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Abstract

The product monomial crystal was defined by Kamnitzer, Tingley, Webster, Weekes, and Yacobi for any semisim-
ple simply-laced Lie algebra and a multiset of parameters. The crystal is closely related to the representation
theory of truncated shifted Yangians, a family of algebras quantising transversal slices to Schubert varieties in
the affine Grassmannian. In this thesis we give a systematic study of the product monomial crystal using the
novel tool of truncations, resulting in a Demazure-type character formula which is valid in any symmetric bi-
partite Kac-Moody type. We establish results on stability of the crystal, and use these and the character formula
to show that in type A the product monomial crystal is the crystal of a generalised Schur module associated to a
column-convex diagram, as defined by Magyar, Reiner, and Shimozono.
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1 Introduction

Let G be a simply-laced reductive group over the complex numbers C, with Repc G the category of its finite-
dimensional algebraic representations. This category is semisimple with simple objects L(1) indexed by domi-
nant weights A, and an interesting problem is to define ‘natural’ constructions of these representations for any
dominant weight. This problem has been very fruitful, with three such constructions realising L(1) as:

1. The space of sections I'(G/B, &)) of a line bundle #; on the flag variety G/B,

2. The cohomology of a Nakajima quiver variety associated to the pair (G, 4), generalising a previous con-
struction of Ginzburg using Springer fibres in the case of G = GL,, and

3. The intersection homology IH (GrA) inside the dual affine Grassmannian Gr = G¥((z))/G"[[z]] of the spher-
. oA
ical orbit Gr”.

The fact that these three realisations all give rise to L(A) might be surprising, since the underlying geometric
spaces are rather different, and consequently there has been some progress made to state relationships between
these spaces. Throughout the papers [Kam+14; Kam+19a; Kam+19b] the authors investigate the relationship
between the second and third realisations, establishing the fact that transverse slices in the dual affine Grass-
mannian are symplectic dual to Nakajima quiver varieties. Throughout their study they investigate a family of

non-commutative deformations Y/jl(R) of the coordinate ring of the transverse slice Grﬁ depending on an integral

set of parameters R, and define a category O (Yljl(R)) of their representations. The sum 7'(A,R) = 6P <A 0] (Yljl(R))
carries a categorical (Lie G)-action (in the sense of Chuang and Rouquier [CR04; Rou08]), making the complexi-
fied Grothendieck group V(A,R) = Kc(7'(4, R)) a representation of G.

This thesis concerns the representation V(A, R) and its crystal ./# (A, R), called the product monomial crystal af-
ter its embedding into Nakajima’s crystal of monomials. We give a novel new method of analysing the crystal
AL (A, R) by certain global truncations, which we use to give a Demazure-type character formula for the crystal, our
first main result. Our second main result is specific to type A, where we show that the product monomial crystal
is in fact the crystal of a previously-studied family of modules called the generalised Schur modules for column-
convex diagrams, and give a bijection between the parameters R defining the crystal and the column-convex
diagrams defining the modules.

The column-convex diagrams include skew shapes as a special case, and so a corollary of our result is that for
any skew Schur module there is a weight A and a parameter multiset R such that 7°(4,R) is a categorification of
the skew Schur module. This is the first such categorification of a skew-Schur module known to the author.

Although the original setting started with a simply-laced reductive group G, the product monomial crystal makes
sense for any symmetric bipartite Cartan type, and we prove all results in this generality. The only obstruction to
our results being valid in arbitrary symmetrisable bipartite types is Theorem 6.3.5, which is proved via the theory
of Nakajima quiver varieties. If there were some alternative proof of this theorem valid in arbitrary symmetrisable
bipartite type (and various computer experiments suggest it is true), the results within would automatically hold
in that generality.

11



1 Introduction
1.1 Structure

This thesis is divided into three parts. The first part (Chapters 2 to 5) is concerned with setting up notation
and reviewing the theory of Cartan and root data, Kac-Moody algebras, quantum groups, crystals, characters,
Demazure modules, and Demazure crystals. The second part (Chapters 6 to 8) examines the product monomial
crystal in-depth, developing the novel concept of truncations of the crystal and proving our first main result:
the character formula. The third part (Chapters 9 and 10) relates the product monomial crystal in Type A to the
generalised Schur modules, proves our second main result: the crystal of a column-convex generalised Schur
module is given by the product monomial crystal. A more detailed reader’s guide is given below.

The first part begins with Chapter 2, a very brief overview of the notation used throughout to which the reader
can refer. In Chapter 3 we review the notion of a Cartan datum (I,-) and a root datum @ so as to put the repre-
sentation theory of semisimple groups and reductive groups on equal footing with that of Kac-Moody algebras
and their quantum analogues. We review the theory of crystals in Chapter 4, first reminding the reader of the
original definition of a crystal base in terms of integrable modules over the quantum group, and then connect-
ing it with that of an abstract crystal, which is much more common in the combinatorial-oriented literature. In
Chapter 5 we define both Demazure modules and Demazure crystals, and state the main theorems concerning
their characters.

In Chapter 6 we introduce Nakajima’s crystal of monomials, and define the product monomial crystal as a par-
ticular subset of the monomial crystal. After establishing some basic notation and results about this crystal we
move on to Chapter 7 where we introduce our truncations and give a character formula for each (Theorem 7.2.3),
show that each truncation is a Demazure crystal (Theorem 7.3.7), and deduce a complete character formula for
the product monomial crystal in finite type (Corollary 7.3.9). With this main result out of the way, we take a step
backwards and introduce Nakajima quiver varieties in Chapter 8 so as to give proof of the fact that the product
monomial subset is indeed a crystal (Theorem 6.3.5).

In the third part we focus mainly on type A phenomena. Chapter 9 reviews the definition of a Schur functor
and Schur module for any arrangement of boxes on a grid (a straightforward generalisation of the well-known
definition in the case when the arrangement is a Young diagram), along with the the less well-known notion of
a flagged Schur module. We show that the character of the product monomial crystal and the generalised Schur
module agree when the n in GL,, is taken to be ‘large enough’. In Chapter 10 we prove some stability results
about the product monomial crystal, showing that when the data R is held fixed and the underlying Cartan type
increases in size the decomposition into highest weight crystals stabilises. Using this we can leverage the previous
result to show that the product monomial crystal is the crystal of a generalised Schur module for all n, and as a
consequence that 7°(A, R) categorifies a skew Schur module.

12



2 Notation

The blackboard bold letters Z, Q, R, and C denote (as usual) the integers, rationals, reals, and complex numbers
respectively. We further define the natural numbers N = {0, 1,2,...}, the positive integers P = {1,2,3, ...}, and for
any natural number n € N we set [n] = {1, 2, ..., n}. The symmetric group of permutations of the set [n] is denoted
by &,,, and composition is written as composition of functions, so we have (using cycle notation) the equation
(12)(23) = (123) inside &5.

A monoid is the same thing as a group which may not have inverses, for instance (N, +) is a monoid, but (P, +)
is not as it lacks an identity element. When R is a commutative ring (always assumed to be unital) and M is a
monoid, we denote the unital monoid algebra by R[M], also called the group algebra when M is a group. When M
is commutative the algebra R[M] will often be written in exponential notation, where R[M] is free as an R-module
on the basis {¢™ | m € M}, with multiplication on the basis given by €™ - ¢" = ¢™*". For example if M = (N, +)
then the monoid algebra R[M] is isomorphic to the polynomial ring R[x] under the map e! ~ x.

Just as a subset Y C X may be regarded as an indicator function Y : X — {0, 1}, we define a multiset based in
X to be a function R: X — IN. We will always denote multisets by boldface type, like R, S, T, Q. The value of
R at the element x € X is called the multiplicity of x in R, written R[x]. The support of a multiset is the subset
SuppR = {x € X | R[x] > 0} € X. A multiset with finite support is called a finite multiset. If X = {x, y, z} then
the notation R = {x?, y} means that R is a multiset based in X, where x has multiplicity 2, y has multiplicity 1,
and z has multiplicity 0.

If both R and S are multisets based in X, then their multiset union is the function R +S. We say S is a sub-multiset
of R, denoted S C R, if S[x] < R[x] for all x € X, and in this case we define their multiset difference to be the
function R—S. When taking sums or products over multisets, they should be taken with multiplicity. For instance,
if f: X — G is a function from X into an abelian group G (written multiplicatively), and R is a finite multiset
based in X, then the expression [],.g f(x) means [ [,y R,

A partial function f: X --+ Y between the sets X and Y is a function f: X — Y w1 {1} where L is a special
element not belonging to Y. Alternatively a partial function may be viewed as a function which is only defined
on a subset of its domain. If f(x) = L we say that f is undefined at x, and the set {x € X | f(x) € Y} is called the
domain of definition of f.

The remainder of the notation here is set up in Chapter 3, but we leave it here as a quick reference guide.

The letter I will always refer to a Cartan datum, which is the data of a symmetrisable generalised Cartan matrix
Aq = [aj]; jer together with a particular integral choice of symmetrising matrix By = [i-j]; j;. This data determines
the abstract Weyl group (Wy, Sp), a Coxeter system with generators (s;);e;, and when W = W is finite we denote
the longest word by wy. The vertices i, j are adjacent, written i ~ j, if and only if a;; < 0.

The letter ® will always refer to a root datum of type I, which for us means a choice of weight lattice X(®) and
coweight lattice X¥(®) in a perfect pairing (—, —), along with simple roots (¢;);c; and simple coroots (&' );e;. The
additive monoid of dominant weights is denoted X(®),.. We will use sans-serif font to denote common root data,
for example GL,, refers to an algebraic group, while GL,, refers to a particular root datum of type A,,_;.

A root datum determines a Kac-Moody algebra g(®), its universal enveloping algebra U(®), an associated quantum
group Uy(®), and also a combinatorial category of -crystals. To each dominant weight A we associate the highest-
weight integrable representation L(A) of the Kac-Moody algebra, L,(4) of the quantum group, and the crystal base

B(A) of Ly(2). The modules L(4) (resp Ly(A)) are the simple objects of the semisimple category O'"(D) (resp.
@f]m(d))), and we only ever use the notation L(4), Ly(1), and %(1) when 1 is dominant.

13






3 Lie Theory

Working with representations of semisimple groups, reductive groups, Kac-Moody algebras, or quantum groups
combinatorially requires the introduction of a lot of notation — the Cartan matrix and Dynkin diagram, Weyl
group, roots, coroots, and fundamental weights just to name a few. Since we need to introduce all of this notation
anyway, we choose here to do it in a way which treats all of these cases uniformly, by introducing a Cartan datum
and a root datum separately, from which we can build out a Kac-Moody algebra or quantum group (or Chevalley
group scheme, although we do not cover that here). We briefly recall how the theory develops in the finite type
case.

The finite-dimensional semisimple Lie algebras over C (with fixed choice of splitting Cartan subalgebra) are
classified up to isomorphism by their associated reduced root systems, in the sense of Bourbaki [BB02]. The
classification of split reductive algebraic groups is more complicated, requiring not only the data of the underlying
root system but also a root datum, an embedding of the root system into a pair of dual Z-modules. We can further
choose to base these data by choosing a Borel subgroup containing the split torus, in which case we need to only
remember the dual Z-modules along with the simple roots and simple coroots.

The combinatorial data we have chosen to go with is more or less an extension of the notion of a based root datum
to arbitrary symmetrisable type, a synthesis of the definitions given in Part I of [Lus10] and Chapter 7 of [Mar18].
Such a datum is made of two parts: the ‘core’ comprises a Cartan datum (playing the role of a root system), a
symmetrisable generalised Cartan matrix together with a choice of symmetrisation which makes the square
length of each simple root a multiple of 2. The ‘realisation’ part of the datum is analogous to a based root datum
in the reductive group sense: a pair of dual Z-modules of finite rank, with a choice of simple roots and coroots
whose pairing matrix is the generalised Cartan matrix, hence we call it a root datum. The ‘core’ determines the
abstract Weyl group as well as the positive and negative parts of the associated Kac-Moody algebra and quantum
group, wheras the ‘realisation’ part determines the maximal torus or Cartan subalgebra, as well as the full set of
possible weights and coweights.

Many authors only treat Kac-Moody algebras or quantum groups using a specific realisation, rather than allowing
it to vary. This does not affect much about the resulting representation theory, which mostly depends only on
the underlying Cartan datum, but is often more convenient to permit more realisations. For example, while 31,
is a Kac-Moody algebra in the sense of [Kac90], the often-more-convenient gl, is not. Another place we see the
utility of allowing more general realisations is in Chapter 10 where we use arguments involving restriction to
Levi subcrystals, since being able to have a Levi subgroup share the same set of weights as the larger subalgebra
simplifies notation and arguments considerably.

These degree-zero modifications of Kac-Moody algebras are undoubtedly well-known to experts, but it is quite
difficult for a non-expert to check what parts of the theory they actually affect. We assure the reader that as
long as they make the assumption that the simple roots and coroots of a root datum are taken to be linearly
independent, virtually all of the well-known theory of Kac-Moody algebras and quantum groups goes through
without a hitch (and in finite type this is automatic). Conversely, if either of those sets is dependent the theory has
to be modified significantly, for example by replacing weight spaces as simultaneous eigenspaces with weight
spaces as abstract gradings on a vector space, and forgetting the partial order on weights (which is no longer
defined). At points of this chapter we will remark on where these theories diverge, but after this chapter we will
always take the linear independence, or regularity, assumption.
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3 Lie Theory

3.1 Cartan data

We begin by defining the ‘core’ of our Lie-theoretic data, a Cartan datum. Such a datum is equivalent to a sym-
metrisable generalised Cartan matrix, together with a choice of symmetrisation making the square length of each
simple root a positive multiple of 2 (see Remark 3.1.6).

3.1.1 Definition (Cartan data)

A Cartan datum is a pair (I, ) of a finite set I together with a symmetric bilinear form (—-—) : Z[I|xZ[I] —
Z, satisfying the two conditions

i-i€{2,4,6,..}foralliel, and

P (3.1.2)
2,—1. €{0,—1,-2,..} for alli # j.
i-i

The I xI matrix A; = [a;;] defined by g;; = 2% is called the Cartan matrix associated to (I, -). For each subset
J C I, the restricted datum is (J,-) with (— - —) restricted to Z[J] x Z[]].

The simplest example of a Cartan datum is the empty datum A, = @, with the next simplest being the A; datum
I = {i} with the bilinear form i-i = 2. A familiar example to most readers will be the type A, Cartan datum, where
I ={1,...,n} and the bilinear form is given by

2 ifi=j,
ij=4-1 ifli—jl=1, (3.1.3)

0 otherwise.

Since i-i = 2 for alli € I, the Cartan matrix Ay is identical to the pairing matrix [i - j]. For instance, if (I, ) is the
A4 Cartan datum we have
2 -1

i=lal={"" 2 T | (3.1.9)

-1 2
Define a binary relation on I by declaring i ~ j if and only if i - j < 0, in which case we say that i is adjacent to j.

This defines an undirected simple graph with vertex set I, which we will later upgrade to a Coxeter graph and a
Dynkin diagram. In the case of A4, the undirected graph is a path with four vertices:

O—o0—0—0

Using the associated graph to a Cartan datum we can define the following adjectives.

3.1.5 Definition (Properties of Cartan data)
Let (1,-) be a Cartan datum. We say that the Cartan datum is:
1. Symmetricifi-i= 2 for alli € I. (Equivalently, i - j = a; for all i, j € I).
Simply-laced if it is symmetric, and i - j € {0, —1} for all i # j.
Irreducible if its associated graph is connected.
Bipartite if its associated graph is bipartite.
Finite type if the symmetric bilinear form (— - —) is positive-definite over R.
Infinite type if it is not finite type.

Affine type if it is irreducible, not of finite type, and the symmetric bilinear form (— - —) is positive-
semidefinite over R.

NS wDN

It is easy to see that the A, Cartan datum satisfies the first four properties above. In addition, some computations
with determinants show that the bilinear form of A, is positive-definite, and hence A, is finite type.

16



3.2 The Coxeter graph

If (A C V) is a reduced root system in the sense of Bourbaki [BB02], then we can associate to it a Cartan datum
(Ip,-p) in the following way. If A is irreducible then there exists a unique inner product (—, —) on V which is
Weyl-invariant, and such that the square length (@, @) of the shortest root is 2. By classification of irreducible
root systems there are at most two lengths of roots. In the simply-laced cases A, D,,, E4, E7, and Eg every root
is short, while in the cases B,, C,,, and F4 the long roots have square length 4, and for G, the long roots have
square length 6. We may then choose a simple system {¢; | i € 5} of roots, and define the associated Cartan datum
(Ia,-a) withi-p j = (¢, a;). If A is reducible, then (Ip, -5) is defined by performing this process on each irreducible
component.

In fact, by the classification of affine Cartan matrices (given in Chapter 4 of [Kac90]), we can see that all inde-

composable finite type or affine type generalised Cartan matrices have only two square lengths, one of which

2

can be taken to be 2, and the other will be 4, 6, or 8, with 8 occuring only in the case of A2 .

3.1.6 Remark (Symmetrisability)
In the usual definition of a Kac-Moody algebra (for example given in [Kac90]), a generalised Cartan matrix
is an integral matrix A € Mat;(Z) satisfying the three conditions

1. a; = 2 for all i,

2. 4;<0 for all i # j, and

3. ;=0 < q; =0foralli=*j.

One then says that A is symmetrisable if there exists an invertible diagonal matrix D € Mat;(Q) and a
symmetric matrix B € Mat;(Q) such that A = DB.

When (I,-) is a Cartan datum its associated Cartan matrix Aj is always symmetrisable, with D; having
entries d; = %, and By the matrix of the bilinear form (i - j). Conversely, when a generalised Cartan matrix
A is symmetrisable in the sense of Kac where A = DB, it is possible to simultaneously re-scale D and B such
that all diagonal entries of B are nonzero even integers, and by considering indecomposable components of
A we may furthermore take those entries to be positive.

So a Cartan datum is precisely a symmetrisable generalised Cartan matrix A; with a particular choice of
integral By.

To conclude we remark that most definitions in this chapter rely only on the Cartan matrix A; of a Cartan datum
(1,-), with the only exception being the definition of the quantum enveloping algebra (which requires the integers
i -irather than just the ratios a;;).

3.2 The Coxeter graph

Given a Cartan datum (I,-) we can label each edge i ~ j of the associated graph by a number my; € {2,3,4, 6, 00},
producing what is called a Coxeter graph.

3.2.1 Definition (Coxeter matrix and graph)

The Coxeter matrix associated to the Cartan datum (I,-) is the symmetric matrix (m;;); j; with diagonal
entries m; = 1, and off-diagonal entries my; € {2,3, 4, 6,0} determined by the value of a@;jaj; as given in the
following table:

4(i-j)? ‘
o — >4 3 2 1 O
Y% = GG | = (3.2.2)

The Coxeter graph associated to the Cartan datum (I,-) is the same undirected graph defined before with
i ~ jiff @;; < 0, where we also label the edge between i and j by m;;. (Note that for i # j we have i » j <

c TN S 2 W ()
The table above can be remembered by the ‘equation’ cos ( mij) = WD

17



3 Lie Theory

The irreducible finite type and affine type Cartan data follow the same classification of indecomposable gener-
alised Cartan matrices (see Chapter 4 of [Kac90]), as each such Cartan matrix is symmetrisable, and proportional
Cartan data determine identical Cartan matrices. If |I| = 0 or |I| = 1, then the Cartan datum is necessarily finite
type. If |I| = 2, then a Cartan datum is of the form

—k
(_nk m ) where n,me{2,4,...}, k€N, andbothn,mdivide 2k. (3.2.3)
Since n,m > 0, this matrix is positive-definite if and only if its determinant nm—k? is positive, which is equivalent
2
to 4 = a;a;; < 4, hence the following result.
nm
3.2.4 Lemma
Let (1,-) be a Cartan datum with Coxeter matrix (m;;); jer. For each pair i # j, the Coxeter entry my; is finite
if and only if the restricted rank-two Cartan datum ({i, j}, ) is finite type.
Interestingly, out of all the finite and affine indecomposable Cartan matrices, the only occurrences of m;; = oo is

for the untwisted affinisation Agl) and twisted affinisation A(lz) of A;.

3.2.5 Example (The B4 Cartan datum)

Taking the B, type root system and performing the process outlined in the previous chapter, we get the B,
Cartan datum I = {1, 2, 3, 4} with the symmetric bilinear form and Cartan matrices

2 =2 2 =2
[i-j]= = _42 _42 o ll= ! _21 _21 e (3.2.6)
-2 4 -1 2
The associated Coxeter matrix is )
4

[mlj] = s (327)

W N
w N W

3
2
which makes the associated Coxeter graph the labelled path on four vertices:

O—o0o—0—o0

(When an edge has a weight m;; = 3, it is typical to leave that edge unlabelled).

3.3 The Braid, Weyl, and Cactus groups

The Weyl group can be presented by generators-and-relations, independent of any realisation as a linear trans-
formation on the weight or coweight lattice, hence the name abstract Weyl group.
3.3.1 Definition (Abstract Weyl group)

The abstract Weyl group Wy corresponding to a Cartan datum (I, -) is the group generated by the elements
S; = {s;,i € I} subject to the relations

sl-z—l foralliel,
§i8js; = sjsis5-+ foralli = j with my; < co. (3.3.2)

my; letters  my; letters

The second set of relations are called the braid relations. Note that both sets of relations can be compactly
written as (s;5;)™ = 1 for all i, j € I satisfying m;; < oo, presenting (W, Sy) as a Coxeter system.
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3.3 The Braid, Weyl, and Cactus groups

We recall some properties of the Coxeter system (W, Sp), referring the reader to [Hum90] for further details:

1. A reduced expression for w € Wy is a word (iy, ..., i) with letters in I such that w = 5; - s; , and k is as small
as possible.

2. The length I(w) is the length of any reduced expression for w.

3. The Bruhat ordering on Wy is u < w whenever u € W can be obtained as a subexpression of a reduced
expression of w.

4. The Bruhat ordering is compatible with the length function: u < w implies I(u) < I(w).

5. The group W is finite if and only if (Z,-) is finite type.

6. If J C I is of finite type, then W; C W is a finite group and contains a unique element w; of maximum
length, called the longest word. If I itself is finite type, we write w; (rather than w, as is sometimes done)
for the longest word.

7. If J C I is of finite type, then the automorphism w; : W; — W defined by x — w;xw; induces a bijection
on the set {s; | j € J} of generators. (This can be seen since I(w;x) = [(w}) — I(x) for any x € W). We also
write wj : J — J for the induced bijection on the set J.

It can be shown that the Weyl group (or rather a finite covering on it) acts on any integrable representation of a
Kac-Moody algebra. This fails in the case of quantum groups, and one has to look to the braid group instead to
find an action on integrable representations.

3.3.3 Definition (Braid group)

The Braid group By corresponding to a Cartan datum (I,-) the group generated by the elements o;,i € T
subject to the relations
0;0j0; -+ = gjoj0j -+ foralli # j with m;; < co. (3.3.4)

—— ——
my; letters  my; letters

There is a natural surjection B; - Wj of the braid group onto the Weyl group, defined on generators by
0; > 5.

The map wj : ] — J acts as an automorphism of the induced Coxeter subgraph of J, since conjugation preserves
the order of a pair of simple generators. This automorphism can be used to define the cactus group. Here we follow
the definition from Section 5 of [Bon16].

3.3.5 Definition (Cactus group)

The cactus group Cy corresponding to a Cartan datum (I,) is defined as the group generated by 7;, where
J €1 is a connected subgraph of finite type, modulo the relations

1L i=1

J 3
2. 1yt = 1x7; if there are no edges between the induced subgraphs J and K, and
3. TKT) = TjT0,(K)> whenever K C J.

There is a natural surjection C; -» W, defined on the generators by 7; — wy.

Of course for each disjoint J, K of finite type we have w]z = 1 and wywg = wgwy, and if K C J then the longest
word of w;(K) is wywgw;. Hence C; - W is indeed a well-defined map of groups, surjective since the 7y are
mapped to the simple generators s;.
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3.4 Kac-Moody root data

We now proceed to the second part of our Lie-theoretic data, the ‘realisation’ of the Cartan datum inside a pair
of dual Z-modules.

3.4.1 Definition (Kac-Moody root data)
A root datum of Cartan type (I, -) is a quintuple

® = (X(©), X¥(®), (= =) (@)ier> (@ ier), Where (3.4.2)

1. X(®) and XV(®) are free abelian groups of finite rank called the weight lattice and coweight lattice,

2. {(—,—): X(®) x X¥(®) — Z is a perfect pairing,

3. The simple roots o; € X(®) and simple coroots o’ € X"(®P) are some pairwise distinct elements indexed
by I such that for all i, j € I we have («;, @'y = 2% =aj foralli,jel.

We will assume in every chapter except this one that a root datum is regular, meaning that both the simple
roots and the simple coroots are linearly independent. This is always the case if I is finite type (Corol-
lary 3.4.5).

For each J C I we can form the restricted root datum @ of Cartan type (J,-), by keeping the same weight
lattice X(®) = X(®) and coweight lattice X¥(®;) = X"(®), but remembering only those simple roots and
coroots indexed by the set J. In the special case J = {i} for some i € I, we will write &; = &g, for this
restriction.

A weight A € X(®) is a dominant weight if (A,0;’) > 0 for all i € I. The set X(®), € X(®) of dominant
weights form a monoid under addition. Provided the simple roots are linearly independent there is a partial
order defined on X(®) by p <A <= A—p€ ), Na.

All definitions in this chapter can be made without the regularity assumption on @, although the properties of
the definitions are sometimes undesirable — for example, < would only be a preorder (lacking the partial order
axiom that if a < b and b < q, then a = b), the action of the Weyl group on the weight and coweight lattices
may not be faithful, and the set of dominant weights turns out to be rather useless unless the coroots are linearly
independent. The reason we do not rule these out completely from consideration is that they occasionally arise,
for example by taking the derived subalgebra of an affine Kac-Moody algebra one arrives at a root datum which
is not regular.

We remark that our definition of root datum differs from the term used in the literature on reductive algebraic
groups. The two key differences are that our definition is only fixing a choice of simple roots and coroots (and
is more similar to a based root datum for an algebraic group), and the second difference is that our definition
permits infinite type root data. Both kinds of root data are used for the same purpose, as some combinatorial data
identifying a group scheme, or Kac-Moody algebra, or quantum group. However, ours also builds in a choice of
simple/positive system.

We assure the reader that in the familiar cases of semisimple or reductive algebraic groups, they need not worry
about regularity.

3.4.3 Lemma
If the bilinear form (I, -) is nondegenerate, then any root datum @ of type (I,-) is regular.

3.4.4 Proof

Since (1, -) is invertible as a matrix over Q, then so is the Cartan matrix A;. Thinking of the roots and coroots
as linear maps a" : Z[I] » XY(®) and « : Z[I] —» X(®), we see that the Cartan matrix is the matrix of the
bilinear form A(—, ) : Z[I] x Z[I] — Z defined by A(i, j) = (a;, &;’). Since the Cartan matrix is invertible,
the bilinear form A is nondegenerate, and hence both of @" and a must be injective.

In finite type the bilinear form is positive-definite (by definition) hence the Cartan matrix is invertible.
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3.4 Kac-Moody root data

3.4.5 Corollary (Finite-type root data are regular)
If @ is a root datum for the finite-type Cartan datum (I, ), then ® is regular.

There is a category associated to a Cartan datum (I, -), where the objects are root data of type I and the morphisms
are defined as follows:

3.4.6 Definition (Morphism of root data)
Let @ and ¥ both be root data of Cartan type (I,-). A morphism (f,g) : ® — ¥ is a pair of adjoint maps
X@) L x'w),  x@) & xw), (3.4.7)

such that (A, f(p))y = (g(1), p)e for all p € XV(®) and A € X(¥), and such that f(o") = ¢’ and g(&) = &
for all i € I. As adjoints under the perfect pairings, each of f and g uniquely determines the other.

The directions of these maps can be remembered by the fact that a morphism ® — ¥ should induce morphisms
g(®) — g(¥) of Kac-Moody algebras, or Uq@) - Uq(‘I/) of quantum enveloping algebras, therefore it is the map
on coweights which should go in the same direction as the map of root data, as the coweights become the Cartan
subalgebra j(®) = XV(®) ® C or the group algebra UC? (@) = Q(g)[XY(®D)] respectively.

The category of root data has initial and final objects, which we call simply-connected and adjoint root data
respectively.

3.4.8 Example (Simply-connected and adjoint root data.)

Fix a Cartan datum (I, -). The simply-connected root datum of type (I, -) is the root datum ® where X" (®) is the
free Z-module with basis (&");c1, and X(®) = Homy(X"(®), Z) its dual, and the simple roots ¢; determined
by the condition {a;j, ;") = a;;. The simply-connected root datum is cofree, coadjoint, cotorsion-free, and
initial in the category of (I,-)-root data.

The adjoint root datum of type (I, -) is defined by interchanging the roles of simple roots and simple coroots
in the above definition. The adjoint root datum is free, adjoint, torsion-free, and is final in the category of
(I,-)-root data.

For example, in the category of A,_; root data, the root datum of SL,, is simply-connected and the root datum
of PGL,, is adjoint. Simply-connected root data are particularly convenient to deal with, since the weight lattice
X(®) admits a basis of fundamental weights (@;);e; dual to the coroots: {(@;, @j') = §;. This is useful in finite type,
but if (I, -) is not finite type then the simply-connected root datum (and the adjoint datum) may not be regular, a
fact which we will now demonstrate.

The Cartan datum for the affine type A(ll) (also called Q/\[z) is I = {0, 1} with the bilinear form given by the matrix

2 -2
(_2 ) ) (3.4.9)

hence the simply-connected root datum ® has X(®) = Z? = XV(®) with the linearly independent coroots
ag =(1,0) and & = (0, 1), but the linearly dependent roots oy = (2, —2) and &y = (-2, 2) = —atp. In order to get a
regular root datum, the rank of X(®) has to be taken to be 3 or more. In general, the rank of a regular root datum
must always satisfy rank X(®) > |I| + corank A;.

The last piece of theory we will discuss is the action of the abstract Weyl group W} on the weight and coweight
lattices.

3.4.10 Lemma (Weyl group action on weights and coweights)

Let @ be a root datum of type (I,-). Then the simple reflections r; and r;’ defined by
r: X(®) - X(9), n s XY(®) - XY(D),
ri(/l) =1- (A’ aiv>ai’ rlv(:u) =p- (ab )u>ai\/’

satisfy the relations r? = 1 and (rr;)™ = 1, and hence define an action of the Weyl group Wj(®) on X(®)
and XV(®). The pairing is W;-invariant under this action, meaning (wA, wv) = (A, v) for all w € W7.

(3.4.11)
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3.4.12 Proof

The property r? = 1 follows easily from the definition together with the fact that (a;,a’) = 2. It is also
straightforward to check that (r;A,r’v) = (A,v) for each i € I, and so it remains to check that the r; satisfy
the braid relation (r;7,)™ = 1 for i # j and my; # oo

Define subspaces Kjj, R;j € Xgr(®) by

ij>
Kjj = ker(—, o) nker(—,af), R =Ra; +Ra;, (3.4.13)

so that Xp(®) = K;; ® R;;. If ¢; and ¢; are linearly dependent with kj; = kje; for some nonzero integers

ki, kj, then taking the pairing with &;” gives that 2k; = kja;;, and the pairing with a;’ gives that ka; = 2k;.

Multiplying through shows that g;;a; = 4 and hence m;; = oo, so there is nothing further to check in this
case.

