
 
what is modular representation theory

I Introduction and motivation

Modularrep May rep theory over a field k of chap70

Hugely different oftenmove difficult than over fields ofchar o le9 G
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thisoften gives rise to new submodule which don't exist in Charo

Underlying mechanism Frobeniusends
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and associated Frobenius twist on RepG

RepG moi Fratd structure on RepG

3 Subtler geometric connections finding character forwh hersimple modules

hasbeen a guiding problem in rep theory overthelast50 years

characteristic tew deep geometric proofs ofK L conj by Brylinski Kashiwan
and Beilinsen Bernstein 11980s

charp o i still in process ofbeingsolved Lustig's Gaj hasled theway
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Theseimages we Chan i

GWilliamson Modular representation andreflection subgroups arxiv 2019



2Foundations

We fix kik field of char p o RFT
Forus an algebraic group over k is a group b w the structure of R variety
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A homomorphism of dg groups G H should respect both structures

a regular group homomorphism
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Scheme X defined over p have a Frobeniusendomorphism
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An algebraic representation of G is an dg group towomorphism
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for some f d R vector space V This amounts to a gp homomorphism
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Move generally we have
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let Me512module By restriction M is a module lovthemaximal
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key fact Ou has a unique simple submodule
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of highest weight n where coleevli has a composition series by
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because Sh V Sh see Brian Conrad votes and
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In fact in characteristic ten

simple Shmoths s 1 up
But in characteristic p the story isnot sosimple punintended
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Caution while the parameter set X doesnot vary withp the
structure of the La it Xp certainly does aswe have seen

4 Characters and Pascal's B
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M admits a dump
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After dimension character is the most basic attribute of M
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I dim'd non zero weight spUS

h ht2 h Z h E D
u 2

it Chou Eh e ut't te e e_
I e l

thereexist analogues of the Ph for all reductive G and
chin isgreen by Weyl's character fourth
Assume ps3 thefollowing depicts submodule Lu COn Kaito Ry
lov OEn E b

R
seepicture in notes bx by

Rx kay Ky

his Ry's

kx4 Kody Ky x ky4
5

Rx kx4y kx3y Rody's k y4 M

K Kgb
kx6

From this we can read off the characters directly i

e
I le e

2 o z
e e e

3 3
e e

e4 et e e't

5 3 I e e e5e e e
6 O b
e e e



This should recall our previous picture reductionof Pascal's tr
mod3
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this diagram is obtained by reducing nod 3 andcoding residue hadst

How does wbku Pascal's A connect to characters

5 Frobenius kernels Steuben Q theorem

Motivation suppose NQH are quite groups andletus assume

All simple N modules extend to H modules t

Clifford If V is a simple Hnodule then VIN is semisimple with

a conjugate simple surrounds all isomorphic by t
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conjugation lov gEH W WT where in W9 theaction is
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simple Nmodule

Back to algebrac group Assume technical conditions on G i semisimple

simply connected
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In our setting every deXx canbe written sortof
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We can ask when Lulu 2 f o i e when does en2J appear
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Write j jotj.pt t jvp in base p
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aAnother way of phrasing that i no padic carries when adding j to n j
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solving the modular Pascal mystery
Other explanations possible using Shzpalov form t Jantzen filtration




