THE COLLAPSING RATE OF THE KAHLER-RICCI FLOW
WITH REGULAR INFINITE TIME SINGULARITY

FREDERICK TSZ-HO FONG* AND ZHOU ZHANGT

ABSTRACT. We study the collapsing behavior of the Kahler-Ricci flow on a
compact Kihler manifold X admitting a holomorphic submersion X — ¥ in-
herited from its canonical bundle, where X is a Kéhler manifold with dim¢ % <
dimc X. We show that the flow metric degenerates at exactly the rate of e~*
as predicted by the cohomology information, and so the fibres 7= 1(z2), z € &
collapse at the optimal rate diamg(w~1(z)) ~ e~%/2. Consequently, it leads
to some analytic and geometric extensions to the regular case of Song-Tian’s
works [ST1,ST2]. Its applicability to general Calabi-Yau fibrations will also
be discussed in local settings.

1. INTRODUCTION

In this note, we let X be a closed connected Kéahler manifold with dim¢ X =
n which admits the following fibration. Let (X, wys) be a Ké&hler manifold with
dim¢Y =n—r < nand X 5 ¥ is a surjective holomorphic submersion. This
submersion gives a smooth fibration structure by classical results due to Ehresmann
[Eh] and Fischer-Grauert [FG]. For each z € ¥, we call 77!(2) a fibre based at z,
which is a complex submanifold of X with dim¢c = r. X is a smooth fibre bundle
over X, but the induced complex structure on each fibre may vary. In the case
where the fibres are isomorphic, X is a holomorphic fibre bundle over X. Here, we
allow X to be a point, i.e. r =n.

Throughout the note, we assume that the first Chern class ¢;(X) = —7*« for
some Kihler class « on X, and so each fibre 771(2) is a Calabi-Yau manifold. We
consider the following normalized Kéhler-Ricci flow on X, defined by
8wt

ot
with any Kahler metric wg as the initial metric.

The Kéhler class [wy] at time ¢ is precisely given by —c1(X) + e~ (Jwo] + ¢1(X)),
where we have chosen the convention ¢;(X) = [Ric(w)] for any Kéhler metric w on
X. The maximal existence time T" of (1.1) is uniquely determined by the optimal
existence result due to Tian and the second-named author in [TZ], namely

T = sup{t: —c1(X) + e *([wo] + c1(X)) is Kéhler.}.

The infinite time singularity case (i.e. T = oo) in this note is as follows. We
have a surjective holomorphic submersion 7 as described above. Moreover, 7*[ws] =

(1.1) = —Ric (wt) —we, Wil = wo,
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—m-c¢1(X) for some Kahler class [wx] over ¥ and a positive integer m. In practice,
we usually have 7 generated by holomorphic sections of the line bundle m - Kx as
amap X = CPY, where Kx is the canonical bundle of X, i.e. ¢1(Kx) = —¢1(X),
and ¥ is the image of . One can take wy, = wpg|y where wgg is the Fubini-Study
metric on CPY, and [wx] is the restriction of the hyperplane class of CP" to .
Under this setting, —c;(X) is semi-ample and by the optimal existence result, the
flow exists forever. The limiting Kéahler class as t — oo is exactly —c;1(X). We call
this regular infinite time singularity.
Define ws, = m*wys; and set

QO = Woo + €7 HwWp — Woo)-

Then @, is a reference metric in the same Kéhler class as the flow metric w;. The
following is the main result of this paper:

Theorem 1.1. Let X = ¥ be a holomorphic submersion described above and w;
satisfies the normalized Kahler-Ricci flow Oywy = —Ric(wy) —wy on X. Assume we
have regular infinite time singularity and the Kdhler class |w] limits to w*[wx] for
some Kdhler metric wy, on X (i.e. ¢1(Kx) = 7*[ws]). Then, using the notations
introduced above, we have

O™y <wp < Ciy

where C is a uniform constant depending only on n,r,wy, and ws. Hence, w; =~
e~twy along fibres and the fibres have diameters uniformly bounded from above and
below by exponentially decaying terms, i.e.

Cles < diamy (7 (2)) < Ce™3,  for any z € 3.

This result shares the same theme with several related works in the current
literature. In [ST1,ST2], Song and Tian studied the collapsing behavior of elliptic
and Calabi-Yau fibrations with non-big semi-ample canonical bundle under the
normalized Kéhler-Ricci flow (1.1), and showed that the metric on the regular
part converges, as a current, to a generalized Kéhler-Einstein metric on the base
manifold (see also [KT]). In case of elliptic fibrations, it was proved in [ST1] that
the convergence is in C1'®-sense for any a < 1 on the potential level. Theorem
1.1 in this note asserts if the fibration is regular then one can obtain an optimal
fibre-collapsing rate diam; ~ e~*2, and more importantly, shows that the C':*-
convergence also holds for smooth Calabi-Yau fibrations of general dimensions (see
Corollary 4.2).

