlin ’15]

[N.A-Pawelkiewicz ’19]

[N.A-Pawelkiewicz-
Teschner ’15]

 Teichmüller space has symplectic structure.

Remark: Given by the Weil-Petersson form.

Plan for the rest of the talk



Quantisation

Kashaev coordinates:

• Pair of variables           for each triangle   . 
• Can be written in term of Penner/shear coordinates.Quantization of the Teichmüller space/Kashaev coordinates
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[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

Quantization of the Teichmüller space/Kashaev coordinates
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[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

{pv, pw} = 0,

{qv, qw} = 0,

{pv, qw} = δv,w,

T cl
vw :

{

(Uv, Vv) → (UvUw, UvVw + Vv)

(Uw, Vw) → (UwVv(UvVw + Vv)−1, Vw(UvVw + Vv)−1),

where we denote Uv ≡ eqv and Vv = epv .

Quantization of the Teichmüller space/Kashaev coordinates
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[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

Tvw : Hv ⌦Hw ! Hv ⌦Hw

[Kashave/ Fock-Chekhov]



Quantisation

Kashaev coordinates:

Quantization of the Teichmüller space/Kashaev coordinates

Nezhla Aghaei (DESY)- Quantization of Super Teichmüller spaces 6 / 24

[Kashaev, Checkov/ Fock]
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vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2
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[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

{pv, pw} = 0,

{qv, qw} = 0,

{pv, qw} = δv,w,

T cl
vw :

{

(Uv, Vv) → (UvUw, UvVw + Vv)

(Uw, Vw) → (UwVv(UvVw + Vv)−1, Vw(UvVw + Vv)−1),

where we denote Uv ≡ eqv and Vv = epv .

Quantization of the Teichmüller space/Kashaev coordinates
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[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

Tvw : Hv ⌦Hw ! Hv ⌦Hw

[Kashave/ Fock-Chekhov]

Pentagon relation
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T23T13T12 = T12T23

The pentagon equation for T is equivalent to the pentagon equation for special

function gb(x) for the case UV = q2V U

gb(U)gb(V ) = gb(V )gb(q
−1UV )gb(U).

• Pair of variables           for each triangle   . 
• Can be written in term of Penner/shear coordinates.



Ptolemy groupoid
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A : Hv → Hv T : Hv ⊗Hw → Hv ⊗Hw

A3
1 = id1,

T23T13T12 = T12T23,

A2T12A1 = A1T21A2,

T21A1T12 = ζA1A2P(12),

where ζ = eπicb
2/3, cb =

i

2
(b+ b−1)

Permutation:

P(12) : H1 ⊗H2 → H2 ⊗H1

P(12)(v1 ⊗ v2) = v2 ⊗ v1for all vi ∈ Hi.

Av = e−iπ/3ei3πq
2
veiπ(pv+qv)2

Tvw = gb(e
2πb(qv+pw−qw))e−2πipvqw ,

 Quantum Teichmüller 

Pentagon relation
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Quantized form of the operator:

Tvw = gb(e
2πb(qv+pw−qw))e−2πipvqw ,

where gb is Faddeev quantum dilogarithm function

T23T13T12 = T12T23

Ptolemy groupoid
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A : Hv → Hv T : Hv ⊗Hw → Hv ⊗Hw

A3
1 = id1,

T23T13T12 = T12T23,

A2T12A1 = A1T21A2,

T21A1T12 = ζA1A2P(12),

where ζ = eπicb
2/3, cb =

i

2
(b+ b−1)

Permutation:

P(12) : H1 ⊗H2 → H2 ⊗H1

P(12)(v1 ⊗ v2) = v2 ⊗ v1for all vi ∈ Hi.

Av = e−iπ/3ei3πq
2
veiπ(pv+qv)2

Tvw = gb(e
2πb(qv+pw−qw))e−2πipvqw ,

• Exist also relations between    and     



Teichmüller 
spaces

q-Teichmüller

Super-Teichmüller

Super-q-Teichmüller

[Kashaev ’98]

[N.A-Pawelkiewicz ’19]

[N.A-Pawelkiewicz-
Teschner ’15]

[Fock-Buchbacher ’13/  
Penner-Zeitlin ’15]

[Penner, …]

I’) Super Teichmüller space and Super Penner coordinate on that.

II’) Super Kashaev coordinate to be able to quantise.

Plan for the rest of the talk



Super Generalisation

• Define Super Riemann surfaces in terms of     -graded algebraic geometry.
   we replace commutative algebra by    -graded super commutative algebra.

