







































































































What is the universal envelopingalgebra But I
1 Overview
There is a forgetful functor

Fifealgebras aliens

LA 1 Ail

where x y x y y X

ez For a nectar space V over Q we denote

F Eid v gl V emend linear Lie algebra of V

Kinkle we defined
U tienesegues

associative coastal

algebras over

and a map I i g UH Weshowed lasttime that U is left adjoint

to F i.e

Hance G for A Home.gg vlog A

1
universal property

9 runs Utd Tlb
j x y you x y Ix ycY

unital associative
algebra

Rep g e papules
Tensor structure isgiven

q by he Hepf algebra
equivalence of structure in 019
monoidal categories










































































































Action over VOW let V W two D modules

The G module structure or VOW is given by

g draw g v 0w t g w

For an associative algebra A here is w whad Aword structure on VAW
Thekey idea is for A ULT we have a amuttiplication S

ULS is a Hopf algebra mug theaction on VOW is given by i

s
019 vlog Vlog

I
End Endw

vs
EndVOW

We can obtain irreducible G not by considering Verma module Va

for a weight a
Philosophy Understand f d irreducible D mod by using
oo dimensional module theVa's which are quotients of UCB

2 Filleted algebras let IN 91,21 a

A Ralgebra A is IN graded if

A Ot Ai
i o

where the Als are vector subspaces2nd An Am E Antin










































































































An algebra Aover K is IN filtered if there is an increasing sequence
03EFoE Iz E o EFie EA

of subspace of A such that
A U Fi

i o

und th m EN i
Fn Fm E Fntm

Example Thealgebra of differential operators B k Hdac E k
y

of A Rca Here BE EndA

d sci i sit Ai IAin se i Ait Ai
du ai 1 isci ai l sci

X sci ziti
adf.se Ai Ai Ai

xi 1 is
I x i Ai

x titi x

wehave therelation I

let Fi new combinations ofelements
of the xildld.dk at

es xtdld.it EE
Notgraded

let it be an IN filtered algebra the associated girded algebra gr A is

defined as thevector space

gr A Gn to typo Fye Bff 0
neo

where Go Fo and Gu Fulfu for n 0 The multiplication is induced

by the multiplication in A This is a grated algebra

Any 1Ngrated algebra A
0
Ai admits z filtration In

0
An




































































































Pings Agraded algebra is naturally filtered

Hood A EtoAi Fms IIAi UFm A

We have the following diagram

in
Ishi tithedanising

Fact If A is graded then yr i A A

Example The symmetricalgebra symV of a vector space V withbasis

oh au is the polynomial algebra x Ku it is grated

synth Otaki iii
ii u im

TW is also grated

M TH
y yay c yyy is filtered butnotgrated

ur show

gr Utd Sym 9 commutative algebra

f UH i 019 is not grated

However g Symbol as vector spaces they have thesame

PBW basis ayy Of a ii ein

If 9 is abelian 0197Symbol gu UH Utd is grated



3 Verma modules

let 9 be a semi simple f d Lie algebra over 0 e.g Slu d

let me UHas
u

b mBowl subalgebra my Ulb
U V

b Carton subalgebra vs Ulb

let cb a b Q

Cl is the 1 dimensional b noble

hey 2CQ h 2 d h E

We extend Cly to a b module bent b
n 2 0 for n t ht
h z Nh 2 the b

Ga is a 0lb module

The Ulb module structure of can be also be defined directly

let set ihr be a basis of ht

let hi hp be a basis of b

we can pick x xjr hi hip as a PBW basis for Ulb

and define theaction on Clg 25

x xr hi hip 2 a 4 aches hp z



The Verma module associated with d is the 019 module

a VID Cls ri as vector space

Ulb

For set 019 the action is x y Z xy 2

Prod If DEIN Vb quotiented by its maximal UN submodule is the

irreducible B module of highest weight 2

Example shed a tf lol
h

g Gf Eh Cle h f s Zf
U h e 2e
b Eh Ee Cef h
U
b ich Ulb GCh

A PBW basis of Ulsh is time i k o

let debt 201 EV d

f 181 f I f fort 1

h 181 d lol h tot fh 2b 01 1 2 fort

e 181 e o e f I Ife th 81 a lost

fkQ1 is a basis for Vla We choose Ek I as a basis

k



k
f fort Rtl fk I I
k Rtl

h I 3 2k fth I iF k
k

e ff 4 k 01 if kZ1

0 if Rio

For example if 21h 3 we have 3 as U 9 module is

9 7 5 3 I 1 3

it
flog If 14ft Uff 281 forty I
36T 2 F Ii O J L T z 3

J
this is the unique
non trivial proper
submodule of 3

The quotient of Vb with its proper submodule is

3 I 1 3

o f 3 I 2 e p
this is M Sh module

AT A of highest weight 33

f3a 281 forty I
J L T z 3 0

Next true Weyl's

thanks for attending character formula