There are analogous collapsing results for the unnormalized Ké&hler-Ricci flow
Owwr = —Ric(wy) with finite time singularity. For instance, the collapsing behavior
of CPP"-bundles was studied by Song, Székelyhidi and Weinkove in [SW1] and [SSW]
(see also [F1] by the first-named author). The collapsing behavior of Ricci-flat
metrics on Calabi-Yau manifolds is also studied in [To] and [GTZ] by Gross, Tosatti
and Y. Zhang. The common theme shared by all the aforesaid works is that the
limiting behavior of the K&hler metric can be read off by the cohomological data.

Inspired by [GTZ], we deduce several geometric and analytic consequences of
Theorem 1.1 on toric fibrations, a special case of Calabi-Yau fibrations with com-
plex tori as fibres. The existence of semi-flat forms on toric fibrations with a good
rescaling property allows us to make use of Theorem 1.1 to further strengthen the
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Che-convergence. Using a parabolic analogue of Gross-Tosatti-Y.Zhang’s argu-
ment, we show that on toric fibrations if the initial Kahler class is rational, then
along the Kéhler-Ricci flow we have (see Propositions 5.5, 5.6 and 5.8):

(i) the Riemann curvature ||Rml|,, is uniformly bounded;
(ii) wy converges smoothly to a generalized Ké&hler-Einstein metric on X; and
(iii) when restricted to each torus fibre, e‘w; converges smoothly to a flat metric
on the fibre.

Some of the above statements, particularly (ii), were conjectured in [ST1,ST2] (see
also [SW2]) on regular Calabi-Yau fibrations, and on general Calabi-Yau fibrations
away from singular fibres. A recent preprint [Gi] by Gill gives an affirmative answer
to the case where X is a Cartesian product of a complex torus and a compact
Kahler manifold with negative first Chern class. Our results hence further affirm
these conjectures on a wider class of regular toric fibrations. One fundamental
assumption in Propositions 5.5, 5.6 and 5.8 is that the initial Kahler class is rational.
It guarantees the existence of a suitable semi-flat form explicitly constructed by
Gross-Tosatti-Y.Zhang in [GTZ]. We hope that this technical assumption can be
removed.
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2. SOME ESTIMATES ON DECAY RATES

In this section, we prove the necessary estimates for establishing Theorem 1.1.
We adopted the techniques developed in [TZ,ST1, To,Z2] etc. Once the pointwise
decay of the volume form w} is established, the rest of the argument will follows
similarly as in [F2] by the first-named author (see also [To| for an elliptic analogue
of the argument).

We rewrite the Kéhler-Ricci flow (1.1) as a parabolic complex Monge-Ampere
equation in the same way as in [TZ,ST1] etc. We use the family of reference metrics
& defined before, which is in the same Kihler class as w;. By the d0-lemma, there
exists a family of smooth functions ¢, such that w; = &y + v/—1900¢;. Let Q be a
volume form on X such that

(2.1) V—=1001og Q = weo = T wy,

whose existence is clear from the cohomology consideration.
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Then it is easy to check that the K&hler-Ricci flow (1.1) is equivalent to the
following scalar evolution equation (with a complex Monge-Ampére looking):

% —1o (d)t + v —18530,3)71
ot & et
and so the solution ¢; also exists forever.

(22) — $t, o = Oa

Convention: in this note, we denote C' > 0 to be a uniform constant which depends
only on n, r,wy, ws, and may change from line to line. A stands for Laplacian with
respect to the flow metric w;.

We begin with the following Oth-order estimates.

Lemma 2.1. For (2.2), there exists a uniform constant C = C(n,r,wp,ws) such
that

9er
ot
Proof. Because 7 : X — X is a fibre bundle structure and that &) ~ e~"(2, by a
straightforward Maximum Principle argument, we have |¢;| < C.

Next we derive the bound for 88“‘?. Taking t-derivative of (2.2) we get

O (900} J A (2P L o ) 2o
at(at)—A(at) e "Tr,, (Wo — Weo) 9 +7r.

We can also reformulate it to the following two equations:

L AN AN N ¢
5 (e 8t)—A<e 5t Try, (Wo — Weo) + 1€°,

0 ago . 3501&
(23) a (815 +Sﬁt> =A (8t +<,0t) *7'L+’I"+T1“wtwoo.

The difference of these two is
% ((et — 1)% — cpt) =A <(et — 1)% — <pt) — Try,wo +re +n—1.
Applying Maximum Principle and the bounds for ¢;, we have
e - (n—r)t+ret+C
ot — et —1
For the lower bound, we can mimic the argument in [ST1] as follows.
o7 wy o0y

_ ~ w _9¢t
n"Trwtth—ﬁl:MiZCe ot
wt e ot +Lpf,—T'tQ

|§0t‘gcy SC

<C.

‘We can then combine

(8A> (a%Jrcpt) =-n+7r+Tr,we > —n+r

ot ot
0 0 . _0 _ et
<8tA) o = gfnJrTrwtwt > %fnJrCe ot .
to arrive at 5 5 5
Pt Pt -
——A)|—=+2 >——C+Ce o,
<8t )(Gt—'—%)_at e
Again applying Maximum Principle and the bounds of ¢;, we can conclude the
lower bound for 22t O

ot
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Remark 2.2. For the unnormalized Kéahler-Ricci flow with finite time singularity,
the first-named author has to assume in [F2] a uniform bound on Tr,,Ric(w;) in
order to derive an appropriate pointwise decay of the volume form w;'. Note that
such an assumption is not needed in the setting of this note.