• A super Riemann surfaces is a complex super manifold of dimension 1|1 obeys subtle 
additional condition. 

Z2

Z2

•  A typical    -graded ring has even      and odd generators      with:Z2 zi ✓i

✓i✓j = �✓j✓izizj = zjzi zi✓j = ✓jzi

•  One can define             supermanifold based on superspace.



Super Generalisation

Step1) Super-Teichmüller
Generalisation
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• Uniformisation theory for super Riemann surfaces, as quotient of super

upper half plane by discrete subgroup OSp(1|2).

[P. Bryant, L. Hodgkin, L. Crane, J. Rabin,]

• Points on upper half plane have coordinates (x, θ)

• Superconformal invariants x even , θ odd variables

even: eze = X12X34

X14X23
, Xij = xi − xj − θiθj ,

odd: ξ = ±i
x23θ1+x31θ2+x12θ3−

1

2
θ1θ2θ3

(X12X23X31)
1
2

,

• Extra fermionic variables ξ attached to the face of triangle

• Generalisation of shear coordinates

System of coordinates
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[Penner,Thurston, Fock,... ]

An ideal triangulation of Cg,n: Geodesics that start and end at the punctures.

• In the hyperbolic spaces geodesics are half circles

and straight lines.

• lenghth coordinate

• Conformal cross ratio: ez = (x1−x2)(x3−x4)
(x1−x4)(x3−x2)

invariant under the action of PSL(2,R).

• Shear coordinates: Assign ez to the edge e.



Super Generalisation

From now on let

Super-Fuchsian representations comprising Hom are defined to be those whose 
are Fuchsian group, corresponding to 

ST (F ) = Hom0(⇡1(F ), OSp(1|2))/(OSp(1|2))

⇡1 ! OSp(1|2) ! SL(2,R) ! PSL(2,R)
F

Uniformisation theory for Super 
Riemann surfaces, as quotient of super 
upper half plane by discrete subgroup

Step1) Super-Teichmüller



Super Generalisation

Lie super algebra:
acts on OSp(1|2)

z ! az + b

z + dc
+ ⌘

�z + �

(cz + d)2

⌘ ! �z + �

cz + d
+ ⌘

1 + 1
2��

cz + d

H
+
, @H

+ = R1|1

Factor         where      is a
 discrete group of             

 such that its projection is a Fuchsian 
group, are called super-Riemann 

surfaces.

H
+
/� �

by superconformal fractional-linear transformations

From now on let

Super-Fuchsian representations comprising Hom are defined to be those whose 
are Fuchsian group, corresponding to 

ST (F ) = Hom0(⇡1(F ), OSp(1|2))/(OSp(1|2))

⇡1 ! OSp(1|2) ! SL(2,R) ! PSL(2,R)
F

Uniformisation theory for Super 
Riemann surfaces, as quotient of super 
upper half plane by discrete subgroup

Step1) Super-Teichmüller



Super Generalisation

Then there are global coordinates: 

• one even coordinate called a λ-length for each edge. 
• one odd coordinate called a    invariant for each face. 
      

Generalisation
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• Super Teichmüller space ST g,n of super Riemann surfaces Σg,n of genus

g with n punctures. It is given as a quotient

ST g,n = Hom(π1(Σg,n) → OSp(1|2))/OSp(1|2),

1) Uniformisation theory for Super Riemann surfaces, as quotient of super

upper half plane by discrete subgroup OSp(1|2)
2) Points on upper half plane have coordinate (x, θ)

• Superconformal invariants x even , θ odd variable

even: eze = X12X34

X14X23
, Xij = xi − xj − θiθj ,

odd: ξ = ±i
x23θ1+x31θ2+x12θ3−

1

2
θ1θ2θ3

(X12X23X31)
1
2

,

• Extra fermionic variables ξ attached to the face of triangle

• Generalisation of Fock coordinates

The above λ-lengths and  -invariants 
establish a real-analytic homeomorphism

C ! R6g�6+3n|4g�4+2n
+ /Z2

Step2) Shear/Penner Coordinates



Super Generalisation

Generalisation
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• Super Teichmüller space ST g,n of super Riemann surfaces Σg,n of genus

g with n punctures. It is given as a quotient

ST g,n = Hom(π1(Σg,n) → OSp(1|2))/OSp(1|2),

1) Uniformisation theory for Super Riemann surfaces, as quotient of super

upper half plane by discrete subgroup OSp(1|2)
2) Points on upper half plane have coordinate (x, θ)

