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Plan

This talk is based on the joint works with Professors Neal Bez and
Sanghyuk Lee.

1 Overview the classical pointwise convergence problem for the
Schrödinger equation.

2 Pointwise convergence for infinitely many particles (Main results).
3 Endpoint 1d-Strichartz estimate for the orthonormal initial data

(Almost sharp answer to works by Frank-Lewin-Lieb-Seiringer
and Frank-Sabin).
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Classical pointwise convergence convegence

Consider the free Schrödinger equation:

i∂tu(t, x) + ∂2
x u(t, x) = 0, (t, x) ∈ R1+1,

u(0, x) = f(x),

whose solution is explicitly given by

eit∂2
x f(x) = C

∫
R

ei(x·ξ+t|ξ|2 )̂f(ξ) dξ (x ∈ R).
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Carleson’s problem

Question:

What is the “largest class” of initial data f for which the
pointwise convergence

lim
t→0

eit∂2
x f(x) = f(x), a.e. x ∈ R

holds true for all f? Or equivalently,

lim
t→0

∫
R

ei(x·ξ+t|ξ|2 )̂f(ξ) dξ = f(x), a.e. x ∈ R

⇝ Mathematically, this is a problem if we can exchange the order:

lim
t→0

∫
R

dξ ??
=

∫
R
lim
t→0

dξ.
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Few observations

Question: pointwise convergence

lim
t→0

eit∂2
x f(x) = f(x), a.e. x ∈ R. (1)

For all f ∈ S(R), Schwartz space, the pointwise convergence (1) holds
true (∵ Lebesgue’s convergence thm).
For all f ∈ H 1

2 (R), inhomogeneous Sobolev space, the pointwise
convergence (1) holds true (∵ Sobolev’s embedding).

⇝ Regularity of initial data? ⇝ Reasonable choice of function space:
Sobolev space Hs(R), s ≥ 0.

⇝ Identify the smallest s ≥ 0 for which (1) holds for all f ∈ Hs(R).
(Small s ≥ 0 means large class of initial data).
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Answer to the Carleson’s problem (1-dim)

Answer ⇝ Carleson and Dahlberg-Kenig: the pointwise convergence (1):

lim
t→0

eit∂2
x f(x) = f(x), a.e. x ∈ R

holds for all f ∈ Hs(R) if and only if s ≥ 1
4 .
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Variants of the problem

For higher dimension d ≥ 2, Bourgain, Du-Guth-Li and Du-Zhang:

s ≥ 1
2 − 1

2(d + 1) : Necessary, s > 1
2 − 1

2(d + 1) : Sufficient.

Fractional Schrödinger due to Cho-Ko.
Pointwise convergence under the subsequence tn → 0 due to
Dimou-Seeger, Sjölin.
Non-tangential limit problem due to Cho-Lee-Vargas, Shiraki.
Pointwise convergence limt→0 u(t, x) → f(x), u: solution to the NLS
due to Compaan-Lucá-Staffilani.
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Our motivation

Free solution eit∂2
x f: behavior of a single quantum particle (e.g. electron).

⇝ What if we considers the system of infinitely many particles? Is it still
possible to ensure the convergence to the initial states?

⇝ Pointwise convergence problem for the system of infinitely many
particles.

Analysis for the infinitely many particles (Fermion): Hartree-type equation
by Chen-Hong-Pavlović, Lewin-Sabin.

⇝ Orthonormal system initial data formulation.
Take an orthonormal system (fj)j in Hs(R).
Then the behavior of each particle is represented by eit∂2

x fj(x).
⇝ Analyze the system (eit∂2

x fj(x))j as t → 0.
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How to formulate the pointwise convergence problem?

Dynamics of the system of N-many Fermions interacting with each other
by a potential w : R → C:

i∂tu1(t, x) =
(
− ∂2

x + w ∗ ρ(t, x)
)
u1(t, x)

...
i∂tuN(t, x) =

(
− ∂2

x + w ∗ ρ(t, x)
)
uN(t, x)

uj(0, x) = fj(x), ρ(t, x) :=
∑N

j=1 |uj(t, x)|2.
As N → ∞, operator valued equation:

i∂tγ = [−∂2
x + w ∗ ργ , γ], (t, x) ∈ R1+1, (2)

γ|t=0 = γ0,

where γ0, γ = γ(t): self-adjoint and bounded operators on L2(R),
ργ : R1+1 → R≥0: density function of γ, [A,B] = AB − BA: commutator.