In [ST3], there is a delicate argument to establish the same results as in Lemma
2.1 when the 7 is not assumed to be regular.

These Oth-order bounds provide the exact setting as in [Z3] and [ST3], and lead
to a sequence of estimates which eventually prove the uniform bound of the scalar
curvature. Among those estimates, there is one which is useful for our purpose of
this note:

(2.4) Tr,, mws = Try,wee < C,

uniformly for ¢ € [0, 00).

Lemma 2.1 tells us that the volume form of w; behaves exactly as predicted by
the cohomology information. Since it is useful for establishing the main theorem,
we summarize it in the following lemma:

Lemma 2.3. There exists a uniform constant C = C(n,r,wy,ws) > 0 such that
for any t € [0,00), we have

(2.5) Cle™mQ < wi < Ce Q.

We now show the Kihler potential (; decays at a rate of e~ after a suitable
normalization described below.

For each z € ¥ and t € [0,T'), we denote w; . to be the restriction of w; on the
fibre 7=1(2). For each t € [0,T), we define a function ®; : > — R by

1
@ = - r
&) = ol 7 1(2) /ﬂ-qz) s

which is the average value of ¢; over each fibre 771(z). The pull-back 7*®; is then
a function defined on X. For simplicity, we also denote 7*®; by ;.

Lemma 2.4. There exists a uniform constant C = C(n,r,wo,ws) such that for
any t € [0,00), we have

(2.6) e (g — @)| < C.
Proof. Denote ¢; = €'(¢y — ®¢). For each z € 3, we have & , = e ‘wy ,, and so
W,z = e—two,z + V —1858015{71_71(2) .

Since ®; depends only on z € X, we have \/—185@’
we have

(27) etwt,z =wo,z + Vv _1aé¢t’7r—1(z) .

aol(z) = 0. By rearranging,

Regard (2.7) to be a metric equation on the manifold 771(z), and we have

(2.8) (wo,z + \/jlaégbt’ﬂ.—l(z))r = (etww)r
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Using Lemma 2.3, we can see along 7~ 1(z2),

Wis _ wp A(Trws)" T
(2.9) —E =
wh . wp A (Trws)
wi A (mrws)" T wi
o wp wh A (mHws) "

< O(Try, m*ws)" " e
Combining (2.4) with (2.9), we see that (2.8) can be restated as
(2.10) (wo,z + \/—166@t\ﬂ,1(z)) = FL(6,1) ()"
where F,(&,t) : 77 1(2) x [0,T) — Ry is uniformly bounded from above.

Since fﬂ,l(z) @iy, = 0, by applying Yau's L>-estimate (see [Y]) on (2.7), we
then have

(2.11) sup |2l < C,
7—1(2)x[0,T)

where O, depends on 7,7, wo, ws, SUP; -1 ;) x[o,1) Fzs Volu, . (771(2)), the Sobolev
and Poincaré constants of 7~ 1(z) with respect to metric wp ., all of which can be
bounded uniformly independent of z. It completes the proof of the lemma. O

Remark 2.5. Yau’s L°°-estimate was proved by a Moser’s iteration argument. Read-
ers may refer to Chapter 2 of [S] for an exposition of the proof.

Remark 2.6. In our setting, the uniform boundedness of Sobolev and Poincaré
constants of (771(z),wp .) follows from the compactness of ¥ and the absence of
singular fibres. With the presence of singular fibres, there is a detail discussion in
[To] in this regard. The bounds of these constants can be derived using the fact that
7~ 1(z)’s are minimal submanifolds of X and the classical results in [MS, Ch,LY].

3. PROOF OF THEOREM 1.1

Now we can proceed to the proof of the main result about the collapsing rate.

Proof of Theorem 1.1. We apply Maximum Principle to the following quantity
Q = log(e™"Try,wo) — Ae' (pr — @y),

where A is a positive constant to be chosen. Denote 0 = 9; — A, and we have

(3.1) Olog(e Tr,,wo) < C + CTr,,wo

where C' depends on the curvature of wy.
We also need to compute the evolution equation for the second term in Q.
Oy 0P,
OAel (¢ — @) = Aet | = — === Aet(p, — @
e (¢ t) 2 ( ot o ) TAe (1 t)

— Aet(Agat — Aq)t)

ot Dot
T P ) —ca
= 4e ( ot /ﬂ.l(z) ot 0,2 ¢

— Ael(n — Tr,, & — ADy).
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Using the lower bound of ag? given by Lemma 2.1, we have

(3.2) OAel oy — ®;) > —CAe' 4 Ae'Tr,, @,

vt
+ Ae (A@t - /7T1(Z) 8ttw0’z> .

Combining (3.1) and (3.2), we have
(3.3) 0Q < CAe' 4+ CTry,wo — Ae'Try, (e 'wo + (1 — e Mweo)

it
—MtAQ—/ w@>
( n=1(z) ot ’

< CAe' + (C — A)Tr,,wo

oot
— Aet (A(I)t — /ﬂ—l(z) attw07z> .

