
 
Chambers and the Coxeter complex
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1 Chamber systems

let I be a set A chamber system over I is a set C

with an equivalence relation ni on it for each i E I
Elements of C ve called chambers

Two chambers x and y are called i adjacent

if Seri Y
ie I ie

E let us take G a group BC subgroup and

I a set Suppose for every ie I there is a subgroup Pi
sock that

B c Pi C G



Wecan define a chamber system on G1B gBlgEG
with the i adjacency given by

GB ni LB if gPi hPi
Then ATB is a chamber system over I

As in but B L and G ses stinstoid

SZ id Vs t ES For seS we define Ps Cs

As in but G Sst I IstSE id SE EE id
Hehe S sit

gash if i

gas hey tsists
E i St t iii ft
id is if 9 h or rid s
i

g hs f adjacencyS adjacency

A gallery is a finite sequence of chaders GoG Cr
suchthat Vj Cj f Cj c CjNig Cj 1 for some Ij EI
The type of such galley is lit iz in
let JCI if i E J Hj we say thegallery is

a T gallery or galley of type J
We say two chambers x 9 we J connected if there is a

J gallery x co Ci Ck Y



The J connected components maximal J connected sets

we called J residues or residues of type J
The rank of a J residue is card J

Demark Definition
the residues of bark 0 are thesame as thechambers

The 11 Ii u 1 are called panels

EI In Hits tst tsetse St is a galley

of type Is t titis
A morphism of GI DII of the
chamber systems over I is a map C D such that

Hiei X I Hx Nidly
EI In he A GIB by left multiplication
The map Uz A B HB is an automorphism

gB NTSB of LHB I

The geometric realisation Fix GI a chartersystem

For I finite c I my
geometric

object

Definition For R and S residues of type Jaud

K respectively Say S is a face of R if i



SOR
K DJ

Say cotype J far type I J

lemmai let R a residue of cotype J

i For each K C T there is a unique face

of R of cotype K

Iii If 5 and Sz are the fees of R of cotype

K and Kz then Si and 52 Share the sane
face of Cotype KIAKz

Definition An n simplex is the carex portion of

htt vertices in IR in generic position Each subset

of those vertices spans a face

let CC Il be a chamber system

Vertices One for each covark 1 residue

Edgesi One edge E for each residueRof covark

2 Such that the faces of E are identified with the
vertices constructed before associated to the faces of R



Inductively for a residue of coke in air
we construct a Ivel simplex T s t theirface comespond

to the feces of the residue

This construction is called thegeometric realisation of GI
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Z simplices Gronk3 a type of chanters

g c x yy s x

so everything r

above is a face This is
not a
simplicial complex y



82 Coxeter groupsand complexes 5 set

let Me Curse mstE IV Ea sit Sites

Mst ZZ for Sff

Ms s e l USES

The Coxeter group of type M is

wi Lst Sl 5 id SH t id fstes
W S 2 charter system over S The S adjacency is

stun by
w Ng WS

The Coxeter complex associated to is is the

geometricrealisation of this charter system
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Edgesi edge Sit's No edges

E S
id s
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