⇝ Solution γ(t) represents the time evolution of the system of Fermion.
⇝ Pointwise convergence of γ(t) → γ0 (t → 0) in appropriate sense??
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Formulate using the density function
For the simplicity, consider the linear situation: w = 0.

⇝ Linear solution of (2) is given by

γ(t) = e−it∂2
x γ0eit∂2

x : L2(R) → L2(R).

⇝ For γ0 =
∑

j νj|fj〉〈fj| (where Dirac’s notation
|f〉〈f| : L2 3 ϕ 7→ 〈f, ϕ〉f ∈ L2), (fj)j: orthonormal system in L2(R),

γ(t) =
∑

j
νj|eit∂2

x fj〉〈eit∂2
x fj|,

and its functional representation:
ργ(t, x) = ργ(t)(x) =

∑
j
νj|eit∂2

x fj(x)|2.

⇝ Formulate the problem by using the density function:
lim
t→0

ργ(t, x) = ργ0(x) a.e. x ∈ R.
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j νj|fj〉〈fj| (where Dirac’s notation
|f〉〈f| : L2 3 ϕ 7→ 〈f, ϕ〉f ∈ L2), (fj)j: orthonormal system in L2(R),

γ(t) =
∑

j
νj|eit∂2

x fj〉〈eit∂2
x fj|,

and its functional representation:
ργ(t, x) = ργ(t)(x) =

∑
j
νj|eit∂2

x fj(x)|2.

⇝ Formulate the problem by using the density function:
lim
t→0

ργ(t, x) = ργ0(x) a.e. x ∈ R.
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Compare to the original Carleson’s problem

Problem: Identify the largest class of γ0 for which

lim
t→0

ργ(t, x) = ργ0 a.e. x ∈ R. (3)

For γ0 = |f〉〈f|, f ∈ L2(R), we have

ργ(t, x) = |eit∂2
x f(x)|2, ργ0 = |f(x)|2.

⇝ Problem (3) is equivalent to

lim
t→0

|eit∂2
x f(x)| = |f(x)| a.e. x ∈ R

which is (up to signature) the original Carleson’s problem.

⇝ If γ0 = |f〉〈f|, f ∈ H 1
4 (R), then (3) follows from the classical result.
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Precise formulation
Problem: Identify the largest class of γ0 for which

lim
t→0

ργ(t, x) = ργ0 a.e. x ∈ R. (4)

Moreover, if γ0 =
∑

j νj|fj〉〈fj| with νj ∈ ℓ1 and fj ∈ H 1
4 , then one can

easily obtain (4).
Recall the inclusion relation of sequence spaces:

ℓ1 ⊂ ℓβ ⊂ ℓ∞, β ∈ (1,∞).

If one can prove (4) for all γ0 =
∑

j νj|fj〉〈fj| with ν ∈ ℓβ and for some
β > 1, then this is an improvement of the classical result:

∀f ∈ H 1
4 (R), lim

t→0
|eit∂2

x f(x)| = |f(x)| a.e. x ∈ R
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Precise formulation

γ0 =
∑

j νj|fj〉〈fj| with ν ∈ ℓβ and o/n system (fj)j in H 1
4 ⇔ γ0 ∈ Cβ(H 1

4 ):
Schatten space.

Problem 1
Identify the largest β ≥ 1 for which

lim
t→0

ργ(t, x) = ργ0(x) a.e. x ∈ R (5)

holds for all γ0 ∈ Cβ(H 1
4 ).
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Second result (Pointwise convergence)

Theorem 2 (Bez-Lee-N)
The pointwise convergence (5) holds for all γ0 ∈ Cβ(H 1

4 ) as long as β < 2.

Improvement is up to near C2(H 1
4 ).