Bgzt < C for some uniform constant C. It follows that

0
/ %t <c
7=1(2) ot ’

Note that Vol _(77!(2)) is actually independent of z.
For the Laplacian term of ®;, we have

By Lemma 2.1, we have

A (ptwg,z = T‘I‘wt vV —185@15 A WS’Z

—1(2) T=1(2)

= rI‘rwt / (wt - wt) A waz
71(2) ‘

—Tr,, / W AW,
7 1(2)

—Try, / (wg A waz + 1w A waz) .
m=1(z)

v

Y]

Since Tr,, m*wy < C and frl(z) (wo Awfy, + T*ws Awp ) is a smooth (1,1)-
form on ¥ independent of ¢, we have

A/ prwy , > —C
m=1(2)

for some uniform constant C. Back to (3.3), we have
(3.4) 0Q < CAe' + (C — A)Try,wo < CAe' — Tr,,,wo

if we choose A sufficiently large such that C' — A < —1.

Hence, for any S > 0, at the point where @ achieves its maximum over X x [0, 5],
we have Tr,, (e fwg) < C for some uniform constant C independent of S. Together
with Lemma 2.4, it follows that for any ¢ € [0, 00) we have,

(3.5) C e twy < wy.
Combining with the fact from (2.4) that w; > C~'r*ws, we have
(3.6) C™ 'y < wy.
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Together with Lemma 2.3 which indicates wi < C@p, we also have w, < Cw; for
any t € [0, 00).
It completes the proof of the theorem. O

4. CONVERGENCE AT TIME INFINITY

The argument in [ST1] can be directly applied to our regular infinite time sin-
gularity case for general dimension and show that the K&hler-Ricci flow converges
to the commonly called generalized Kahler-Einstein metric. This is done in more
general setting in [ST2], and we include it here for completeness.

We focus on the non-trivial case dim¢ X > 1. The fibres of the map 7 : X — X
are all smooth Calabi-Yau manifolds, and so there is a Ricci-flat metric wg . +
V/—100¥(z) for each z € . After normalizing ¥(z) to have fﬂ,l(z) V(z)wp , =0,
we have a smooth function ¥ over X with the smooth closed (1, 1)-form

WSF = wo + V —180T

being Ricci flat on each fibre. We further define the following smooth function a
priori on X,
B Q
(Mwss " ANwip

which makes sense despite of the fact that wgr might not be a metric over X.

Since v—1901og Q = ws, = m*wy and wgr is a Ricci-flat metric along each fibre,
we know that F' is constant along each fibre and so is the pull-back of a smooth
function over X.

Over X, we always have a unique and smooth solution u to the following complex
Monge-Ampere equation, which is a classic elliptic equation when dim¢ > = 1,

(ws + V=100u)" " = Fe'wy ™",

and we use the same notation for its pull-back on X.
Denote wgxr = ws ++/—100u. Direct computation as in [ST1] then shows that
this metric satisfies

RiC(wGKE) = —WGKE +wwp

where wyy p is the Weil-Petersson metric determined by the fibration 7 : X - DN
We also use wgk g for its pull-back on X, and so on X, wagx g = Wee + vV —190u.
Our main result in this section is the following.

Theorem 4.1. The solution p; for (2.2) converges uniformly to u as t — oo.

Proof. Set v; = p; —u — e ?W. Since the flow metric w; = &; + /—100¢; and
W = Woo + € H(wo — weo ), We have

w = (WokE — € 'weo) + € twgr + vV —100v;.

Q
T h—r sy W€ have

Meanwhile, since wli i = Fetw™ " and F =
’ GKE o (Mwis " Aw

(Mwere Nwsp = Qe
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Combine this to compute the evolution of v as follows
3vt 3%

Zt 2t —ty
ot o °
g ert ((OJGKE — e—twoo) —S;e_twsF + vV —188’00 - -
(4.1) rt ot T et 1+ /=10dv,)"
:loge ((wGKE e o) + e twgr + vt) ot et

(ke N Wse

e ((wekp — € 'weo) + e wgp + \/—185%)”
(Mweke Nwsp

Now we apply the standard Maximum Principle argument for v; by looking at

the spatial extremal value as a function of t.
The following observation is very useful

= log — U¢.

" (wekp — € twoo) + e twgr)"”
(Mweke N wsp
Set A(t) = maxx vy and we have
dA
— <Cet-A
dt
and so v; < Cte™t + Ce~t. Similarly vy > —Cte™t — Ce™t.
Hence we conclude |p; — u| < Ce_%, and ¢; — u exponentially.

_Cet<log < < Cet.

O

Recall that Theorem 1.1 proves w; and @; are uniformly equivalent. Combining
with the fact that Tr,,@: < C, one can show |A,, ¢:| < C and hence we have

Corollary 4.2. Kdhler-Ricci flow wy converges to wgxp ast — oo in the sense
that the metric potential p; — u in C*-norm for any o < 1.