• Superconformal invariants x even , θ odd variable

even: eze = X12X34

X14X23
, Xij = xi − xj − θiθj ,

odd: ξ = ±i
x23θ1+x31θ2+x12θ3−

1

2
θ1θ2θ3

(X12X23X31)
1
2

,

• Extra fermionic variables ξ attached to the face of triangle

• Generalisation of Fock coordinates

Step2) Shear/Penner Coordinates



Super GeneralisationSuper Generalisation

2.Shear/Penner Coordinates

Nezhla Aghaei (MPIM) Towards Super Teichmüller Spin TQFT

Penner coordinates

on super-Teichmüller

spaces

Anton Zeitlin

Outline

Introduction

Cast of characters

Coordinates on

Super-Teichmüller

space

N = 2

Super-Teichmüller

theory

Open problems

Superflips

When all a, b, c, d are di↵erent edges of the triangulations of F ,

a b

cd

e
✓

�

a b

cd

f

µ ⌫

Ptolemy transformations are as follows:

ef = (ac + bd)
⇣
1 +

�✓
p
�

1 + �

⌘
,

⌫ =
� + ✓

p
�

p
1 + �

, µ =
�
p
�� ✓

p
1 + �

.

� = ac

bd
denotes the cross-ratio, and the evolution of spin graph follows

from the construction associated to the spin graph evolution rule.

Super Generalisation

� =
ac

bd

ef = (ac+ bd)(1 +
�✓�

1 +
p
�
)

The action of MC(F) can be described combinatorially  
using elementary transformations called flips:

ef = ac+ bd
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The action of MC(F ) can be described combinatorially using
elementary transformations called flips:

a b

cd

e flip

a b

cd

f

Ptolemy relation : ef = ac + bd

In order to obtain coordinates on T (F ), one has to consider shear
coordinates ze = log( ac

bd
), which are subjects to certain linear

constraints.

Ptolemy relation

System of coordinates
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[Penner,Thurston, Fock,... ]

An ideal triangulation of Cg,n: Geodesics that start and end at the punctures.

Change of triangulations:

• An element of the mapping class group will map a given triangulation into

another one.

• Teichmüller spaces has symplectic structure and the coordinates admit

Poisson: Given by the Weil-Petersson form

In order to obtain shear coordinates on 

    

T (F )

⌫ =
� + ✓

p
�

1 + �

µ =
� � ✓

p
�

1 + �

eze =
ac

bd

Super generalisation: 

    

Penner coordinates

on super-Teichmüller

spaces

Anton Zeitlin
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theory

Open problems

The action of MC(F ) can be described combinatorially using
elementary transformations called flips:

a b

cd

e flip

a b

cd

f

Ptolemy relation : ef = ac + bd

In order to obtain coordinates on T (F ), one has to consider shear
coordinates ze = log( ac

bd
), which are subjects to certain linear

constraints.

The action of MC(F) can be described 
combinatorially using elementary 
transformations called flips:

ef = ac+ bd Ptolemy relation

Step2) Shear/Penner Coordinates

The theory should be independent of the choice of triangulations.



Super Generalisation

Generalisation
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• Super Teichmüller space ST g,n of super Riemann surfaces Σg,n of genus

g with n punctures. It is given as a quotient

ST g,n = Hom(π1(Σg,n) → OSp(1|2))/OSp(1|2),

1) Uniformisation theory for Super Riemann surfaces, as quotient of super

upper half plane by discrete subgroup OSp(1|2)
2) Points on upper half plane have coordinate (x, θ)

• Superconformal invariants x even , θ odd variable

even: eze = X12X34

X14X23
, Xij = xi − xj − θiθj ,

odd: ξ = ±i
x23θ1+x31θ2+x12θ3−

1

2
θ1θ2θ3

(X12X23X31)
1
2

,

• Extra fermionic variables ξ attached to the face of triangle

• Generalisation of Fock coordinates
Spin structure

Nezhla Aghaei (MPIM) Towards Super Teichmüller Spin TQFT

4.Spin structure

Super Generalisation

Generalisation
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• Odd variable defined up to a sign, to fix it → define the spin structure.

• Spin structure can be encoded by Kasteleyn orientation.
[Cimasoni, Reshetikhin’07]

• Hilbert space associated to the face of the triangle.

• Identify (p, q, ξ) with super Kashaev variables.

• Construct superflip and find super Ptolemy groupoid.