Assume now that ¢; and «; are linearly independent. Both r; and r; act by the identity on the vector space

K;;, and by the matrices
(-1 -g; (1 o0
rilk; = ( 0 1 ) rilk, = (—aj,- _1> (3.4.14)

1]
in the (¢, ;) basis. The product r;7; acts on K;; by the matrix

= (%1 4y
rlr]|1<ij—( —aj _1) (3.4.15)

which has characteristic polynomial y(t) = t? + (2 — ajja;)t + 1. Since gjja; < 4, the polynomial has two
(perhaps equal) complex conjugate roots n,7 on the unit circle, whose real part is % — 1. Therefore:

1. If gjja; = 0 thenn =7 = —1and ri"j|K,-j is the scalar matrix —1, hence (rl-rj)2 =1.
If a;ja;; = 1 then 7,77 are rotations by j:%”, hence (rirj)3 =1
If ajjaj; = 2 then 1,7 are rotations by :t%, hence (rl-rj)4 =1

If a;ja;; = 3 then 17,17 are rotations by :t%, hence (rirj)6 =1.

oo wo

If g;ja;; = 4 then n = 7 = 1, but ryrj|g. is not a scalar matrix so r;7; is not diagonalisable and hence has
. . lj
infinite order.

Checking this table with the one appearing in Definition 3.2.1, we that the map s; — r; is indeed a group
homomorphism W; — Autz(X(®)). The same argument with roots and coroots swapped works to show
that s; = r’ is a group homomorphism W; — Autz(X"(®)).

The representation W; — Autyz(X(®)) is faithful if and only if W; — Autz(XY(®)) is faithful, since they are
dual representations. If the root datum @ is regular, then in fact both of these maps are isomorphisms. The proof
above shows that if all simple roots are linearly independent, then the relations between r; and r; are precisely
given by the Coxeter matrix, and in Chapter 1.3 of [Kumo02] or 3.13 of [Kac90] it is further shown that when &
is regular the r; satisfy the exchange condition, making them the generators of a Coxeter system. For example,

when @ is the simply-connected root datum of affine type Agl) , the representation W; — Autz(X(®)) is faithful
despite ® not being regular, due to the fact that the coroots are linearly independent.

However, without the assumption of regularity the representation W; — Autyz(X(®)) may not be faithful. For

example, there is a type Agl) root datum of rank 1, defined by taking any two elements satisfying (g, o5 ) = 2
and defining &y = —q and &y = —¢y. In that case, both r; and r, act as multiplication by —1 and hence we have
riry = 1.

We conclude this section by giving a concrete example of the finite-type root datum SL;.

22



3.4 Kac-Moody root data

3.4.16 Example (The root datum SLs)

The SL; root datum is the simply-connected root datum associated to the Cartan type A,. The standard way
to construct this root datum is to take the weight lattice to be the quotient space X(SLs) = Z3/(1,1,1), and
the coweight lattice as the subspace X¥(SL;) = {(a,b,c) € Z> | a + b + ¢ = 0}, with the roots and coroots
being given by
— vV _
o =(1,-1,0), a) =(1,-1,0) G417
a =(0,1,-1), oy =(0,1,-1).

Writing € for the image of the ith coordinate vector in X(SL3), we can picture the realified weight lattice
Xgr(SLs3) as follows.

Re; = ker(—, o)
(251 €1 ax

> ]R€2

Re; = ker{—, )

The heavy black lines are the reflecting hyperplanes ker(—, ) for some coroot «, and the thin grey lines
show the shifted hyperplanes {x € Xg(SL3) | {x, ") € Z}for some coroot &". The points where the grey lines
meet are the integral points X(SL3), the Z-span of the ¢; .
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3.5 Kac-Moody algebras

A root datum @ should define three related objects: a group scheme G(®), its Lie algebra g(®), and a quantum
group Uy(®). For I of finite type, G(®) would be the usual split reductive group scheme associated to the based
root data @, but attempting to define G(®) for ® not of finite type would take us too far afield (in general it is
an ind-scheme rather than a scheme), and we instead refer the interested reader to Chapters 7 and 8 of [Mar18].
Since we are working in characteristic zero however, the representation theory of the group G(®) is reflected
closely by its Lie algebra, which we can define in a straightforward way.

These algebras are called Kac-Moody algebras after their independent discoverers Victor Kac and Robert Moody.
We don’t intend to develop their theory here, instead we state definitions and results which can be found in
[Kac90; Mar18; Kum02].

3.5.1 Definition (Kac-Moody algebra)

Let @ be a root datum of Cartan type (I, -). The Kac-Moody algebra g(®) is the Lie algebra over C generated
by the Cartan subalgebra ) := X'(®)®C and the Chevalley generatorse, f; fori € I, subject to the relations

(b, 5] = o,
[h,e] = (o5, h)e; forh €,
[h, fil = —(a;, h) f; forh e},
lei fi] = &,

(ad ei)1+|aﬁ‘€j =0, fori=#j,

(ad £l £ = 0, fori=j.

(3.5.2)

The last two relations are called the Serre relations.

The Chevalley involution is the map of Lie algebras w : ¢(®) — ¢(®) defined on generators by w(e;) = —f,
o(f;) = —¢; and w(h) = —h. Let n*(®) (resp. n~(®)) be the subalgebra generated by the ¢; (resp. f;), then the
direct sum of vector spaces g(®) = n~(®) ® h(®) ® n*(®) is called the triangular decomposition.

The universal enveloping algebra is denoted U(®), and inherits a triangular decomposition U(®) = U™ (P) ®
U%(®) ® UT(®) by the PBW theorem.

Our definition differs slightly from that of Kac [Kac90]. Firstly we permit an arbitrary realisation ® of the Cartan
matrix, rather than taking one of smallest possible dimension |I| + corank A;. As we have remarked previously,
provided that we always work with regular root data then all the theory remains virtually the same. Secondly
our definition of Cartan datum forces A; to be symmetrisable, so we are always working with symmetrisable Kac-
Moody algebras. Thirdly we have defined the algebra by the Serre relations, rather than a quotient of the algebra
generated by the first four relations by a certain maximal ideal containing the Serre relations. The Gabber-Kac
theorem (Theorem 9.11 of [Kac90]) states that when A; is symmetrisable the Serre relations generate this ideal, so
we have preferred to go with the explicit relations for our presentation. One should also note that the subalgebras
n*(®) and n~(®) depend only on the underlying Cartan datum (I, -) rather than on ®.

We define representations and their weights as usual, with one exception: since X(®) is a Z-module of finite
rank, our definition of weight is what is usually called an integral weight. This is not a problem for us as we wish
to restrict to integrable representations, whose weights pair integrally with the coroots automatically anyway.

3.5.3 Definition (Representations of a Kac-Moody algebra)

A representation of g(®) is a vector space V equipped with a Lie algebra homomorphism py : g(®) — gl(V),
or equivalently a left U(®)-module. For each weight A € X(®) the corresponding weight space of the repre-
sentation Vis V) = {v € V | hv = (A, h)v for all h € §(®)}. A weight vector is a nonzero vector in a weight
space. Weight spaces for distinct weights intersect trivially, and when V' = €D )cx(¢) V2 then V is called a
weight module. When a weight space V) is nonzero, we say that A is a weight of V.

The category of weight representations is a monoidal category, with the monoidal structure and unit coming
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3.5 Kac-Moody algebras

| from the usual bialgebra structure on U(®).

The category of weight module of g(®) is far too large for our purposes, so we will narrow the set of objects we
are considering in two separate ways. The first narrowing is to only consider modules in category 0, meaning
weight modules with finite-dimensional weight spaces, whose weights are ‘finitely bounded above’ in a precise
sense written below. The second narrowing is to the integrable modules, which have good symmetry properties
with respect to the Weyl group, and can be ‘integrated’ (in a precise sense) to a representation of a Kac-Moody
group. When we take the intersection of these we get the category 0'™(®), which is a remarkably similar category
to the finite-dimensional representations of a semisimple Lie algebra, and is the category we will primarily use
for the rest of the thesis.

3.5.4 Definition (Category 0)
Let the category O(®) be the full subcategory of g(®) modules V for which:

1. V is a weight module with finite-dimensional weight spaces, and

2. There exist finitely many weights A, ..., A (depending on V) such that if yz is a weight of V then u < Ay
for some 1 <k <s.

The first condition on Category © means that we can equip it with a reflexive dual: let the graded dual of V be
Ve = Bjex) V3, with the action (x - f)(v) = —f(w(x)v) where w is the Chevalley involution. This duality is
reflexive (meaning (V®)® = V) by the finite-dimensionality of weight spaces, and the fact that w is an involution.
Composing with the Chevalley involution means we preserve the second property of 0: without it, the graded
dual would have weights bounded below rather than above.

The second condition on Category O means that the category is closed under taking tensor products. The tensor
product of two arbitrary modules with finite-dimensional weight spaces may not have finite-dimensional weight
spaces, since there could be infinitely many pairs of weights summing to the same weight in the product. The
‘bounded above’ condition on weights in O(®) implies that each sum must be finite, since for any two weights
A € X(®) the set {v | u <v < A}is finite. One could compare this condition to the algebraist’s definition of
formal Laurent series, being a sum of the form ;. at' where g; is eventually zero for i < 0: this boundedness
condition means the product of two such series is defined.

3.5.5 Warning

When g(®) is a finite-dimensional semisimple Lie algebra, there is the similarly named “BGG Category 0”,
which we will write as OBSC(®). It is defined as all finitely generated weight modules which are locally
nt(®)-finite, meaning that U*(®)v is finite-dimensional for all v € V (Chapter 1.1 of [Humo8]). It is a
consequence of these axioms that OBSG(@) is a full subcategory of O(®), but in general the containment is
strict.

One way to see this strict containment is to notice that our category O(®) is closed under taking tensor prod-
ucts, while the BGG category is not. This can be seen even for g(®) = 31, by tensoring two Verma modules
(objects of GBSS(®)) and noticing that the resulting module has weight spaces of unbounded dimension,
and hence cannot be finitely generated.

One reason for introducing the category O(®) is to have a category of g(®)-modules which is not ‘too large’, and
still includes the highest-weight modules.

3.5.6 Definition (Highest-weight modules)

Let V be a weight module. A primitive vector is a weight vector v) € V; such that vy =0forallie I.IfV is
generated by a primitive vector vy, it is called a highest-weight module with highest-weight A.

Amongst the highest-weight modules of highest weight A, there is a universal such module M(4) such that
M(A) surjects onto any other highest-weight module of highest weight A. The module M(A) is called a Verma
module.

One can easily argue using the triangular decomposition of U(®) that every highest-weight module is a member
of O(®). Conversely, every module in O(®) has a (possibly infinite) filtration by submodules such that successive
quotients are highest-weight modules. We should remark at this point that the category O(®) is far from being
semisimple.
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We now briefly discuss our other narrowing of the category of weight modules.

3.5.7 Definition (Integrable module)

A g(®)-module V is integrable if it is a weight module, and ¢; and f; act locally nilpotently for all i € I,
meaning that for any v € V there exists an N > 0 such that e¥v =0 = fNv foralli € I.

The weight module condition and local nilpotency of the ¢; and f; is equivalent to V being a locally finite g(®;)
weight module for each i € I, meaning V is a union of finite-dimensional g(®;) weight modules. Each subalgebra
6(d;) € g(P) is essentially an 8[, with an enlarged toral subalgebra, and hence we can apply the theory of
finite-dimensional 81, representations to V. For example, the symmetry of weight spaces of finite-dimensional
81, representations implies that dimV; = dim V;, for each i € I. Since this works for all i, we get that dimV, =
dimV,,; for all w € Wj.

The fact that V is locally finite as a g(®;)-module means that we can even define exponentials of the Chevalley
generators. For each weight vector v € V), we have that exp(h) - v = exp({4, h))v for all h € §(®), and the local
nilpotency means that exp(e;) - v = 5 ¢/'v/n! is a finite sum (and similarly for exp(f;)), hence each generator
of g(®) can be exponentiated, leading to an action of the associated Kac-Moody group on V. We won’t have use
for Kac-Moody groups here, but this explains the terminology ‘integrable’.

The category of integrable modules is not semisimple, and is distinct from O(®). For example, the adjoint repre-
sentation is always an integrable module, but not a member of O(®) unless (I, -) is finite type. On the other hand
the Verma module M(0) = U™ (®) is not integrable, but clearly a highest-weight module generated by 1 € U™(®).
Remarkably, when we intersect category O(®) with the integrable modules, we get a semisimple category which
behaves very much like the category of finite-dimensional representations of a semisimple Lie algebra.

3.5.8 Theorem (Integrable highest weight modules and complete reducibility)

The Verma module M(A) admits a unique simple quotient L(A), which is integrable if and only if 4 is a
dominant!weight.

Let O'"(®) be the full subcategory of O(®) consisting of integrable modules. Then 6'"'(®) is semisimple,
and the set {L(1) | 1 € X(®),} is a complete irredundant set of simple objects.

The category O'"'(®) looks quite similar to the representations of a finite-dimensional semisimple algebra: it
is semisimple, with simple objects indexed by dominant weights. Indeed if (I,-) is finite type, then 6™ (®) is
almost equivalent to the category of finite-dimensional g(®) representations, the difference being that a module
in O'"(®) might be an infinite direct sum of finite-dimensional modules.

3.6 Quantum groups

The ‘quantum group’ is a mythical object Q(®) associated to a root datum @, to which one can nevertheless
associate a Hopf algebra U,(®) over the field Q(q) of rational functions called a quantum enveloping algebra.
Although as far as the author knows there is no agreement upon this mythical object, there is a fair amount of
agreement on U,(®), and the fact that a U,(®)-module is called a ‘representation of a quantum group’.

There is a similar definition of a category @(}”t(q)) of U,(®)-modules, which recovers the category O'(®) in
the ¢ — 1 limit. The most remarkable thing we get from representations of quantum groups is the existence of
a crystal base for each integrable highest-weight module L,(1), an amazing combinatorial basis behaving well
under tensor products, a phenomenon which is not possible when just using the Kac-Moody algebra. As before,
we do not develop the theory here but merely state definitions and results, referring the reader to [Jos95; Lus10;
HK12].

'In the classic treatment one would usually say that L(1) is integrable if and only if A is a dominant integral weight, but since all
weights for us are integral we have omitted this adjective.
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We need to first introduce the quantum analogues of integers, factorials, and binomial coefficients. For any n € Z,

define the quantum integer
n

[n] = % € Q(9). (3.6.1)

A convenient way of remembering these numbers is that [0] = 0, [1] = 1, [2] = ¢ + ¢!, and in general we have
that for n > 1 the quantum integer [n] is the character of the n-dimensional 8, representation. Together with
[-n] = — [n] this completely defines the quantum integers, for example

Bl=g?+1+¢" and [-4]=~(g’+q+q " +q7). (3.6.2)

We define the quantum factorial for n € N as a product of quantum integers:

n
!
[n] =[] ml. (3.6.3)
m=1

and the quantum binomial coefficient for alln € Z and r € IN:

!

n [n]
H =— (3.6.4)

[r] [n—r]

The quantum integers, factorials, and binomial coefficients are all members of the subring Z[q,q '] € Q(q) of
Laurent polynomials with integer coefficients.

When dealing with Cartan data which is not simply-laced (meaning thati-i > 2 for some i € I), we need to
introduce some scaled versions of these quantum numbers. Let ¢; = q(i'i)/ 2 € Q(q), and let [n]; be the quantum
integer [n] composed with the substitution g +> g;. For example, when i - i = 4, we have [2]; = ¢> + ¢~2. We can
now introduce the quantum enveloping algebra associated to a root datum @.

3.6.5 Definition (Quantum enveloping algebra)

The quantum enveloping algebra associated to @ is the unital associative algebra U,(®) over Q(q) generated
by the symbols E;, F; for i € I and K, for p € X"(®), subject to the following relations:

K, is the unit,
KKy = Ky,
K,E = q<ﬂfi,u> EK,,
K,F; = q_<ais:u>FiKp’
K -K,
EFj — FE; = 6j———,
g —q;

Y EEE =0 forallix ),

a+b=1+|a;]

(3.6.6)

Y CEUEEY =0 forallix

a+b=1+|a;|

The notation El-[n] means the quantum divided power Ej' / [n]; for any n > 0. As above, the symbol ¢; means
q/2 and we set K; = Kii/2)ey- When I is symmetric, g; = q and K; = Ky, and each [n]; is just the usual
quantum integer [n].

Our notation for Uy(®) follows [Lus10], however our definition is slightly different. Rather than presenting U, (®)
with the Serre relations, Lusztig instead defines a certain bilinear form on the free Q(g)-algebra generated by the
E;, and takes the quotient by the radical of the bilinear form (and similarly for the F). As in the case of Kac-Moody
algebras, it is clear that the Serre relations vanish in this quotient, but it requires further careful work to show
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that the Serre relations generate the radical. The statement that these two definitions are equivalent is Corollary
33.1.5 in [Lus10].

The scaled terms K; are the correct analogue of the coroots o’ € h(®) in the Kac-Moody case, including the
quantum scaling g; = qi'i/ 2. They obey the relations

KE =q"EK and KF =g "FK, (3.6.7)

and in particular we have the ‘quantum 8[, relations’ KE = inEiI?i and K;F; = q 2FK;. The action of K; on

a weight vector vy € V) is I?iv,l = qQ’a" >v;L, and hence the fourth relation above gives that (E;F, — KE)vy =

[(2, al-\’)]l. v), which is perhaps how the fourth relation should really be remembered.

In order to define trivial representations, tensor products, and duals, we give a Hopf algebra structure on Uy (®),
following [Lus10].

3.6.8 Definition (Hopf algebra structure on Uy(®))

The comultiplication on Uq(QD) is the unique extension of

AK,) =K, ®K,,
AE)=E®1+K ®E, (3.6.9)
AF)=F&K+18F
making A : Uy(®) — Uy(®) ® Uy(®) a map of algebras, where the tensor product on the right is given the
usual algebra structure (a; ®b;)-(ay ®b,) = aja, @b b,. Notably, this comultiplication is not commutative.
The counit € : Uy(®) — Q(q) is the unique map of algebras taking E;, F; to 0 and each K|, to 1.

The antipode S : Uy(®) — Uy(®) is the unique anti-homomorphism of algebras such that

S(E) = ~K.E, S(E)=-EK, S(K,)=K,. (3.6.10)
In direct analogy with the representations of a Kac-Moody algebra, we make the following definitions.

3.6.11 Definition (Representations of a quantum group)
A representation of Uy(®) is a Q(g)-vector space M equipped with an action making it a left U,(®)-module.

The A weight space of M is M) = {v e M | K,v = g for all p € XV(®)}, and when M = Drex(a) M we
say that M is a weight module.

The category O,(®) consists of weight modules with finite-dimensional weight spaces, such that the set of
weights is bounded above by some finite set 4y, ..., 4; € X(®) depending on M. A weight module is integrable
if Uy(®;) acts locally finitely, and the full subcategory of Oy (®) of integrable objects is denoted by @('I”t(d)).

We define primitive vectors, highest-weight modules, quantum Verma modules M, (1), and their simple quotients

Ly(4) in direct analogy with the Kac-Moody case. The same complete reducibility theorem applies to @f]”t(fb),
namely that every object is isomorphic to a possibly infinite direct sum of L, (1) for 1 € X(®),..

3.6.12 Remark

Sometimes a more general notion of a weight is used, parametrised by a group homomorphismo : XV(®) —
{£1} together with a weight A: a vector v € M is of weight (0, 1) if K,,v = o(p)qu’”)v for all 1 € XV(®). These
weights naturally arise in the study of finite-dimensional representations of U,(®). The weight representa-
tions of a fixed type o € Hom(X"(®), {+1}) form an abelian subcategory, and all 22*® such subcategories
are equivalent. We have chosen the subcategory corresponding to the trivial type o(p1) = 1 (sometimes called
type (1,..., 1) in the literature), which is also closed under taking tensor products and duals.

There is another class of integrable modules which we will come across in passing. The extremal weight modules
were first defined by Kashiwara in Section 8 of [Kas94], and generalise highest-weight modules. They are used to

28
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study integrable modules for example in [Kas02a], where it is shown that if ® is affine and @; € X(®) is a level-zero
fundamental weight, the extremal weight module V,(;) is the affinisation of a finite-dimensional representation

Lq(@l)
3.6.13 Definition (Extremal weight modules)
A weight vector v € V) of an integrable U, (®)-module V is called i-extremal if e;v = 0 or f;v = 0. In this case,

define S;v = Fim’ai >]v or §;v = Ei[—(l,%- >]v respectively (“the” element at the opposite end of the i-string). The
weight vector v is further called extremal if ; -+ S; v is i-extremal for all i € I, for all words (iy, ..., ir).

An integrable U, (®)-module V is called extremal of weight A if it contains a vector v € V) and there exist
vectors (v, ),ew such that v = v, and
if (wA, &) > 0, then Ejv, = 0 and EKWA’O{" >]vw = Vi

lf <W/L a\/) S 0, then va =0 and Ei[_<W/1’aiv>]v

(3.6.14)

w — Yswe

If such vectors (v,), ey exist then they are unique, and furthermore v, € V,,;.

For each weight 1 € X(®), the extremal weight module Vq(/l) is the Uq(d))-module generated by v; with
the defining relation that v, is extremal of weight A. For each w € W, the map vy — S -1v,) gives an

isomorphism V(1) = V(wA) of Uy(@)-modules.

When 2 is a dominant weight, V(1) = Ly(2) is the irreducible highest-weight module of highest-weight 4, and
similarly if A is antidominant, then V,(4) is the irreducible lowest-weight module of lowest-weight A. When (I, -)
is finite-type, the extremal-weight modules V(1) are finite-dimensional and irreducible. However, if (, ) is not

finite-type, then not all extremal weight modules are members of @(i]“t(q)).
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4 Crystals

It was first shown by Kashiwara [Kas91] that each integrable highest-weight representation L,(1) € @Ci]”t(d))
admits a crystal base %8(1), which can be thought of (almost) as a certain weight basis of L,(1) enjoying very
special properties. The set % (1) can be equipped with directed labelled edges coming from the ‘crystallisation’ of
the quantum E; and F; operators (the Kashiwara operators), making 98(1) into a connected graph with a unique
highest-weight element b). Remarkably, there is a purely combinatorial rule (stated purely in terms of just the
directed graph structure) for forming the tensor product of two crystal bases, thus the theory of crystals allows
us to reduce some linear algebraic problems into combinatorial problems. For example, the number of times
L,y(v) appears in the tensor product Ly (1) ® Ly(y) is equal to the number of times the connected component % (v)
appears inside the graph B(1) @ B ().

There are many more Uq(dD)—modules which admit crystal bases, for example the Verma modules (which are not
integrable), and the extremal weight modules (which are integrable but not in general highest-weight). While
the definition of crystal base (or at least of Kashiwara operators) needs to be modified slightly to include these
different cases, there is a combinatorial category of ®-crystals into which all of the resulting crystal bases can be
placed. These abstract crystals do not remember the original Uy(®) representation but instead have some extra
data attached: the raising and lowering statistics ¢ and ¢; which (very roughly) allow a ®-crystal to capture some
non-semisimple behaviour, as one would expect from (say) the crystal of a Verma module.

The combinatorial ®-crystals are very convenient for working with crystals, as all of the data needed to compute
tensor products, restrictions, morphisms and so on are right at our fingertips. However, the ®-crystals also include
many objects which do not arise from any U,(®)-module, which is both a blessing and a curse: on one hand this
flexibility allows the crystal base associated to a Demazure module (which is only a UqJr (®)-module) to be an
honest ®-crystal, while on the other hand one has to work very hard to show that a given ®-crystal actually
came from a Uq(dD)-module and is not some ‘virtual’ crystal. So while the combinatorial axioms are convenient
for working with crystals, they are not so suited to producing useful crystals in the first place.

We begin this chapter by grounding ourselves in the theory of crystal bases of integrable highest-weight modules.
Despite the fact we will really only use abstract crystals for the rest of the thesis, the author feels that without
this grounding it is hard to see the explicit connection between bases of Uy(®)-modules and crystals. Next we
spend some time discussing the category of ®-crystals, giving many examples of crystals both coming and not
coming from integrable Uy (®)-representations. We then come to the recognition theorems, which are the methods

by which we can show an abstract ®-crystal does indeed come from the category @(i]”t(d)). Finally we describe
some interesting actions of the Weyl group and cactus group on these crystals.

4.1 Crystal bases of integrable modules

In this section we will give Kashiwara’s original [Kas91] definition of the crystal base of an integrable U,(®)-
module V. A crystal base B is not quite a Q(gq)-basis of V, but a Q-basis of a module obtained from a crystal lattice
L C V. In order to define what properties L and B should satisfy, we first introduce the Kashiwara operators,
which are Q(g)-linear endomorphisms of V.

For any root datum & of Cartan type I and a choice of vertex i € I, we can consider the restricted root datum
&gy = @; having the same weight and coweight lattices as @, but where we have forgotten all simple roots and
coroots except for a;, ;. The representation theory of U,(®;) looks very similar to the representation theory
of Uq(SLz), just with a larger set of weights X(®;) = X(®). The finite-dimensional weight representations of
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Uy(®;) are semisimple, each isomorphic to an integrable highest-weight module L, () for some i-dominant weight
pe X(@)y ={pe X(@) I (ua’) > 0} The irreducible U,(®;)-module L,(u) is generated by a highest-weight

(K]

vector v, of weight y, and has a string basis (v, Fl[ | .,Fl-[n]vp) where n = (y, ') and F

divided powers Fi[k] = Fik / [k]; Take for example any p € X(®) satisfying (y, ') = 5, then we can picture the
actions of E; and F; on the string basis as a diagram:

are the quantum

F [1]; [2]; [3]; [4]; [5]; [s],,
El 5 i i i i i

The Kashiwara operators ¢; and ]Tiare defined to be the Q(q)-linear right and left-shift operators on this basis:

~

ﬁ > v/'l /i\ /i\ /i\ /i\ /L\FAB ]
g 1 1 1 1 1

For example, we would have
JTI-(Fi[Z]vH + Fi[S]vy) = Fimvy +0 and ¢ ( FAy u Fi[s]vy> = Fi[l]vﬂ + Fi[4]v”. (4.1.1)

Suppose that V is an isotypic U,(®;) module, having direct summands isomorphic to L,(y). We can define Kashi-

wara operators in a more coordinate-free way by restricting the operators Fi[l], ,Fi[n] to the highest-weight
subspace V), yielding isomorphisms V,, = V,,_4, ..., V;, = V,,_,,. These chosen isomorphisms may be inverted
and composed to get a chain of isomorphisms V, = V,,_, — - = V,_p,, and along with the condition that

E(V”_mi ) = 0 this chain is precisely the graded decomposition of the Kashiwara operator ]7, The operator ¢; may
be defined by inverting the chain of isomorphisms and adding the condition that ¢(V,,) = 0.

Now, suppose that V is an integrable Uy(®)-module. Then for any i € I the module V becomes a U,(®;)-module
by restriction, and the integrability condition gives that it decomposes into a direct sum of finite-dimensional
Uy(®;)-modules. For each i-dominant p € X(®;),, let V(i, u) be the p-isotypic component: the sum of all subrep-

resentations of V isomorphic to L,(u) as Uy(®;)-modules. The Kashiwara operators (v) and ]?i(v) are defined on
this isotypic component, hence we get the i-Kashiwara operators defined on the whole of V by taking the sum
over the Uy (®;)-isotypic components'of V.

Let A C Q(q) be the subring consisting of rational functions without a pole at ¢ = 0. This is a discrete valuation
ring: a principal ideal domain with unique nonzero maximal ideal qA. Its field of fractions is Q(g), and its residue
field is A/qA = Q via the isomorphism f + gA — f(0). Recall that an A-lattice in a Q(q)-vector space V is
a free A-submodule L C V such that L ® 4 Q(g) = V, and that we have an isomorphism of Q-vector spaces
L®,4Q=L/qlL.

Let V be an integrable Uy(®)-module. An A-lattice L C V is called a crystal lattice if L is graded, meaning that

L = @ jex@) LnV), and lattice L is invariant under the Kashiwara operators ¢, f This ensures that the Q-vector
space is still graded into weight spaces, and that the Kashiwara operators descend to Q-linear operators on the
Q-vector space L/qL. A pair (L, B) is called a crystal basis of V if:

1. Lis a crystal lattice of V,
2. Bis a weight basis of L/qL,

'If we were defining crystals of 6(®)-modules rather than integrable modules, the definition of the Kashiwara operators would have
to change slightly (but everything following this point would remain the same). We cannot quite use i-isotypic components in this
case, since V may not be semisimple as a Uy(®;)-module, but one can nevertheless define an appropriate direct sum decomposition
by ‘pulling down’ i-highest weight vectors. See Section 3.5 of [Kas91] for details.
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4.1 Crystal bases of integrable modules

3. B C Bu{0}and JTiB CBu{0}foralliel, and
4. For any b,b’ € Band i € [ we have ¢(b) = b’ if and only if b = f:(b’).

It is a priori unclear whether crystal bases exist for integrable highest-weight modules when [I| > 1. However,
some properties of crystal bases are already visible, for example if (L1, B;) and (L,, By) are crystal bases of V; and
V, respectively then (L; @ Ly, B; L By) is a crystal basis of V| @ V,. Remarkably, something similar works for the
tensor product: (L; ® 4 Ly, B X By) is a crystal base for V; ® V5. Furthermore, the action of the Kashiwara operators
on B; x By is given purely in terms of their actions on By and B, individually, with a simple rule for which side to
act on (see Definition 4.3.1 below). We could have attempted to formulate crystal bases for g(®)-modules rather
than U, (®)-modules, but we would have fallen flat attempting to get any nice behaviour out of the tensor product:
something interesting is happening in the quantum world which makes this work. It is worth noting that just as
the tensor product of Uy(®)-modules is asymmetric, so is the tensor product of crystals.

The existence of crystal bases was shown by Kashiwara.

4.1.2 Theorem (Existence of crystal bases in @(i]“t(d)) )

(Theorem 2, [Kas91]). Let ® be a root datum of type (I,-) and let A € X(®), be a dominant weight. Then
the integrable highest-weight module Ly(1) admits a crystal base, constructed as follows. Let v € L,(1) be

a highest-weight vector, and let v, be the set of vectors of the form fl EVA. Define the lattice £ (1) to

be the A-span of the set v, and %(1) to be the image of #v; in £ (1)/qZ(A) with zero removed. Then
(Z(A), B(1)) is a crystal base of Lq(/l).

There is a little more discussion of the theory of crystal bases at the end of this chapter, but from now on we will
largely focus on the more combinatorial aspects of crystals.
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4.2 The category of crystals

The combinatorial nature of crystal bases suggests that they are governed by a combinatorially defined category.
To the author’s knowledge, the first appearance of this category was in [Kas93].

4.2.1 Definition (Abstract crystal)
Let @ be a root datum of Cartan type (I,-). An abstract crystal of type ®, or ®-crystal, is the data of

(B, wt, (&)ier> (@ier> (@iers (fdier)s (4.2.2)

where Bis a set, wt : B — X(®) and g,¢; : B —» Z U {—oo} are functions which we call the raising and
lowering statistics, and e, f; : B --» B are partial functions called the crystal operators, such that for all
b,b" € Bandi € I the following axioms hold:

1. Balanced-strings: ¢;(b) = &(b) + (wt(b), "),
2. Raising: If ¢,(b) # L, then

wi(e; (D)) = wt(b) + o5, (D)) = 50) -1, ¢i(e(b)) = ¢;(b) + 1, (4.2.3)
3. Lowering: If fi(b) # L, then
wt(fi(b)) = wt(b) — ey, g(fi(b)) = g(b) +1, @ (fi(b)) = ¢;(b) — 1, (4.2.4)

4. Partial inverse: ,(b) = b’ if and only if b = f£;(b”), and
5. Infinity: If ¢;(b) = —oo, then ¢;(b) = fi(b) = L.

In this definition, Z LI {—oo} is understood to have the additive structure where x + —co = —oo,

If (L, B) is the crystal base of an integrable U,(®)-module V' as defined above, then we can put an abstract ®-

crystal structure on the set B by taking the crystal ¢; and f; operators to be the Kashiwara operators ¢; and f, and
the raising and lowering statistics to be (b) = max{n > 01 ¢/'(b) # L} and ¢;(b) = max{n > 0| £"(b) # L}. In this
way we get an abstract crystal 98(4) for each integrable highest-weight module L,(4) € @('I”t((b).
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4.2.5 Example (Root strings)

Let @ be the root datum SL, with I = {i}, and X(®) = Z be the weight lattice, so that (1,¢) = 1. Fix
a dominant weight n > 0, and define the crystal B(n) = {b,,b,_9,....b_p40,b_,} as a set, with crystal
operators

Gb) =L D=L &b =S0-k, wib) =k

. (4.2.6)
ei(be) = bia,  filbe) = b, @i(br) = E(n + k).