5. TYPE III SINGULARITY OF TORIC FIBRATIONS

In this section, we specialize on one category of Calabi-Yau fibrations, namely
toric fibrations, where all fibres 7~1(2) are complex tori C"/A,. We again focus on
regular fibrations. We will provide another geometric application to the collapsing
rate result (Theorem 1.1), obtaining the uniform boundedness of ||[Rml|,, when
the initial Kahler class [wo] is rational. A solution @s to the unnormalized Ricci
flow 0,0, = —Ric(ws) is called Type III if |[Rm| g, < C/s for some uniform
constant C' > 0. One can easily verify by the correspondence w; = e_t@(et,l)
between normalized and unnormalized flows that Type III singularity is equivalent
to saying ||[Rm||., is uniformly bounded in the normalized flow. Furthermore, we
will show that in this special case the convergence of both ¢; and w; is in fact in
C*>°-topology which strengthened the result showed in Corollary 4.2.

Here is the setting in this section. Let X™ = 3"~ be a holomorphic submersion
fibred by complex tori such that ¢; (X) = —[r*wy] for some Kéhler metric wy, on 3.
For each point z € ¥, there exists a neighborhood z € B C ¥ such that 7 ~!(B) ¢ X
is trivialized: i.e. there exists a lattice section A, varying over z € B such that
(B x C")/A. is biholomorphic to 7~ 1(B).

From now on we assume the initial Kéhler class [wo] is rational, i.e. [wo] €
H?(X,Q), and hence X must be projective. Then there exists a closed nonnegative
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semi-flat form wgr on 7 1(B), with a good rescaling property, such that on each
fibre m7=1(2) we have WsF|r-1(,) cohomologous to wol,-1(,). The semi-flat form
wsr is a (1,1)-form such that for each z € B the restriction wgr|, -1,y on the fibre
7~ 1(2) is flat.

Lemma 5.1 (Gross-Tosatti-Y.Zhang [GTZ]). Given that X is projective and [wp)

is rational, then one can find a closed nonnegative (1,1)-form wgr such that there
exists a smooth function f: 7w~ 1(B) — R with

wsp —wo = V—180f
and passing to the universal cover p: B x C" — B x (C"/A,), we have
Prwsk = \/j135¢
where 1 : B x C" — R is a smooth function with the following rescaling property:
V(z, \) = N2(2,&)  for any (2,€) € Bx C" and \ € R.

Denote ); : B x C" — B x C to be the rescaling map (z,&) — (z,e/2¢). One
can easily verify that

(5.1) e '\ prwsp = e AV —100¢y = e '/ —=100(1 0 \y) = V—100% = p*wsr.

As before, we rewrite the normalized Kéhler-Ricci flow % = —Ric(w) — w; as

the following complex Monge-Ampere equation (2.2)
% —Io ((I)t + —185%)” _
ot & e~ Tt Pt
where @y = e twy + (1 — eff)w*wg and w; = &y + vV/—100¢p,. Here Q is a volume
form on X such that v/—1901og Q) = m*wys,. We first establish the following lemma
using Theorem 1.1:

Lemma 5.2. There is a constant C > 0 such that on B x C" we have
C™p*(m*ws + wsr) < Afp*wr < Cp*(n*ws + wgp) for any t > 1.
Proof. First we use the metric equivalence of w; and @; established in Theorem 1.1:
C™oy <wyp < Oy,

For the sake of simplicity, we denote w; ~ &, for the above metric equivalence (and
for any other pair of metrics). Then,

A ptwe = A p*
= \ip*(e two + (1 — e H)m*wy)
=e 'Np*wo + (1 — e p*rws.
Note that A\p*m*ws = p*n*wsy since \; rescales the fibre directions only. As wy ~
wsF + mrwy, we have
Apfwy ~ e T\ pfwgp + (1 — e Hp*rws
~ p*wsr + (1 — e Hp*r*ws
~ p*(wgp + 7*wy) for ¢t > 1.
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Next we show Afp*w; is locally cohomologous to p*(ws + wgr) in B x C":
ANpFwe = Ap* (e twy + (1 — e Hm*ws) + V=190 (s 0 p o Ay)
= e 'Aprwo+ (1 —e ")p*n*ws + vV —=109(pr o po \r)
= e NP (wsr — V=199f) + (1 — e ")p*n*ws + vV =109(pr 0 po \r)
=pwsr —V—=109(e ' fopo X)) + (1 — e ")p*m*ws + V—=109(pr opo Xy).

On the open ball B C 3, the Kéhler metric wy; can be locally expressed as v/—109¢
for some smooth function ¢ : B — R. Therefore, we have

(5.2) Nip*wr = p*(wsr + Tws) + V—100uy,

where uy = propo Xy —e {(fopoX) —e {(Cop). As ¢, is uniformly bounded on
X, we have u; being uniformly bounded on B x C".

One can show the following higher-order estimates using Evans-Krylov’s and
Schauder’s estimates:

Lemma 5.3. Given any compact set K C B x C" and any k > 0, there exists a
constant C = C(K, k) such that

(5.3) NP weller (k.50 < C
where § is the Euclidean metric of B x C".