No idea if β < 2 is sharp for the pointwise convergence (5) or not.
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Maximal-in-time estimate

Standard way to tackle to the pointwise convergence problem

⇝ Corresponding maximal estimate:∥∥ sup
t∈[0,1]

|eit∂2
x f|

∥∥
X ≲ 1 (6)

for all f ∈ Hs(R) s.t. ‖f‖Hs = 1 and for some function space X.
For instance, Kenig-Ponce-Vega proved a bit stronger estimate:∥∥ sup

t∈R
|eit∂2

x f|
∥∥

L4x(R)
=

∥∥eit∂2
x f
∥∥

L4xL∞
t (R1+1) ≲ 1

for all f ∈ H 1
4 (R) s.t. ‖f‖

H
1
4
= 1. ⇝ Implies the sharp pointwise

convergence result.
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For instance, Kenig-Ponce-Vega proved a bit stronger estimate:∥∥ sup

t∈R
|eit∂2

x f|
∥∥

L4x(R)
=

∥∥eit∂2
x f
∥∥

L4xL∞
t (R1+1) ≲ 1

for all f ∈ H 1
4 (R) s.t. ‖f‖

H
1
4
= 1.

⇝ Implies the sharp pointwise
convergence result.
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Maximal in time estimate for orthonormal system data

Now, we have a system of initial data: (fj)j ⇝ Consider the square type
function (or density function):

(∑
j νj|eit∂2

x fj(x)|2
) 1

2 for some ν = (νj)j.

Natural to generalize the previous maximal estimate to the one of the form∥∥∥∥(∑
j
νj|eit∂2

x fj|2
) 1

2

∥∥∥∥
L4xL∞

t (R1+1)
≲ ‖ν‖

1
2
ℓβ

(7)

for all orthonormal system (fj)j in H 1
4 (R), all coefficients ν = (νj)j and for

some β ≥ 1.
Main problem: Identify the largest β ≥ 1 for (7).
Easy to show (7) with β = 1: from triangle ineq + classical est,∥∥∥∥(∑

j
νj|eit∂2

x fj|2
) 1

2

∥∥∥∥
L4xL∞

t

≤
(∑

j
νj‖eit∂2

x fj‖2
L4xL∞

t

) 1
2 ≲

(∑
j
νj
) 1

2 .

⇝ β > 1 means non-trivial (and improved) estimate.
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First result (Sharp β)

We give the weak type estimate of (7).

Theorem 3 (Bez-Lee-N)
For all families of the orthonormal functions (fj)j in H 1

4 (R) and coefficients
ν = (νj)j, ∥∥∥∥(∑

j
νj|eit∂2

x fj|2
) 1

2

∥∥∥∥
L4,∞

x L∞
t (R1+1)

≲ ‖ν‖
1
2
ℓβ

(8)

holds as long as β < 2 and this is sharp in the sense that (8) fails if β ≥ 2.

Improvement of the classical estimate: ‖eit∂2
x f‖L4,∞

x L∞
t (R1+1) ≲ ‖f‖

H
1
4
.

This gives the pointwise convergence result for infinitely many
particles.
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How to show?

Theorem 2 (Pointwise convergence) is a consequence of Theorem 3
(maximal estimate).
To show Theorem 3, we employ Kenig-Ponce-Vega’s idea: Reduce the
maximal in time estimate

‖eit∂2
x f‖L4xL∞

t
≲ ‖f‖

H
1
4

to the Strichartz estimate for fractional Schrödinger equation:

‖eit|∂x|
1
2 f‖L4

t L∞x
≲ ‖f‖

H
3
8
.

Note: Applying their idea to our setting is not straightforward and need an
extra twist.
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Strichartz estimate for the orthonormal system input

With Kenig-Ponce-Vega’s idea in mind, it is natural to investigate the
estimate

∥∥(∑
j
νj|eit∂2

x fj|2
) 1

2
∥∥

L4
t L∞x (R1+1) ≲ ‖ν‖

1
2
ℓβ

(9)

for all families of orthonormal functions (fj)j in L2(R) and coefficient (νj)j
and for some β ≥ 1.

Again, the problem is to make β ≥ 1 as large as possible.
The case β = 1 is equivalent to the classical Strichartz estimate and
(9) with β > 1 means an improvement.
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General result

General form: Let (q, r) be the admissible pair i.e. 2
q = 1

2 − 1
r , q, r ≥ 2.

Then what is the largest β = β(q, r) ≥ 1 for which the o/n estimate∥∥(∑
j
νj|eit∂2

x fj|2
) 1

2
∥∥

Lq
t Lrx(R1+1) ≲ ‖ν‖

1
2
ℓβ

(10)

holds true?