Then %(n) is a ®-crystal, and it is obvious from the definition of crystal bases that it is the crystal arising
from the integrable highest-weight module Ly(n). It can be pictured by its crystal graph, shown below for
A (5):

@i(by) =3
bs by by b, by b
o ——— >0 —— >0 —— >0 —— >0 —— >0
N -
g(by) =2

The raising statistic ¢(b;) = 2 counts the number of edges above by, and ¢;(b;) = 3 is counting the number
of edges below b;.
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If an abstract crystal comes from a crystal base of some integrable Uy(®)-module, then (by definition) the raising
and lowering statistics behave in the simple way shown in Example 4.2.5, counting the number of arrows above
and below an element on a root string. This is called seminormality, sometimes called normality or regularity in
the literature.

4.2.7 Definition (Seminormality of crystals)
A crystal is called
1. Upper seminormal if g(b) = max{k > 0 | elk(b) # 1} forall b € B,
2. Lower seminormal if ¢;(b) = max{k > 0 | fl-k(b) # 1} forall b € B, and

3. Seminormal if it is both upper and lower seminormal.

The balanced-strings axiom implies that if B is lower or upper seminormal then the statistics ¢ and ¢; take
only integer values. Furthermore, together with the partial inverse axiom it means that the data of an upper-
seminormal crystal B is completely determined by (B, wt, (;);cs), and similarly the data of a lower-seminormal
crystal is completely determined by (B, wt, (f,);c1). (One still needs to remember whether the crystal was upper
or lower-seminormal).

We remark that there are many examples of abstract crystals which are not seminormal, for example those coming
from Verma modules such as the crystal 98(c0) shown in Example 4.2.12, or those that do not come from Uy(®)-
modules as all, such as the crystal Tj of Example 4.2.11.

The ad-hoc illustration of the crystal 9% (5) in Example 4.2.5 can be formalised into the notion of a crystal graph.
4.2.8 Definition (Crystal graph)
Let B be an abstract ®-crystal. The crystal graph associated to B is the directed edge-labelled graph with

vertex set B, with an edge b L b’ labelled i if and only if f,(b) = b’, or equivalently if and only if b = ¢;(b").
If the underlying undirected graph of B is connected, we say that B is a connected crystal. A vertex with no
incoming edges is called a primitive element. If a primitive element b) € B, generates B under the f;, then
we say that B is a highest-weight crystal of weight A.

The crystal operator e;, the crystal operator f;, and the crystal graph are all equivalent data. If the crystal is known
to be upper or lower-seminormal, then the statistics ¢ and ¢; can also be inferred from the graph.

As an example for the reader to keep in mind, we present some SL,,-crystals.

4.2.9 Example (Some SL,, crystals)

The quantum group U,(GL,) has a representation on the Q(g)-vector space V with basis v, ..., v, where E;
acts as the coordinate matrix v;,; +— v, F; acts as the coordinate matrix v; = v, , and the action of the
K, is determined by requiring that v; is a weight vector of weight ¢. We call V' the natural representation
of Uy(GLy), and in this special case the Kashiwara operators ¢; and ﬁon V are equal to E; and F;, therefore
setting B = {v,...,v,} and L = AB makes (L, B) into a crystal base for V. For example, when ® = GL; we
can draw the crystal B as follows:

Vi 1 Vo 2 V3
e — >0 — >0

where the vector v; is in weight ¢;. What we have drawn is exactly a crystal graph in the sense of Defini-
tion 4.2.8: we are saying that fj(v;) = v, and f,(%) = 5, and fi(v;) = L everywhere else. In order to grasp
the shape of more complicated graphs, we will often colour the set I, and then use those colours to label the
edges. For example, if we let I = {1, 2} so that 1 is coloured blue and 2 is coloured orange, then we can draw
the diagram more simply:

V1 V2 V3
e —»>» 6 — > 0

There is a morphism of A,-root data SL; — GLs, and hence each GL3-crystal becomes an SL;-crystal by
this restriction. Conveniently SL3 has a two-dimensional weight lattice (shown in Example 3.4.16), allowing
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us to draw crystals on top of it and picture the weights of a crystal element by its position on the drawing.
Below are examples of two 815 representations, the one on the left corresponding to the dominant weight

(2,0,0), and the one on the right to 8 = (2, 1,0), the highest root, making 98(0) the crystal of the adjoint

A P
N. .

%(2,0,0) $B(2,1,0)

The diagrams above show the crystal graph explicitly, and the weights of elements by their position on the
weight space. This is almost enough information to specify the crystal completely, and once we declare both
of these crystals to be seminormal then the ¢ and ¢; statistics can also be inferred from the graph. We remark
that in the crystal for the adjoint representation, the two vertices in the zero weight space are far apart in
terms of the crystal graph, despite having equal weight.

The vertex set of the crystals in the previous example are not explicitly given (merely shown in the graph). It is
often the case in Lie theory that we are able to find bases of the modules L(4) indexed by a set of combinatorial
objects depending on A. Perhaps the most famous example of this is of Young tableaux. When A is a partition
with at most n rows, it may be interpreted as a dominant weight of GL,, and there is a basis of L(1) made of
semistandard Young tableaux: fillings of the Young diagram A using the letters 1, ..., n such that the filling strictly
increases down columns and weakly increases to the right. A lovely account of this can be found in [Ful96].

We might then expect the existence of a crystal 9% (1) with vertices indexed by such semistandard tableaux, and
moreover we should be able to interpret the crystal operators g, f; as partial functions from this set to itself. This
is in fact the case, and furthermore we will see later on that one could use the theory of crystals to work the other
way: starting only with a crystal structure on semistandard tableaux, it is possible to prove that the semistandard
tableaux of shape A must be a basis of L(A), using the tensor product of crystals and the notion of a closed family
of crystals. But we are getting ahead of ourselves, let’s see some more examples of crystals.

4.2.10 Example (Crystals of tableaux)

The dominant polynomial weights of GL,, are in bijection with the set of partitions of length at most n,
and for a partition A there exists a crystal basis 9B(4) of Ly(A) in bijection with the set of semi-standard
tableaux of shape n on the letters 1, ..., n. The crystal operators ¢; and f; can be given on tableaux explicitly
by relatively simple rules (see Chapter 7 of [HK12], or [BS17]). The weight of a semistandard tableau is
determined by its entries, with a number i contributing ¢; to the weight of the tableau.

Some examples for GL; are shown below, in left-to-right order we have the trivial crystal, the crystal of
the natural representation V, the crystal of the representation A?(V), and the crystal of the determinant
representation A3(V).

%(0,0,0) 2(1,0,0) %(1,1,0) A(1,1,1)

1 1 2
. 1]—»[2]—[3] A

The crystals %(0,0,0) and 9B(1, 1, 1) are identical except for their weights. Here are three more interesting
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GLj-crystals for the reader to gaze upon.

B(2,0,0)
NN NP PR 1[1]
e SN,

%(3,0,0) l
1[3] 1[2]
| i

[1[1]2]—[1]1]3]

1[3] 2]2]
[1]2]2]—>[1]2]3]—>[1]3]3] i\ /i
i l i 2[3]
[2]2]2]—>[2]2]3] —[2]3]3] —[3]3]3] El

We have a morphism of A, root data SL; — GLj3, and so we may view each of the crystals above as SLj
crystals by restriction. While all the above crystals are non-isomorphic as GLj crystals, the crystals 98(0, 0, 0)
and 9B(1, 1, 1) are isomorphic as SLj crystals, due to the restricted weights (0,0,0) and (1, 1, 1) being equal
in X(SL3). The SLj restrictions of %(2,0,0) and 93 (2, 1, 0) both appeared in the previous Example 4.2.9.

The crystals we have seen so far have all come from @(i]nt(q)) representations, however there are many ®-crystals
which do not come from any representation of Uy(®), let alone integrable representations. For example, this next

crystal could be thought of as a one-dimensional representation of U(? (®) rather than Uq(CID).

4.2.11 Example (Character crystal)
Given a weight A € X(®), let T = {t;} with wt(t;) = A € X(®), the raising and lowering statistics ¢;(t}) =
&(t)) = —oo, and the crystal operators ¢;(by) = L and fi(by) = L.

We could complain that the character crystal is a silly example of a crystal not coming from an @(}”t(é) module,
since the raising and lowering statistics take the special value —co. However, even if they take integer values,
we may have a crystal of a non-integrable module such as the 98(c0) crystal coming from the Verma module
M,(0).

4.2.12 Example (The rank-one infinity crystal)

Let @ be the root datum of SL,. Define the set (o) = {x, x1, X3, ...} with the operators

e(xp) = L, fil) = ber1, &) =k, wt(xg) = =2k,

&(x) = X1, o) = —k. (4.2.13)

Then 9B(o0) is a O-crystal. Its crystal graph looks as follows, with the ¢ and ¢; statistics drawn underneath:

X0 X1 X2 X3 X4

o — >»0——————— >0 ——————— >0 ——————— >0 —————— > -
() 0 1 2 3 4
o;(xx) 0 -1 -2 -3 —4

The example of the 93(e0) crystal brings us to the definition of morphisms in the category of abstract ®-crystals,
which are slightly tricky to define.

37



4 Crystals

4.2.14 Definition (Morphisms of crystals)

A morphism By — By of ®-crystals is a partial function ¢ : By --+ B, such that
1. ¢ commutes with wt, ¢, and ¢; on its domain of definition.
2. If both b, ¢;(b) € B; are in the domain of definition of i, then ¥/(e;(b)) = (/(b)).
3. If both b, f,(b) € B; are in the domain of definition of ¢, then ¥ (fi(b)) = f;(¥(b)).

A crystal morphism is called strict if it commutes with all the ¢; and f;. It is called an embedding if it is defined
on the whole of B; and is an injective function. It is called an isomorphism if it is defined on the whole of B,
and is a bijective function.

A non-strict crystal morphism need not quite commute with the ¢; and f; crystal operators. For example, there is a
crystal morphism ¢/ : %(0) — JB(o0) by taking the unique element b, € 8(0) of the trivial crystal to the element
X € B(o0) of the same weight, which is an example of a non-strict embedding. However, if i/ is an isomorphism,
or both B; and B, are seminormal, then ¢ is automatically strict.

We will leave one final example here of a crystal coming from a Uy(®) module which is neither highest-weight
nor integrable, but is nevertheless occasionally used in abstract arguments.

4.2.15 Example (The elementary crystal)
Let @ be a root datum of type (I, ). Fix a fixed vertex i € I, define the elementary crystal &; = {b;(n) | n € Z},
with structure
wi(b(n)) = na; fi(bi(n)) = bi(n — 1)
g(bi(n) = —n  @i(b(n)) =n,
with ¢; = ¢; = —c0 and ¢; = f; = L for j # i. The crystal graph is the following:

(4.2.16)

bi(2) bi(1) b;(0) bi(-1) bi(=2)
si(bi(n)) -2 -1 0 1 2
¢i(bi(m) 2 1 0 -1 -2
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4.3 Tensor product of crystals

4.3 Tensor product of crystals

The category of abstract ®-crystals is equipped with a monoidal structure, the tensor product of crystals. There are
two different definitions of the tensor product, each the reverse of the other. Here we use the “combinatorialist’s
convention”, which plays the nicest with existing combinatorics such as the RSK algorithm.

4.3.1 Definition (Tensor product of crystals)

Let B and C be two abstract ®-crystals. The tensor product B ® C has underlying set the Cartesian product
B x C, with elements denoted by b ® c rather than (b, ¢). We use the convention thatb® 1L = 1 = 1 ® ¢, and
equip the tensor product with the following crystal structure:

wit(b ® ¢) = wi(b) + wt(c)

&(b ® ¢) = max {¢(c), §(b) — (wt(c), &’ )}

¢i(b ® ¢) = max {g;(b), g;(c) + (wi(b), &y")}

(b ®c) = {ei(b) ®c %f &(b) > ¢i(c) (4.3.2)
b®elc) if g(b) < gic)

filb)®c ifg(b) > ic)

fib® =y o £i©) if&b) < ¢(©)

It is routine to verify that this defines the structure of an abstract ®-crystal on B ® C, and furthermore that
if both B and C are both upper seminormal, then so is B® C (and similarly for lower seminormal).

The remarkable thing about the crystal tensor product is if B(1) and B(p) are the crystals of Lq(/l) and Lq(y)
respectively, then (1)® %(u) is the crystal of Ly (1)® L, (). This means that if we can find combinatorial models
for B(A) and %B(p) (such as the tableaux hinted at in Example 4.2.10), then we can compute the decomposition of
Lq(/l) ®Lq(p) by just finding the connected components (or highest-weight vertices) of the graph 9 (1) ® B (u).

We defined the crystal 9(c0) when |I| = 1 in Example 4.2.12. For general @, the crystal %(o) is a kind of limit
of the % (1), which again plays the role of the Verma module M(0). The tensor product Tj ® % (eo) plays the role
of the Verma module M(A) in the setting of crystals.

4.3.3 Example (Shadows of Verma modules)

Let ® = SL,. Taking the tensor product of T) with () gives an interesting crystal: the tensor product
structure in Definition 4.3.1 simplifies to give the following crystal structure on T) ® 93(c0):

wtit)y ® x,) =A—ne ¢ty ®x,) =1 ®¢lx,) &) ®x,)=n
fi(t/l ® Xp) = 1) ® Xppq (Pi(tA ® x,) = <aiv3/1> —n

For example, if we suppose that A = 3 then we have the following picture of T) ® B (o0):

(4.3.4)

t3®X0 t3®x1 t3®x2 t3 ®X3 t3®X4
o —— > 00— >0————— > 0———————— > O0————————————— o
§(t3®x) 0 1 2 3 4
o3 @ x) 3 2 1 0 -1

Here we can see there is a non-strict crystal morphism %(3) = T3 ® B(0) (recall that crystal morphisms
must commute with wt, g, and ¢;, but only need to commute with the ¢; and f; operators on their domain of
definition).
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4.4 Recognition theorems

We know by now that the category of ®-crystals is far more general than just those corresponding to crystals of
@('I”t(d)) modules, which form a full monoidal subcategory. Some abstract ®-crystals we have seen so far which

are not crystals of @f]m(cb)—modules are:

« The "Verma crystal’ 98(o0), a @-crystal coming from the category Oy (®), but not from @(i]”t(cb).

« The ‘principal series’ crystals 9%;, which come from a representation of Uy(SL,) which is neither highest-
weight nor integrable.

« The ‘character crystal’ Tj, which does not come from a Uy(®)-representation at all.

The next counterexample in particular shows that the problem of classifying those abstract ®-crystals coming
from @C'I”t(q)) is quite subtle.
4.4.1 Example

The following are both abstract seminormal SL3-crystals, but only the one on the left comes from a Uy(®)-
module.

%(2,1,0) B

The question is: given an abstract ®-crystal B, how can one check that it is the crystal of a module from @;“t(qn)?
If the crystal is connected, one could hope to find a dominant weight A and an existing model for (1) and

give a crystal isomorphism B — %(1). However this does not help to ‘bootstrap’ the theory, since one needs
to start with an existing model for (1), and furthermore specifying an isomorphism is impossible if the exact
decomposition of B into highest weights is unknown.

Fortunately, there are a number of recognition theorems available to us which we can use to check whether a -
crystal Breally does come from @,i]”t(fb). The first of these is due to Kashiwara, allowing us to reduce the problem
to Cartan data of rank 2. As with g(®)-modules and U,(®)-modules, an element b of a crystal is called primitive
if ¢,(b) = L for alli € I, and a primitive element is called highest weight if it generates B.

4.4.2 Theorem (Recognition by rank-2 restriction)

(Proposition 2.4.4 of [Kan+92]). Let B be a ®-crystal such that, for any subset J C I with at most two
elements, any connected component of the restricted crystal B; containing a J-primitive element is a crystal
isomorphic to %(®;, 1) for some J-dominant A. Then any connected component of B containing a primitive
element generates a subcrystal isomorphic to % (A), for some dominant A.

The above condition on subsets J C I with one element is simply checking that B is seminormal, so checking
the rank-2 restrictions is where all the work is. This theorem is very frequently used, and the other recognition
theorems below rely on this one. We remark that if B satisfies the above condition then only the connected
components containing primitive vectors come from @f]”t(cb)-modules, there may be other connected components
which are not highest-weight.
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4.5 Weyl group action

Joseph [Jos95] has given a purely combinatorial method of checking whether a collection € = {C(1) | 1 € X(®),}
of candidate ®-crystals coincide with the B(1). Clearly, each C(1) should be a seminormal highest weight crystal
of highest weight A. We need only one more condition on &, ensuring that it behaves well with tensor products.

4.4.3 Definition (Closed families of crystals)

Let € = {C(A) | A € X(®),} be a family of highest-weight seminormal crystals, where ¢; € C(1) is the
highest-weight element of weight 1. We say that € is a closed family if the element ¢; ® ¢, € C(1) ® C(u)
generates a strict subcrystal of highest weight A + p isomorphic to C(A + p).

It is immediate from the definition of the tensor product that c¢; ® c, will be a primitive element of C(1) ® C(y)
of the correct weight, but it is far from clear that the subset generated by ¢) ® ¢, under the f; operators is a strict
subcrystal of C(1) ® C(p), or even that it is stable under the ¢; operators.

4.4.4 Theorem
(6.4.21 of [Jos95]). Let € = {C(1) | A € X(®),} be a closed family of highest-weight seminormal crystals.
Then C(A) = B(A) for all 1 € X(D),.

It is very easy to show that the {9 (n) | n > 0} constructed in Example 4.2.5 is a closed family of SL,-crystals, and
with some work (and proper definitions of the ¢; and f; operators) it can be shown that the crystals of semistandard
tableaux hinted at in Example 4.2.10 form a closed family of GL,, crystals. Given a closed family of ®-crystals, we
have a way to work with the crystals of @f]”t(cb)—modules without the need to introduce the quantum enveloping
algebra and the theory of crystal bases.

It can be shown that the Lakshmibai-Seshadri paths, with the Littelmann root operators, form a closed family
and hence give an explicit model for all the 98(A) in any type [Lit94]. In type A, these paths are in bijection with
Young tableaux, making the LS paths a generalisation of Young tableaux to any type.

There is another kind of recognition theorem due to Stembridge, when (I, -) is simply-laced. In [Ste03], Stembridge
gives necessary and sufficient conditions for a directed graph with edges coloured by I to be the crystal graph of a
crystal from @‘i}”t(@). After showing that the Stembridge axioms are necessary and permit at most one connected
graph per highest weight, it is shown that these connected graphs are isomorphic to the corresponding crystal
graphs given by the Littelmann paths, and hence must be the crystals of highest-weight integrable modules. This
description only works for simply-laced type, since the uniqueness of the graphs only holds in simply-laced type,
but crystals in other types can be obtained through a standard technique known as diagram folding. The recent
text [BS17] defines crystals this way, as either Stembridge crystals or folded Stembridge crystals, without recourse
to quantum groups.

4.5 Weyl group action

We often talk about crystals which come from crystal bases of integrable U, (®)-modules. Throughout this section,
we can use a slightly weaker property which appears in [Kas94].

4.5.1 Definition
A ®-crystal B is called finite-normal if for any J C I of finite type, the restriction of B to @ is isomorphic
(as @;-crystals) to the crystal base of an integrable U, (®;)-module.

A finite-normal ®-crystal is automatically seminormal, and furthermore if (I,-) is finite type then the finite-
normality property is equivalent to being the crystal of a @C'Im(cb)—module.

For each J C I of finite type, a finite-normal crystal B decomposes into a disjoint union of finite ®; crystals, each
of the form %B(®, A) for some A € X(®),. It was first shown by Kashiwara that one can exploit this finiteness
to obtain an action of the Weyl group W} on the whole crystal B.
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4 Crystals

4.5.2 Theorem (Weyl action on finite-normal crystals)
(Section 7 of [Kas94]). Let B be a finite-normal ®-crystal, and define for eachi € [ amap ¢ : B— Bby

(VD) i (wib), o) > 0

¢(b) = e~ W) B if (wi(b), ) < 0

(4.5.3)

Then:
1. Each ¢ is an involution: ¢ = idp.
2. Each ¢ acts by the reflection s; : X(®) — X(®) on the weight of an element: wt(c;(b)) = s;(wt(b)).
3. The  satisfy the braid relation (gic;)™ = 1.

Hence the Weyl group Wy acts on B via the map s; - b = ¢;(b).

Since B is a seminormal ®-crystal, its restriction to ®; breaks up into a disjoint union of balanced i-strings of
finite length, and the operator ¢; acts by reversal on these strings.

4.5.4 Example
The following diagram shows the GL3 crystal of %(2, 0, 0) from Example 4.2.10 on the left, with the computed
actions of ¢; and ¢, on the right.

fl f2 C1 Cy
—> —> <> <>

TN

U

)
&

/,mm\‘
!!—HMI\ /JMI%HE [1]1]
[1]3] )

=]

(H
=
]

This makes the first two properties of Theorem 4.5.2 easy to verify: reversal is clearly an involution, and the
balanced-strings axiom ensures that the reversal is taking place around zero. The third property is proved by
reducing to the case where J C I is finite-type and has two elements, we refer the reader to Section 7 of [Kas94]
for the full proof.

4.6 Cactus group action

The Weyl group action in Theorem 4.5.2 may be extended to an action of the cactus group on a finite-normal
crystal, via some involutions c¢; where cg;) = ¢; from before.
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4.6.1 Theorem
Let B be a finite-normal ®-crystal, and let J C I be finite type and irreducible. Define a map ¢; : B — Bto
be the unique map preserving the connected components of the restricted crystal Bj, and satisfying
(1) wt(cj(b) = wy - wt(b),
@ ¢e)®)) = ¢j(fo, (y®)) forall j € J, (462)
(3)  filey() = c](ewj(j)(b)) forallje J.
Then the maps c¢; : B — B satisfy the cactus relations:
1. c; = idg,
2. cjeg = ckcy if there are no edges between the vertices of J and K, and
3. cjek = cxCu () if J C K.

Furthermore, the definition of cf; agrees with the one given in Theorem 4.5.2. Hence there is an action of
the cactus group Cj on B via the operators c;, additionally satisfying the braid relations (¢;c;)™ = 1.



4.7 Addendum

The quotient of the cactus group Cy by the braid relations (z;7;)™/ has been called the reduced cactus group (3.4 of
[Hal20]).

We remark that it is straightforward to compute the involution c; if one knows both the involution w; : J — J
and the whole crystal graph B;. Each element b of a connected component of B; can be written (non-uniquely)
asb = fj - fj bnigh> where by;gp, is the highest-weight element of the connected component and ji, ..., jx € J. The
equality cj(bhigh) = biow follows from (1), and applying condition (2) we get

¢7(®) = ¢;(fj, * fi.Dhign)

(4.6.3)
= ew](fl) ewj(ik)blow'

So if we get from the highest-weight element to b by following some arrows forwards, we get from the lowest-
weight element to c;(b) by following the opposite arrows (as defined by w;) backwards. Consider the GL3-crystal
%B(2,1,0) from earlier, which we show here:

$(2,1,0)
1]1]
12 ]
/N
1]2] 1]1]
12] 3]
l Y
1]3] 1]2]
2] 3]
l Y
1]3] 2[2]
3] 3]
NS
2[3]
3]

In this case (I,-) = A,, and the involution wy : I — I swaps the blue and orange vertices 1 and 2 of the Dynkin
diagram. So opposite arrow means the oppositely coloured arrow. Viewing 98(2,1,0) as a hexagon, the cactus
involution ¢; swaps opposite vertices. In particular, the two tableaux of weight (1, 1, 1) are swapped.

.....

Schiitzenberger involution on the sub-tableaux containing only entries {1, ...,i + 1}.

4.7 Addendum

Something that initially confused the author was the relationship between crystal bases and other bases of Uy (®),
such as Lusztig’s canonical basis. Some people like to say (informally) that they are ‘the same’, which doesn’t
make sense because they are not even objects of the same kind: the crystal basis of a representation V is a Q-
basis of a quotient lattice of V, while Luztig’s canonical basis is an honest Q(g)-basis of the whole algebra U, (®).
Something that was also unclear was the connection between Littelmann’s work on path models and Kashiwara’s
on crystals. We have written this short section to hopefully be a small guide to the early literature explaining
these things.

The story of crystal bases of Uq(CID)—modules is due to Kashiwara. In [Kas90], he defined the notion of what we

now call an upper crystal base of a Uq(QD)-module V to be a pair (L, B) of an A-lattice’L C V together with a basis
B of the Q-vector space L/qL, satisfying some axioms. He proved the existence and uniqueness of these crystal
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bases in the classical types A, B, C,,, and Dy,. In [Kas91], he further defined a lower crystal base and showed the
existence and uniqueness of these bases for the L(1) and the negative half U; (®) of the quantised enveloping
algebra using a huge inductive argument called the grand loop. He also defined a global lower base, defined on
an integral form V over the integral algebra U(®), to be an integral basis B which descends to a lower crystal
basis in both the ¢ — 0 and ¢ — oo limits: for example, setting & = @jcg Qlqlb and B = {b mod ¢Z | b € B}
should make (&, B) a lower crystal base. A good self-contained account of globalisation can be found in Chapter
6.2 of [Jos95].

In [Lit95a], Littelmann applied Kashiwara’s theory of crystal bases together with the theory of generalised Young
tableaux (special cases of Lakshmibai-Seshadri paths) to give a combinatorial definition of the crystal graphs
(1) in the classical types A, B, C,,, D, Eg, and G,. He then used these graphs together with the crystal tensor
product rule to give a short proof of the generalised Littlewood-Richardson rule for computing the decomposition
multiplicities of % (1)® %B(u). He also conjectured that the extension-of-strings operators on crystal graphs could
be used to construct crystal bases for Demazure modules. In [Kas93], Kashiwara proved Littelmann’s conjecture,
giving a new proof of the Demazure character formula for symmetrisable Kac-Moody algebras. In this paper he
also introduced the notion of an abstract ®-crystal, so that %(A) and FB(e0) could be put on equal footing from
a combinatorial point of view.

Around the same time that Kashiwara defined crystal bases, Lusztig defined canonical bases [Lus90]. Lusztig’s
canonical basis of U~ (®) may be defined purely algebraically however its existence is shown using geometric
methods, namely realising the multiplication in the quantum group U,(®) as a kind of convolution product on
a Lusztig quiver variety. The canonical basis of Lusztig can be compared to the global (not crystal) basis of
Kashiwara, and in fact the two have been shown to be equivalent [GL93].

“Recall that A C Q(q) is the subring of rational functions without a pole at ¢ = 0, as in Section 4.1.
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Demazure modules are finite-dimensional subspaces of highest-weight representations: for each dominant weight
A € X(®), and Weyl group element w € W, the Demazure module L,,(1) is a certain U"(®)-stable subspace
of the integrable highest-weight module L(A). The Demazure modules give an inductive method to study the
L(A), by analysing the successive embeddings L,,(1) C Ly, (4) for the simple reflections s;. In the case that I is
finite type, a classic result due to Demazure is that the characters of these modules are related by the Demazure
operators m;, with the inductive step being m;(ch L,,(1)) = ch L, (1), leading to the Demazure character formula

chL,, (1) = m,(e").

There have been many proofs of the Demazure character formula when (I, -) is not finite type, the most relevant
to our work being the perspective of Demazure crystals. The theory of Demazure crystals was developed by
Kashiwara and Littelmann, formalising the notion of a Demazure subcrystal 9,,(1) € 9% (A) as the analogue of
a Demazure module L,,(1) C L(4), and showing that the Demazure operators ; have combinatorial analogues
on the level of crystals, the extension of strings operators ®;. Our analysis of the product monomial crystal in
Chapter 7 follows along the same lines, breaking the crystal up into small pieces related by the extension of
strings operators.

We start this chapter with a digression into formal characters of representations and crystals, a topic we have not
yet covered. The main point we want the reader to take away from this section is that the formal character gives
a complete invariant of ®'™(®)-modules: two representations in this category with the same formal character
are isomorphic. After this, we give the definition of Demazure modules and Demazure crystals, along with their
formal characters called Demazure characters. We follow Kashiwara’s approach [Kas93] to the theory of Demazure
crystals, the string property, and the extension-of-strings operators. Finally, we collect some history of Demazure
modules and the Demazure character formula for the reader’s interest.

5.1 Formal Characters

Suppose that @ is a root datum of finite type (I,-), and we are working in the category of finite-dimensional
weight representations of ¢(®). To every finite-dimensional weight representation V we can associate its formal
character recording the multiplicities of weight spaces:

chv =) (dimVye € Z[X(®)]. (5.1.1)
AeX(D)
Here Z[X(®)] is the group algebra of the free abelian group X(®), written multiplicatively so that ele# = eA*#.
It is simple to verify that the characters of a direct sum add and the characters of a tensor product multiply, so
we have ch(U @ V) = chU + chV and ch(U ® V) = (chU)(ch V). Furthermore, for any short exact sequence
0>V -V —>V” — 0of g(P)-modules, we have ch(V) = ch(V’) + ch(V"), and therefore the characters of
isomorphic modules are equal.

Characters give us useful invariants of modules, and in fact in the setting we are in (finite-dimensional represen-
tions over a field of characteristic zero) they give us complete invariants: a finite-dimensional weight representa-
tion V is determined up to isomorphism by its character ch V. We will explain why this is the case.

The Weyl group W = Wj acts on the space Z[X(®P)] of formal characters by permuting the standard basis:
w-e* = " where w is the usual action of the Weyl group on the weight lattice (Lemma 3.4.10). By considering
the restriction of V to each rank-one algebra g(®;) and considering the classification of finite-dimensional 31,
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modules, we see that V) and Vi, are isomorphic vector spaces. Since this works for all i € I, we have that
dimV, = dimV,,, for all w € W, hence the character of a finite-dimensional representation V is a member of the
subring Z[X (@)Y of Weyl-invariant characters. In fact, the characters of the L(4) for dominant A form a basis
for the subring of Weyl-invariant characters.

5.1.2 Lemma (A basis of the Weyl-invariant character ring)

Let @ be a root datum of finite type (I,-). Then the characters {ch L(1) | A € X(®), } of the highest-weight
modules L(A) form a basis of the invariant ring Z[ X @)]".

5.1.3 Proof

Since the Weyl orbit of a weight A € X(®) intersects the dominant weights X(®), exactly once, Weyl
orbits can be parameterised by dominant weights. For each dominant weight A define the orbit sum m; =
> LEWA e, then the set {m, | A € X(®),} forms a basis of Z[X(®)]". Since the highest-weight space of L(1)
has dimension 1 and all other weights of L(1) are lower than A in the partial ordering, we have

chL(A) =m; + Z kjumy for somek; , € N, (5.1.4)
p<A

showing that {ch L(1) | A € X(®),} is an alternative basis of the invariant character ring?.

The category of finite-dimensional weight modules of g(®) is semisimple because we are working over C, hence
the isomorphim class of V is determined by the decomposition multiplicities [L(A) : V], which are given exactly
by the expression of the character of V' in the basis of irreducible characters chV = ¥’ ;¢ x(g), [L(1) = V]ch L(2).
Hence the character gives a complete invariant.

We now consider the case when (I, ) is of arbitrary type. For a module V € O(®) the formal character Eq. (5.1.1)
makes sense as a sum taking values in the completed group algebra Z[| X(®)]|, whose elements are infinite linear
combinations of the e?. This completion is no longer an algebra since the product of two elements may result
in each coefficient being given by an infinite, rather than finite, sum. However, if U,V € ©(®) then the product
(chU)(ch V) makes sense by the ‘weights bounded above’ condition on Category O(®) (Definition 3.5.3), and is
equal to ch(U ® V). The Weyl group still acts on the completed algebra, and the characters of integrable modules
are Weyl-invariant, but we can no longer parametrise Weyl orbits in X(®) by dominant weights since not every
orbit meets the dominant chamber. However, the characters of the integrable highest-weight modules L(A) are
linearly independent, since if we have a sum )’ cx(q), a1 chL(1) = 0 we must have a3 = 0 for any maximal

A. Therefore the characters of modules in category 0™ (®) still give a complete invariant by semisimplicity,
however we cannot package this up quite as nicely as in the finite case.