Proof. We first derive a complex Monge-Ampere equation for u;: from the Kéahler-
Ricci flow equation, we have

wy = e%“’t*”Q.
By rescaling, we have
(ApTw)"™ = A[pwy = (e%ﬂ"”” opo ) Afp Q.
Since v/—1001log Q) = 7m*ws, and so \/jaglogﬁyrl(z)
By the compactness of the toric fibres m7=1(2), we have Q depends only on z € ¥

and hence e " Afp*Q = p*Q. Therefore, from (5.2) the potential u; satisfies the
following equation:

= 0 for each z € B.

= 0
(5.4) log(p*(wsr + Tws) + V—100u)" = <£t + cpt) opo A\ + log(p* Q).

The following quantities are uniformly bounded according to the gradient and
Laplacian estimates due to [CY,LY] (see also [SeT,ST1,ST2,Z2] etc.)

Ve (@t + @)l < O, [A(Gr + @) < C.
Hence,
||v)\fp*wt (Spt + th) opo )‘tH)\IP*Wt < C7
|A>\2‘p*wt(¢t + @t) opo )\t| <C.

By Lemma 5.2, we have A\jp*w; ~ p*(wsp+7*ws) ~ d on K C BxC". Hence, apply
Evans-Krylov’s theory (see [Ev,Kr]) on (5.4) one can get a uniform C*“-estimate
on us. Finally, by the Schauder’s estimate (see e.g. [GT]) and a bootstrapping
argument, one can complete the proof of the lemma. Here we supply the detail of
the bootstrapping argument:
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Let D be any first-order differential operator on B x C". Differentiating (5.4) by
D gives

AAZp*wt (Dut) Tr)\*p thp (WSF +m WE)

(5.5) +D {A;‘p* (a(’)t + <pf> } + Dlog(p*Q).

From (2.3), one can show using the chain rule that

O [ v s [ Opt e Opr .
8t{)\ (at +<ﬂt)}—>\tp {AM<8t +or ) —n4r+ Tr,, 7 ws

* ok 5‘g0t 1%_
Z/\ a@( +<p) €78

Oy
= Axiprw, AP ( o +<pt) =+ 7+ Trspew, p ™ ws

S (o) o
S CABIE
oy

Hence, A\;p* ( B + got) satisfies the following parabolic equation:

0 _
(56) (81& A)\*p w,) H = (&EH, 85 + 85)5 —n—+r+ TrA:p*wtp*w*wg

where 0g denotes the flat connection on B x C" and 0¢ = (1, ...,&) € C".

Assume that u; € C*© for some k > 2 and 0 < a < 1. Then by (5.2) we have
Aip*wy € C*=2 By the uniform bound of \;p*w;, one also has (A\fp*w;)~! €
Ck=22_ Hence applying parabolic Schauder’s estimate on (5.6) one get

Ap* (aai + <pt> e oho
The controls are uniform in time because we already have uniform controls on the
metric and CY norm of the evolution term.

Hence the coefficients of the elliptic equation (5.5) are in C*~2 and applying
elliptic Schauder’s estimate one has Du; € C*% and therefore u; € C*t1 which
is one higher-order up than our assumption. Since Evans-Krylov’s theory asserts
that u, € C%°, this bootstrapping argument implies u; € C* which completes the
proof of the lemma. O

Lemma 5.3 proves smooth convergence of the modified potential u;. The uniform
bound on |[Rm]||,, can hence be established by the following argument.

Remark 5.4. In fact, a uniform bound for C*norm of u; is sufficient to prove
the uniform boundedness of ||Rml|,,. The higher order estimates will be used in
obtaining later results.
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For each point x € X, find a compact subset K containing x such that K C
7~ Y(B) = B x (C"/A,) for some small open ball B C . We then get

sup [|[Rml|,, = sup [[Rm
K K’

prwt
for some K’ C B x C” such that p(K’) = K. Therefore,
sup |[Rml|,, = sup HRmH)\t*p*w,:-
K Ar (K
As A\ UK = {(z,e712€) : (2,€) € K'.}, one can easily see Uso\; L (K') is pre-
compact. By Lemma 5.3, one has supy-1(x [[Rm||xspw, < Cx where C depends

on K. By covering the compact manifold X by finitely many such K’s we have
proved:

Proposition 5.5. Suppose m: X — X is a smooth holomorphic submersion fibreed
by complex tori such that the initial Kahler class [wo] is rational. Then along the
normalized Kdhler-Ricci flow (1.1), we have |[Rm||,, < C for some constant C > 0
independent of t, i.e. the flow encounters Type III singularity.

Another consequence of Lemma 5.3 is the C'*°-convergence of w; to the gener-
alized Kéhler-Einstein metric, which strengthened the C1®-convergence result (on
the potential level) in Corollary 4.2. Recall that ¢ — u ast — co where u : ¥ — R
is the potential function such that wgxrp = ws + v/=100u. Under the setting in
this section, we have the following proposition:

Proposition 5.6. Under the same assumption as in Proposition 5.5, we have
(i) or — u in C*(X,wq)-topology, and
(i) w — T™warE i C*(X,wy)-topology.

