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Review on Lauder’s algorithm

given: hypersurface X ⊆ Pn of degree d

define by f ∈ Fq[X0, ..., Xn], q = pa, a large, p - d

aim: compute the zeta function

Z (V, t) = exp

( ∞∑
r=0

]V (Fqr )tr

r

)
=

p(t)
(1− t)(1− qt) · · · (1− qnt)

where p(t) ∈ Z[t], deg(p) = d−1((d− 1)n+1 + (−1)n+1(d− 1))
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Dwork homology of a hypersurface

K = Qp(ζ, π) , πp−1 = −p , ζ primitive (q − 1)-st root of unity

define index sets

I = {(u−1, u0, ..., un) ∈ Nn+2
0 | du−1 =

∑n
k=0 uk}

I(i) = {u ∈ I | uj > 0 for j 6= i} 0 ≤ i ≤ n

I0 = I ∩Nn+2

define subspaces of K[[Z,X0, ..., Xn]] by

L = 〈Xu | u ∈ I0〉K
L(i) = 〈Xu | u ∈ I(i)〉K
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define differential operators on L by

Di := Xi
∂

∂Xi
+ πX0Xi

∂F

∂Xi
0 ≤ i ≤ n

where F ∈ K[X0, ..., Xn] is obtained from f by Teichmüller lifting the coefficients

define Dwork homology of the hypersurface X by

H0(X) := L/
n∑

i=0

Di(L(i))

is a finite-dimensional K-vector space with basis {Xu | u ∈ B} where

B = {u ∈ I0 | u0, ..., un < d}
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construction of a linear operator α on H0(X)

define

Ψ : L → L ,
∑

u∈I0

cuX
u 7→

∑

u∈I0

cquX
u

put G := ZF , H := exp π(G−G(Xq)) , α := Ψ ◦H
then the characteristic polynomial of α satisfies

p(qt) = det(1− αt)

where p(t) ∈ Z[t] appears in the zeta function Z (X, t)
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Ideas behind the construction of Dwork homology

F number of rational points on X∗ := X ∩ (Gm)n+1 can be expressed

by character sums , where character := homomorphism ψ : (Fq,+) → K×

key property:
∑

a∈Fq
ψ(a) =




q if ψ trivial

0 if ψ non-trivial

F values of characters can be expressed by p-adic exponential, more precisely

ψ(a) = exp(πâ), π = π(ψ)
⇒ formula for Fqr -rational points in terms of the “trace” of Ψ ◦H acting on the

infinite-dimensional space K[[Z,X0, ..., Xn]]

F restriction to a space of overconvergent power series

⇒ nuclear operator on p-adic Banach space (well-defined trace and “char. polynomial”)
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F forming appropriate alternating sum

(intersections with all lower-dimensional subspaces of Pn)

⇒ trace formula for ]X(Fqr ) rather than ]X∗(Fqr )

F Given a chain complex of Banach spaces and a nuclear chain map, the alternating sum of

the traces coincides with the alternating sum of its cohomology.

here: chain maps constructed from the differential operators

⇒ formula for ]X(Fqr ) as a trace on a finite-dimensional space
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Relative version of Dwork homology

consider now an algebraic family of hypersurfaces of the form

f :=
n∑

i=0

aiX
d
i + zh = 0 ai ∈ Fp , h ∈ Fp[X0, ..., Xn] of degree d

define F ∈ K[z][X0, ..., Xn] := Teichmüller lift of f

R := subring of K(z), function without pole in z = 0
Lz := 〈Xu | u ∈ I0〉R
L(i)

z := 〈Xu | u ∈ I(i)〉R
differential operators Di,z , H0(X)z accordingly

Terminology:

element g ∈ Lz reduced :⇔ contained in the subspace generated by Xu, u ∈ B
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Procedure of Lauder’s algorithm

F compute a matrix B over R (“connection matrix”)

Buv(z) := coefficient of πu−1Xu in the reduction of πu−1Xu

F solve the linear differential equation ∂C/∂z = C(z)B(z)

F compute the representation matrix of α at z = 0 by the explicit formula

Muv = πv−1−u−1

n∏

i=0

∑
m,r

λm(ui/d)r(−1)rπ−râpm−r
i

(sum over all (m, r with pui − vi = d(m− pr))

F analytic continuation of M(z) := C(zp)−1MC(z)

F for b ∈ Fq , compute the product M(b̂)M(b̂p) · · ·M(b̂p
b−1

)
⇒ obtain zeta function of the hypersurface

∑n
i=0 aiX

d
i + bh = 0
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Previous work in a simliar direction

(a) Candelas, de la Ossa, Villegas ( 1990)

F found a relation between periods of certain families of Calabi-Yaus and and the number

Fq-rational points on the reduction modulo p

F determined the period function and its Fourier expansion by a heuristic based on physical

considerations

F combinatorial expression for the number of Fp-rational points modulo p and p2

F relation mod p and p2 suggests general formula for all p-adic digits, which is established

by a Gauss sum computation
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(b) D. Morrison (1998)

F worked exclusively over C (neither finite nor p-adic fields)

F Yukawa coupling := rational expression in the period functions associated to a certain

family of Calabi-Yaus

F Conjecture: Fourier coefficients of the Yukawa coupling are related to the number of

rational curves on another CY-family obtained by mirror symmetry

F Morrision used this relation to predict the number of rational curves on CYs using

computer algebra

F makes systematic use of Griffiths’ reduction theory in order to compute Fourier expansion

of the periods
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Dwork’s homology, as presented here, is restricted to smooth projective hypersurfaces. There

are variants, but in general the relation to classical (i.e. singular) cohomology of varieties is

not fully understood.