Modules over quantum groups and abstract ®-crystals also have formal characters. In the case of abstract crystals,
provided that the ‘weight spaces’ By = {b € B | wt(b) = A} are finite we can define

chB= Y [B)le! € Z[X(®)], (5.1.5)
AeX(®)

in exact analogy with Eq. (5.1.1). (Again, if (1, -) is not finite type then ch B may be valued in the completed group
algebra rather than the group algebra). The discussion above shows that if B is the crystal of a module from
@Cilnt(d)), then B is determined up to isomorphism by ch B, and hence characters also give a complete invariant of
such crystals.

This fact would be immediate if (X(®),, <) were a finite partially ordered set, since Eq. (5.1.4) would show that the endomorphism
m, — ch L(A) is an upper-triangular matrix (in any total order refining <) with 1s along the diagonal, and hence has determinant
1. The analogous statement for infinite posets is not actually true in general, as one can see by considering the Z-module Z[Z] =
spany { selel el } and the linear map e > ¢ — ¢, This satisfies the unitriangularity condition and is injective, but is not
surjective since every element of the image has its sum of coefficients equal to zero. The technical condition needed here is that
the poset (X(®),, <) satisfies the property: every non-empty subset contains a minimal element (as in V1.3.4, Lemma 4 of [BB02]).
Alternatively, and perhaps more intuitively, one could take some filtration of X(®), with finite pieces and realise that if the map is
an isomorphism in each piece, so must it be in the limit.
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5.2 Demazure modules and the character formula
5.2 Demazure modules and the character formula

The integrable highest-weight module L(4) is irreducible, and hence has no nontrivial U(®)-submodules. How-
ever, it may also be viewed as a U™ (®)-module, in which case it has many submodules. A particularly nice family
of these submodules are the Demazure modules, each a finite-dimensional subspace of L(1) parameterised by the
Weyl group W.

5.2.1 Definition (Demazure module)

Fix an irreducible integrable highest-weight module L(1) € 6'"(®). The elements of the Weyl orbit W - A
are called the extremal weights of L(A). The Demazure module L,,(A) C L(A) is defined as the U"(®)-orbit of
the one-dimensional space L(A),,, inside L(1). We say that L,,(1) has Demazure lowest weight wA.

For any dominant A, the Demazure module L,(1) associated to the identity element e € W isU " (®)-V(1); = V(1);,
the one-dimensional highest-weight space. At the other extreme, when I is finite-type and w; € W is the longest
element, L(4),,,, is the lowest-weight space and hence the Demazure module L,,, (1) is equal to the whole module
L(A). If I is not finite-type then there is no longest element of the Weyl group, but we can still realise the full
representation L(A) as a limit of the finite-dimensional L,,(1), since whenever x < y in the Bruhat order we have

Ly(A) € Ly(A).
For each i € I define the Z-linear Demazure operator m; : Z[X]| — Z[X] by the formula

[ )
m(f) = 1—_; (5.2.2)
— e %
This formula can be demystified a little by writing it out explicitly as a geometric series:
et +eh % 4 4 D) if (A, ") >0,
m(e!) =40 if (L o) = —1, (5.2.3)

—(M M2 D) E () ) < -2,

It is straightforward to verify that if f € Z[X(®)] is symmetric in s;, meaning s;f = s;, then m(f) = f. Together
with the property s; o 7; = 7, this implies that 72 = 7; is a projector to the subspace Z[X]% of 5;-symmetric
characters. It takes considerably more work (a case-by-case analysis of the cases m;; € {2,3, 4, 6}) to verify that

the Demazure operators satisfy the braid relations (Eq. (3.3.2)), i.e. we have

T e = T o, (5.2.4)

my; letters  my; letters

a fact we state but will not prove here. Since they do satisfy the braid relations, by Matsumoto’s theorem 7,,, is
well-defined for any w € W by setting ,, = 7, - 7, where (sy, ..., s¢) is any reduced expression for w (see Re-
mark 5.2.10 for an interpretation of this in terms of zero-Hecke representations). We can now state the Demazure
character formula, originally due to Demazure [Dem?74] in finite type and numerous others (see Section 5.4) in
arbitrary type.

5.2.5 Theorem (Demazure character formula)

Let @ be a root datum of type (I, ), A € X(®), a dominant weight, and w € W an element of the Weyl group.
Then the character of the Demazure module L,, (1) is

chL, (1) = m,(e"). (5.2.6)

Furthermore, if (I, ) is finite type then ch L(A) = c¢h L,, (1) = ,,, (eh).

Each Demazure module is parametrised by a pair (4, w) of a dominant weight A1 € X(®), and a Weyl element w €
W, but this parametrisation has some redundancy. If A is not a regular weight, then the stabiliser W) = Staby, (1)
is nontrivial, and the Demazure submodules L, (1) and L,,(1) are equal whenever x = y in the quotient W /W}.

When (I, ) is finite type and we are working in the category of finite-dimensional g(®)-modules, we can remove
this redundancy by parametrising Demazure modules instead by their Demazure lowest weights.
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5 Demazure modules and crystals

5.2.7 Lemma (The Demazure basis of the character ring)

Let @ be a root datum of finite type (I, ), and let D(y) be the Demazure module of Demazure lowest weight
U € X(®). Then the formal characters {ch D(y) | p € X(®)} form a basis of the character ring Z[X(®)].

5.2.8 Proof

The definition of D(y) is not ambiguous, since if we take any two Demazure modules of the same Demazure
lowest weight p, they must be submodules of L(4) where A is that unique dominant weight in the orbit W - p.
We have chD(p) = e + )« 44y e’ for some d,, € N, and therefore the Demazure characters are linearly
independent inside Z[X(®)] via a triangularity argument. The fact that they form a basis can be seen by
taking a filtration of Z[X(®)] by suitable finite-rank spaces, such as sums supported only over the convex
hull of the Weyl orbit of finitely many weights.

In the case that (I,-) is not finite type, we need to be a little more careful about which weights we permit in the
definition of D(p) as the ‘Demazure module of Demazure lowest weight y’. Since we only want to be capturing
Demazure submodules of the L(A) for dominant A, we need to ensure that y is in the Weyl orbit of some dominant
weight. Define the Tits cone as the Weyl orbit of the dominant chamber: K(®) = |, ey wX(®); € X(®). Then
K(®) is the whole of the weight lattice if and only if (I,-) is finite type (Proposition 1.4.2 of [Kum02]), and so
indeed outside of finite type there are weights p which are not in the Weyl orbit of any dominant weight. The
dominant chamber Xg(®), is a fundamental domain for the action of W on Kg(®) however, and so for any p
in K(®) there is a unique dominant weight in its Weyl orbit. So we can speak of the Demazure module with
Demazure lowest weight y provided that we limit ourselves to those weights y in the Tits cone.

5.2.9 Lemma (Demazure characters of highest-weight modules are linearly independent)

Let @ be a root datum of arbitrary type (I,-), and for any weight p in the Tits cone K(®), let D(p:) be the
Demazure module with lowest weight p. Then the formal characters {ch D(u) | p € K(®)} are linearly inde-
pendent in the completed algebra Z[ X(®)]].

We conclude this section with a discussion of the relations 72 = 7; and the braid relations into a broader frame-

work, that of Hecke algebras.

5.2.10 Remark (Zero-Hecke actions)

Let (W, S) be the Coxeter system associated to the Cartan datum (I, -), as defined in Definition 3.3.1. Given
a commutative ring R and two parameters A, ¢ € R, we may define the Hecke algebra 7 (A, j1) to be the
associative R-algebra generated by {T; | i € I}, with the two relations

Quadratic relation: T? = AT; + p,
Braid relation:  T;T;T; - = T;T;T; - (5.2.11)

my; m;;

Foreachw € W, defineT,, = T - T; for some reduced expression (iy, ..., i) of w. Since the T; satisfy the braid
relations, Matsumoto’s theorem implies that the T, are independent of the choice of reduced expression.
After much work (See Chapter 7 of [Hum90] for a full proof, or Exercise 2.23 in Chapter IV of [BB02] if you
don’t want the fun spoiled), it turns out that (A, p) is free as an R-module on the basis {T,, | w € W}, with
left multiplication by a generator T; given by the rule

T if £(s;w) > e(w)

= . (5.2.12)
AT, + pT,,  if 8(sw) < t(w).

T,
The choice of A and y (the choice of quadratic relation) gives different algebras:

1. The quadratic relation T? = 1 makes (0, 1) isomorphic to the group algebra RW.

2. The quadratic relation T? = 0 makes (0, 0) an algebra called the nil-Hecke ring. The cell ordering
on this ring with respect to the standard basis {T,, | w € W} is precisely the Bruhat ordering.

3. The quadratic relation T? = T; makes (1, 0) an algebra called the zero-Hecke ring.
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5.2 Demazure modules and the character formula

The Demazure operators we have just defined satisfy the braid relation and the quadratic relation 7% =

and hence they define an action of the zero-Hecke ring (defined over R = Z) on the space Z[X(®)] of formal
characters by sending T; to ;. This is useful to know, since we re-use the multiplication rule above to see
that

Ty if Usw) > €(w)

it = m, if t(sw) < o(w).

(5.2.13)

We will eventually make use of this to argue that our character formula for truncations of the product
monomial crystal gives a formula for the whole crystal in the case that (I,-) is finite type.
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5 Demazure modules and crystals
5.3 Demazure crystals

When working with modules over the quantum group U,(®) we can define Demazure modules in the same way
as Definition 5.2.1: for any dominant A € X(®), and Weyl group element w € Wr, let L,,(1) = Uq+ (@) - Lg(Mwa
be the orbit of the one-dimensional extremal weight space Ly(1),, under the positive half U (®) of the quantum
group. It was shown in [Kas93] that the quantum Demazure module admits a crystal base, which can be taken
to be a subset of the crystal base B(1) of Lq(/l). In order to specify this subset, we introduce the following
operators.

5.3.1 Definition (Extension of strings)

Let B be a ®-crystal. For each i € I, define the extension of i-strings operator ®;, which takes a subset Z C B
to the set

D, 7 = U{fl"(x) lzeZ}=1{be Ble'(b) € Z for some n € N}. (5.3.2)
n>0

These operators satisfy Z C 9;Z C B, and 9;9,;Z = 9;Z. It is unclear to the author whether they satisfy the braid
relations on arbitrary subsets of the crystal, however they do braid when Z = {b,} the highest-weight element.
5.3.3 Example

The picture below is the GL5 crystal 9(2,0,0), previously seen in Examples 4.2.10 and 4.5.4. If the subset
Z C %B(2,0,0) is the two middle elements Z = {(2,2),(1,3)}, then D;(Z) = Z v {(2,3)} and D,(2) =
Zu{(2,3),(3,3)}
h f
— —

AU
g

We can now give the definition of the Demazure crystal 3,,(A).

[1]1] —[1]2] [2]3]—[3]3]

5.3.4 Definition (Demazure crystal)

Fix a dominant weight A and a Weyl group element w € W. Let (iy, ..., i,) be a reduced expression for w. The
Demazure crystal is the set

B(A) =Dy, D {by}, (5.3.5)

equipped with the canonical upper-seminormal crystal structure restricted from J8(A).

An interesting difference is that while the quantum Demazure module L,,,(4) is defined from the bottom up-
wards, by taking a lower weight and orbiting it under the positive half UqJr (@) of the quantum group, the Demazure
crystal is defined from the top down, starting with a highest weight and taking just enough extensions of strings
in the correct order. Something that might help the reader bridge this mental gap is Corollary 3.2.2 from [Kas93]:
if (i1, ..., i,) is a reduced expression for w, then

k k,
Lgr(A) = Z Q@QF," ~ F'v, (5.3.6)
Kype ke, 20

where v; € Lq(/l) is a highest-weight vector. This shows that the quantum Demazure module Lq’w(/l) can also be
generated from the top downwards by ‘extending root strings’.

5.3.7 Example (An example of Demazure crystals)

Let @ be the root datum of SLs, of Cartan type A,. The highest root is 0 = a; + @y = @; + @y, and L(0) is the
adjoint representation of the semisimple Lie algebra g(®) = 85. The Weyl group W = (s,¢ | s> = t? = 1, sts =
tst) has six elements, and since 0 is a regular weight there are six distinct Demazure subcrystals of J3(6).
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5.3 Demazure crystals

Each of these Demazure subcrystals %,,(6) are shown in the following diagram, with the Demazure lowest
weight element w - by marked with a double circle (recall the action of W on 98(8) from Theorem 4.5.2).

®

. Bid(0) = {bo} .

B(0) %1(0)

B12(0) B1(0) N,

By, (0) = B(0)

In the two crystals %,(0) and %B,;(0) there is an element which cannot be reached by following arrows
backwards from the Demazure lowest weight element. Hence Demazure crystals really do need to be defined
from the top down, rather than from the bottom up.

Kashiwara gave an alternative proof of the Demazure character formula, using an interesting equivariance prop-
erty of the extension-of-strings operator ®; and the Demazure operator 7;. Before we introduce this equivariance,
we need to state what we mean by the string property, a definition first introduced in [Kas93].
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5 Demazure modules and crystals

5.3.8 Definition (String property)

Let @ be a root datum of type (I, -), and let B be a seminormal ®-crystal. We say that a subset Z C B has the
string property if for any i-string S C B, either Sn Z = S,SnZ = @, or Sn Z = S'°P, where S'°P € S is that
unique element at the top of the i-string, satisfying ¢;(S°P) = L.

We have encountered i-strings before, when defining the action of the Weyl group on a crystal (Theorem 4.5.2).
Shown below is the SLs-crystal 98(2,0,0), its 1-strings, its 2-strings, and a certain subset Z C 98(2,0,0) of
cardinality 5 indicated by the circled points. The subset Z does not satisfy the string property, since the 2-string
with 3 elements intersects Z in two elements.

-
/
e
L] L] L] //
/ //
e i ©‘
//

e

A [

. .
. .
-

%(2,0,0) 1-strings 2-strings A ’bad’ subset Z

On the other hand, all of the Demazure crystals shown in Example 5.3.7 satisfy the string property — this turns out
to be a general property of Demazure crystals, though is quite difficult to prove, and indeed is the ‘deepest’ result
in Kashiwara’s proof of the Demazure character formula. We will not reproduce this proof here as it requires
appealing to the theory of global bases and the crystal %(co) of the Verma module Uy (®), we merely state the
result.

5.3.9 Theorem (Demazure crystals satisfy the string property)

(Proposition 3.3.5 of [Kas93]). Let ® be a root datum of type (I,-), A a dominant weight, and w € W a Weyl
group element. The Demazure crystal 9,, (1) satisfies the string property.

The last ingredient in Kashiwara’s proof is relating the extension of strings operator ®; to the Demazure operator
m;. Consider a seminormal ®-crystal B and any i-string S € B. By seminormality the string S is finite, having
some i-highest element S°P and some i-lowest element S°°t. The weight A of the i-highest element S*°P must be
i-dominant, meaning (A, &) > 0, and the balanced-strings axiom implies that the weight of the i-lowest element
shot js A = A — (A, & )a;. The situation is pictured below: the reader should imagine that this is plotted inside
the weight lattice X(®), with the reflecting hyperplane H; = ker(—, &) straight down the centre.

A A— [24] SM. + [24] Sl'/l
stop H, gbot

Now we want to consider the action of the Demazure operator on the character ch S. Recall from Eq. (5.2.3) that
we can treat the Demazure operator as a geometric series. Since A is i-dominant and s;A is i-antidominant, we

have
m(A) = et + 4% + . 4 et = ch S

m(sid) = — (e’l_“i + ot esi““i) = —m(e}%).

These two series can be pictured as follows:

(5.3.10)

m(A)
/\
A A— [24] Sl'/l + (04] Sl'}t
—mi(siA)
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5.4 History: The Demazure character formula

We can see now that 7(chS) = ch S, by noting that almost every weight contributed by m;(e?) is later removed
by m(eh), leaving m(e! + ) = et + e, Working inwards from there shows that m;(chS) = ch S, or we could
have appealed to the general fact that 7; acts as the identity on s;-invariant characters. The key observation is
that ch S = m;(e"). We are now ready to state and prove the equivariance property.

5.3.11 Lemma

Let ® be a root datum of type (I,-), and B a seminormal ®-crystal. If Z C B is a subset with the string
property, then ch ®;(Z) = m(ch Z) for alli € I.

5.3.12 Proof

Fix an i € I. By the additivity of characters on one hand, and the fact that ®; only depends on the i-strings
on the other, it suffices to show that the theorem holds on each intersection Z n S with the i-strings S C B.
Since Z satisfies the string property, for each i-string S C B there are only three cases to check:

1. If Sn Z = @, then the theorem holds since 0 = 0.

2.IfSnZ = {StoP}, let 1 = wtS*P. Then D,(Sn Z) = S, and by the above discussion we have chS =
nl-(e’l) = m(ch §'P), so the theorem holds.

3. If Sn S =S, then D;(S) = S and hence the theorem holds.

It seems that this theorem would immediately imply the Demazure character formula, but one really does need
to prove Theorem 5.3.9 somehow:. It is not true in general that if Z satisfies the string property then ®;(Z) does
also — see Section 13 of [BS17] for a counterexample. However, it is now clear to see that the Demazure character
formula is a direct consequence of Theorem 5.3.9 and Lemma 5.3.11, and the fact that 3,,(1) is a crystal base of

Lyw(.

5.4 History: The Demazure character formula

Demazure modules were historically considered in a different way to how they have been presented above. A root
datum @ of finite type (I, -) determines a reductive group scheme G = G(®) equipped with a pinning T € B C G,
defined as a scheme over Z and hence over any field k via base change. The quotient of the group G by its Borel
subgroup B is called the flag variety, a projective scheme. The category of G-equivariant line bundles on G/B
is equivalent to the one-dimensional representations of B, which are seen (via a factorisation B = TU into a
product of the torus T, and the unipotent group U which must act trivially) to simply be the weights X(®). For
each weight A € X(®) there is a line bundle £, over G/B, whose vector space of sections ['(G/B, &}) is nonzero
precisely when A is dominant.

When the base field k = C and A € X(®), is dominant, the vector space I'(G/B, &) of sections is precisely
the highest-weight module L(1) we have been considering thus far, with the G-action canonically given by G-
equivariance of &Z;. Where the Demazure modules enter the picture is by considering the restriction of the line
bundle Z; to the Schubert variety X(w) = BwB, the closure of the Bruhat cell BwB. (In the setting of reductive
group schemes, the Weyl group may be realised as the quotient W := Ng(T)/T of the normaliser of the maximal
torus T inside G. We use the notation w € G to denote any lift of the Weyl group element w € W back to G). The
space of sections ['(X(w), &}) is the Demazure module L, (1), which is a B-module, but not a G-module unless
X(w) = G, i.e. w = wy the longest element.

A formula for the characters of the Demazure modules (in the setting above, with G semisimple and k = C)
was first given by Demazure [Dem?74]. Later on in 1983, Victor Kac was attempting to generalise this formula
to infinite root systems and found that the proof contained a gap, in an argument due to Verma. This created a
‘spate’ of correct proofs in the following few years [Jos95], in which many new techniques were developed.

Mehta and Ramanathan [MR85] introduced the notion of a Frobenius split variety, for which the higher coho-
mologies of ample line bundles vanish, and showed that the Schubert varieties are Frobenius split. Ramanan and
Ramanathan [RR85] and Seshadri proved the projective normality of Schubert varieties, and improved the result
of Mehta and Ramanathan to include effective line bundles. This work culminated with Andersen [And85] also
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5 Demazure modules and crystals

contributing a proof of the Demazure character formula, valid over reductive algebraic groups in any character-
istic.

This problem also kicked off the systematic study of B-modules, a good survey of which is [KI93]. Joseph [Jos85;
Jos86] defined functors (now called Joseph functors) H,, : Rep B — Rep B taking a B-module M to the space
of sections I'(X(w), Z(M)) of the vector bundle & (M) over the Schubert variety X(w) € G/B, and was able
to prove Demazure’s original result for A sufficiently large. Later, both Kumar [Kum87] and Mathieu [Mat88]

independently proved the Demazure character formula, this time in the setting of an arbitrary Kac-Moody algebra
and an integrable highest-weight module.

Our passage through this chapter has been following the much later work of both Littelmann and Kashiwara,
from the perspective of crystals. Littelmann was involved in the development of path models for representations,
bases indexed by certain piecewise-linear paths through the weight lattice, with root operators (crystal operators)
given by operations on paths, and a positive combinatorial rule for the tensor product multiplicities given in
terms of paths [Lit95b; Lit90]. It became clear that these paths could in fact index crystal bases, with the tensor
product rule immediately following from the crystal tensor product, a fact which was shown in [Lit95a]. In this
paper, Littelmann conjectured the Demazure character formula for Demazure crystals, which was later proven
by Kashiwara in [Kas93].
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6 Monomial crystals

In this chapter we introduce the monomial crystal 4 (®) associated to a root datum @, first defined by Nakajima.
The monomial crystal is very large, and inside of it we can find infintely many copies of % (A) for any dominant
weight A, as well as more exotic crystals in the case where (I,-) is not finite type. The monomial crystal has
been used to study extremal weight crystals of affine algebras, each connected component being isomorphic to
a subcrystal of such an extremal weight crystal.

As the underlying set of the monomial crystal .#(®) is an abelian group, the group operation being multiplication
of monomials, it is possible to form a monomial-wise product (rather than crystal tensor product) of subcrystals.
If we are careful about the kind of subcrystals we start with, the resulting set of products is again a subcrystal of
A (D) called the product monomial crystal. The proof we know of this fact is quite involved and only works when
(1,-) is simply-laced, as it goes via the geometry of Nakajima quiver varieties. We defer this proof to Chapter 8.

In this chapter we first state the definition of the monomial crystal and give a feel for how it works, before moving
on to define the product monomial crystal and start introducing terminology which will help us analyse it.

6.1 Nakajima’s Monomial Crystal

The monomial crystal is originally due to Nakajima, first appearing in Section 3 of [Nak02] and Section 3 of
[Kas02b]. A later definition appearing in [HNO06] is a straightforward modification of the original to make the
crystal make sense for an arbitrary root datum & rather than a simply connected one. We adopt this later definition
since it will make the arguments in Chapter 10 a lot more pleasant, allowing us to work with weights of GL,
rather than SL,, but we will point out the simplification in simply-connected type. The other thing to notice
about this definition is that we require the Cartan datum (I, -) to be bipartite: the crystal structure does not work
otherwise (see Example 6.1.10 for a counterexample).

6.1.1 Definition (The monomial crystal)

Let (I,-) be a bipartite Cartan datum with a fixed two-colouring { : I — Z./2Z. For a Kac-Moody root datum
® of type (I,-), let A(®) be the product X(®) x Z[I x Z] of abelian groups, each written multiplicatively so
that a typical element p € A(®) is of the form

p=ep). H yfc[i’c] for some w(p) € X and pli,c] € Z, (6.1.2)
(i,c)elxZ

where p[i, c] # 0 for only finitely many (i, c) € I x Z. For each (i, k) € I x Z, define the auxiliary monomial

: a;
Zik = €% Vi ks | | Viker (6.1.3)
J#i

Let 4 (®) C A(D) be the subgroup defined by the two conditions

(w(p). g’y = Z pli,I] for alli e I, (6.1.4)
lez
pli,cl=0ifc# @) (mod 2). (6.1.5)

For each monomial p € /#(®), define
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6 Monomial crystals

ok (p) = sk plis 1], the upper column sum.

@;(p) = maxy q)lk(p), the largest upper column sum.

sl-k(p) = — Y i<k pli, 1], the negated lower column sum.
&(p) = maxy, eik(p), the largest negated lower column sum.

ngi(p) = max{k € Z | (pik(p) = ¢;(p)}, the largest k maximising the upper column sum q)lk(p).

A o A

ne;(p) = min{k € Z | sl-k(p) = &(p)}, the smallest k maximising the negated lower column sum eik(p).

Note that ng;(p) is undefined if ¢;(p) = 0, and n,;(p) is undefined if &(p) = 0. We set wt(p) = «w(p), and
define the crystal operators

0 ifg(p)=0
() = P (6.1.6)
PZin, (p) otherwise,
0 if pi(p) =0
filp) = Ep i,_nlf«(p) , otherwise. 61.7)

The monomial crystal is the set #(®), equipped with the crystal structure (wt, e;, f;, &, ¢;) given above.

The definition can be simplified a little in the case that @ is simply-connected and of finite type, by erasing the e*
term in each monomial and taking wt(y; ) to be the fundamental weight @;. When allowing arbitrary root data,

we instead enforce the condition that in any monomial e’ - z, the number of Yi. appearing in z must be equal
to (A, @) — this is condition (1) above. The parity condition (2) is required in order to satisfy the partial inverse
axiom of a crystal, and relies on the existence of a two-colouring { : I — Z/2Z.

The definition of . (®) can be understood pictorially. Let IxZ C [xZ denote the set of parity-respecting pairs’
IxZ ={(l,c)eIxZI1{G@)=cinZ/27}. (6.1.8)

Forgetting the ‘tag’ ¢’ for a moment, a monomial p € .Z(®) can be thought of as a finitely-supported function
p: IxZ — Z. We can draw the set I x Z in the plane and label it with the values p[i, ¢]. The monomial
p=¢" 35 o yil Ve i Vo v ¥ (6.1.9)

in Cartan type As = {1,2, 3,4, 5} is pictured below, with example computations of the upper column sum ¢, %(p)
and the negated lower column sum &(p), and the largest integer n .2(p) maximising the upper column sum

@5(p)-

Z
3 + . . ° —2
8 -4 O (PQ (P) =38
2 -+ @ °
5
1 - [ ) [ ) [ ]
—8
0 4 5 (o) O &(p)=-6
7
_1 - L ] L] L]
5 8 6
3 —/ O npa(p)=2
I=A; © o o o o
1 2 3 4 5

The definition of I x Z really depends on the choice of 2-colouring {.
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6.1 Nakajima’s Monomial Crystal

This monomial diagram captures the y; . terms but not A, but due to the weight constraint Eq. (6.1.4) all of the
inner products (A, ;') are determined by the y; .. Even though we have not yet specified a root datum ® we can
be sure that A must satisfy (A, @) = 6 — 4 = 2. If ® is the simply-connected datum ® = SL4 then we must have
A = 8@y + 5@3 + 24 + 7@ as a sum of fundamental weights.

Next, we look at the action of the crystal operator f, on our monomial p. The maximum value of the upper
column sum (plg(p) in column 2 is achieved at ¢, %(p) = ¢3(p) = 8, hence nro(p) = max {2, -2} = 2 as indicated
on the diagram. By Eq. (6.2.4) the action of the crystal operator f, on the monomial p is multiplication by z; i

so we have fo(p) = p-z;, ¢- Recalling the definition of the auxiliary monomial z;; from Eq. (6.1.3), we can picture
this multiplication as follows:

f
p 220 P20
Z.
3 T ° L] ° L] L) o [ ] L] [ ]
8 —4 -1 7 —4
2 -+ @ ° ° ° ° °
5 1 1 1 6
1 T L] L[] L] L] L] L] L] L] L[]
-8 -1 -9
0 T L] L] L] [ ] L[] L[]
7 7
_1 T L] [ ] L] L] L] L] L[] L] [ ]
8 6 8 6
_2 - ° ° L] L] [ ] L]
_3 T L] [ ] L] L] L] L] [ ] L] [ ]
oO—o0o—o0—o0—o0 oO—o0o—o0—o0—o0 oO—o0o—o0—o0—o0

The reader could now check that the e; operator will act at the correct spot, so that we have ¢(f;(p)) = p. Also
remember that we have excluded the weight wt(p) = A from our diagrams, but one can simply imagine that each
monomial is a pair consisting of a compatible weight A and a diagram determined by the y; s, and remember that
z; k. has weight a;.

We present a few more examles of the z;; monomials in types As, Bs, and Dy4. In each picture the auxiliary
monomial z; ;. is shown with the point (i, k) circled in green. It is clear that z;  has a straightforward interpretation
in terms of the Dynkin diagram.

1 1 1
° [ ] [ ] [ ] [ ]
1 -1 —1 1 -2 -1 -1 -1 -1
[ ] [ ] [ ) [ ) [ ] [ ) [ ] [ ] [ ] [ ] [ )
-1 1 -1 1 1
° @ . @ @®
1 1
@ ° ° ° (O} ° ° ° ° ° °
o—o0o—o o—o0o—o o«—o—o oe=o—o o o_>o—o

We now resume our formal discussion of the monomial crystal. We first point out that without the parity con-
dition Eq. (6.1.5), the set .# (®) would not be a ®-crystal as it would fail the partial inverse axiom. Therefore we
really do need to have the Cartan datum (I, -) bipartite.
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6 Monomial crystals

6.1.10 Example (Necessity of parity condition)

This counterexample appears in Example 3.3 of [Kas02b]. Let ® a root datum of Cartan type (I,-) = A;.
Here I = {i} is a single vertex, and the monomial z;; takes the simple form z;; = €%z 1. Consider the
monomial p =€’ - y;5 - yi,_ll acted on first by f; and then by e;:

-1 e -1 .18 —1
pzeo'yi,z-yl-’1 Se "‘%yl-,1 “Yio —>eo-y,~)3-yi’0. (6.1.11)

We find that even though f; is defined on p, we have ¢(f,(p)) # p which is a violation of the partial inverse
axiom of a crystal. In terms of a monomial diagram, the sequence above appears as:

1
3 + . . .
1

2 T . fl . e .
-1 -1

1+ . . .

-1 -1

0+ . . .

(The above picture is not a crystal graph, since we would usually omit the ¢; from a crystal graph for the
very reason that ¢; and f; are inverse partial functions).

We now check directly that .#(®) is an abstract seminormal ®-crystal, paying close attention to the partial
inverse axiom in light of the counterexample above.

6.1.12 Theorem
The set #(®) together with the maps wt, &, ¢;, ;, f; for i € I is an abstract seminormal ®-crystal.

6.1.13 Proof
We first show that . (®) is an abstract crystal, by checking the axioms.
1. Balanced-strings: we have the property that e(p) + (wt(p), &) = ¢¥*'(p). Then

&(p) + (wilp), ') = max (¢ (p) + (wi(p). o)) = max o[ (P) = (). (6.0.14)

2. Raising operators: Suppose that ¢;(p) # 0. Set v = n,;(p), so by definition we have

f(p) < e'(p) = é(p) forallk <v<L (6.1.15)
Since ¢(p) = p-ziy = P Vi " Yivrz " LLjmi yfﬁﬂ, we have

e e(p)) = & (p),

&' (e(p) =¢'(p)—1, (6.1.16)

de(p) =(p)—2, forallk<v<l,
and hence

el-k(el-(p)) < &' (e(p)) > eil(ei(p)) forallk <v <l (6.1.17)
Therefore
a(e(p)) = maxf(e(p) = e (e(p)) = a(p) — 1.

The property ¢;(e;(p)) = ¢;(p) + 1 then follows from both this, the fact that wt(e;(p)) = wt(p) + «;,
and the balanced-strings property. We will also check the partial inverse property now: applying the
identity gik(p) + (wt(p). ') = (pikﬂ(p) to the above equation gives

(Pikﬂ(ei(P)) < o (e(p) > (pfﬂ(ei(p)) forallk <v <l (6.1.18)
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6.1 Nakajima’s Monomial Crystal

Now we apply the parity condition, which implies that q)lk (p) = gol-kﬂ( p) for all p € #(®) and integers
k € Z. This implies

o2 (e(p) < 0! 2 (e(p)) > ¢ (e(p)) forallk <v <L (6.1.19)
Hence ny;(e;(p)) = v + 2, and f; acts on ¢;(p) = p - z;, as multiplication by zi’_vl.