Remark 5.7. From now on all the C*-norms below are with respect to a time-
independent metric. Also, by uniform bounds on C*-norms we mean that the
bounds are independent of ¢ but may depend on k.

Proof. First fix a compact set K C M and find K’ C B x C" such that K’ and K
are biholomorphic via p, i.e. p(K') = K. From Theorem 4.1 we already know that
¢; — u in C%norm, hence to prove (i) it suffices to establish uniform bounds on
l¢tllcr iy Note that
prw = p*@y + V—=109(p; 0 p)

and it is straight-forward to check that ||p*@¢||cr (k) < C(K’, k) for some constant
C > 0 depending only on K’ and k. We are left to show ||p*w¢||ck (k- is uniformly
bounded independent of ¢.

Denote {z;,&,} to be the base-fibre coordinates on B x C", ie. i =1,...,n—7r
and o =1,...,7. The local components of p*w; and A;p*w; are related by

(P*wi)iz(2,€) = ()\Ip*wt)ij(z&*t“g)’
(pwi)ia(z,€) = e_t/z()‘:p*wt)ia(z,e_t/2f)»
(") (. 6) = (A" wn) (2 ¢711%),
(P*wt)ap(2,€) = €7t(>\fp*wt)ag(z,e’t/2§),
By Lemma 5.3, the local components of Afp*w; are uniformly bounded in every

Ck-norm. It is easy to check from the above relations that the local components of
p*w; are also uniformly bounded in every C*-norm. Combining with the uniform
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C*-bounds on p*@;, we establish the uniform bounds on [p*#¢llok (k) and hence
l¢tllcx (). One can then prove (i) by covering M by finitely many compact subsets

(ii) is a direct consequence of Theorem 4.1 and (i) above. Now we have ; — 7" u
and @w; — 7wy both in C*°-topology. Hence w; — m*ws + 7*v/—100u = m*wekE
in C*°-topology as t — oo. O

To finish this section, we prove a result concerning fibre-wise convergence. We
establish that the flow metric restricted on each fibre converges smoothly, after a
suitable rescaling, to a flat metric on the torus fibre. Precisely, we have

Proposition 5.8. Under the same assumption as in Proposition 5.5, we have
(i) ug = uop in C2 (B x C") ast — oo,

loc

(ii) €'wil -1,y = WsP|a-1(y 0 C°(7~1(2))-topology.

Proof. By the proof of Lemma 5.3 we have uniform bounds on ||ug||cx (k) for any
compact subset K C BxC". Hence for (i) it suffices to show u; — uop in C%-norm.
Recall that u; is defined by

up=w@iopoX —e (fopod) —eH(Cop)
where f and ¢ are time-independent functions and hence are bounded on any com-

pact subset of B x C". It suffices to show ¢, opo A\, = uop in C%-norm, it can be
established by Lemma 2.4 and Theorem 4.1 as below:

[t 0opo Xe(2,€) —uop(z,§)
< pu(z,€%6) = @1z, ) o p + |1 (2,€) — u(z,€)| o p
=0(e™ )+ 0(e7V?) = 0(e7¥/?).

Taking ¢ — oo completes the proof of (i).
To prove (ii), we restrict (5.2) to the fibres,

MNP Wil uer = PWsFlyxer + V100w e
Pulling-back by A_; defined by (z,&) — (2, e~%/2¢) gives
Pl zyxer = AP wsp |y or + A \/jlagut|{z}><cr'

By the rescaling property of wgr given by (5.1), we have

N prwsk = e 'prwse.
Note also that in the Euclidean space C" = {z} x C",

(A", V=100u| () (2,6) = e (V=100 (o) (2 e t2¢).
Combining these, we have
(¢! p*wt\{z}x@)(%ﬁ) = (P*WSF|{Z}x<CT)(Za§) + (\/jlagut’{z}xg)(%e_t/zﬁ)-

From (i), we have u; — wop in C22(B x C") and since uwop depends only on z € B,
we have

V=100u4| (o = 0

as t — oo in Cp%-topology. Hence, we have e p*wt|{z}xcr — p*wsp|{z}x(cT in

C.({z} x C")-topology, and so

e P*Wil 10y = PTWSFlr1(s
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in C>°(7~1(z))-topology. It completes the proof of (ii) since P wsFlr-1, is a flat
metric for each z € 3.

6. REMARKS

The totally collapsing case of 3 being a point (and so ¢;(X) = 0) is considered
in H.D. Cao’s work [Ca] on the Ricci flow proof of the Calabi-Yau Theorem. The
convergence of flow metric to the point metric is certainly in very strong sense, and
coincides with our scenario.

We briefly describe a possible approach to adjust the previous argument to the
general situation allowing singular fibres. We use the same setting as in [To] as
described below, and would stick to the existing notations in the current work.

In the general case, the smooth fibration 7w : X — X is replaced by a holomorphic
map F' : X — Y between complex manifolds with the image ¥ = F(X) being
possibly singular. In practice, this map is generated by the line bundle mKx for
sonjlg large positive integer m and this manifold Y is some complex projective space
CP™.