Meanwhile, there exists a satisfactory p-adic cohomology theory for general varieties over a

finite field Fq , closely related to the classical de Rham cohomology based on differential

forms:

rigid cohomology due to P. Berthelot (∼ 1990)
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Some properties of rigid cohomology:

F contravariant functors X 7→ Hi
rig(X) (0 ≤ i ≤ 2 dim(X)) from Fq-schemes of finite

type to K-vector spaces, where K ⊇ Qp(ζq−1) (finite-dimensional if X smooth)

F cohomology groups with compact support, Poincaré duality

Hi
rig,c(X)×H2d−i

rig (X) 7→ K(−d)

F Lefschetz-type trace formula ]X(Fqr ) =
∑2d

i=0(−1)iTr(Frs|Hi
rig,c(X))

F excision sequence: Z ⊆ Y closed, Y := X \ Z

· · · → Hi
rig,c(X) → Hi

rig,c(Y ) → Hi
rig,c(Z) → Hi+1

rig,c(X) → · · ·
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Comparision with other cohomology theories

F X smooth projective⇒ rigid cohomology = crystalline cohomology (modulo torsion)

F X smooth affine⇒ rigid cohomology = Monsky-Washnitzer cohomlogy

X = Spec(Ā), Ā finitely generated Fq-algebra

A = smooth lift of Ā toOK -algebra generated by x1, ..., xr

A† = weak completion
nP

ai1...ir x
i1
1 · · · xir

r | ∃γ > 0 : vp(ai1...ir ) ≥ γ(i1 + ... + ir)
o

Hi
MW (X) = Hi

dR(A†K) = Hi(Ω·
A†K

)

F comparision between rigid cohomology and algebraic de Rham cohomology:

X ⊆ Y open immersion of Fq-varieties, lifts to open immersion X ⊆ Y of smooth

OK -schems, Z := Y \ X is smooth relative divisor with normal crossings, XK generic

fibre of X ⇒ Hi
rig(X) ∼= Hi

dR(XK)
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In 2001 K. Kedlaya introduced an algorithm which uses the trace formula in Monsky-

Washnitzer cohomology in order to compute the zeta function of hyperelliptic curves. Since

then, many other types of varieties have been considered (superelliptic curves, Artin-Schreier

covers of P1, Cab-curves, certain complete intersections in An ...).

Outline of Kedlaya’s algorithm: X = Spec(Ā) smooth curve over Fq

F compute an analytic lift of the q-power Frobenius on Ā to aOK -algebra homomorphism

F̂ : A† → A†

F choose a basis ω1, ..., ωb of H1
dR(A†K) and compute the images F̂ (ωi)

(up to some precision)

F use relations in the algebraic de Rham cohomology in order to find

exact differentials dψi such that F̂ (ωi) + dψi ∈ 〈ω1, ..., ωb〉K
⇒ yields approximate representation matrix of the Frobenius

F compute and output the characteristic polynomial
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Question: Is it possible to formulate Lauder’s deformation method

within this framework?

F G. 2005: carried this out for elliptic curves (any characteristic)

F Hubrechts 2006: same for hyperelliptic curves in odd characteristic

established a subcubic time complexity in log(field size)
(Kedlaya’s algorithm needs cubic time)

F here: What can be said about general smooth hypersurfaces ?
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given smooth hypersurface X/Fq of degree d in Pn with defining equation

f ∈ Fq[X0, ..., Xn]; let U := Pn \X

excision sequence in rigid cohomology shows that

Z (X, t) =
p(t)

(1− t)(1− qt) · · · (1− qnt)

where p = det(1− tqnFr−1|Hn
rig(U)), U := Pn \X

complement U is affine, furthermore: lift X,U to schemes U ,X overOK

⇒X is a smooth relative divisor with normal crossings, so that

Hn
rig(U) ∼= Hn

dR(UK)

17



Griffiths’ theory on complements of projective hypersurfaces

differentials on projective space:

A meromorphic k-form ω on An+1 represents a differential on Pn if and only if

X(ω) = 0, where X =
∑n

i=0Xi∂/∂Xi (Euler vector field).