The proof for the lowering operators f; is similar, and hence . (®) is an abstract crystal. Seminormality
follows from the fact that the statistics ¢ and ¢; take values in IN, and that ¢,(p) = L if and only if (p) = 0

(and similarly for f;(p) and ¢;(p)).

We now know that . (®) is a seminormal ®-crystal, but we do not know if it is a disjoint union of @(}”t(QD)
crystals. The following theorem is due to Kashiwara.

6.1.20 Theorem
The monomial crystal ./ (®) is finite-normal.

6.1.21 Proof

The proof is given in Proposition 3.1 of [Kas02b]. There it is stated that we need to find a ‘good’ subset
M go0d S M satisfying certain properties: in our setup above, this is our subset .#(®) C A(®). Condition (i)
of a ‘good’ subset is that p[i,c] > 0 should imply p[i,c] > 0, which is true because of the parity condition,
and condition (ii) of a ‘good’ subset is that it is stable under the ¢; and f; operators, which we have shown
in Theorem 6.1.12.

Hence if (I, -) is finite type, then every connected component of ./Z (®) is isomorphic to %B(A) for some dominant
weight A. This is no longer the case if (I,-) is not finite type: the subcrystal generated by a primitive element
by € M (D) of some dominant weight A is still isomorphic to (1), but there are other subcrystals of /(®)
which are not of this form. A theorem of Hernandez and Nakajima classifies those remaining.

6.1.22 Theorem

(Due to [HNO06], Theorem 2.2). Let p € (D) be any monomial. Then the subcrystal of . (®) generated by
p is isomorphic to some connected component of an extremal weight module.

As the product monomial crystal (our main crystal of study, introduced in Section 6.3) is assembled from sub-
crystals of /#(®) generated by highest-weight monomials of domainant weight, we will not concern ourselves
further with the study of extremal weight modules or extremal weight crystals.
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6 Monomial crystals

6.2 A variation on the monomial crystal

Kashiwara gives a different crystal structure .#.(®) on a set of monomials in Section 4 of [Kas02b], defined for
all Cartan data (I, ) rather than just for bipartite type. The definition depends on a choice ¢ = (¢;;); jer of integers
satisfying ¢;; + cj = 1 for i # j. We introduce this crystal since it appears in the literature much more frequently
than . (®). The main results of this thesis pertain to the product monomial crystal defined as a subcrystal
of J(®), but in fact by Corollary 6.2.10 (an observation we believe to be novel) our results apply to similar
subcrystals of /(D).

6.2.1 Definition (A variation on the monomial crystal)

Let @ be a root datum of any type (I,-), and let A(®) be the set of monomials defined in Definition 6.1.1.
Choose a set (¢;); jer of integers satisfying ¢;;+c;; = 1 for alli # j (this function need only be defined on those
pairs (i, j) € I which are connected in the Dynkin diagram). Let .#.(®) C A(®) be the subset of monomials
satisfying the compatible weight condition Eq. (6.1.4) (this subset does not depend on the choice of c¢). We
will now define an abstract ®-crystal structure on the set /(D).

Introduce the auxiliary monomial
) i
G = €% Yk Vik+1 | | Yikte (6.2.2)
J#L
For each monomial p € ./ .(D), define

@k(p) = Y.<k Pli.1], the lower column sum.

7 (p) = maxg ¢ *(p), the largest lower column sum.

& K(p) = — Yok pli. 1], the negated strict upper column sum.

& (p) = maxy, & X(p), the largest negated strict upper column sum.

ne; (p) = min{k € Z | @k(p) = @; (p)}, the smallest k maximising the lower column sum @k(p).

A

7e; (p) = max{k € Z | &X(p) = 5 (p)}, the largest k maximising the negated strict upper column sum
=k
& (p)-

Note that nr; (p) is undefined if ¢; (p) = 0, and 7,; (p) is undefined if & (p) = 0. We set wt(p) = w(p), and
define the crystal operators

_ 0 ifg(p)=0

&(p) = i) (6.2.3)
PG (p) otherwise,

— 0 ifg(p)=0

fitp) = {P : a;%(p) otherwise. (62.4)

The varied monomial crystal is the set #.(®), equipped with the crystal structure (Wt,e_,-,ﬁ,?i,@) given
above.

The statistics @k and & ¥ are essentially (modulo an off-by-one shift on the ¢) the composition of Yik = Yi—k with
the previous statistics (p,k and gik. However, the auxiliary monomial g; . is quite different to z;;, and furthermore
depends on the integers ¢;; chosen. Nevertheless, one proves in a similar way to Theorem 6.1.12 that the varied
monomial crystal ./ .(®) is a seminormal abstract ®-crystal, and furthermore by Corollary 4.4 of [Kas02b] it is
shown that .# () is a finite-normal crystal, regardless of the integers ¢;; chosen.

There is an action of the abelian group Z! on the set of possible parameters (cij)i~j satisfying ¢;j + ¢;; = 1, where
m € Z! acts by (m - ¢)ij = Gj + m; —mj, and the isomorphism of abelian groups defined by y;x = im gives

an isomorphim of crystals /(®) — M ,.(®). When the graph I is acyclic, the action of Z! on the parameters
is transitive, and therefore in this case the isomorphism class of .#.(®) does not depend on c (this is stated in
[Kas02b]).
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6.2 A variation on the monomial crystal

The next lemma shows that if (I, ) is bipartite, then depending on the two-colouring { : I — Z /27 defining the

monomial crystal .#(®), we may find ¢;; such that there is an isomorphism of crystals .#.(®) N (®).

In

6.2.5 Lemma (Isomorphism of monomial and varied monomial crystals)

Let @ be a root datum of bipartite Cartan type (I,-), and let { : I — {0, 1} be a 2-colouring defining the
monomial crystal ./ (®). Whenever i and j are connected in the Dynkin diagram set ¢;; = {(i), then we have
¢j +¢ji = {(@) + {(j) = 1 by the fact that { is a 2-colouring. Hence the choice of (¢;j); je; defines a varied
monomial crystal ./ (®).

Define the mapT': ./ (®) — . (®) of abelian groups by sending the generator y; ; to the generator I'(y; ;) =

Yi—2k+{(i)> and leaving I‘(eA) = ¢! ThenTis an isomorphism of crystals.

fact, the proof of Lemma 6.2.5 will be valid in greater generality.

6.2.6 Remark
The function { can be taken to be any map ¢ : I — Z such that |{(i) — {(j)] = 1 for connected i,j € I,

in which case taking the parity of each (i) makes I i Z. » 7Z./27 a 2-colouring defining the monomial
crystal . (®). For such a { we should set ¢;; = w Then for connected i,j we have ¢; € {0,1} and

¢j +¢j = 1, and if { takes values in {0, 1} then this choice of ¢;; agrees with the one defined above.

We remark that the proof is made a little hard to follow because of the reversal of the Z-indices of the monomials,
along with the fact that the gik statistics are off-by-one between the crystals. However, we wanted to leave the
definition of L/ (®) as close to its definition in [Kam+19a] as possible, and likewise for .#(®) and its definition

in

[Kas02b] (this will also help up match up yet another crystal appearing in Chapter 8), deciding instead to

complicate the isomorphism a little. Before reading the proof, one might like to skip past it and see what this
map looks like in terms of the monomial diagrams.

6.2.7 Proof
I'is an isomorphism of abelian groups, commuting with the weight functions. We have that for the ¢ statistics

that g X(p) = ¢, 2k+40) (I(p)) and for the ¢ statistics that *(p) = & 2k_2+§(i)(l"(p)), showing that I' com-
mutes with the crystal raising and lowering statistics ¢ and ¢;. Furthermore we have that —2ny; (p) + (i) =
nsi(T(p)) and —2n,; (p) — 2 + {(@) = n.;(I'(p)) whenever ny; and n,; are defined.

We now perform straightforward comparisons of the auxiliary monomials:

: aji
F(ai,k) =T (60Q “Vik  Vik+1 - H yj,j]<+cﬁ)

i#j

aji
=e’- Yi—2k+{ @)~ Vi,—2k—2+¢ @) H 3’j,]—2k—2cﬁ+§(j) (6.2.8)

J#l

a;;
Zj,—2k—2+{ (i) = e “ Vi —2k—2+¢() " Yi—2k+L() Hyj,]fzkflﬁ{(i)’

J#i

These two monomials are equal if and only if {(i) — 1 = {(j) — 2c;; for all connected pairs (i, j), which is true
by our definition of ¢;;. Hence we have I'(a;x) = z; _ox—2+¢()-

Now examining the rules for the crystal operators in /.(®) and .4 (D), we have

fi (P) =p aij%(p) = ﬁ(r(P)) = F(P) : zi,_—lzﬁ(p)—z-rgv(i) = F(P) ’ r(a;%(p)),
&(p) = a5 = al(P) =T) 757 (p)-2+:0) = TP Tz (py+1)-

(6.2.9)

Hence I' commutes with the crystal operators ¢, f; on their domain of definition, and so we conclude that I'

is an isomorphism 4 (®) — M (®) of crystals.

The integers c;; defining the crystal . (®) in the statement of Lemma 6.2.5 are dependent on the function{ : I —
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6 Monomial crystals

Z chosen. However, we can combine Lemma 6.2.5 and Kashiwara’s action of Z! on the space of parameters (ciji~j
to get the following result, which does not appear in the literature as far as we can tell.

6.2.10 Corollary

Let @ be aroot datum of type (I, ), where I is both bipartite and acyclic. For any two-colouring ¢ : I — Z./27.
and any choice of parameters (g;);-; satisfying ¢; + ¢;; = 1, the crystal .#(®) defined by ¢ and the crystal
M (@) defined by c are isomorphic, via an isomorphism . .(®) — .#(®) of the form y; > ¥; _gk4p, for
some integers (n;);e].

Here is an example of the crystal isomorphism I : . .(®) — (D) in type (I,-) = As, with the standard choice
of {(i) being 1 if i is odd and 0 if i is even. Note that we have drawn the Z-coordinates of the monomials in . (®)
increasing down the page rather than up the page.

I(p) p

3 4 . . (] . . . ] . 4 -3
8 -4

2 4 . . . . . ] . 1-2

1 4+ . ? . . 08 ) ._4. -1
-8

0 + ° . . 0_805 ° . 10

7

-1 + . . . . 08 . 06 07 11
8 6

-2 hd i . . . . . 12

-3 4 . . . . . ) . . 13

Z.
O—O0O—0—0—0 O—O0—0—0—0

{1 0 1 0 1

Another example is shown below, this time in type D¢ with a { : I — Z which has more general values than just

0,1},

I(p) P

We conclude this section with some remarks about various monomial crystals, how they are related, and how
each is related to this thesis. The first monomial crystal ./ (®) we introduced first appeared in [Nak02] in simply-
laced types A and D, and was later generalised to arbitrary bipartite types in Section 3 of [Kas02b]. The definition
we use comes from [HNO06], which is a slight generalisation to permit arbitrary root data @ rather than only
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6.3 The product monomial crystal

simply-connected root data. The product monomial crystal (the main object of study) is defined in [Kam+19a] as
a subcrystal of . (®), and so this monomial crystal is the most important one for most of our work.

The varied monomial crystal .#.(®) first appeared in Section 4 of [Kas02b], although one can see from the dis-
cussion in Section 8.5 that this crystal more-or-less already appeared in symmetric type in Section 8 of [Nak01b].
The varied monomial crystal is the one more commonly seen in the literature, thus Lemma 6.2.5 makes the work
appearing in the rest of this thesis applicable to a much wider class of crystals. The authors of [KS14] use mono-
mial multiplication in . .(®) in finite type as a model of the tensor product of crystals, where (similarly to our
product monomial crystal) as long as the subcrystals are taken far enough apart vertically, the monomial-wise
product is isomorphic to the tensor product of crystals. The authors of [AN18] focus on the crystal 4 (®) in
type A,, and show that the monomial-wise product of subcrystals is indeed a subcrystal, and give an explicit
decomposition theorem. Both of these results are implied (in symmetric type) by our work, and Lemma 6.2.5.

There is a third crystal appearing in the literature under the name modified Nakajima monomials in [KKS07]
which is commonly denoted by ./%\C(d)). This crystal is certainly different in nature to .#(®) and . .(®), as the
subcrystal generated by a primitive element of weight A is isomorpic to the crystal T) ® 9B(e0), which is the
crystal of the Verma module M(A) rather than being a crystal of an @‘i]”t(d))-module. The techniques in our work
could probably be adapted to analyse this crystal, but there is nothing we can say about the relation between our
work and this crystal directly, and so we will not mention it further.

6.3 The product monomial crystal

In light of the isomorphism given in Lemma 6.2.5, we could define the product monomial crystal inside either
(D) or the variation . .(®). We choose to go with the first crystal .#(®), following its original definition in
[Kam+19a]. The product monomial crystal will be a monomial-wise product of various subcrystals of (), with
each subcrystal generated by a certain dominant monomial. We introduce some necessary notation for this.

6.3.1 Definition (Dominant monomials and fundamental subcrystals)
For each multiset R based in I x Z, let yg € A(®) be the monomial yg = [](;c)er Vic- A dominant pair is a

pair (4,R) of a weight A € X(®) and a multiset R based in I x Z such that et YR € A (®). This condition is
equivalent to (A, ") = Y )z R[i, ] for alli € I.

If (4, R) is a dominant pair then the monomial e* - g is primitive of highest weight 1, and hence generates
a subcrystal of /(®) isomorphic to % (A) by finite-normality of .#(®) and Theorem 4.4.2. Let ./ (e, YR)
denote this subcrystal.

Suppose that R is concentrated in a single entry, so that R = {(i,c)"} for some n > 0. In this case we call a
dominant pair (4, R) a fundamental pair, and call the crystal generated by et R = et Vi¢ a fundamental

subcrystal M (", R).

If @ is simply-connected, then a fundamental pair is always of the form A = @' and R = {(i,¢)"}. We now define
the product monomial crystal as a monomial-wise product over fundamental subcrystals.

6.3.2 Definition (Product monomial crystal)
For a dominant pair (4, R), fix a decomposition 4 = }'; »yeg 4i such that (', 4;) = R[i,c] for all (i,c) € R.
The product monomial crystal is the set defined as the monomial-wise product of the fundamental subcrys-
tals:
MOAR) = [ @y, (6.3.3)
(i,c)eSuppR

The product monomial crystal does not depend on the decomposition of A.

We remark that here we have chosen a definition where the product Eq. (6.3.3) has as few terms as possible.
We will later see that product of fundamental subcrystals concentrated over the same vertex (i, c) is again a
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6 Monomial crystals

fundamental subcrystal:
M YL - M - YT = M(EMH - Y™, (6.3.4)

reconciling our definition of the product monomial crystal with the definition of [Kam+19a] in the simply-
connected case. This fact will be implied by our character formula, and also by the proof of Theorem 6.3.5.

As defined, the product monomial crystal .# (A, R) is only a subset of #(®), and it is unclear whether it is closed
under the crystal operators ¢; and f;. The following theorem justifies the name crystal.

6.3.5 Theorem

When @ is a root datum whose type (I,-) is symmetric, bipartite, and without cycles, then # (A, R) is a sub-
crystal of /().

The proof of this theorem is sketched in Section 7 of [Kam+19a], and the purpose of Chapter 8 will be to explain
this proof. The restriction on I being bipartite comes from the fact that the monomial crystal . (®) (Defini-
tion 6.1.1) is only defined in bipartite type. The restriction on I being symmetric comes from the method of
proof, using Nakajima quiver varieties. Various computer experiments suggest that the product monomial crys-
tal # (A, R) is still a crystal even when I is of arbitrary finite type.

6.3.6 Remark

Our notation for the product monomial crystal differs from its original definition in [Kam+19a] in three
ways. Firstly, we use the symbol .Z(A,R) for the crystal rather than 9 (R). Secondly, they work only in
the simply-connected case making the weight term ¢’ in the monomials unnecessary. Thirdly, they use a
collection of multisets (R;);c;, where R; is a multiset based in 2Z + {(i): to go between the two notations set

R[i, k] = R[K].

It was noted that in the simply-connected case, there exist embeddings of crystals (Theorem 2.2 of [Kam+19a])

B > MAR) > X) B(@). (6.3.7)
(i,c)eR

and that furthermore by varying R while keeping A fixed, both extremes /#(A,R) = J%B(1) and #Z(AL,R) =
@ (ic)er B(@;) can be achieved. The first embedding B(1) — #(A,R) is clear to see: the monomial ¢! R €
(M, R) is highest weight and hence generates a subcrystal isomorphic to 9 (A). The second embedding is much
more subtle, and we will explain it in Section 7.3.

6.3.8 Remark

There is a case where the isomorphism #(A,R) = ®(i,c) AB(o;) is easy to see, which is when (I, -) is finite
type, and the parameter R is sufficiently ‘generic’. By this we mean that the elements of R are spread out
enough in the Z-direction so that the fundamental subcrystals .# (e, (i, ¢)) for (i, ¢) € R do not interact. For
example, suppose that R = {(i1, ¢1), ..., (in, cn)} with ¢; > -+ > ¢y, and suppose further that a vertical line can
be drawn on the monomial diagram, separating any element of . (e”r, (i, c,)) from M (e“r+1, (iy41,Crp1))s
forallr € 1,..., N — 1. (Since (I, -) is finite type, each fundamental subcrystal . (e™, (i, ¢)) is finite, and hence
this can always be done by taking the ¢, to be far enough apart). It follows that the map of sets

%(eil’ (Cls rl)) (SRR %(eiN’ (CN5 rN)) E_ui) %(As R) (639)

from the Cartesian product to the product monomial crystal is a bijection (as each subcrystal is vertically
separated from the others, we can uniquely factorise the product), and it is straightforward to see that the
crystal structure inherited from 4 (®) actually makes mult into a crystal isomorphism.
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6.4 Labelling elements of the crystal

6.4 Labelling elements of the crystal

Let R and S be finite multisets based in I x Z, and define the auxiliary monomials

: aji — _
wi= [ se 2= [ ac= I1 ¢ wevnee [ [y 5" =G (6.4.1)

(i,c)eR (i,k)es (@i,k)esS J#

The fundamental subcrystal /# (e Yic) is generated by the highest-weight element et Yic» and so every element
of the crystal is of the form ¢’ - Yic - 25" for some finite multiset S based in I x Z. It follows by definition that
every element of the product monomial crystal .Z(A,R) is of the form e’ - yg - z5! for some finite multiset S.
Since the set {z;t | (i, k) € I x Z} of auxiliary monomials is linearly independent in .#(®) (which can be seen by
using a triangularity argument from the y; ), a monomial p € ./#(A,R) is uniquely determined by the S-multiset
appearing in the expression p = e’ YR 25 ', and we will call this the S-labelling of an element. Under this labelling,
the exponent p[i, k] of a monomial p € .#(A,R) may be expressed as

pli. k] = R[i, k] - S[i,k — 2] = S[i.k] = )" a;S[j. k — 1. (6.4.2)

J#L

In the type A case, this S labelling has a direct interpretation in terms of Young diagrams.

6.4.3 Remark

Consider the simply-connected root datum ® = SL5 of Cartan type A4. The fundamental subcrystal gener-
ated by the monomial /(e®2 - y, o) = %B(@,) has 10 elements, indexed by the Young diagrams fitting within
a 2x3 rectangle. The empty partition corresponds to the highest-weight element y; o, and in general a mono-
mial ), oz5 ! corresponds to a Young diagram drawn in ‘Russian’ style, where the box with bottom corner
(j, k) is present if and only if (j, k) € S. Below the partition corresponding to the lowest-weight element of
M (2 - y5 ) is shown on the left, with some of the crystal . (e®2 - y, ;) shown on the right. In each picture,
the point (2, 0) is indicated with a circle.

O

& %
R E

The crystal operators on the right are easy to remember: the operator f; adds a box in column i, if there is
an addable box in that position.

Now let A = @, + @3 + 204, R = {(2,0),(3,-1),(4,0)?}, and consider the problem of deciding whether a
monomial e - JR - 25" is an element of .#(A,R). We may picture the multiset R by circling points on the
monomial diagram, and the multiset S by placing multiplicities in their corresponding box positions. Below
is shown a potential S on the left, with the figure on the right showing a valid ‘covering’ of S by partitions
fitting within boxes. The partitions used are (2, 1) above the vertex 2, the partition (2, 1) above the vertex 3,
and the two partitions (1) and (1, 1, 1) above the vertex 4.
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6 Monomial crystals

®
e 1 ® 2
1 o 3 o
. 2 . 1
e—e0o—0o—o e—eoe—o0o—o

The monomial e*- JR'Z5 ' is an element of .#(A, R) if and only if there exists a valid covering of S by partitions
hung from the pegs described by R. The diagram on the right is not the only way to resolve the multiset S
into overlapping partitions hung from the pegs R. Each resolution corresponds to some factorisation of a
monomial back into a product of monomials coming from the fundamental crystals making up .Z (4, R).

This interpretation of the product monomial crystal in type A was originally described in Section 6 of
[Kam+19a], and Section 2.5.3 of [WWY17]. Although we will not use it further in the paper, we found this
observation invaluable in making the initial connection to generalised Schur modules, which eventually led
us to our general Demazure character formula for .# (A, R).

6.5 A partial order

Define a partial order < on the set I x Z as the transitive closure of
(GL,k)<(@Gk+2) and (,k)<(,k+1)forallj~i (6.5.1)

(Recall that j ~ i means that the vertices i and j are connected in the Dynkin diagram, or equivalently that a;; # 0).
A subset J C I x Z is called upward-closed if whenever x € J and y € I x Z satisfy x < y, then y € J. (This
condition is sometimes called being an upper set). A minimal element in an upward closed set J is an element
x € J such that for all y € J, either x < y, or x and y are incomparable.

When I is connected, we will say that an upward-closed set J C I x Z is proper if it is a proper nonempty subset.
For general I, we say an upward-closed set is proper if it its restriction to each connected component is proper.
For any subset ] C I x Z,let up(J) = {y € [ XxZ | x < y for some x € J} be the upward-closed set generated by
J. Every proper upward-closed set is a union of the upward-closed sets generated by its finitely many minimal
elements. We define downward-closed sets and down(J) similarly.

6.5.2 Example

The following diagram shows an example of a proper upward-closed set in type As, and another in type Ds
(or we could also view both diagrams as a single proper upward-closed set in type As x Ds). The minimal
elements have been marked with a circle.

0o—o0o—o0—o0—o0 o~ o_—~o—o—o
As Ds
Define the boundary of the upward-closed set J to be
o] ={Gik)eJI(Gk-2)¢ ]} (6.5.3)
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6.6 Supports of monomials

An upward-closed set J is proper if and only if |9 J| = |I|. The figure in Example 6.5.2 contains 10 boundary points
in total, but only 4 minimal points: a minimal point is always a boundary point, but not conversely.

The reason we have introduced this partial order on I x Z is that the fundamental crystals ./ (e* - yie) ‘grow
downwards’ with respect to the order.

6.5.4 Lemma (Fundamental subcrystals grow downwards)
Let (4,];.) be a fundamental pair. Then if et V25t € M (e - yie)s then x < (i,¢ — 2) for all x € SuppS.

6.5.5 Proof

The claim is vacuous for the highest-weight element * - Yi¢» since its associated S-multiset is empty. As the

fundamental subcrystal . (e* *Ji¢) is connected, it suffices to show that the crystal f; operators preserve the
above property.

Suppose that p = e - Ve ! e ﬂ(e;kyi,c) satisfies Supp S < (i,¢ — 2), meaning that x < (i,c — 2) for
all x € SuppS. Fix a vertex j € I. If fi(p) = L then there is nothing to prove, so assume instead that
filp)=p- Zj_,kl—z (we seek to prove that (j, k — 2) < (i,c — 2)). In particular, this means that the largest upper
column sum ¢;(p) > 0 was maximised at (i, k), and hence pl[j, k] > 0. Applying this inequality to Eq. (6.4.2)
gives

R[j, k] + ) lajlS[i.k — 11> S[j.k] + S[j.k —2] > 0 (6.5.6)
k+#j

where R is the multiset {(i, ¢)"}.
If R[j, k] = n, then (j,k) = (i,c) and so (j,k — 2) = (i,c — 2). Otherwise, we must have R[j,k] = 0 since R
is concentrated in a single element. This means that ) ;.. jlajklSLj, k — 1] is strictly positive, and hence there

exists an [ ~ j such that (,k — 1) € S, so we have found an upward neighbour of (j, k — 2) already contained
in Supp S. So the claim follows by the inductive assumption and the transitivity of <.

We give two illustrations of Lemma 6.5.4 in types As and Ds. In each picture, the point (i, ¢) has been circled, and

the set {(j,k) | (j,k) < (i,c — 2)} has been shaded.

O—Oo0o—0—0—0 o o__0—O0—o0

As Ds

6.6 Supports of monomials

In light of Lemma 6.5.4 we will define the based support of a monomial, a certain “shadow” it makes on the
underlying set I x Z. For a monomial p = e* - yg - z5' € M (A R), define its based support to be Suppg p =
SuppR u SuppS. Note that the based support of a monomial p relies in a fundamental way on R, since the
multiset R determines the factorisation p = e*- 5 - z5! and hence determines S. The based support of a monomial
can be quite large compared to its support in terms of the y; .
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6 Monomial crystals

6.6.1 Example

Let® =SLy, A = @1 +a3, R={(1,1),(3,5)}, S = {(1,1),(2,2),(3,3)},and p = e/l-yR-zs_l. Then as a monomial,
p =1, and hence Suppg(1) = {(1,1),(2,2),(3,3),(3,5)}

The based support is additive, in the sense that if we have two different monomials from two different product
monomial crystals p € #(4,R) and q € /(p,Q), then we have Suppg_.o(p - g) = Suppg(p) + Suppg(q), which
follows from the identity of monomials

(EA IR Zs_l) . (eﬂ . J’Q . Zfl) = g/1+/‘ . YR-FQ . ZS_-:T' (662)

Applying this additivity property to the definition of the product monomial crystal in terms of fundamental
subcrystals, together with Lemma 6.5.4, we find that for all p € (A, R) the based support Suppg(p) is contained
in the downward-closed set generated by Supp R. Examining Eq. (6.4.1) shows that if p[i, k] # 0, then (i,k) > x
for some point x € Suppg(p).

The next lemma shows that a monomial whose based support extends below up(R) cannot be highest weight.

6.6.3 Lemma (Raising)

Let p =€t 5 - z5' € M(A,R) and suppose that (i, k) is a minimal point of Suppg(p). Let g = €/'(p) be the
element at the top of p's i-string, so n = g(p). If (i, k) ¢ R then n > 0 and Suppgr(q) S Suppr(p) \ (i, k).

6.6.4 Proof

Let p = et YR*Zg landg = el IR 2T 1. We have T C S by definition of the crystal raising operator ¢;, and hence
Suppr(q) € Suppgr(p). By the minimality of (i, k) we have p[i,r] = g[i,r] = 0 forr < k, and by the assumption
that R[i, k] = 0 we have for the lower negated column sums gl-k(p) = —S[i, k] and gl-k(q) = —TJi, k]. However,
n=g(p) > el-k(p) = S[i, k] > 0 shows thatn > 0, and 0 = ¢(g) > eik(q) = T[i, k] shows that (i, k) ¢ Suppg g.

Hence we get a useful necessary condition for highest-weight monomials in the product monomial crystal.

6.6.5 Corollary
If p € M (A R) is highest-weight, then Suppgr(p) € up(R).
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7 Truncations and the character formula

The product monomial crystal .# (A, R) is bounded between two extremes: on one hand it can be isomorphic to
the irreducible highest-weight crystal 9 (1), and on the other hand it can be isomorphic to a large tensor product
HB(A) @ - ® B(A,) where A = A; + -~ + A,. We can see the product monomial crystal as interpolating between
these two extremes (we make this precise in type A in Chapter 10, where we show that the product monomial
crystal is the crystal of a generalised Schur module). The question remains: what can we say about the other
cases?

In this chapter we define truncations, a family of subsets of the product monomial crystal parametrised by upward-
closed sets. These truncations are somewhat like Demazure crystals as they are finite, closed under the crystal
raising operators ¢;, have containment compatible with containment of upward-closed sets, and in their limit we
recover the whole product monomial crystal. In fact it turns out that these truncations are disjoint unions of
Demazure crystals, but this is not obvious from their definition.

By relating ‘nearby’ truncations to each other in purely crystal-theoretic terms, we give an inductive character
formula (Theorem 7.2.3) for any of the truncations, specialising in the finite type case to a character formula for
the whole product monomial crystal (Corollary 7.3.9). Since (A, R) is the crystal associated to the categorical
g(®)-representation 7'(4, R) introduced in Chapter 1, our formula has implications for the study of the truncated
shifted Yangian algebras Y;}(R).

7.1 Truncations defined by upward sets

We saw in Corollary 6.6.5 at the end of the last section that a highest-weight monomial p € (A, R) satisfies
Supppr(p) € up(R). Consider the subset (A, R, up(R)) of the product monomial crystal .#(A,R) consisting of
those monomials whose based support is contained within the upward-closed set up(R). This subset is closed
under the crystal raising operators, because each such operator will only ever remove elements from the based
support of a monomial. Furthermore, this subset contains every highest-weight element of .#(R). It is the pro-
totypical example of one of our truncations.

7.1.1 Definition
Let J C I x Z be an upward-closed set containinglR. The truncation of #(A,R) by ] is the subset

MAR, ) ={p € M(AR) | Suppg(p) € J}. (7.1.2)

The subset #(A,R, J) is closed under the crystal raising operators, and hence we may equip it with its
unique upper-seminormal crystal structure coming from the restriction of the (¢;);c; and wt functions on
the original crystal. (This agrees with the crystal operators defined on (A, R, J) coming from the monomial
crystal J(®)).

Each of our truncations (A, R, J) satisfies up(R) C J by definition, and therefore by Corollary 6.6.5 contains
every highest-weight element of the product monomial crystal .#(A,R). As the product monomial crystal de-
composes into highest-weight crystals, this means that knowing its highest-weight elements determines it up to
isomorphism. Therefore in order to determine the isomorphism class of the product monomial crystal (A, R),
it is enough to determine the highest-weight elements of any truncation ./# (A, R, J).

"We use the terminology “J contains R” to mean that Supp R C J. In particular, elements of R may still have multiplicity greater than
one.
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7 Truncations and the character formula

However, only knowing the character ch #(A, R, J) of a truncation is not enough information to recover its
highest-weight elements, unless the character satisfies some special properties. We will eventually end up show-
ing that each truncation is a disjoint union of Demazure crystals, hence by the linear independence of Demazure
characters (Lemma 5.2.9) the character of any truncation will determine the isomorphism class of the product
monomial crystal.

An observation we will use repeatedly is that if p € #(A,R, J) then p[i,c] = 0 for all (i,c) ¢ J. For instance,
it plays a part in the next lemma which shows that using a single crystal lowering operator on a monomial
repeatedly can only push it outside the truncation by a single element.

7.1.3 Lemma (Lowering)

Let p € M (AR, ]J) be an element of a truncation, i € I, and (i,k) € 9. Then Suppgr(f*(p)) € Ju{G k —2)}
for all 0 < n < gi(p).

7.1.4 Proof

By definition of the monomial crystal we have that n¢;(fi(q)) > ns(q) for all g € .#(®). Since the monomial
p lies in the truncation .# (A, R, J) we have p[i,r] = 0 for allr < k—2, and hence ng;(p) > k. This means that
when applying f; repeatedly, the monomial p will be multiplied by z;, for r > k—2. Therefore Suppgr(f*(p)) €
Ju{@i,k—2)}forall 0 <n < ¢(p).

The next lemma shows that when J and ]’ are upward-closed sets which differ by a single minimal element, then
the associated truncations are related in purely crystal-theoretic terms: the larger truncation will be an extension
of strings of the smaller truncation.

7.1.5 Lemma (Minimal points and extensions of strings)

Suppose that J are J’ are two upward-closed sets containing R, which differ in a single element J* = J +
{(i,k)}. Then (AR, J') = D;M (AR, ]), where D; is the extension of i-strings (Definition 5.3.1) operator.