There is a subvariety S in X with the restriction of F' to X\ S — X\ F(S) being
a submersion. Now wy, = wy|s for some Kéhler metric wy over Y.

We still consider the collapsing case of dimg X =n > n —r = dimc Y, and then
the restricted F' gives a smooth bundle over ¥\ F(.S) of fibre dimension 7.

As in [To], there is a smooth function H over X defined by

n—r ro__ n
woe ' ANwy = Hw)

which vanishes exactly at S and is locally comparable with a (finite) sum of the
squares of the norms of holomorphic functions. Furthermore, one can have another
smooth real non-negative function o over Y vanishing exactly at F(s). Obviously
we have

v —100 A Oo < Cwy, —Cuwy < \/—].850’ < Cuwy.
We would also use o to denote its pull-back on X.

Now we consider the arguments in the previous sections in this general situation.

Lemma 2.1 is still valid by the recent work [ST3] by Song-Tian, and so is (2.4).
Thus Lemma 2.3 still holds.

The estimate in Lemma 2.4 needs to be replaced by

Y
e (pr — ®)| < CeP?

over X \ S for some positive constants C', B and A. The exact same argument works
except that at the end where the Poincaré constant and Green’s function bound
would no longer be uniform, resulting in the degeneracy of the estimate. Please
see [To] for detail.

For the Maximum Principle argument in Section 3, in the same spirit as [ST1],
we consider the term Q = e=B7 " . Q.

Clearly, VQ = e~ 87 °VQ + QVe=B° ", and so VQ = ¢B° "VQ + BQVo>.
In this work, V means 9 and (-, ) is the Hermitian product with respect to the flow
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metric w;. Then we have the following computation,
00 = e 5700 — QAe™57" — 2Re (VQ, ve—Ba”)
= e*B"_ADQ -Q (—Be*BU_AAcr*)‘ + B2e=Bo’ \VJ*)‘\Q)
— 2Re (J‘U”Vé + BQVo >, —Be*Bf’”VU**)
— ¢~ 8700 + 2BRe (véj, VO’_A)

+ BQe*B‘TdAa”‘ + BQQBJS"?A Vo2

The following useful estimates can be established by the properties of o summa-
rized earlier.

Vo2 = N0~ 22|V 2
= N0 P 2Ty, (V=100 A Do)
< Co 2Ty, (Cws)
< Co 22,
Ao~ < A A HAG 4+ AN + D)o 2|Va|?|
< Ao M YTy, (V=1090)| + A\ + 1)o =2 2Tr,, (V=190 A O0o)
< Co™Tr,, (Cws)
< Co 72,

Meanwhile, the lower bound for Ad, is replaced by the degenerate term —Co~H.
Combining all these, we have

0Q < e 57" (CAelo™" + CAe' + (C — A)Tr,,wo) + 2BRe (véj, vU—A)
+CB|Qle™ P oA 2 4 CB?|Qle BT o,
Now we apply Maximum Principle to get an upper bound for the term
Q= e~ B Q= e~ Bt (log Tro,wo — t — Ae’(pr — ¢)).

Clearly, we only need to consider the case Q > 0 at the point being considered.
Then at the maximum value point in the region X x [0,S5] with ¢ > 0 (which is
clearly not in S), we have

0< (CAe'o™" 4+ CAe' + (C — A)Try,wo) + CBQo ™2 4+ CB*Qe 22
Again, we take a sufficiently large A such that C — A < —1. Using
Q = log Try,,wo — t — Ae'(pr — ®;) < log Try,wo —t + C’AeB"ﬂ,
we end up with
Try,,wo < Co~ 2 2]og Try,wo + CeteB+eo™
for some € > 0. So we have

—A
Tr,,wo < CetelBote)o "

from which we conclude

Q<C.
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Hence we have e twg < F(o)w; which is a degenerate analogue of (3.5). By the
same argument as in Section 3, one conclude that %d}t < w; < G(o)w, indicating
the metric collapses along fibres 771(2) for z € X\ F(S).

For the discussion in Section 4, the general case is essentially more involved. For

example, the complex Monge-Ampere equation in the definition of wgkE,
(ws + V—100u)" " = Fe'wy ™",

is now over a (possibly) singular variety ¥. One could pull it back to the desingu-
larization of ¥, and the results in [DP,EGZ,Z1] give a bounded weak solution which
is also continuous by [Z1]. However, in order to apply the argument as in [ST1]
for the flow convergence, one needs sufficient regularity away from S. Fortunately,
this has been done explicitly in [ST2], where the local uniform convergence at the
level of metric potential away from S is also achieved. Combining with the local
collapsing (in fact just bound) of flow metric, we have the local convergence in
Che<l_norm away from S.

The discussion in Section 5 is local, as primarily in the original work of [GTZ],
and so all the conclusions in Section 5 are valid in the local sense.

For the general case, the convergence so far is only local which brings little
control on the global geometry. The global control remains to be an interesting
problem. Nonetheless, we know that the scalar curvature on the whole manifold is
uniformly bounded. See [Z2] for the non-collapsing case, and [ST3] for the general
case including the collapsing case.
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