Theorem 4 (Frank-Lewin-Lieb-Seiringer (2014), Frank-Sabin(2015))
Suppose

2
q =

1
2 − 1

r , 2 ≤ r<∞.

Then (10) holds with β = 2r
r+2 and this is sharp.
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Picture...

1/q

1/r

1
4

1
4

0 1
2

Endpoint

⇝ On the endpoint (q, r) = (4,∞), the problem to find the sharp β is
open. Frank-Sabin’s argument does NOT work at (q, r) = (4,∞).
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Third result (Positive answer up to Lorentz exponent)
Problem: Find the sharp β ≥ 1 for∥∥(∑

j
νj|eit∂2

x fj|2
) 1

2
∥∥

L4
t L∞x (R1+1) ≲ ‖ν‖

1
2
ℓβ

(11)

No non-trivial result (β > 1) at (q, r) = (4,∞) are known.
Indeed, Frank-Sabin (2016) gave a conjecture that (11) holds true
with β>1.

Theorem 5 (Bez-Lee-N)
For all families of o/n functions (fj)j in L2(R) and coefficients (νj)j,∥∥(∑

j
νj|eit∂2

x fj|2
) 1

2
∥∥

L4,∞
t L∞x (R1+1) ≲ ‖ν‖

1
2
ℓβ

(12)

holds as long as β < 2 and this is sharp.
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Remarks

If β ≤ 4
3 , then (12) can be upgraded to strong estimate. Identifying

sharp β for the strong type estimate (due to Frank-Sabin) is still open.
The argument for Theorem 5 also works to show∥∥(∑

j
νj|eit|∂x|

1
2 fj|2

) 1
2
∥∥

L4,∞
t L∞x (R1+1) ≲ ‖ν‖

1
2
ℓβ

for all families of o/n functions (fj)j in H 3
8 (R).

⇝ Using Kenig-Ponce-Vega’s idea + α, we obtain Theorem 1
(maximal in time estimate).
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sharp β for the strong type estimate (due to Frank-Sabin) is still open.
The argument for Theorem 5 also works to show∥∥(∑

j
νj|eit|∂x|

1
2 fj|2

) 1
2
∥∥

L4,∞
t L∞x (R1+1) ≲ ‖ν‖

1
2
ℓβ

for all families of o/n functions (fj)j in H 3
8 (R).

⇝ Using Kenig-Ponce-Vega’s idea + α, we obtain Theorem 1
(maximal in time estimate).
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Idea of the proof of Theorem 5 with β ≤ 4
3

Idea:

Focusing on the case β = 4
3 whose dual is β′ = 4.

Ingredient:
Duality principle (Frank-Sabin 2015).
For Schatten-4 class C4 and Schatten-2 class C2,

‖A‖4
C4 = ‖A∗A‖2

C2 .

Schatten-2 class is the Hilbert-Schmit class. In particular, if the
integral kernel of A is K(x, y), then

‖A‖2
C2 =

∫
R×R

|K(x, y)|2 dxdy.
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Further details

Denote Uf(t, x) = eit∂2
x f(x).

Thanks to the duality principle, the o/n estimate∥∥(∑
j
νj|eit∂2

x fj|2
) 1

2
∥∥

L4
t L∞x (R1+1) ≲ ‖ν‖

1
2
ℓβ

with β = 4
3 is equivalent to∥∥WUU∗W

∥∥
C4 ≲ ‖W‖2

L4
t L2x(R1+1), ∀W = W(t, x). (13)

For L.H.S, ∥∥WUU∗W
∥∥4
C4 =

∥∥WUU∗|W|2UU∗W
∥∥2
C2 .
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Further details

Integral kernel of the operator WUU∗|W|2UU∗W can be written down:
K∗(t, t′′, x, x′′) =

W(t, x)
∫
R1+1

K0(t− t′, x− x′)|W(t′, x′)|2K0(t′− t′′, x′− x′′) dt′dx′ W(t′′, x′′),

where K0 is the integral kernel of UU∗:

K0(t − t′, x − x′) =
∫
R

ei
[
(x−x′)ξ+(t−t′)ξ2

]
dξ = O(|t − t′|− 1

2 ).
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Further details

Thanks to the dispersive estimate, we have the pointwise bound of the
integral kernel: |K∗(t, t′′, x, x′′)| ≲

|W(t, x)|
( ∫

R
|t − t′|− 1

2 ‖W(t′, ·)‖2
L2x
|t′ − t′′|− 1

2 dt′
)
|W(t′′, x′′)|.