Generalisation
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• Super Teichmüller space ST g,n of super Riemann surfaces Σg,n of genus

g with n punctures. It is given as a quotient

ST g,n = Hom(π1(Σg,n) → OSp(1|2))/OSp(1|2),

1) Uniformisation theory for Super Riemann surfaces, as quotient of super

upper half plane by discrete subgroup OSp(1|2)
2) Points on upper half plane have coordinate (x, θ)

• Superconformal invariants x even , θ odd variable

even: eze = X12X34

X14X23
, Xij = xi − xj − θiθj ,

odd: ξ = ±i
x23θ1+x31θ2+x12θ3−

1

2
θ1θ2θ3

(X12X23X31)
1
2

,

• Extra fermionic variables ξ attached to the face of triangle

• Generalisation of Fock coordinates

Over a Riemann surface spin structures correspond to square roots of the canonical bundle.Remark: Over a Riemann surface spin structure correspond to square roots of canonical bundle.



Summary of what I have to do

Identify the 
representation space of 
quantum group with 
Hilbert space 

Step3) Kashaev Coordinates

• Hilbert space associated to the face of the triangle. 

• Identify                 with super Kashaev for any triangle     .

Nezhla Aghaei (MPIM) Towards Super Teichmüller Spin TQFT

4.Spin structure

Super Generalisation

Generalisation
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• Odd variable defined up to a sign, to fix it → define the spin structure.

• Spin structure can be encoded by Kasteleyn orientation.
[Cimasoni, Reshetikhin’07]

• Hilbert space associated to the face of the triangle.

• Identify (p, q, ξ) with super Kashaev variables.

• Construct superflip and find super Ptolemy groupoid.

Generalisation
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• Super Teichmüller space ST g,n of super Riemann surfaces Σg,n of genus

g with n punctures. It is given as a quotient

ST g,n = Hom(π1(Σg,n) → OSp(1|2))/OSp(1|2),

1) Uniformisation theory for Super Riemann surfaces, as quotient of super

upper half plane by discrete subgroup OSp(1|2)
2) Points on upper half plane have coordinate (x, θ)

• Superconformal invariants x even , θ odd variable

even: eze = X12X34

X14X23
, Xij = xi − xj − θiθj ,

odd: ξ = ±i
x23θ1+x31θ2+x12θ3−

1

2
θ1θ2θ3

(X12X23X31)
1
2

,

• Extra fermionic variables ξ attached to the face of triangle

• Generalisation of Fock coordinates

Over a Riemann surface spin structures correspond to square roots of the canonical bundle.
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Quantization of the Teichmüller space/Kashaev coordinates
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[Kashaev, Checkov/ Fock]

• Kashaev coordinates: Pair of variables

(pv, qv) for each triangle.

• Fock variables ze can be expressed in

terms of Kashaev coordinates

[pv, pw] = 0,

[qv, qw] = 0,

[pv, qw] =
1

2πi
δvw,

Tvw : Hv ⊗Hw → Hv ⊗Hw

T−1
vw UvTvw = UvUw, T−1

vw UwTvw = UwVv(UvVw + Vv)
−1

T−1
vw VvTvw = UvVw + Vv, T−1

vw VwTvw = Vw(UvVw + Vv)
−1

We define Uv ≡ e2πbqv and Vv = e2πbpv , UV = q2V U where q = eπib
2

W

V

V



Super-q-Teichmüller
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From Heisenberg double infinite dimensional representations of the quantum

group on L2(R)⊗ C1|1 , one can find canonical elements that gives superflip.

T12 =
1

2
[f+(α)I⊗ I− if−(α)ξ ⊗ ξ]e−iπp1q2

where α = q1 + p2 − p1, ξ =

(

0 1
1 0

)

,

ξ ⊗ ξ =









0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0









f+ = eR + eNS , f− = eNS − eR, where, eR, eNS are connected to the

supersymmetric analogues of double sine function.

[N.A-Pawelkiewicz-Teschner ’15]



super eb function
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The supersymmetric version of Fadeev’s quantum dilogarithm function is

eb(x) = gbe
x

eR = eb(
x+ i(b− b−1/2)

2
)eb(

x− i(b− b−1/2)

2
)

eNS = eb(
x+ i(b+ b−1/2)

2
)eb(

x− i(b+ b−1/2)

2
)

Super flip
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Higher Teichmüller spaces:                  is replaced by some reductive group G.  [V.Fock and A. Goncharov (2003)]PSL(2,R)
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model
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Moduli space of flat connection 
(Super quantum Teichmüller space)

2d CFT 
(Super Liouville )

Super (AGT)4d Gauge theory 
 S4/Z2

Outlook II

[Belavin, Fegin ’11]



Thanks:)


