THE UNIVERSITY OF SYDNEY

MATH2902 Vector Spaces
(http://www.maths.usyd.edu.au/u/UG/IM/MATH2902/)

Semesterl, 2001 Lecturer: R. Howlett

1.

Tutorial 9

Compute the given products of permutations.
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Solution.

2.

Remember that permutations are functions, and multiplication of permutations
is composition of functions. If we let the first factor in part (i) be o and the
second 7 then we have 7(1) = 2 and 0(2) = 1; s0 (o7)(1) = o(7(1)) = 0(2) = 1.
Similarly,

See also the examples on page 173 of [VST].

The answers are as follows:
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Calculate the parity of each permutation appearing in Exercise 1.
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Solution.

Recall that the “length” of a permutation is obtained by counting the total num-
ber of instances of a number in the second row being larger than a number to
its right. In part (7) the first factor is even (its length is 2) and the other is odd
(length 3). Their product is odd (length 3). In part (i) the first factor has length
5 and is therefore odd, the second has length 10 (the maximum possible for a
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permutation of {1,2,3,4,5}) and is therefore even. The product must be odd.
In part (ii¢) the factors are even, odd and odd.

3. Use row and column operations to calculate the determinant of

1 5 11 2
2 11 -6 8
-3 0 —452 6
-3 —-16 -4 13

Solution.

1 5 11 2 1 5 11 2
2 11 -6 8 |@PZRamfo 1 -28 4
-3 0 —452 6 | Bu=Ra+3Ri | 0 15 —419 12
-3 —-16 -4 13 0 -1 29 19
1 5 11 2

=R3—15R, [ 0 1 —-28 4
IM 00 1 —48

00 1 23

15 11 2

Ru—Ra-ks | 0 1 —28 4

- |00 1 -—48

00 O 71
We have only used row operations of the kind R; := R; + aR;, and these do
not change the determinant. Now performing lots of obvious column operations,
where we just add multiples of columns to other columns, produces the diagonal
matrix with entries 1, 1, 1, 71. So the determinant is 71.

4. For each permutation o € S,, define P, to be the n x n matrix with (i, j)-entry
equal to 1 if i = o(j) and 0 if i # o(j). Prove that P, P, = P,, for all o, 7 € S,,.

Solution.

It is convenient to use the Kronecker delta, defined by

s 1 ifi=j

970 ifd £
If we let the (i,7)*™™ entries of P, and P, be (respectively) s;; and t;; then
we have s;; = 6;,(;) and t;; = &;,(;. Hence the (i, 7™ entry of P, P, is
Dot Siktk; = o1 %ia(k)Okr(j)- For k = 7(j) we have 6y, ,(;) = 1, and hence
i o (k) Ok 7(j) = Oio(k) = Oio(r(j))- Since O ;) = 0 when k # 7(j) the terms in the

sum corresponding to the other values of k are zero. Hence the (i,7)" entry of
ST is 1 if i equals o(7(4)) = (o7)(j), and 0 otherwise.
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5. What is the determinant of the matrix P, defined in Exercise 47

Solution.
This is one of the rare cases when it is quite easy to work directly from the
definition of the determinant as given in 8.12 of [VST]. Let s;; be the (4, j)-entry
of Py, so that s;; = §j5(j). For any 7 € S, the product si,(1)82(2) - - - Snr(n)
will be zero unless s; ;) # 0 for all i; that is, unless 0;,(-(;)) # 0 for all i. So
only for 7 = 07! is the product nonzero. When 7 = ¢~! the product is just
011022 . . .0nn = 1. Hence by Definition 8.12 we have

det P, = Z 5(7)817(1)827(2) - Spr(n) = 6(0'_1)
TESn

which is equal to &(o).

6. Consider the determinant

1 x; 23 zh
2 n—1
1 zo 3 T4
det .
2 n—1
1 =, = ... x

Use row and column operations to evaluate this in the case n = 3. Then do the
case n = 4. Then do the general case. (The answer is [[;- (2 —z;).)

Solution.

First subtract the first row from all the others. This does not alter the determi-
nant. Then subtract x; times the first column from the second, z? times the first
column from the third, ..., 27" times the first column from the n'". This also
leaves the determinant unchanged, and so the original determinant is equal to

Ty —mxp xd—ax} ... xptoah?
r3—mx xi—ax} ... xit ot
det
- -1
Tp—x1 22— ... a7t gf

We can take out factors of zo — x1 from the first row, 3 — x1 from the second,
., T, — x1 from the last, so that our determinant is equal to

(332 — l‘1)(.733 — 331) . (J,‘n — xl)D,

where

n—2 _n—2—j_j

1 otz o +xox +af ... Y gay T Yoy

—2 n-2-j_j

1 x3+x 2%+ 231 + 23 S o w x

3 341 1 =0 3 1

D = det /

: : : L
1 zp+x1 22+ 2,01 + 23 S a2 ]
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Next subtract z{ times the first column of D from the i + 1*"" column, for

i=1,2,...,n—2, then subtract z% times the second column from the i + oth
column, for i = 1,2, ..., n — 3, and then x} times the third column from the
i+ 3% and so on. This eliminates z; altogether, and the given determinant
equals

1 zo ... x§_2

1 xz3 ... xg_z

n—2

1z, ... a}

Repeating the steps to eliminate successively xa, 3, ..., yields the formula

[is (@i — ;).

7. Let p(x) = ag+ar1x +azx?, q(x) = by +byx +box?, r(x) = co + c1x + cax?. Prove
that

p(z1) q(x1) r(z1) ap by co
det | p(z2) q(z2) r(za) | = (w2 — 1) (23 —21)(23 —x2)det [ a1 by a1
p(z3) q(wz) r(xs) az by o

Solution.

This can be done by using row and column operations in a similar fashion to
Exercise 6. Alternatively, observe that

p(z1) q(x1) r(z1) 1z 22 ap by co
p(z2) Q($2) 7“(952) =11 =z x% ar b
p(zs) q(ws) r(x3) 1 z3 23) \az by

so that the result follows form Exercise 3 and the fact that det Adet B = det AB
for all n x n matrices A and B.



