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a2
P(r, ) = c1h1 -+ ZA ™ — ——)smn9 (2.5.54)
n=1
In order for the fluid velocity to be approximately a constant at infinity with ¢ ~
Uy = Ursin® for large r, A, =0 for n > 2 and A; = U. Thus,

2
B(r,0) =1 mg +U <7~ - %—) sin 6. (2.5.55)

It can be shown in general that the ﬁmd ve10c1ty m pola;r coordinates can be

obtained from the stream functlon Up = g’g ,Ug = . Thus, the #-component

of the fluid velocity is ug = =2 —U(1+ 25 ) sinf. The cu'culatlon is defined to be
f02 " ugr df = —2mc;. For a glven velocity at infinity, different flows depending on
the circulation around a cylinder are illustrated in Figure 2.5.3.

The pressure p of the fluid exerts a force in the direction opposite to the
outward normal to the cylinder (£, %) = (cosf,sinf). The drag (z-direction) and

lift (y-direction) forces (per unit length in the z direction) exerted by the fluid on
the cylinder are

(7

. 2
F = —/ p(cosb,sinf)adf. (2.5.56)
0 .

For steady flows such as this one, the pressure is determined from Bernoulli’s -

condition

1 2
P+ §p|u| = constant. (2.5.57)
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Figure 2.5.3 Flow past cylinder and lift = 2wpciU.

Thus, the pressure is lower where the velocity is higher. If the circulation is clockwise
around the cylinder (a negative circulation) , then intuitively (which can be verified)
the velocity will be higher above the cylinder than below and the pressure will be
lower on the top of the cylinder and hence lift (a positive force in the y-direction)
will be generated. At the cylinder u, = 0, so that there |u|* = u3. It can be shown
that the z-component of the force, the drag, is zero, but the y-component the lift
is given by (since the integral involving the constant vanishes)

1 2 Cy : Cl,2 2 )
F, = Ep/o [——; — (1 + ;3> sin 0} sinfl adf. (2.5.58)
- 27
- F, = pgal—U2 / sin® 6 adf = p2mcy U, : (2.5.59)
0

which has been simplified since f02 "sinf df = 02 " sin3 6 df = 0 due to the oddness
of the sin function. The lift vanishes if the circulation is zero. A negative circulation
(positive ¢;) results in a lift force on the cylinder by the fluid.

In the real world the drag is more complicated. Boundary layers exist due to the
viscous nature of the fluid. The pressure is continuous across the boundary layer
so that the preceding analysis is still often valid. However, things get much more
complicated when the boundary layer separates from the cylinder, in which case
a more substantial drag force occurs (which has been ignored in this elementary