Combining this with the fact that C2 is Hilbert-Schmit class:

L.H.S4 =
∥∥WUU∗|W|2UU∗W

∥∥2
C2 =

∫
|K∗(t, t′′, x, x′′)|2 dtdt′′dxdx′′,

the estimate are reduced to the multilinear fractional integral:∫
R4

|t1 − t2|−
1
2 |t2 − t4|−

1
2 |t1 − t3|−

1
2 |t3 − t4|−

1
2

4∏
i=1

w(ti) d⃗t,

where w(ti) = ‖W(ti, ·)‖2
L2x

.
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Further details (Multilinear fractional integral)

∫
R4

|t1 − t2|−
1
2 |t2 − t4|−

1
2 |t1 − t3|−

1
2 |t3 − t4|−

1
2

4∏
i=1

w(ti) d⃗t. (14)

There should be several ways to bound this multilinear form.
As one approach, we may regard this as the (Lorentz) Brascamp-Lieb:
Let
π1(⃗t) = t1 − t2, π2(⃗t) = t1 − t3, π3(⃗t) = t2 − t4, π4(⃗t) = t3 − t4,

π5(⃗t) = t1, π6(⃗t) = t2, π7(⃗t) = t3, π8(⃗t) = t4,

and
ψ1 = · · · = ψ4 = | · |−

1
2 , ψ5 = · · · = ψ8 = w.

Then (14) becomes ∫
R4

8∏
i=1

ψi(πi(t1, . . . , t4)) d⃗t.
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Further details (Multilinear fractional integral)

∫
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|t1 − t2|−
1
2 |t2 − t4|−

1
2 |t1 − t3|−

1
2 |t3 − t4|−

1
2

4∏
i=1

w(ti) d⃗t. (14)

There should be several ways to bound this multilinear form.
As one approach, we may regard this as the (Lorentz) Brascamp-Lieb:

Let
π1(⃗t) = t1 − t2, π2(⃗t) = t1 − t3, π3(⃗t) = t2 − t4, π4(⃗t) = t3 − t4,

π5(⃗t) = t1, π6(⃗t) = t2, π7(⃗t) = t3, π8(⃗t) = t4,

and
ψ1 = · · · = ψ4 = | · |−

1
2 , ψ5 = · · · = ψ8 = w.

Then (14) becomes ∫
R4

8∏
i=1

ψi(πi(t1, . . . , t4)) d⃗t.
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Remarks

To upgrade the estimate to β < 2, we decomposed operator UU∗

dyadically: for a test function F = F(t, x) ∈ L2(R1+1),

UU∗[F](t, x) =
∫
R1+1

K0(t − t′, x − x′)F(t′, x′) dt′dx′

=
∑
j∈N0

∫
|t−t′|∼2j

K0(t − t′, x − x′)F(t′, x′) dt′dx′

=:
∑
j∈N0

Tj[F](t, x)

and employ the bilinear real interpolation argument.
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Remarks

In the proof, We simply use the triangle inequality for Schatten norm:

‖WUU∗W‖Cβ′ ≤
∑

j
‖WTjW‖Cβ′ .

However, if one can exploit the orthogonality:

‖WUU∗W‖Cβ′ ≤
(∑

j
‖WTjW‖βCβ′

)1/β
, ∀β′ ∈ [2,∞], (15)

then one can upgrade our weak type estimate to strong one and give the
complete answer to Frank-Sabin’s conj. Indeed, one can easily check that
(15) holds for β′ = 2,∞.
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Further comment

We disregard the nonlinear interaction w = 0 because of just
simplicity. In the real world, electrons are interacting with each other
by Coulomb potential. Compaan-Lucá-Staffilani (2019) proved for all
f ∈ H 1

4 (R),
lim
t→0

u(t, x) = f(x), a.e. x ∈ R,

where u(t, x) is a solution to

i∂tu + ∂2
x u = ±|u|2u.

⇝ Natural to expect limt→0 ργ(t, x) = ργ0(x) for the nonlinear
solution γ.
Higher dimension problem would be challenging.
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Thank you for your attention.
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