7.1.6 Proof
Since both J and J’ are upward-closed and contain R, the point (i, k) is minimal in J and (i, k) ¢ R. (If
it were not minimal, its removal from J’ would result in a non-upward-closed set). Hence if a monomial
q € M(ALR,]’) satisfies (i, k) € Suppg(q), the conditions of Lemma 6.6.3 are met and so there exists a p €
M(A,R, J)and n > 0 with g = f*(p). If (i,k) ¢ Suppgr(q) then g € #(A,R, J) already. Hence #(A,R,]") C
Di(ALR, ).

Conversely, applying Lemma 7.1.3 to this special case gives #Z(A,R, J') 2 D;(A, R, J).

Lemma 7.1.5 is one of the two key pieces we need for the character formula, which will give is the ‘Demazure’
part of our ‘Demazure character formula’. It allows us to relate any two trunctions defined by nested upward-
closed sets J C J’, for a fixed choice of (1, R). The second piece of our character formula will be a fact which
allows us to relate truncations defined by the same upward-closed set, where (4, R) is varied along the boundary
of that set.

7.1.7 Lemma (Factorisation along a boundary)

Suppose (4, R) and (y, Q) are two dominant pairs, and that J is an upward-closed set containing both R and
Q, and further that Q is supported only along the boundary of J,i.e. Supp Q C 9J. Then #£(A+p,R+Q, J) =
et - yo - M (A, R, J), where - denotes a product of monomials.

7.1.8 Proof
By the definition of the product monomial crystal and the additivity of based support, we have that

MAR ) - M(p,Q,]) = MA+ 1L, R+Q, ]). (7.1.9)

Since Q is concentrated along the boundary 9/, Lemma 6.5.4 gives that /4 (1, Q, J) = {¢/ - yo}-

Using only Lemma 7.1.5 and Lemma 7.1.7, we may already compute decompositions of small product monomial
crystals quite quickly, as we will show in the following example.
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7.2 A Demazure character formula

7.1.10 Example

Consider the ® = SL,4 crystal #(A,R) defined by A = @; + 25 and R = {(1, 3), (3, 1), (3,3)}. Since @ is
simply-connected, we may omit the e* terms from the monomial crystal, instead declaring that wt(yic) = @,
the ith fundamental weight. We will determine the isomorphism class of . (A, R) by calculating a suitable
truncation ./ (A, R, J3).
1. Begin with Jy = up((2,2)) and Ry = @. By definition, /Z(Ry, J;) = {1}.
2. Let J; = Jy and Ry = {(1,3),(3,3)}. Since R; — R is concentrated along 9 J;, Lemma 7.1.7 applies and
we get MRy, J1) = 13- 333 M Ro, Jo) = {y13 - 133}
3. Let Ry = Ry and J, = up((3,1)). Since J, differs from J; by adding the minimal element (3, 1),
Lemma 7.1.5 applies and we get #£(Ry, J,) = D3M(Ry, J1). Computing this extension of 3-strings
is easy since y; 5 -y 3 is the highest-weight element of a crystal isomorphic to %(@; +@3), so we get a

. . f _ _
3-string with two elements: y; 3-y5 3 —> y1,3-y3’3-z3j. We find that #(R,, J5) = {y13¥3.3, J’1,3'y3,3'23,%}.
4. Let R3 = Ry u {(3,1)} and J3 = J,. Since (3,1) € dJ;, we apply Lemma 7.1.7 again to find that
MR, J3) =51 MRy, J) ={y13- V33 Ys1: Y13 33 Y31 231}

We can represent this process graphically by drawing a monomial diagram, with each truncating set J;
overlaid, with the elements of the multiset R; shown by circling points. Beneath each diagram, we draw the
elements of the subset (R;, J;).

. ° ® ®
° (]
V137333
° e —— > o °
L] [ ] L] L]
O—o—o0 O—o0—0o0 O—o—o0 0O—o0—o0
1 137333 V13133 13733 )31

1
I3 V13133 V31231

-1
N13°¥33 231

The two elements of #(R3, ;) = M (R, J3) are both highest-weight, of weights @; + 2@3 and @; + @,
respectively. Since the truncation (R, J;) contains all highest-weight elements of .# (R, J), we have

M(AR) = B(o) + 2003) D B(w + ). (7.1.11)

7.2 A Demazure character formula

At this point the reader should re-familiarise themselves with the content of Section 5.3, specifically the string
property (Definition 5.3.1) and what it means for the equivariance of the extension-of-strings operator ®; with
the Demazure operator 7; (Lemma 5.3.11). As should be clear from Example 7.1.10 above, we can build characters
of truncations by starting from the subset Z = {1} containing the trivial monomial, and repeatedly applying steps
of the form

1. Z - p- Z, for some dominant monomial p = et “JR, OF

2. Z - Dy(Z), where D is the extension-of-strings operator.
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7 Truncations and the character formula

The first of these operations is straightforward on the level of characters, we have ch(e* - yg - Z) = * ch Z. For
the second operation we would like to have the equivariance ch ®;(Z) = m(ch Z) where 7; is the Demazure
operator, but in order for this to be true the subset Z must satisfy the string property. As we have remarked
previously, Z satisfying the string property does not imply that D;(Z) does. Furthermore, even if Z satisfies the
string property, the product p-Z may not. (For a counterxample, let #(y; ;) = %B(®;) be the SL,-crystal generated
by the monomial y; ;. Then y; ; - #(y, 1) is a string with two elements inside ./ (ylz’l) = %(2m,), a violation of
the string property).

We get around this problem by using the fact that all of our subsets Z have a specific form: they are truncations
M(AR, J). (The surprising fact here is Lemma 7.1.5, showing that the abstract extension-of-strings operation
takes a truncation to another truncation, rather than some arbitrary subset of the product monomial crystal). We
can show directly that each of our truncations has the string property.

7.2.1 Lemma (Truncations have the string property)
If J is an upward-closed set containing R, then ./ (A, R, J) has the string property.

7.2.2 Proof

Since (R, J)is closed under the crystal raising operators ¢;, it suffices to show that for any p € (R, J) such
that fi(p) ¢ A (R, J)u{L}thate;(p) = L. Suppose we have sucha p = e’l-yR-zS_1 with fi(p) = e/l':VR'ZS_-&{(i,k—Z)}’
then by Lemma 7.1.5 we must have (i, k) € dJ. By the definition of ¢; we know that k is largest such that
oF(p) = ¢i(p) and hence ¢M%(p) < ¢F(p) for all I > k. But since p[i,r] = 0 for all r < k we have that
gl-l(p) = (lez(p) - golk(p) < 0 for all I > k, and hence (p) = 0 and so ¢(p) = L.

We arrive at our first main result, an inductive character formula for any truncation . (A, R, J) by interpreting
Lemmas 7.1.5 and 7.1.7 in terms of characters.

7.2.3 Theorem (A character formula for truncations)

The following rules give an inductive character formula for any truncation .#(A,R, J):
1. If (A, @) is a dominant pair, then ch Z(A, 9, J) = e for any upward-closed set J.
2. If (A, R) and (y, Q) are dominant pairs, J an upward-closed set containing R, and Q is contained in the
boundary 9], then ch #£(A + 1, R+ Q, J) = e ch #4(A,R, ).
3. If (4, R) is a dominant pair, J an upward-closed set containing R, and (i, k) ¢ J an element such that
J u{(,k)}is upward-closed, then ch # (A, R, J u{@i,k)}) = m;ch AL(R, ).

An algorithm for applying the above rules to the data (4, R, J) defining a truncation is the following:

1. If R = @ then terminate with the result e’.

2. Otherwise, if there is an element of R along the boundary ] then define Q to be the multiset supported
along 9] with multiplicities Q[i, c] = R[i,c] for (i,c) € 3], and choose a weight A such that (1,Q) is a
dominant pair. Recursively compute e¥ #(A — 1, R — Q, J).

3. Otherwise, choose a minimal element (i,k) € J — up(R) satisfying (i, k) € down(R) and recursively
compute 7; ch # (AR, ] —{(@, k)}).

If the Dynkin diagram I is connected, the third step of the algorithm can be simplified a little: any minimal point
of J — up(R) will do.

We need to prove that each inductive rule is valid, and that the algorithm given terminates after finitely many
steps without ‘getting stuck’ somewhere.

7.2.4 Proof
Each inductive step is true:

1. If (A, @) is a dominant pair, then #(A,0) = {ek} which has character e*. Since Suppg et = @, every
upward-closed set J is a valid truncation, with ch .#Z(A, @, J) = ch {e’l} =t
2. From Lemma 7.1.7 we have that ch #Z(A + p,R+ Q, J) = ch(e* - zél - MR, ])) =€ ch M(AR, ).
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7.3 Truncations are Demazure crystals

3. From Lemma 7.1.5 we have that ch #Z(A,R, J u {(i,k)}) = chD;(A# (AR, J)), which by the fact that
each truncation satisfies the string property (Lemma 7.2.1) and the equivariance property of ®; and
7; (Lemma 5.3.11) gives that ch (A, R, J u{(, k)}) = m(A (AR, ))).

It remains to be seen that the given algorithm terminates, which amounts to proving that step 3 can always
progress to a point where step 2 can be applied, since we decrease the size of the finite multiset R on each
application of step 2.

Fix the parameters (4, R, J), and suppose we have reached step 3 of the algorithm. Since we did not stop
at step 1, the multiset R is nonempty, and since we did nothing at step 2, we have SuppR n dJ = @. The
upward-closed set J is proper, therefore there exists a minimial point (i,¢) € J such that (i,c¢) € down(R).
This minimal point must be a boundary point, and hence lies outside of Supp R so it may be removed. This
decreases the size of the finite set down(R) n J, completing the proof.

To make the theorem more concrete, we will return to a previous example and use the theorem to compute its
character.

7.2.5 Example

We will use Theorem 7.2.3 to determine the character of the truncated crystal we computed previously in
Example 7.1.10. The crystal we ended up with was obtained through applying multiplications and extension-
of-strings operators:

MR3, ) =y31-Ds(y13-y331). (7.2.6)

Now that we know that each intermediate result satisfies the string property, we can take characters by
replacing all the monomials by their weights, and all of the string extension operators by Demazure opera-
tors:

ch ,%(Rg,]g) = 6(037'[3(6@1+@3). (727)

As explained in Example 3.4.16, the weight lattice X(SLs) is isomorphic to Z3/(1, 1, 1), and hence we have

an isomorphism of algebras Z[X(SL = Zlxq1, x, x x1Xox3 — 1) taking the weight A = (a, b, c) to the
ph f algeb [X(SLs)] [x1, %, 3] /(1 255 — 1) taking th ght 1 = (a,b,¢) to th

element xf‘xé’xg. Together with @; = (1,0,0) and @, = (1, 1, 0), the character formula becomes

ch M (Rs, J5) = x1 %2633 (%7 x2%3)

= x?x§x37r3(x3) )
_ 3,2 (7.2.8)
= x7x5x3 (%3 + X4)

= xPx2x2 + xix,.
We cannot yet say for sure what the isomorphism class of the truncation .#(R3, J3) is from this character,
since truncations are not necessarily a highest-weight crystal (and indeed this one is not). If we did know
that the truncation was a Demazure crystal however, a fact we will later prove, we could decompose the
character above in the basis of Demazure characters and find that it is ch D(@; + 2@3) + ch D(@; + @y), as
expected from the crystal computed in Example 7.1.10.

7.3 Truncations are Demazure crystals

As we have now pointed out several times, knowing the character of an abstract ®-crystal B is not very useful. If
we happened to know that B was a crystal coming from the category @‘}"t(q)), then its isomorphism class would
be determined by the expression of ch B into the basis {ch % (1) | A € X(®), }, as discussed in Section 5.1. If we
knew that B was a disjoint union of Demazure subcrystals coming from crystals of @(}”t(q)), then its isomorphism
class would be determined by decomposing its character into the basis of Demazure characters.

In this section we will show that every truncation (A, R, J) is a disjoint union of Demazure crystals. The prop-
erty of being a Demazure crystal is preserved by the extension-of-strings operations ®;, more or less by definition
of a Demazure crystal (Definition 5.3.4). In light of our character formula (or rather the implicit computation of
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7 Truncations and the character formula

the truncation which lies behind it), it suffices to show that the ‘multiplication along a boundary’ operation of
Lemma 7.1.7 preserves the property of being a Demazure crystal. We begin by reformulating this ‘boundary
multiplication’ in purely crystal-theoretic terms.

7.3.1 Lemma
Let (AR, J) be a truncation, and (¢, Q) a dominant pair such that SuppQ C 9J. There is a bijective,
weight-preserving map

Q: MA+p,R+Q,J) > MR, ])® B(p), e)P“/‘~yR+Q-zS_1 »—>e’1+”-yR-zs_1 ®b,, (7.3.2)

which is equivariant under the crystal raising operators ¢; for alli € I. Hence #/(R+Q, J) = #(R, ]) @ B(1)
as upper-seminormal crystals.

7.3.3 Proof

The map is defined as a consequence of Lemma 7.1.7 and is bijective and weight-preserving, hence all that
remains to be seen is the ¢-equivariance. Let ¢ = e/ - yg, fixani € I and a p = et R ' e MR, )
so that ®(pq) = p ® b,,. The tensor product rule for applying ¢; to a tensor product of two crystal elements
gives

e(p)®b, ifg(p) > {(na’),
L if &(p) < ().

Fix ani € [ and let (i, k) € 3J. We have (pg)[i,I] = pli,1] + qli, 1] for all [, but q is concentrated at k and hence
qli, 1] = Sp{p. o”). Since (pg)[i, 1] = 0 for all I < k we then have

e(pg) = { (7.3.4)

0 forl <k,
él(pg) = i o (7.3.5)

sil(p) —(p,opy forl>k.

If ,(pg) = L then g(pq) = 0 and hence el-l(p) < (u, o) for all I > k. Therefore we are in the second case of
Eq. (7.3.4) and hence ¢;(p ® b,) = L also.

If e(pq) = pqz; then we must have | > k and also 0 < g(pq) = sil(pq). Applying Eq. (7.3.5) gives that
(o) < el-l(p) and so ¢(p ® b,) = ¢(p) ® by, so all we have remaining to check is that ¢;(p) = pz;;. This is
clear however, since

0 forl <k,

7.3.6
e(p) forl>k, (7:3.6)

g(p) =

and so the point [ where £l~l(pq) first attains the positive value &(pq) is the same as the point [ where sil(p)
first attains the positive value g(p) = (pq) + (1, &’).

Repeated application of the raising operators followed by Lemma 7.3.1 leads to an embedding of .#(A,R) into
the tensor product @); ;cr B(@;), as promised in Section 6.3.

We now appeal to the general fact that the tensor product of a Demazure module with a highest-weight vector
is again a Demazure module. In crystal terms, this is the main result of [Jos03]: the tensor product X ® b, of a
Demazure crystal X with the highest-weight element b, € %(y) is again a Demazure crystal.
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7.3.7 Theorem (Truncations are Demazure crystals)

Let (A, R) be a dominant pair, and J an upward-closed set containing R. The truncation ./Z(A,R,J) is a
Demazure crystal.

7.3.8 Proof

For each dominant pair (A, R) the set {e’1 : yR} is a Demazure crystal, isomorphic to 9%B,(1). By Proposition
3.2.3 of [Kas93], the property of being Demazure is preserved under extension of i-strings. By the main
theorem of [Jos03] and Lemma 7.3.1, multiplication at the boundary 9] of a truncation #(A4,R, J) by a
monomial of the form e* - Q for Supp Q C 9] also preserves the property of being Demazure. Since every



7.3 Truncations are Demazure crystals

| truncation can be built out of these operations (Theorem 7.2.3), every truncation is Demazure.

The upshot of this result is twofold. The fact that the truncations .# (A, R, J) are Demazure is quite interesting,
since the truncations are defined straightfowardly, and globally in terms of the monomials (rather than in terms
of any crystal-theoretic operations). The second is that our character formula is now useful for truncations, as it
uniquely determines the isomorphism class of the truncation as a Demazure crystal. As a consequence of this, we
obtain in finite type a character formula for the full crystal .#(A,R) in terms of the character of any truncation
of it.

7.3.9 Corollary (A character formula in finite type)

Let @ be a root datum of finite type (I,-), w; € W; the longest element of the Weyl group, and J 2 SuppR
any upward-closed set containing R. Then a formula for the character of /#(A,R) is

ch s (AR) =, ch M(AR, J). (7.3.10)

7.3.11 Proof
As it is a disjoint union of highest-weight crystals, the character of the product monomial crystal is

chM(LR) =) chB(wth), (7.3.12)
heH

where H C .#(A,R) is the set of highest-weight elements. Since the truncation .# (A, R, J) has the same set
of primitive elements H and is a Demazure crystal, there exists some function w: H — W; into the Weyl
group such that

MR, ]) = D Brury(wih), (7.3.13)
heH

which on the level of characters gives the sum of Demazure characters

ch (LR, ]) =) myqpy(e™h). (7.3.14)
heH

Since the Demazure operators give a zero-Hecke action (Remark 5.2.10) on the character ring Z[X(®)], we
have
My hMAR ) = Y m, (™), (7.3.15)
heH

which is precisely the character of the product monomial crystal .# (4, R), since by the Demazure character
formula Theorem 5.2.5 we have r,,, (e"th) = ch B(wth).

We now have two of our main results: the general inductive formula Theorem 7.2.3 for the character of a trun-
cation, and the finite-type specialisation Corollary 7.3.9 to the character of the whole crystal finite type. Where
should we go from here? We still have not proven that the product monomial crystal is actually a crystal (Theo-
rem 6.3.5), and that will be the purpose of the next chapter. After that we will move on to putting this character
formula to good use, showing in type A that the product monomial crystal is the crystal of a particular module
called a generalised Schur module.
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8 Nakajima quiver varieties

Nakajima has defined varieties M(A, i), now called Nakajima quiver varities, which geometrise the p-weight space
of the integrable highest-weight representation L(A1). By this we mean that there is symplectic structure on
IM(A, 1) and a Lagrangian subvariety (A, p) € M(A, p) such that the top homology of the Lagrangian subva-
riety has the same dimension as L(4),,. The top homology (with complex coefficients) of the variety £(1) :=
U< 8(4, ) posesses an action of the Kac-Moody algebra ¢(®), making the homology into a module isomorphic
to L(A). Furthermore, the set Irr (1) of irreducible components can be given a crystal structure, isomorphic to
the crystal Z(A).

The goal of this chapter is to give a relatively self-contained explanation of why the product monomial crystal,
which was defined as a subset of the monomial crystal . (®), is actually a subcrystal — this was Theorem 6.3.5
whose proof we had deferred. The proof will use a subvariety of a quiver variety called a graded quiver variety,
and a construction (again by Nakajima) of a ®-crystal on the set of connected components of the graded quiver
variety. We will show that Nakajima’s crystal structure agrees with the analogue of the product monomial crystal
inside the variation ./ .(®) of the monomial crystal. The method of proof we use is not our own, instead following
Section 7 of [Kam+19a].

One caveat to this proof is that Nakajima quiver varieties only work when the Cartan datum (I, -) is symmetric
and bipartite, meaning that out of the finite and affine type Cartan matrices this proof will only be valid for finite

types A, D, and E, as well as their untwisted affinisations (excluding those Agll) which are an odd cycle). Various
computer experiments suggest that the product monomial crystal is always a genuine subcrystal of . (®), and
all of the results in this thesis still hold true in this generality, assuming one could somehow prove Theorem 6.3.5
for any bipartite type (I, -).

8.1 Representations of quivers

A quiver is a generalisation of a directed graph, which is allowed to have arbitrarily many doubled edges and self-
loops. The quivers we deal with will be finite in both the number of vertices and the number of edges, however
we give the general definition below.

8.1.1 Definition (Quiver)

A quiver is a quadruple Q = (I, E, tail, head), where
1. I is a set, called the vertex set,
2. Eis a set, called the edge set,

3. tail : E — [ is a function, giving the tail vertex of each edge, and

4. head: E — [ is a function, giving the head vertex of each edge.

Quivers are drawn in the same way as directed graphs, where vertices are represented by dots, and the edgee € I

is represented as an arrow from the tail of e to the head of e, i.e. tail(e) 5 head(e). For example, below is a quiver
on the vertex set I = {a, b, c} and the edge set E = {w, x, y, z}.

w
a/\b y C
— O

x z
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8 Nakajima quiver varieties

A representation of a quiver is an assignment of a vector space to each vertex, and a linear map to each arrow
from the tail vector space to the head vector space.

8.1.2 Definition (Quiver representation)

A representation (V, ¢) of the quiver Q = (I, E, tail, head) over the field k is the data of:

1. For each vertex i € I a k-vector space V;, and

2. for each edge e = (i 5 J) € E ak-linear map ¢, : V; = V;.

Let (V, ¢) and (W, /) be two k-representations of the same quiver Q. A morphism of quiver representations
T: (V,p) > (W,¢)is acollection T = (T});e; of k-linear maps T; : V; — W; such that for each edge e = (i 5
J) € E in the quiver, the obvious square Tjp, = ¥, T; commutes.

Let Q be a quiver and k a field. Define Repy Q to be the category whose objects are representations of the
quiver Q over the field k, and whose morphisms are morphisms of quiver representations.

It is a pleasant exercise with the axioms to show that the category Repy Q is an abelian category. An alternative
way of seeing this fact is to find an associative algebra kQ (commonly called the path algebra) whose represen-
tation category is equivalent to Repy Q.

8.2 Moduli spaces of quiver representations

Fix a quiver Q = (I, E) and an I-graded vector space V = P;c; V;. Let Rep(Q, V) denote the set of representations
of Q with underlying vector spaces V. This is simply a direct product of morphism spaces:

. e .
Rep(Q.V) = {(¢e)eck | € = (i = j) € E and ¢, € Homy(V;, V))} (8.2.1)
Hence Rep(Q, V) is a k-vector space. (The vector space structure of Rep(Q, V) is not so easy to see from the kQ-
module perspective). Furthermore, it carries a Gy = [ [;c; GL(V;)-action by base-change, where the action on the

component ¢, for (i < j)is given by g - @, = gi¢. gj_l. The subgroup k* < Gy of diagonally embedded scalars
acts trivially on Rep(Q, V).

8.2.2 Example

Consider the quiver Q consisting of two vertices I = {1, 2} and a single edge 1 — 2. Suppose we choose the
I-graded vector space V with V; = C and V, = C?. Then the space Rep(Q, V) = A% since we may identify a

map ¢;_,, : C — C? with the column vector ¢;_,5(1) = <;) The group Gy = GL; x GL, acts by

(61.82)- (;) — g (;) ¢ (323)
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8.3 Nakajima quiver varieties
8.3 Nakajima quiver varieties

In this section we will go over the basics of Nakajima’s construction of the quiver variety 9(A) for any dominant
weight A.

Let (I, ) be a symmetric Cartan datum — for our purposes, we will also assume that it is bipartite and hence admits
a 2-colouring { : I — {0, 1}. Define a quiver by taking I as the vertex set, and adding |i- j| oriented edges between
i and j, pointing from the odd vertex to the even vertex: call the collection of all these edges Q. Similarly, add
another [i-j| edges between i and j, this time pointing from the even vertex to the odd vertex: call the collection of
all these edges Q. Then 0=(U0u 5) is a quiver. For example, if (I,-) is As, the resulting quiver Q looks like

Fix a root datum @ of type (I, ), and a pair of weights A, p such that A is dominant and p < A. In order to construct
the quiver variety MM(A, x) we choose I-graded vector spaces W and V which will ‘represent’ the weights A and p.
The framing space W is any I-graded vector space such that (1, ;') = dim W for all i € I, while the other vector
space V is any I-graded vector space such that A — y = };c;(dim V).

Now that we have our fixed choice of W and V, define the large vector space
M(V,W) = Rep¢(Q, V) ® Home (W, V) @ Home(V, W). (8.3.1)

This space can be thought of as a kind of Repc(Q”, V, W) for a framed quiver Q7. The notation used in [Nak01b]
is (B,i,j) € M(V,W) for a typical element, so B: V — V are the horizontal maps,i: W — V goes downwards,
and j: V — W goes upwards. In the A3 example the framed quiver looks like this, with a ‘summary schematic’
on the right.

w, W, W; w

= - Pov

Since we really want to keep to Nakajima’s notation here, in this chapter only we will use i, j to mean these maps
of quivers, and switch to using the letters k,! € I to index vertices of the Dynkin diagram.

The reductive group Gy = [ [;c; GL(Vy) acts on the left of #(V, W) by base change automorphisms: g - (B,1,j) =
(gBg™ !, gi, jg ). Choosing any function € : Q — C* satisfying e(e) + e(¢) = 0 defines a symplectic form on the
vector space M(V, W) by

o((B,i,)),(B,i",j")) = tr(eB)B’) + tr(ij’ —1'}), (8.3.2)
where eB means to scale each map B, : Vi,iie) = Vhead(e) Py the scalar e(e). The action of Gy preserves the
symplectic form:

w(g-(Bi,j). g (B.i".j)) = w((gBg ", gi.jg™ ). (gB'g " g’ g )

tr(g(eB)B'g™") + tr(gij g — gi'jg™") (8.3.3)
= ((B,i,)), (B, 1", ).

The moment map (which we stress is nonlinear) associated to the action of Gy is defined up to an additive
constant. The moment map p which vanishes at the origin is given by

4 M(V,W) = (LieGy)*, u(B,i,j) = (eB)B +ij, (8.3.4)
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8 Nakajima quiver varieties

where Lie Gy has been identified with its dual via the trace pairing, so that for C € Lie Gy = [[¢; Endc(Vy) we
have

(B, i, /)(C) = tr(C((eB)B + if)). (8.3.5)

The preimage i~ 1(0) of the moment map is an affine algebraic variety, not necessarily reduced.

The first kind of quiver variety is the categorical quotient

Mo(V, W) = i~1(0) // Gy = Spec [ (0)]. (8.3.6)
This is an affine algebraic variety, whose underlying set is identified with the set of closed Gy-orbits in 1~ 1(0).

A point (B, i, j) € p~1(0) is stable if the only B-invariant I-graded subspace S C V contained in ker j is 0. We write
1~ 1(0)* for the set of stable points, which is a Gy -invariant set. Define the second kind of quiver variety as the
GIT (geometric invariant theory) quotient

MV, W) = u~1(0)°/Gy. (8.3.7)

The underlying set of points of the GIT quotient is the quotient of the Gy -set 11~ 1(0)* of stable points by the
group Gy. The Gy action is free, and IM(V, W) is a smooth projective variety inheriting a symplectic form from
M(V,W). There is a projective morphism

a: MV, W) = My (V, W), (8.3.8)

sending the equivalence class [B, i, j] to that unique closed orbit contained in the orbit closure Gy - (B, 1, j) .

8.3.9 Example (Nakajima quiver varieties in type A;)

In type A;, the Coxeter graph consists of a single vertex, and hence the framed quiver Q" has only two
vertices. Let W be the framing vector space and V the one corresponding to the unique vertex of the original
quiver Q. The linear space simplifies since Q contains no edges:

M(V, W) = Home(W, V) & Home(V, W). (8.3.10)

The Gy = GL(V)-action on the point (i,j) € M(V,W) is by g - (i,j) = (gi,jg~ '), with the moment map
u(i,j) = ij € Endg(V). The condition (i,j) € p~'(0) is precisely ij = 0 € Endg(V), or in other words
im j C keri. The stability condition is equivalent to requiring that j is injective, and hence we have

p0)={Gi: W —V,j: V- W)Ijis injective, and ij = 0}. (8.3.11)

Let Gr(V,W) = {U € W | U = V} be the Grassmannian of V-planes in W. Alternatively, we can think
of Gr(V,W) as the quotient of the space Hom¢(V,W)* of injective linear maps by the right action of Gy,
identifying all injective maps with the same image. Fix a splitting W = V & V’, then any point U € Gr(V, W)
v
ou
and oy : V — V’. This defines an affine open neighbourhood of the point V € Gr(V, W) isomorphic to
Hom(V,V”). Correspondingly, the cotangent space at the point V is the affine space Hom(V’,V) = {j €
Hom(W,V) | j(V) = 0}. The cotangent bundle of the Grassmannian is precisely the quotient of ~1(0) by
the action of Gy, hence we have

may be written as the image of the map < : V> VeV =W, where jy : V < W is the inclusion

1 10)/Gy = MV, W) = T* Gr(V, W). (8.3.12)

We find that M(V, W) is nonempty if and only if dimV < dim W, and that if dimV = 0 or dimV = dim W
then M(V, W) is a point.

Define the Nakajima quiver variety associated to W to be M(W) = |_|;; M(W, V), where we let V vary over a fixed
set of vector spaces, one for each possible I-graded dimension. As we have already seen in Example 8.3.9, there
will typically be many V for which (W, V) is empty. It is important to remember that whenever a V appears
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8.4 Vector bundles on quiver varieties

in the discussion of the variety (W), we are implicitly working inside the piece (W, V). This is obvious once
pointed out, but might trip up the casual reader otherwise.

Lastly, recall that the I-graded dimensions of W and V were determined by a dominant weight A and a weight
1 < A We define M(A, ) = MW, V) and M(1) = M(W) when we prefer to speak of weights rather than graded
vector spaces.

8.4 Vector bundles on quiver varieties

For a given pair (W,V), both W and V can be considered as left Gy representations, where V is the defining
representation of Gy, and W is a trivial representation. As the action of Gy on the set 1~ 1(0)* of stable points is
free, the projection map p~1(0)° - IMM(V, W) is a left principal Gy-bundle. We may perform the associated bundle
construction (Chapter 4.5 of [Hus94]) yielding two I-graded vector bundles 7" and %" over (W, V).

We have vector bundles Rep(Q, 7), Hom¢ (%', 7") and Hom¢ (7", #") analogously as before.

8.5 Graded quiver varieties

In [Nak01b], Nakajima constructs representations of tensor products L(1;) ® - ® L(4,,) by considering a suitable
subvariety inside M(A; + -+ + 4,,), defined by picking a grading on the framing space W which separates it into
pieces of ‘sizes’ Ay, ..., A,. Later in the same paper (Section 8), a more general grading is considered, defining a
subvariety which we will call a graded Nakajima quiver variety. A crystal structure is defined on the connected
components of this graded quiver variety, which we will show is isomorphic to the product monomial crystal.

We will now consider W to be not just an I-graded vector space, but an (I, Z)-bigraded vector space, meaning that
we put a Z-grading on each I-homogeneous piece Wj.. We will continue to use lower indices for the I-grading,
and start using upper indices for the Z-grading, so that W,f is the subspace of the I-graded piece W) which has
Z-grading p. Up to conjugacy in GL;(W), the extra data of such a Z-grading is determined by a finite multiset Q
based in I x Z, where dim M/l-p = Qli, p] (the indexing shift p — 1 we use will make the morphism to the varied
monomial crystal ./ (®) more pleasant later on). Let pg : C* — GL(W) be a morphism of algebraic groups
giving the grading Q (again, pg is determined by Q only up to conjugacy, so we fix any such morphism for the
remainder of this section).

From this point we are closely following Section 8 of [Nak01b], albeit choosing notation we find more clear. Using

this extra Z-grading on W, we define a C*-action on M(W, V) by the formulas

B, ifeecQ,

= togiz=ipo@®) Y, togj=tpot), 8.5.1
(B, ifecQ, ogi=ipg(t) og j =tpo(t)j (8.5.1)

toQBe:

which together define an actiontog(B,i, j). The og action preserves the set 1~ 1(0)* of stable points and commutes
with the Gy action, and hence descends to an action on the quiver variety M(W). The graded quiver variety is the
set of fixed points M(W)R C M(W) under the @ action, and we will soon see how to equip its set of connected
components with a crystal structure.

Consider a fixed point [B,i,j] € M(W,V)Q. For each representative (B,i, j) € M(W, V) of the fixed point [B, i, j],
there exists a unique map p : C* — Gy of algebraic groups satisfying

tog (Bi,j)=p (1) (B,i)). (8.5.2)
The conjugacy class of p is independent of the choice of representative (B, 1, j), and hence we obtain a map

Fo : MW, V)R — Hompiggrp(C*, Gy)/Gy, (8.5.3)
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8 Nakajima quiver varieties

taking a fixed point [B,i, j] to the conjugacy class [p]. It turns out that the fibres of this map are precisely the
connected components of the graded quiver variety (W, V), and so we have a map

Homalgarp(C*, Gv)/Gy = (MW, V)9),  [p] = Fg'([p)). (8:5.4)

Technically, in order to construct a crystal structure on the set of connected components, one should consider a
larger Lagrangian subvariety containing the graded quiver variety, of points whose t — % og-limit lands inside
the graded quiver variety. This gives ‘enough information’ to determine where the crystal operators should go.
However, it turns out that all of this information is implied by the conjugacy class [p] indexing a connected
component, and so we will not mention these attracting sets further.

The crystal structure on the set of connected components is spelled out in Proposition 8.3 and Lemma 8.4 of
[Nak01b]. We will write it down here in compatible notation. Our main change is replacing a conjugacy class
[p] € HomajgGrp(C*, Gy)/Gy by a finite multiset T, : I x Z — IN based in I x Z, noting that the conjugacy class
of p in Gy is entirely determined by the dimensions T [i, p] = dim Vl-p , where the Z-grading on V is coming from

p. Therefore we have that each connected component of the graded quiver variety (W, V)2 is indexed by a
finite multiset T.

Over the connected component Fél(T) indexed by the multiset T, there is a complex of (I, Z)-graded vector
bundles, whose (k, p)-graded component is

cdm: vl -wit @ v P W (8.5.5)
(k>DeQ (k>Deq

where the middle term is in homological degree zero (recall that the dimensions of the V,f appearing in the com-
plex above are determined by T, via T[i, p] = dim Vl-p ). The rank of this complex (alternating sum of dimensions)

features in the definition of the crystal structure, so we compute it explicitly here. Recall that our partition QLIQ
was determined by a two-colouring ¢ : I — {0, 1}, where we declared that Q contains edges going from odd to

even vertices, while Q goes from even to odd vertices, where ‘odd’ or ‘even’ is given by the two-colouring {.
This means that for each vertex, one of the two summations in Eq. (8.5.5) is zero, depending on the parity of the

vertex. For even vertices, only the le term contributes, while for odd vertices only the le - term contributes.
Together with our contrived choice of indexing shift dim W,f = Q[k, p + 1] we get

rank Cf (T) = Q[k, p] — T[k, p] = T[k, p— 1] = Y ay T[L, p — {(D)]. (8.5.6)
I#k

We can now give the crystal structure on the set 7,(M(W)2) of connected components of the graded Nakajima
quiver variety.

8.5.7 Definition (Crystal structure on the graded quiver variety)
This is Lemma 8.4 of [Nak01b]!. Let ® be a root datum of symmetric bipartite type (I,-), 1 € X(®), a
dominant weight, W an I-graded vector space with dimW; = (A, "), and Q a multiset giving the (I, Z)-
bigrading on W via dim Wl-‘b_1 = QIi, p]. Over the connected component Fél(T) C MW, V)Q C MW)?,
define
(1) == ) rankC(T), ¢f(T) =) rankC/(T),
q>p q=p (8.5.8)
T) = Per T) = Per
&(T) I;E%Ek( ), o(T) max o (1),
and let
nex(T) = max{q | /(T) = (D)},  np(T) = min{g | pl(T) = (T} (8.5.9)
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8.5 Graded quiver varieties

Define the weight on the connected component indexed by T to be

wi(T) = A= ) (dim Vi )ay

kel
(8.5.10)
=A=> > Tk play.
kel peZ
Define the crystal operators by
0 if (T) =0, 0 if o(T) =0,
e(T) = i (T) = i 8.5.11
k T — {(k. nex(T)}  if 8(T) > 0, Je T+{(knp(T)}  if u(T) > 0. (8.511)

Then (Wt, &, ¢k, € fi.) gives the set of connected components 7, (M(1)Q) the structure of a seminormal
crystal.

We can give an embedding of the crystal 77,(M(1)Q) into the varied monomial crystal ./ (®) of Definition 6.2.1
with parameters ¢;; = {(k). Recall the auxiliary monomial from Definition 6.2.1:

a,
Ak,p = e - Yep  Vep+1- H)’Lgﬂlk- (8.5.12)
+*

Extracting the exponent of y , from the monomial et Yo ' ar ! we get

(¢ yo - axHlk. p] = Qlk. p] = Tlk. p] = Tlk, p— 1] = Y. agT[p — ], (8.5.13)
I#k

precisely the same expression as rank C}:7 (T) in Eq. (8.5.6) since ¢ = {(I). Define the map of sets
¢ m(MW)R) > M (D), FG'(T) ety zpls (8.5.14)
It is straightforward to verify that ¢ is a strict inclusion of crystals, by directly comparing Definitions 6.2.1

and 8.5.7 using Eq. (8.5.13) to convert between monomials and multisets.

We now wish to show that the image of ¢ is the product monomial crystal #.(A, Q), by which we mean the
analogue of the product monomial crystal ./ (A, Q), but defined inside the varied monomial crystal ./ .(®) rather
than the monomial crystal ./ (®).

8.5.15 Theorem

Let ® be a root datum of symmetric, bipartite, acyclic Cartan type (I, -). Then the image of the map ¢ : 75(IM(W)Q) —
M (D) is the varied product monomial crystal (A, Q), where

MAQ) =eh- ] (e yff:["’c]), (8.5.16)
(i,c)eSupp Q

and A = g + X; c)er Aic is any decomposition of A such that (¢;’, ;) = R[i, c] for all (i,c) € R.
The proof follows the approach outlined in Proposition 7.7 of [Kam+19a].

8.5.17 Proof

Firstly, we reason that this works for a monomial concentrated in a single point. When the multiset Q is
concentrated, i.e. it is of the form Q = {(k, p)"}, then the vector space W is concentrated in the term W,f , SO
it is concentrated over a single vertex with a C*-action by a single weight. In this case a result?of Nakajima’s
(references in Section 8 of [Nak01b]) gives that the graded quiver variety (or rather, the set attracting to it)

"This is almost exactly what appears in [Nak01b], but we have switched the min and max appearing in the definitions of n,; and n .
We believe that this is a typo in Nakajima’s original paper, since the ¢; and f; crystal operators are not obviously partially inverse
without this change.
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8 Nakajima quiver varieties

is the usual Lagrangian variety (1) € M(A), and hence the crystal afforded by the quiver variety is the
highest weight crystal %(1). Therefore in this case we have mo(M(W)Q) = B) = A (¢! o), and the
claim follows since ¢ is a nonzero crystal morphism between two connected seminormal crystals, and hence
must be an isomorphism.

Next, we consider the general case. Fix a factorisation of (A, R) into dominant pairs

(Al’(kl’pl)nl)’""(/INs(kN’pN)nN)' (8518)

An arbitrary monomial p of the product monomial crystal . .(A, Q) has an according factorisation p =
p1 -+ pN into monomials coming from the fundamental subcrystals.

Let Q, = {(k, p,)}, so that each monomial p, is an element of the fundamental subcrystal ./#.(4,,Q,), and
let W = W[1] @ --- @ W[r] be a factorisation of W such that W|[r] is concentrated in the (I, Z)-degree (k,, p,)
with dimension n,. Since the claim holds on fundamental subcrystals, for each r there is an isomorphism

olr] = m(MWIrDY) — M(A,,Q,) of crystals, and hence for each monomial p, there exists some I-graded
vector space V[r] and fixed point (B[r],i[r],j[r]) € #W]r],V[r])® mapping to p, under @[r]. It is then
straightforward to check that

B[1]® - @ Brl,i[1] ® - ®i[r].j[1] ® - ® jlr]) € AW, V[1] & - ® V[r]) (8.5.19)
is a og-fixed point mapping to p under ¢. This shows that ./#.(1,Q) C im ¢.

To get the opposite inclusion, consider a T such that Fél(T) is nonempty (and hence is a connected com-
ponent of M(W)Q). By Proposition 4.1.2 of [Nak01a] the variety Fél(T) is homotopic to its projective sub-

variety Fpy 1(T) n (W). The maximal torus Ty € GL;(W) acts on this subvariety, and hence there exists a
fixed point by Borel’s theorem. Lemma 3.2 of [Nak01b] implies that such a fixed point can be decomposed
as a sum of (B[r],i[r], j[r]) as above, where each (B[r],i[r], j[r]) is an element of (MW [r])2"), and hence
ng(Fél(T)) € M (A, Q), showing that im¢ C (A, Q).

Having shown that ¢ is a crystal isomorphism, it is immediate that the subset ./#.(A, Q) is a seminormal abstract

crystal of an @Ci[“t(@)—module, and together with the isomorphism . .(®) SNAC) given in Lemma 6.2.5 implies
that the product monomial crystal .# (A, R) is indeed a crystal: Theorem 6.3.5 is proven.

Finally, we also note that Theorem 8.5.15 together with the fact that no(im(W)Q) is connected when Q is con-
centrated in a single point imply that the product monomial crystal (A, R) is well-defined, no matter how the
multiset R is broken up into fundamental pairs, since the identity Eq. (6.3.4) is proven.

“The acyclic assumption on (I, -) is necessary for this result to hold.
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9 Generalised Schur modules

The irreducible polynomial representations of GL,(C) are parametrised by partitions A with at most n rows, each
simple module L(A) having an explicit construction by applying a certain Schur functor &) : Vecte — Vectc to
the defining representation of GL,. For this reason, the representation L(A) is sometimes called a Schur module:
the image of the defining representation under a Schur functor. There is a natural generalisation of the functor
&) to any diagram D of boxes in the plane, recovering §p = & in the case that D is a Young diagram of the
partition 1. The image of the defining representation under such a functor & is accordingly called a generalised
Schur module.

Our eventual aim for these final two chapters is to show a correspondence between diagrams D and multisets R
such that the product monomial crystal # (A, R) C #(GL,) is the crystal of a generalised Schur module Sp(C").
In order to do this we put two character formulae to work, the first being our own formula Theorem 7.2.3 on the
product monomial crystal side, and the second formula due Magyar, Reiner, and Shimozono on the generalised
Schur module side. Unfortunately, this only gets us as far as the statement ‘they match for large enough n’, and
so we spend Chapter 10 showing some stability properties of the monomial crystal (which are interesting in their
own right) to deduce the result in general.

In this chapter we will first define generalised Specht modules, the symmetric group analogues of the generalised
Schur modules, which can be used to give a quick definition of the Schur modules from which their stability
properties are evident. We then introduce the generalised Schur functors & which give a second definition of
a generalised Schur module as the image of the defining representation under &p, and show that (in character-
istic zero) these two different definitions of generalised Schur modules coincide. The Schur functors are special
cases of flagged Schur functors, in a similar way to how the highest-weight modules L(1) are special cases of De-
mazure modules L,,(4). The flagged Schur functors are more amenable to inductive analysis, and we give results
due to Magyar, Reiner, and Shimozono about the characters of flagged Schur modules. Finally, we give a direct
correspondence between diagrams D and multisets R which we use to show that the characters of the product
monomial crystal (A, R) and the generalised Schur module §p(C") coincide for column-convex diagrams D,
provided that n is large enough.

9.1 Generalised Specht modules

Perhaps the quickest way of defining generalised Schur modules is via their analogue for representations of
symmetric groups, the generalised Specht modules. We first recall some necessary combinatorics.

9.1.1 Definition (Partitions)

A partition is a weakly decreasing finitely supported sequence A : P — IN. A partition A can be regarded as
a finite list A = (A4,..., 4;) where Ay > -+ > A; > 0 and A, = 0 for r > . Each element A; > 1 is called a part
of A, the sum of the parts |A] = )};5; 4; is called the size of A, and the size of the support ¢(1) = [ is called the
length of A. When A has size n we say that A is a partition of n. The empty partition is the unique partition of
0 and is denoted by @. We define the sets

1. Part of all partitions,

2. Part(< 1) of all partitions of length at most [,
3. Part, of all partitions of size n,
4

. Part, (< 1) = Part, n Part(< I) of all partitions of n with length at most [.
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9 Generalised Schur modules

The first two sets are always infinite (besides the special case Part(< 0) = {@}), while the last two sets are
always finite.

It is common to represent a partition A pictorially via its Young diagram D(A) C P x P, where D(A) is the subset
consisting of those (i, j) such that j < A;. The coordinates (i, j) are read similarly to matrices, with i increasing
down the page and j increasing to the right. The Young diagrams of the partitions A € Parts are pictured as
follows:

(5) (4,1) (3,2) 3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1)

LTI L L] | L] |

The partitions Part; of size d index the conjugacy classes in the symmetric group &, classifying a permutation
by its sorted list of cycle lengths. By the general theory of representations of finite groups, the partitions of
size d also index the set {3, | A € Part;} of pairwise nonisomorphic irreducible representations of C[&y]. The
constructions we will give of these modules %, are called Specht modules, and the reader can find a full account
of this from the traditional perspective (which we will briefly go over here) in Chapter 7 of [Ful96]). We also
mention that there is an alternative beautiful derivation of these modules, including a canonical decomposition
into lines, due to Okounkov and Vershik [VO05] and explained well in Chapter 1.2 of [Kle05].

In order to construct the Specht module ¥, we first fix a bijective tableau T of shape A, which is a bijective
map T : D(A) — [d]. The symmetric group &, has a free transitive action on the set of bijective tableaux by
postcomposition, o - T = o o T. The tableau T determines a row stabilising subgroup Ry C &, of elements
permuting the entries of T within their rows, and a column stabilising subgroup Cr of elements permuting the
entries of T within their columns. For example, shown below is a bijective tableau T of A = (3, 2) together with
its row and column stabilising subgroups:

T

f g 4] Ry = &({2,4,5) x &({1,3}) Cr = &({1,2}) x &({3, 5}) x &({4})

Define the following elements of the group algebra C[&;]:

’r = Z (-7, rr = Z o, yr=crrr. (9.1.2)

JTECT O'ERT

The element yr is called the Young symmetriser associated to T and is a pseudo-idempotent of C[&;], meaning that
y% = zyr for some nonzero scalar z € C*. The left submodule 37 = C[@,]yr is called a Specht module associated
to A. Since R,r = oRro~ ! and C;7 = 0Cro™ !, we have y,7 = oyro™ ! and hence a different choice of bijective
tableau oT will yield an isomorphic Specht module, with the map

X1 = Ser, X x0 ! (9.1.3)

giving an isomorphism of representations. Hence we can define the Specht module X, up to isomorphism to be
any one of the X1 where T is a bijective tableau of shape A.

9.1.4 Theorem

Fix a d > 1. The Specht modules {3, | A € Part;} give a complete list of pairwise nonisomorphic irreducible
representations of the symmetric group &, over the complex numbers C.

Everything we have done so far is completely classic. We will generalise this construction in one of the most
naive ways possible, by replacing the Young diagram D(1) C P x P with an arbitrary subset D C P x P of size d,
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9.1 Generalised Specht modules

called a diagram. We can define bijective tableaux T : D — [d] and the row and column stabilising subgroups Ry
and Cr in the same way as before, and we end up with a generalised Young symmetriser yr. This symmetriser is
still a pseudo-idempotent of the group algebra, but the associated generalised Specht module ¥ = 31 = C[&,4]yr
is no longer irreducible in general. As the representation theory of C[&;] is semisimple, the generalised Specht
module ¥, decomposes as a direct sum of Specht modules.

9.1.5 Definition (Generalised Littlewood-Richardson coefficients)

The multiplicity cﬁ :=[3, : 3p] of the irreducible module 3, inside the generalised Specht module 3, is
called a generalised Littlewood-Richardson coefficient. As the isomorphism class of X is invariant under row
or column permutations of D, so are the coefficients c%).

We will justify the name generalised Littlewood-Richardson coefficients. A diagram is skew if it is equal to the
difference D(v) \ D(X) of two Young diagrams. By a theorem in Section 3 of [JP79], the multiplicity of the Specht
module 3, in the generalised Specht module Xp(,)\p(1) is equal to the inner product (s,/,s,) of symmetric
functions, which is the Littlewood-Richardson coefficient C;{ﬂ counting the number of Littlewood-Richardson

tableaux of shape D(v)\ D(1) and weight y (Section 1.9 of [Mac95]). Hence the generalised Littlewood-Richardson
coeflicient Cll;(v)\D( 1) i equal to the Littlewood-Richardson coefficient c} v

9.1.6 Example

Let D be the 5-box diagram D = {(1,1),(2,2),(2,3),(3,2), (4,3)} C P x P. By applying the row permutation
(234) and the column permutation (132), D may be rearranged into a skew diagram D’ = D(3, 2,2, 1)\D(2, 1).
We show this rearrangement pictorially, using colours to mark the original and final positions of boxes:

D D’

We can then state the multiplicities of Specht modules inside the generalised (skew) Specht module by
c]%(3,2,2,1)\D(2,1) =[Z1: pa2znen] = (56,22,1)/21) 1) (9.1.7)

which are easily calculated by any software package!dealing with symmetric functions or Littlewood-
Richardson coefficients. In this case, we get

~ ~ 2
ZD = ZDI = 2(2,1)1)1) (&) 2(3’1)1) (&) 22’2,1) (&) 2(3’2). (918)

(2,2,1) —

Hence the generalised Littlewood-Richardson coefficient cp) 2.

The generalised Littlewood-Richardson coefficients are really a strict generalisation of Littlewood-Richardson
coeflicients, since not all diagrams can be made via row and column permutations into a skew shape. For example
the following diagram

L

cannot be rearranged by column and row permutatinos to be skew. In addition to [JP79], the modules X have
been studied in [Liu10], [Liu15], and various works of Reiner and Shimozono which we will cite in what follows.

10r by hand, if it’s a rainy day.
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9 Generalised Schur modules
9.2 Generalised Schur modules

Let V be a finite-dimensional complex vector space, and GL(V') the associated general linear group. The tensor
power V® of the defining representation is naturally a (GL(V), €,;)-bimodule, where GL(V) acts along the di-
agonal g- (v ® - vy) = gv; ® - ® gvy and & acts on the right by permuting tensor factors. For each diagram
D we get a left GL(V)-module Sp(V) = yed ®c[e,] Zp called a generalised Schur module, where d = |D| is the
number of boxes in the diagram D. When D = D(A) is the Young diagram of a partition, the generalised Schur
module &;(V) is irreducible, and we call it a Schur module.

As a consequence of Schur-Weyl duality, the generalised Schur module §p(V) decomposes in terms of the ir-
reducibles &3(V) with the same decomposition multiplicites cf) given by the generalised Littlewood-Richardson
coefficients, where the sum is taken over the restricted set Party(< dimV) of partitions with length at most
(dimV):

s = B s (9.2.1)

HA)<dimV

Note that if ¢(1) > dim V then &, (V) = 0, so the above sum would still be valid without this restriction, but must be
read more carefully. Eq. (9.2.1) has an important consequence for what we will call the stability of the generalised
Littlewood-Richardson coefficients: although the decomposition of the generalised Schur module S (V) depends
ondimV, the coefficients cjl) do not. Via an alternative definition of the generalised Schur module (Definition 9.2.5
and Lemma 9.2.7) and the Pieri rule, we can see that c]’g = 0 whenever the length of 1 is larger than the number
of rows of D.

Eq. (9.2.1) gives the following interpretation of generalised Littlewood-Richardson coefficients, which should be
read in two parts: firstly a stability part about the ideal coefficients cf) being determined for dim V large enough,
and secondly a restriction part about how to apply those coefficients to unstable V.

9.2.2 Corollary (Generalised Littlewood-Richardson coefficients via Schur modules)

Let D be a diagram of d boxes, and V a vector space such that dim V is at least the number of rows of D. Then
the coefficients cjl) appearing in the decomposition Sp(V) = P, cjl)oS’;L(V) are the generalised Littlewood-
Richardson coefficients of Definition 9.1.5. Furthermore, if U is any vector space, then the decomposition of
$p(U) into irreducible modules is given by Sp(U) = Dy py<dimu cjl)c? 20).

Although the definition we have given above of generalised Schur modules is concise and naturally gives the
stability result Corollary 9.2.2, it is is quite difficult to use for more ‘hands-on’ work and does not lend itself to a
straightforward filtration by smaller modules. We turn instead to the notion of a Schur functor.

The symmetric algebra S*(V) and exterior algebra A*(V) are graded-commutative Hopf algebras associated to V.
Fixing a degree d € N, iterated comultiplication followed by taking the (1,...,1)-graded piece gives maps into
the tensor power V&

A
SIV) S VL vy Y 1) ® @ Yy,

0cEQy
(9.2.3)

A
Ad(V) — V®d, VY Z (—l)gvg(l) ® - ® Vy(p)-

0EQy

Similarly, we have maps from the tensor power V®¢ to the degree-d part of the symmetric and exterior algebras
by taking iterated multiplication:

V®d 11—) Sd(V), Y ® @ Vg >V vy, (9.2.4)

ved 2, AWV), m® - ®vg > v vy

For a diagram D, let cols(D) : P — N and rows(D) : P — IN be the finitely supported functions counting the
number of boxes in each column or row. For a finitely supported function « : P — NN, let S*(V) be the tensor
product of symmetric powers

(V) = s*D(V) @ S* @ (V) @ S* (V) @ -,
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9.2 Generalised Schur modules

noting that S%(V) = C and hence this tensor product is isomorphic to a finite tensor product. We similarly define
A*(V), hence we get the spaces A©SD)(V) and sOwsD)(v),

There are two distinguished bijective tableaux associated to D, the column ordered tableau C corresponding to
ordering columns from left-to-right, and from top-to-bottom within a column, and the row ordered tableau R
corresponding to ordering rows from top-to-bottom, and left-to-right within a row. There is a unique permutation
7p such that 7p o C = R.

D C R
416 7p = (13624) 1]2

1 > 13
| 2[5] 4]5]

L] 3] 16]

We may now define the Schur functor associated to D.

9.2.5 Definition (Generalised Schur functor)

Let D C P x P be a diagram of d boxes in the plane, with cols(D), rows(D), and p as defined above. Given
a vector space V, define the map yp v to be the composition

wD,V . Aco[s(D)(V) i V®d ”_D) V®d ﬁ) Srows(D)(V)' (9.2.6)

Define the Schur functor on a vector space by Sp(V) = imypy.Foramap f: V — W,let Sp(f) : Sp(V) —
Sp(W) be the map obtained by restricting the natural map fo¥s(0) : grows(D)(y) _, grows(D)(W) to im Ypy-

It is straightforward to check that the image of Sp(f) does indeed land in the subspaces imipy, and hence
S§p defines an endofunctor in the category of complex vector spaces. Endofunctors of vector spaces naturally
produce new representations from old representations: if p : G — End¢(V) is a representation of a group G on
the vector space V, then we obtain a new representation of G on §p(V) by letting the group element g € G act
by Sp(p(g)). Our second definition of a generalised Schur module of GL(V) is the image &p(V) of the defining
representation under the Schur module. We note that column permutations of D do not affect the functor & at
all, while row permutations of D give functors isomorphic to &p.

We can also interpret Definition 9.2.5 in terms of a ‘wiring diagram’ defined by D. The data D is equivalent to a
bipartite graph on P xP (and the isomorphism class of §p depends only on the isomorphism class of this bipartite
graph). Drawing all of the edges in this graph in an ordered fashion, we can then group edges together and treat
the whole thing as a string diagram.

rows S2(vV) SY(v) SA(v) sY(v) Srows(D)(V)

12 3 1 2 3 4 A A m A
1]

| #n Yoy

B W N =

1 2 3 4 Y A
columns 3 5 1 Is(D
AWy AV) AW ABD)(y)

Above we have shown a diagram D, its associated bipartite graph embedded into the plane, and a string diagram
(read from bottom-to-top). The junctions in the bottom orange part of the string diagram should be understood
as iterated comultiplication in the exterior algebra followed by projection onto the (1, ..., 1)-graded piece, as in
Eq. (9.2.3). The junctions in the top green part of the diagram are the iterated multiplications Ve o sK(V) into
the symmetric power, as in Eq. (9.2.4). The middle blue part of the diagram is a map 7p : yed _, yed permuting
tensor factors according to the permutation zp = (13624) defined before.
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9 Generalised Schur modules

Now that we have given two different definitions of generalised Schur modules, we should show that they are
equivalent. In this proof we will have to make use of the characteristic-zero assumption on the base field, a
reflection of how semisimplicity of both categories is partly responsible for this equivalence.

9.2.7 Lemma (Equivalence of definitions of generalised Schur modules)

Let D be a diagram of size d, with C its column ordered tableau, R its row ordered tableau, and xj, € ©; the
unique permutation such that sz, e C = R. Recall that to the column-stabilising subgroup of C we associate
the alternating sum over its elements ¢ = ), (—1)%0, and to the row-stabilising subgroup of R we associate
the sum over its elements rg = ). 0. Let T¥(V) € v®4 denote the subspace of tensors which are symmetric
under the action of &;. Consider the following diagram:

Acols(D)(V) A 3 V®d ”D> V®d m N Srows(D)(V)

\R} lA (9.2.8)

c rrows(D)(V)

V®d

It is easy to check that the triangle on the right commutes, just by checking that the operation A e m is equal
to the action of rg. The two maps on the left have the same image inside V®¢, and since the vertical map
A is an isomorphism (a strictly characteristic-zero phenomenon) we have that the image im /p y of the top

horizontal map is isomorphic to the image of the bottom composition V®4compr.

As subgroups of ©; we have 7p RowStabg 755! = RowStab”51cR = RowStabg, hence mprgzjy! = r¢, showing
that

V®dcc7rDrR = V®dcchﬂD = V®dCCrc, (9.2.9)
where the last isomorphism is because right multiplication by a permutation is an isomorphism V& — &2,
Therefore we have that the image of ¢/ y is isomorphic to veeore = ved ®c[e,] Zc Where 2 is the Specht
module associated to the tableau C of the diagram D.

We briefly remark on how this setup can be extended to the positive characteristic case.
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9.2.10 Remark
There is a dual notion of Weyl functor %, defined as the image of the composition

7

1
oy Ty & Dl 2 Dl I pcols(D)(yyy, (9.2.11)

where T9(V) denotes the dth divided power algebra (see Appendix 2.4 of [Eis95] for a definition of the
divided power algebra). On a morphism f : V — W, the Weyl functor is the restriction of the natural map
fCOIS(D) : A1) o AD)(W) to the image of ¢py. The Schur and Weyl functors & and 7 make
sense for modules over any commutative unital ring k, and behave well under base change (in fact, when D
is a Young diagram or skew diagram, both functors are universally free [ABW82]).

For a partition A, the Schur module & (V) is what we would call the induced module of GL(V') corresponding
to the weight A, isomorphic to the space of sections I'(G/B, &), while the Weyl module % (V) is its dual.
When we say dual, we mean the composition of the normal dual with the anti-involution of G switching
positive and negative roots — in the case of a module M over GL,, this is the vector space Homy (M, k) with
the action (g - f)(v) = f(g"v) where g is the transpose matrix.

In the characteristic-zero case the functors §p and % are isomorphic, and furthermore both are isomorphic
to the functor (—) ®gp 2D of tensoring with a generalised Specht module, however this is no longer true in
the case of positive characteristic. A modern perpective for the study of the functors &p and #}, is notion
of polynomial functors.



9.3 Flagged Schur modules

9.3 Flagged Schur modules

The generalised Schur functors &p are not straightforward to study. The results of [JP79; ABW82], which give
a basis of (V) when D is a Young diagram or skew shape, depend in an essential way on a partial ordering
on semistandard tableaux. Such a partial ordering simply does not exist when D is an arbitrary diagram, so a
different approach is required. The approach we use here will follow that of Magyar, Reiner, Shimozono and
others, studying the Schur module §p(V) by certain B-stable quotients defined by the rows of the diagram D.

We now need to be clear about what we mean by a Borel subgroup B. For each n > 0, let C! be the full flag
of quotient spaces C? = (C" - C"! - ... - C), where the map C' - C"! sends the coordinate vector ¢; to
zero. We say that a group element g € GL(V) preserves a flag F, if g(F;) C F, for all i. Let B(C?) € GL(C") be
the subgroup preserving the coordinate flag C”, which is precisely the subgroup of upper-triangular matrices.
Defining T(C") C GL(C") to be the subgroup of diagonal matrices, we get a pinning (T(C") C B(C?) C GL(C"))
of the reductive algebraic group GL(V), a realisation of the root datum GL,, of type A,_;.

9.3.1 Definition (Flagged Schur module)

Let D be a diagram with d boxes fitting within the first r rows, meaning that D C [r] x P, and fix a full
flag C’, of quotient ngaces. When row i of the diagram has row;(D)-many boxes, we can apply the symmetric
power functor $%(P) to the surjection C" — C' determined by the flag €’ to get a surjection S¥(P)(C") -
srowiD)(ch, Taking the tensor product of these and precomposing with the map ¢/p ¢ defining the Schur
module gives a map

Acols(D)(Cr) Yper Srows(D)(Cr) ¢_D» ®S"0Wi(D)(Ci)_ (9.3.2)
i>1
The image of this map is the flagged Schur module Fp(C"). It is naturally a B(C’)-module, but is no longer
in general a GL(C")-module.

Note that we have F(C") = Fp(C") for all n > r, and furthermore that the definition does not make sense
for n < r. Therefore we can use the notation Fp(C") = F(D) and leave it implied we are working inside
some flag of length at least r.

This quotient is quite straightforward to reason about in terms of a basis of the target space S™¥S(P)(C") of the
Schur functor map ¥ ¢r. As a tensor product of symmetric powers, 5ows(D)(€") has a basis indexed by tableaux
T: D — [r] which are row-semistandard, meaning that the entries along each row weakly increase. In terms
of this basis, the quotient S¥s(P)(C") - X1 sowiD)(Cly simply kills any tableaux having an entry in row i
which is larger than i.

9.3.3 Example

Below are shown two row-semistandard tableaux Ty, T, for a diagram D, and another row-semistandard
tableau T3 for a different diagram D’.

T, T, T}
1 1]1] 1 1]1] 1
2 2 2 3 2 1]1]
3 [2]3 3 [1]2 3 3
4 [1]2
€11 ®e; ®eys e11 ®e3 B ey e11 ® e3 B ey

The tableau T; survives the quotient ¢, because every entry of row i is at most i. The tableau T, gets killed
in the quotient ¢, because there is a 3 in row 2. The third tableau T3 survives the quotient ¢/, because by
shifting T, down a row we have removed the only problem. However, T; is a tableau for a different diagram
to T,, and they do not represent elements in the same flagged Schur module.

The example above shows that the isomorphism class of the flagged Schur module #p(C") is not invariant under
row permutations of the diagram D, in contrast to the Schur module §p(C"). However, it is clear from the defini-

91



9 Generalised Schur modules

tions that a permutation of the columns of D leaves the flagged Schur module unchanged. For further properties
of these modules (and their dual equivalents, the flagged Weyl modules), the reader can consult Sections 2 and 5
of [RS99].

Many of the results known about generalised Schur modules are due to geometric constructions of this module as
sections of a line bundle over a (generally singular) variety, first explored in [Mag98a; Mag98b]. In this setting, the
flagged Schur module (or the dual construction, the flagged Weyl module) naturally arise, and in [RS95; RS98] a
Demazure-type character formula is given for the characters of the flagged Schur modules of percentage-avoiding
diagrams D. The only diagrams we will encounter are northwest (or can be made northwest via a column permu-
tation) which are automatically percentage-avoiding, and hence these results apply. (A diagram D is northwest if
whenever (j, k), (i,]) € D with (i < j) and (k < ), then (i, k) € D).

From now on, we will restrict ourselves to diagrams which are column-convex, meaning that the columns have no
gaps. A column-convex diagram satisfies the northwest property after a column permutation has been applied,
and hence the results in the above paper will apply to our situation.

In order to use the results of Reiner and Shimozono to write down a character formula for the flagged Schur
module Fp, for a column-convex diagram D, it will help to have a convenient way of encoding the data of a
column-convex diagram D. We will encode a column-convex diagram D fitting within r rows as a sequence of r
partitions.

9.3.4 Definition (Partition sequences and diagrams)
A partition sequence of length r > 0 is a sequence A = (/1(1), - /1(’)) of partitions, such that ’Z()L(i)) < i (the
ith partition has at most i rows). For each 0 <i <r,let X' = (AW, .., 1D) denote the prefix of A of length i.

When A is a partition sequence of length r, we define the associated diagram D(A) inductively by:

1. Fori=0, D(/_IO) = @, the empty diagram,
2. Fori >0, D(/_li) is obtained by shifting the contents of the previous diagram D(/_liil) down one row,

and placing the Young diagram of the partition 2D to the right of the previous diagram, with the first
row of A? in row 1.

The diagram D@i) is always column-convex and contained within the rows {1, ..., i}.

9.3.5 Example

Consider the partition sequence A = (©,(1,1),(2,1),(1,1,1,1),(2,1, 1)), which we could picture as the fol-
lowing sequence of Young diagrams:

S B -

2@ 22 213 2@ 2163

The associated sequence of diagrams D(/_li) is shown below.

? o H ]

row

T W N =

D(2°) DAY D(X) D(X%) DAY D(X°)
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The above example makes it clear that the diagram D(A) is always column-convex. Conversely, given any column-
convex diagram D its columns may be sorted in such a way that there exists a partition sequence A with D(1) = D.
This sorting can be done by placing columns with entries appearing higher to the right, and breaking ties by
putting longer columns on the left.

In order to read the next lemma, we remind the reader that any integer vector a« = (¢, ..., &,) € Z" can be treated

as a weight of GL,, the function e* : T(C") — C* taking the torus element diag(t;, ..., t,) to tix 1..40m, (This is

explained further in Section 9.4). Each integer partition A = (44, ...) of length at most n defines a dominant weight
A

e* of GL,,.

9.3.6 Lemma (Character of a flagged Schur module)
Let A be a partition sequence of length r. The characters of the flagged Schur modules # (D(&l)) satisfy the
following recurrence:

1. Fori =0, ch 97(D(&0)) =chF(@) =1,

2. Fori>0,chF(D(X)) = -1y -1y (ch F(DA ).

9.3.7 Proof
The case for i = 0 is clear. The inductive case follows from Theorem 23 of [RS98], noting that moving the

diagram D@i_l) down one row can be done by applying the successive row permutations (i — 1,i), ..., (1, 2),
which corresponds to the application of Demazure operators 7;_1, ..., 77, and adding a Young diagram A in
the top row corresponds to multiplication by e”.

9.3.8 Example

Consider Example 9.3.5 above. By the recursion rule given in Lemma 9.3.6, the character of the flagged
Demazure module % (D(A)) is

ch F(D(})) = @10 1 o s 70, (611D 1 0 705 (€2 D 1y 1y (€971 €9))). (9.3.9)

9.4 Polynomial characters of GL,

In this section we will explain how the characters of flagged Schur modules fit into the more well-known frame-
work of characters of Schur modules. We begin by fixing a choice of root datum of GL,,.

9.4.1 Definition
Fixann > 1. The root datum ® = GL,, is the type (I,-) = A,_; root datum with the following presentation:

X(GL,) =Z{e,....en}, a=¢—¢€4for1<i<n—1,
XY(GLy) =Z{e),....ey}, o' =¢ —¢\ for1<i<n-1, (9.4.2)

<€i’6]\'/> = 5ij-

A weight A = A + - + A6, is dominant iff A; > --- > A, and polynomial if 4; > 0 for all 1 < i < n. There
is an alternative basis of weights which we call fundamental weights by abuse of notation (as GL,, is not
semisimple, it does not really have fundamental weights). These fundamental weights are @; = ¢; + - + ¢
for 1 <i < n, and we have ((Di,a]\/) =¢gjfor1<i,j<n—1,with®, =€ + - + ¢, generating the null space
X(GLy)o = Nier ker(—, &). A weight is dominant polynomial if and only if it expands positively in the basis
of the @;.

The polynomial weights of GL,, are indexed by compositions of n, meaning finite sequences A = (44, ..., 4,) € N".
A polynomial weight is dominant if and only if it is a partition. The category of representations with polynomial
weights is closed under taking direct sums and tensor products, and furthermore to reach any non-polynomial
representation one only needs to tensor with an appropriate negative power of the one-dimensional determinant
representation L(@;). From here on, we restrict our attention only to polynomial weights, which we will denote
by X(GL,)?.
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9 Generalised Schur modules

There is an isomorphism of algebras Z[X(GL,)?] = Z|[x;, ..., x,] between the monoid algebra of the polynomial

weights and the polynomial ring in n variables, taking e* to x* : = x{l T x,/} ". Furthermore, the Weyl group action
on X(GL,,) preserves the polynomial weights, and hence descends to the usual action of the symmetric group &,
on the polynomial ring Z[x;, ..., x,] by permuting coordinates. Since we have realised the polynomial ring and
the ring of symmetric polynomials Z[x;, ..., x,|® as the character ring and Weyl-invariant character ring of a
root datum, we will get interesting new bases of these rings by considering characters of Demazure modules and
highest-weight modules respectively.

When A is a partition (a dominant polynomial weight), the Schur module &;(C") gives an explicit construction
of the highest-weight module L(1), and when the resulting characters are viewed inside Z[x;, ..., x,]%" they are
called Schur polynomials and usually denoted ch L(A) = s3(xy, ..., x;). The Schur polynomials form a basis for
the ring of invariants Z[x, ..., xn]@", by a slight modification of the argument in Lemma 5.1.2 for polynomial
weights. The Schur polynomials are extremely well-studied, and we could point the reader to several references
[Ful96; Mac95; Sta97].

When « is a composition (an arbitrary polynomial weight), the character of the Demazure module D(«) with
Demazure lowest weight « is called a key polynomial, and usually denoted ch D(«) = k,. Computing these key
polynomials is quite straightforward. If « is a partition then D(«a) = L,(a) = L(«), is the one-dimensional weight
space of weight  and hence k, = x%. In terms of Demazure operators, we have that k, = 7,,(x"), where 1 is
dominant and w € W is the shortest permutation such that wAd = a. This together with the zero-Hecke property
(Remark 5.2.10) gives that

Ks.a if @ > Gy,

mi(Ky) = . (9.4.3)
K, otherwise.
Finally, we can rewrite the Demazure operator 7; : Z[xy, ..., X;,] = Z[x1, ..., x,] using the fact that e% = xi
i+1
A s
xx" — x x5
m(xh) = —H (9.4.4)
Xi — Xi+1
Some example of key polynomial computations are below:
1,1,0
K(1,1,0) = x(1:10)
K(1,01) = T(K1,1,0)) = %1 - (g + x3) = x(L10) 4 (101 (9.4.5)

Ko,1,1) = m(K(1,01)) = x(110) 4 (10D 4 OLL),
The last character k(g 1 1) is symmetric, and equal to the Schur polynomial s 1 ). This is a general fact: the Schur
polynomial s, ;) inn variables is equal to the key polynomial k(; ;).

It was shown in [RS95] that, similarly to how the highest-weight module L(1) can be constructed as a Schur
module &;(C") using the Young diagram associated to A, the flagged Schur module & () has character k,,, where
a is treated as a left-justified diagram having ¢; boxes in row i. The next image shows three diagrams D, with the
character of the flagged Schur module & (D) written below.

1 | ] 1 [ ] 1
2 2 2
3 3 [ ] 3
4 4 4 [ ]
K(5,3,2,0) = x(33.20) K(2,0,5,3) K(0,2,3,5) = 5(5,3,2,0)

We again see how Demazure modules interpolate between a single highest-weight space and the full space of a
representation, and here they have a very concrete interpretation in terms of boxes in the plane. To the author’s
knowledge, it is still unknown whether # (&) is isomorphic to the Demazure module D(«), despite them both
having the same character k, (the character of a B-module does not determine its isomorphism class). There are
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9.5 Type A truncations

combinatorial interpretations of these diagrams as well, for example a Demazure crystal for D(a) can be built
using key tableau, which are certain fillings of the diagrams above by the letters 1, ... n. For a good survey, one
can read [AG19].

9.5 Type A truncations

Throughout this section, we work in type (I,-) = A, for n large enough. When considering a partition sequence
of length r, we will need to be working in A, for n > r. Since we will only be working with product monomial
crystals whose data is supported over the first 7 nodes of the diagram, the particular choice of n does not matter
for any of the statements we make, provided n > r.

9.5.1 Definition (Multisets and truncations associated to partition sequences)

Let A be a partition sequence of length r. Define the associated multisets R(&i) and the associated upward-
closed set J; inductively as follows:

1. For i = 0, the multiset R(&O) = @ is empty, and J is the complement of the downward-closed set
generated by (1,-1).

2. Fori > 0, let J; be the union of J;_; with the upward-closed set generated by (1,3 — 2i), and let the
difference R@i) - R(&i_l) be supported on the elements along the north-east diagonal beginning at
(1,3 — 2i) and have weight A®,

When A has length r, we set R(A) = R(/_lr) and J(1) = J..

The definition above is more easily interpreted as a picture in terms of monomial diagrams. Rather than saying
‘A, for n large enough’, we will draw the half-infinite path A, ., and work in this setting until we need to compute
the character of a whole crystal # (A, R). While we are working with the truncations ./ (A, R, J) it will not matter
which A,, we are working in, so long as all monomial in question are supported over A, x Z.

9.5.2 Example
Taking the same partition sequence A = (®,(1,1),(2,1),(1,1,1,1),(2,1,1)) as in Example 9.3.5, a schematic
picture of what the data R(1) and J; looks like for every 0 <i < 5 is shown below.

(1, 1)/\\. ° ° . ]O = ]1
]2 N ]1 ° . . .
O] .

@ ° o ° o
BNz
JaNJs ) : ) ) )

@ ° 3 o 3
Js N\ Ja

A 0O—0—0—0—0—0—0—0—0
+00

We start with the upward-closed set J; (note that J; is not finitely-generated, since A, , is infinite). The set
Ji adds a single point (1, 1), the set J, adds two more points, then J; three more, and so on. We end up with
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Js5, which is the entire green shaded region.

In terms of the ‘fundamental weights’ of A, our partition sequence A is the sequence of weights (0, @,, @; +
@y, D4, @1 + @3). The construction of the R(A") multiset from the previous one is simply to include elements

from J; \ Ji_; with multiplicities according to the weights given by A®_ For example, here the weight of A
is @ + @y, and therefore we include into R the two points (1, —3) and (2, —2) of J5 \ J, which will give that
weight.

Our construction of the R(A") and J; is designed to be compatible with our inductive character formula Theo-
rem 7.2.3. From the picture above it is clear that we can go from the set J,_; to J; by adding (i — 1) points to the
truncating set, and each one added can be taken to be minimal by adding the rightmost one first. After this is done,
we place the new elements of R(1') over the new points J;, noting that (J;\ J_;) C 8J; and so every new element
of R(&l) is added along the boundary. We get a recurrence of characters for the truncations ./ (wt &l, R(&l), 5
which matches the recurrence for the flagged Schur modules Lemma 9.3.6.

9.5.3 Lemma

Let A be a partition sequence of length r. The characters of the truncations ./ (wt &i, R(&i), J;) satisfy the

recurrence
1. Fori=0,ch (0,9, J;) = 1,
2. Fori> 0,

ch.t(wt X, R, J) = & - ch a (wt 7L ROITY, )

20 i—1 i-1 (9-5.4)
=" mmogchAl(wt) " R(A ), Jiop)-

Therefore, the character of the flagged Schur module & (D(1)) matches the character of the truncated crystal
M(wt A, R(A), J(A)). We can apply two different stabilisation results to see that the characters of the correspond-
ing product monomial crystal and Schur module match.

9.5.5 Theorem
Let A be a partition sequence of length r, and work in type I = A, for n > r. Then the characters of the Schur
module &p(;)(C") and the product monomial crystal .# (wt A, R(1)) are equal.

9.5.6 Proof
By Corollary 7.3.9, the character of the whole product monomial crystal can be obtained from any of its
truncations by applying the Demazure operator r,, corresponding to the longest element of the Weyl group
W; = ©,,,1. Hence

ch .2 (wt A, R(Q)) = m,, ch M (wt AR, ). (9.5.7)

By Theorem 21 of [RS98], the character of the Schur module §H(C") can be obtained from the character of
the flagged Schur module #p(C") by applying the Demazure operator r,,,, hence

ch §p(C") = =, ch Fp(C"). (9.5.8)

Since both the characters appearing on the right-hand sides of the above expressions are equal, the result
follows.

It is worth pointing out that we really did need to use both results Corollary 7.3.9 and (Theorem 21, [RS98]) in
the statement above. Despite the fact that we know that the character of the flagged Schur module matches the
character of the truncated product monomial crystal, and that both are positive sums of Demazure characters
even, we cannot apply the stabilising operator r,, and expect to get the character of the containing representation
(resp. crystal) unless we know for sure that the representation Fp(C") has a filtration by Demazure modules (resp.
the crystal is a sub-Demazure crystal). In this case due to our result that the truncations of the product monomial
crystals are Demazure (Theorem 7.3.7) we know that each truncation is a sub-Demazure crystal. Interestingly it
is still unknown whether the flagged Schur modules admit a filtration by Demazure modules (Reiner, personal
communication). Theorem 21 of [RS98] is proven in an entirely different manner, by a construction due to Magyar
[Mag98b] realising Sp(C") as the space of sections of a line bundle over a ‘configuration variety’ depending on
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the diagram D.

The result Theorem 9.5.5 is good, but is not as strong as we want since it only holds for n large enough compared
to the height of the diagram D. If the partition sequence A is of length r, but each partition has length at most 5
(for example), then it is easy to see from Example 9.5.2 that the corresponding multiset R(1) is defined in type As.
However our above result Theorem 9.5.5 is not applicable in type As if r > 5. In the following chapter, we will
develop some stability properties of the product monomial crystals defined when R is held fixed and the type A,
varies, so that we can strengthen the above result to all n.
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10 Stability of decomposition

In Chapter 9 we discussed the generalised Littlewood-Richardson coefficients cg associated to a diagram D, and
remarked on their stability properties in terms of Schur functors (Corollary 9.2.2). Namely, for any vector space
whose dimension is large enough, every coefficient cj% can be read off from the decomposition of the generalised
Schur module &p(V), and furthermore these stable coefficients can be used to deduce the decomposition of Sp(U)
for any dimU < dimV.

In this chapter we will see that the product monomial crystal # (A, R) C #(GL,) has similar behaviour: there ex-
ist stable coefficients cﬁ giving the decomposition of /# (A, R) into irreducible crystals whenever n is large enough,
and furthermore these stable coefficients can be used to deduce the decomposition of .#(A,R) C .#(GL,,) when-
ever m < n. Once we have this result, we can apply Theorem 9.5.5 to show that whenever D and R correspond,
we have cg = cﬁ, and hence the product monomial crystal #(A,R) C #(GL,) is the crystal of the generalised
Schur module &p(C") for all n.

10.1 Stability of restriction

Let @ be a root datum of Cartan type (I, -). Recall from Definitions 3.1.1 and 3.4.1 that each subset J C I defines a
Cartan datum (J, -) by restriction, and a restricted root datum @ of type (J, -) by keeping the weight and coweight
lattices the same, but only remembering the simple roots and coroots indexed by J. For each ®-crystal B, we have a
®;-crystal Bj by restriction: keeping the set B the same, but remembering only the crystal operators indexed by J.
As an example, we show the GL4-crystal %(2,0,0,0), and the restrictions %(2, 0, 0, 0){1’2} and %(2,0,0, 0){1’3}.

2(2,0,0,0) $B(2,0,0,0)1 23 2B(2,0,0,0)(1 33

i i i
s s N

SN N aN
NN NN N
N N J

l l

As the example shows, we expect a restricted crystal B; to often have many connected components, for example
with J = {1, 2} in the example we see that %(2,0,0,0) 7 is a disjoint union of three connected crystals. When
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J is a single element J = {i}, rather than writing ®; and By, we will simply write ®; and B;. The connected
components of the restricted crystal B; are exactly the i-strings inside B.

Suppose that (4, R) is a dominant pair defining a product monomial crystal #(A,R) C #(®). Whenever J C I
is a subset such that the multiset R is supported over J x Z, this data also defines a product monomial crystal
M(A,R) C M(D)), a ®j-crystal rather than a ®-crystal. In this case we will say that the multiset R lives over
J € I. We write (®, A,R) for the ®-crystal, and (@}, A, R) for the ®;-crystal to keep notation as clear as
possible. We get a different @ j-crystal by the restriction .#(®, A,R);, and the arguments following will have to
do with the interplay between the ®-crystal .#(®, A, R), its restricted ® j-subcrystal (®,4,R) 7> and the @ -
crystal /4 (®, A, R).

10.1.1 Example
Let ® = GLs, a root datum of Cartan type (I,-) = Ay, with vertices I = {1,2}. The data A = 2¢;, R =
{(1,3),(1, 1)} defines a ®-product monomial crystal .#(®, A,R), and also a @{1}-product monomial crystal
M (P13, A, R). These two crystals are pictured below using monomial diagrams, where the point (1,3) is
circled in green, and we write a y* next to the point (i,¢) to indicate that the multiplicity of Yic in that
monomial is k.
‘%((b: Ao R) ﬂ(q){l}’ A: R)
Ye ® Ve ®
. oy
Vo (] Y e .
Ye l Ye ® l Ye
° ° S 1 °
1 o)y — > . oy -1
Y e . 1 . YV e
. oy .
® l ® l ® ® l ®
1 )y 1 o)y . .
. Y e . 4 . .
1 Y — > « > oy 1 . 1
. ° 1 . 1 Y e Y e
. oy oy . 1
Both components of the ®y-crystal (P, A, R) appear inside the restricted ®yyy-crystal 4 (®, A, R)(y;.
This is a general fact, which we will make precise in what follows.

Let Z(®) C /(D) be the subgroup generated by the z;; for all (i, k) € I xZ, so that the product monomial crystal
M (D, A,R) is contained inside the coset et YR - Z(®). It is clear from the definition of the monomial crystal
(Definition 6.1.1) that each coset of Z'(®) is a subcrystal of .Z(®). For any subset ] C I, lety; : Z(®)) & Z(®)
be the linear inclusion map taking z;; € Z(®j) to z;; € Z(®) (note that the definition of z; depends on the
Cartan matrix, so this map is less obvious than it seems). If (4, R) lives over J then the product monomial crystal
M (D, A, R) makes sense. We define an inclusion of cosets

Ry CRE(@)) > fRZ@),  etypz o etypyy (), (10.1.2)

which is in fact a map of ®;-crystals, where the crystal on the right is equipped with the ®j-crystal structure
through restriction. The image of i) g j consists of all monomials whose z; ;-exponent is zero for i ¢ J. Note that
the map v, g ; is an affine, rather than linear, map of abelian groups.
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10.1.3 Lemma
The inclusion ¢/ g ; maps the product monomial crystal .#(®, A, R) into the set .4 (®, A, R). Furthermore,
the image of this map consists of all monomials p € .#(®, A, R) such that Suppg(p) € J x Z.

10.1.4 Proof
First consider the case where (4, R) is a fundamental pair concentrated at some (i, ¢). The restricted crystal
(D, A,R); decomposes into a disjoint union of ®;-crystals. Let us write .#(®,A,R); = Bu C where B

is the connected component containing the highest-weight element et yr and C are the other connected
components. Since the inclusion i/, r ; maps the J-highest-weight element ety € M@ 7.4 R) to the

I-highest-weight element ¢! - yp of B, the @ y-crystal map ¥ g j gives an isomorphism .#(®;, A, R) — B.

It remains to be seen that Suppg(p) € J x Z for all p € C. As #(®, A,R) is connected as a d-crystal, every
monomial p € #(®, A, R) may be written p = fl:l fllrl (¢!-yR) for somel > 0,7, > 1 and iy € I. The monomial
p belongs to the top component B if and only if {i, ...,ij} C J because B is a highest-weight @ j-crystal with
highest-weight element e* - y5. Hence every monomial p € C has Suppr(p) € J x Z, completing the proof
of the claim in the case where (4, R) is a fundamental pair.

For the general case where (4, R) is a dominant pair, we use a factorisation into fundamental pairs (1;,Ry),
..., (4, R;), and note that for each factorised monomial p = e(’)1 1 pr € M(D, A, R) we have

ViR pr) = Yy, R, (P10 Yy R (). (10.1.5)

The result then follows from the case of a fundamental pair.

In order to really understand what the affine map ¢/ g ; is doing in Lemma 10.1.3, we return to our previous

example, this time written out in terms of the e* - yg - z5 ! labelling.

10.1.6 Example

The crystals #(®, A, R) and A ((D{l}, A, R) of Example 10.1.1 are shown as monomial diagrams below, this

time always using the factorisation yg - zg L

‘ﬂ(@’As R) %(Q{l}w/l, R)
Ve V e Ve Ve
Ve | ety ° y e vzl

-
|

-
@® =<— o

Ve Y e V e y
e o ye o vzl ° Y .
1 ° —_— 1 ° oZ_l 1
Z e Z e . Z .

° oz_l .
Ve l y @l Ve y @l YV e
vz 1. * yz 1. * yz_l. * yz 1. * yz_l.
° —_— . — > . -1 . -1
z_l. 771 . 21 . z z7! . z z71 .
. oz_l oz_l °

The claims of Lemma 10.1.3 should be clear in the picture above.
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10 Stability of decomposition

A highest-weight element p € (2}, A,R) of the smaller ®j-crystal gets mapped to a highest-weight element
Yor j(p) of the larger ®-crystal: we can see that e;(3 g j(p)) = L for all j € J because ¢/ is a morphism of @ ;-
crystals, and if i € I\ J then all exponents y; g ;(p)[i, k] are zero or negative by the definition of the auxiliary
monomial z; . Therefore we get the following:

10.1.7 Lemma
The map 1, g ; restricted to highest-weight elements is an injective map of sets

Wiry i M@, AR o (D, 1, RV (10.1.8)

Furthermore, the image of this map consists of all highest-weight monomials p € .Z(®, A, R)*¥- such that
Suppr(p) € J X Z.

10.1.9 Proof

The map is injective since ¥, g j is, and its image consists of highest-weight elements as reasoned in the
previous discussion. By Lemma 10.1.3, all we need to prove about the claim describing the image is one
inclusion: that a highest-weight monomial p € /(®, 2, R)™" satisfying Su ppr(p) € JXZ is in the image of
¥, r - By Lemma 10.1.3 it has a preimage g € .#(®, A,R), so we just need to show that q is highest-weight,
but this is clear because 1/, g j is a morphism of ®-crystals.

The inclusions ¥, g j can be viewed as a directed system consisting of those subsets J C I such that R lives over
J, in the sense that the inclusions ﬂ(CI)], ALR) & M(Dk, A, R) & M(D, A, R) are compatible for ] C K C I. One
can ask: is there a smaller subset ] C I such that the product monomial crystal .4 (®, A, R) captures all necessary
information to determine the isomorphism class of . (®, A, R)?

10.1.10 Lemma
Let (A, R) be a dominant pair for ®. Consider the set X C I x Z defined by

X = up(R) n (down({(i,c — 2)} 1 (i,c) e R) u SuppR). (10.1.11)
Then if X is contained in J x Z for some J C I, the map ¥ g : (P}, A, R)h'w‘ > MM(D, A, R)h‘w‘ is a
bijection.
10.1.12 Proof

By Lemma 6.5.4 and Corollary 6.6.5, every highest-weight element g € .Z(®, 1, R)™" satisfies Suppg(q) C
X C J x Z, and hence by the description of the image in Lemma 10.1.7 the claim follows.

10.2 Application: decomposing a product

The results of the previous section can be applied to decompose the product monomial crystal into a product of
crystals, in some cases. Suppose we are working with the root datum ® = SLg of Cartan type (I,-) = Ag, and we
have A = 2@, + 205 with the multiset R = {(1, 1), (1, 3), (8, 2), (8, 4)} as pictured here:

A8 O—0—0—0—0—0—0—0

In this special case, the set X appearing in Lemma 10.1.10 is precisely X = Supp R, which lives over J = {1, 8}.
Therefore to determine the highest-weight elements of the crystal .#(®, A, R) it suffices to determine the highest-
weight elements of the (much smaller) crystal .#(®, A, R). Since the Cartan datum (J, -) is disconnected, we have
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10.3 Stability of the product monomial crystal for GL,,

an isomorphism

M(®y, 201, Ry) = {(1,1),(1,3)}) ® M(Dg, 25, Rg) = {(8,2),(8,4)}) — M(Dj, A, R), (10.2.1)

with the isomorphism being multiplication of monomials. We can determine these crystals using our previous
results about characters:

ﬂ(cbl,Z(Dl,Rl) = .%’(CI)I,Z(DI) @%(@1,@2), ﬂ(q)z,Z(DS,Rs) = %(@8,2@8)@@(‘@8,@7). (1022)

Notice that both B(®;, ®,) and B(Pg, @;) are single-element crystals which we are tempted to say are trivial, but
with our definition the restricted root data ®; and ®g retain the original weight lattice, so these single-element
crystals have weight @, and @;. This makes everything ‘fit back together’ in the nicest possible way. We can then
take the monomial-wise product of these to get the isomorphism of ®;-crystals

.ﬂ(q)],)t, R) = @(2@1 + 2@8) @ %(2@1 + @7) @ %(@2 + 2@8) ® %(@2 + @7). (1023)

By Lemma 10.1.10, these are precisely the highest-weights of the large crystal ./ (®, A, R), and hence we have the
isomorphism
M(D,AR) = FB(2w; + 203) ® B (2w, + ©7) ® KBy + 2003) & KBy + @7), (10.2.4)

this time of ®-crystals.

10.3 Stability of the product monomial crystal for GL,

Recall the discussion of polynomial weights and Schur functions from Section 9.4. In that discussion we worked
with the polynomial weights of GL, for a particular n, here we want to switch to considering some ‘limit’ where
we can work with characters for any n. A neat way to package this limit up is to consider a particular root datum
for the ‘infinite Cartan type’ A, .

The infinite Cartan datum A , has index set I = P, with the bilinear form given by i-i = 2, and i-j = —1 whenever
i — jl = 1. The Dynkin diagram is a half-infinite path:

A+oo O—0—0—0—0—0—0—0—0

Let @ be the ‘root datum’ whose weight lattice X(®) is the free Z-module with basis €;, €5, ..., coweight lattice is
the free Z-module with basis €}, €3, ..., the pairing (€, €/) = §j;, and simple roots ¢; = € — €1 and simple coroots
&’ = ¢’ — €. This is not really a root datum, since the weight and coweight lattices have infinite rank, and the
pairing is not perfect. However, there exists a unique basis @; = €; + --- + ¢ of X(®) dual to the simple coroots.

A weight A = Y .50 Aig € X(®) is polynomial if A; > 0 for all i. Any dominant weight is automatically polynomial,
since a weight is dominant if and only if Ay > A, > -, and since A € X(®) is finitely supported this sequence

must end in zeros. Therefore we get a bijection X(®), = Part between dominant weights and partitions, where
the weight A = ) ;5 A€ is identified with the partition (14, A5, ...).

Now, suppose that R is a finite multiset based in A, o, Z. It determines a unique dominant weight 1 = }; ;)cg @; €
X(®). Whenever n > 1 is such that R lives over [n — 1] x Z, the data of R and A determine a product monomial
crystal #(®[,_1], A, R), a @[,_1]-crystal. All of the weights of #(®[,,_;}, A, R) belong to the submodule }’;c(,,) Ze;,
and hence we may consider . (®[,_1], 4, R) as a GL,-crystal.

10.3.1 Lemma
Let R be a finite multiset based in A, % Z, with associated dominant weight 1 = 3 ; ;)cg @ € X(®). Then
there exists some n > 1 and coefficients cf{ g Such that

M(Pp,—1], A R) = EB AB(G Ln,,u)eeciR as GL, -crystals, (10.3.2)
I
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10 Stability of decomposition

and whenever R lives over [m — 1] x Z for some m > 1 we have

M (P[], A, R) = @ (%’(GLm,p)@cj‘l»R as GL,, -crystals. (10.3.3)
e(p)<m

Lemma 10.3.1 should be compared with Corollary 9.2.2, as they are similar in two ways: firstly they assert the
existence of certain stable coefficients, and secondly they give a restriction rule, and the restriction rules match.

10.3.4 Proof

Since R is finite, the set X C A, . % Z appearing in Lemma 10.1.10 is also finite, so there exists some
n > 1 such that X C [n — 1] x Z which we use to define the coeflicients Cfll,R according to Eq. (10.3.2).
Lemma 10.1.10 gives that Eq. (10.3.3) holds for all m > n. Now suppose that m < n, and consider the map
Y M(@pp—1)s A R o (@[p—1)5 A, R)'V appearing in Lemma 10.1.7 which has image consisting of
those highest-weight monomials whose R-support is contained in [m — 1] x Z. A highest-weight monomial
p of M (®[,_1], A, R) has R-support contained in [m — 1] X Z if and only if wt(p) is a partition with at most
m parts, giving that Eq. (10.3.3) holds when m < n.

We remark that the statement of Lemma 10.3.1 would be a lot more ugly if we were to use SL, rather than GL,,
since the property of a monomial having R-support contained in [m — 1] x Z cannot be checked purely from its
weight. In order to compute decompositions in the SL, case, one should do computations for GL,, and restrict to
SL,, as a last step.

We now get our main result: for GL,,, the product monomial crystal is the crystal of a generalised Schur module,
which follows directly from comparing Lemma 10.3.1 with Corollary 9.2.2, and checking that they both agree for
some large n as a result of Theorem 9.5.5.

10.3.5 Corollary

Let A be a partition sequence of length r, defining both a diagram D(A) by Definition 9.3.4 and a multiset
R(A) by Definition 9.5.1. Let m > 1 be an integer such that R(A) lives over [m — 1] X Z. Then the product
monomial crystal .#(GL,,, wt A, R(1)) is the crystal of the generalised Schur module &p(;)(C™) associated
to the column-convex diagram D(A).

10.3.6 Remark

Corollary 10.3.5 applies to all product monomial crystals of some GL,,, since after applying a vertical shift
R — R’ of the form R’[i, c] = R[i, ¢ + 2k] for some k € Z, R” can be brought to the form where R” = R(4) for
some partition sequence A. Similarly, Corollary 10.3.5 applies to all column-convex diagrams, which are all
of the form D(A) after applying some column permutation.

To finish this section, we give a worked example of using Lemma 10.3.1 to find stable coefficients and restrict
them to a smaller GL,,,.
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10.3.7 Example

Let R = {(1,5),(3,1),(4,6)}, with associated dominant weight A = ®; + @3 + @4, which define a product
monomial crystal #(GLs, A, R) in type A4. The figure below shows the set Supp R as the circled points, and
the set down((i,c — 2) I (i,¢) € R) n up(R) in green: their union is the set X appearing in Lemma 10.1.10.

0—0—0-—0—0—0—0— 0~

A+Oo




10.3 Stability of the product monomial crystal for GL,,

The figure shows that R is not stable for GLs, but it is stable for GLg and upwards, so we can determine the
stable coeflicients Cﬁ[,R by computing the decomposition of the product monomial crystal .#(GL,, 1, R) for
any n > 6. Using a computer, we determine the decomposition of #(GLg, A,R) to be

M(Dg, L, R) = FB(204) DB (03+05)D B (03406 ) DB (01 +@3+D4)DRB (D +@Dy+5) DB (2001 +@g ). (10.3.8)

We can then apply the restriction rule in Lemma 10.3.1 to deduce the decomposition of .#(GLs, A, R): we
must discard all partitions with length greater than 5. As GLs-crystals, we get

M(GLs, A,R) = B(20,) ® B(3 + @5) D B(@1 + @3 + @) ® B(@ + @3 + @s5). (10.3.9)

We could even further restrict to SLs-crystals along the morphism SLs; — GL5 of A4 root data, which has
the effect of quotienting the weight lattice by Zaos:

.%(SLS, /1, R) = %(2@4) ® %(@3) ©® %(@1 + o3 + (D4) (&) ‘%(@1 + @2). (10310)
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