⇒ Every n-form on Pn with poles along a hypersurface F = 0 can be written as

ω = HΩ/F `, where deg(H) + (n+ 1) = `deg(F ) and

where Ω =
∑n

i=0(−1)iXidX0 ∧ · · · ∧ d̂Xi ∧ · · · ∧ dXn

Every (n− 1)-form is a linear combination of the form
∑n

i=0AiKXiΩ, 0 ≤ i ≤ n,

where KXi
= contraction with ∂/∂Xi and deg(Ai) + n = `deg(F ).
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Griffths’ reduction of differentials

F An n-differential ω = HΩ/F ` is equivalent to a form of lower pole order

if and only if H is contained in the Jacobian ideal.

more precisely: If H =
∑n

j=0Aj
∂F
∂Xj

, define

ϕ = 1/F `−1(
n∑

j=0

AjKXj Ω)

Then ω + dϕ = PΩ/F `−1 where P =
1

F `−1

n∑

j=0

∂Aj

∂Xj
.

F The latter is always the case if ` > n.
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Applications of Griffiths’ reduction

F basis computation for Hn
dR(UK):

for 1 ≤ ` ≤ n, compute basis of the quotient space

K[X0, ..., Xn]`d−(n+1)/J`d−(n+1), where J = 〈 ∂F
∂X0

, ..., ∂F
∂Xn

〉
F reduction algorithm for differential forms

(a) for 1 ≤ ` ≤ n, compute coordinates of HΩ/F ` with respect to basis of Hn
dR(UK)

for every monomial of degree `d− (n+ 1)

(b) write every monomial H of degree (n+ 1)(d− 1) as
∑n

j=0AH,j∂F/∂Xj

(c) given ω = HΩ/F ` with ` > n, deg(H) = `d− (n+ 1), H =
∑r

i=0 λiPi

lin. comb. of monomials, Pi = QiRi with deg(Qi) = (n+ 1)(d− 1)

⇒ H =
∑n

j=0(
∑r

i=0 λiRiAQi,j)∂F/∂Xj

apply Griffiths’ reduction formula
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The dagger ring of hypersurface complements

A† =

{ ∞∑

k=0

Gk

F k
| deg(Gk) = dk, ∃γ : vp(Gk) ≥ γk

}

Frobenius action on meromorphic functions

H

F `
7→ H(Xq)F−q`(1− qG

F q
)(1− qG)−` =

∞∑

k=0

qkαkH(Xq)Gk

F q(k+`)

where qG = F q − F (Xq), (1− t)−` =
∑∞

i=0 αit
i

Frobenius action on differential forms given by

ω =
HΩ
F `

7→ H(Xq)(
∏n

i=0X
q−1
i )Ω

F q`

( ∞∑

k=0

qkαkG
k

F qk

)

21



Kedlaya’s algorithm for complements of hypersurfaces

(due to Abbott, Kedlaya, Roe)

Procedure :

F determine a basis ω1, ..., ωb of Hn
rig(U) = Hn

dR(UK)

F compute an approximation of F̂ (ωi) for 1 ≤ i ≤ b

F use the reduction algorithm to obtain the representation matrix

Problem: What is the correct p-adic precision?

(Reduction of differentials introduces p-adic denominators.)
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Estimating the required p-adic precision

It is known that there exists a Frobenius-invariant sublattice Γ in Hn
rig(U)

(comes from crystalline cohomology in the case of curves). Using the theory of log schemes,

Kedlaya showed that if ω ∈ Ωn
A has pole order `, then pblogp `c[ω] ∈ Γ.

Problem: Γ cannot be computed directly. Instead, we consider the following lattices.

Λ := lattice spanned by basis elements

Λ̃ := lattice spanned by HΩ/F `, H monomial and 1 ≤ ` ≤ n

Considering the log-complex overOK , one can show that Λ̃ contains Γ. By elementary

methods one can compute constants which determine the relative position of Γ, Λ̃ and Λ.
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Some basic facts on relative rigid cohomology

F For general (non-affine) varieties X , rigid cohomology is defined by

Hi
rig(X) = Hi( j†Ω·]X[ )

F Now let f : X → S be a smooth Fq-morphism. It induces a map f̂K :]X[→]S[
between the associated rigid-analytic spaces. Now relative rigid cohomology is the

sheaf on ]S[ defined by

H i
rig(X/S) := Rif̂K∗

(
j†Ω·]X̄[/]S̄[

)

It is equipped with a canonical connection (Gauß-Manin connection).

F If S is affine with dagger ring A†K , write Hi
rig(X/S) for the global sections of

H i
rig(X/S). Then the GM-connection is a map

∇ : Hi
rig(X/S) → Ω1

A†K
⊗A†K

Hi
rig(X/S)

24



Relative rigid and relative de Rham cohomology

F Let f̂ : X → S denote a smooth lift of f : X → S. If the “normal crossings property” is

defined generically (i.e. in every fibre), then there is a natural isomorphism

Hi
rig(X/S) ∼= Hi

dR(XK/SK)⊗AK
A†K .

F This isomorphism is compatible with the Gauss-Manin connection, i.e. we have

Ω1
A†K

∼= Ω1
AK

⊗AK
A†K and∇ is induced by the algebraic connection

∇ : Hi
dR(XK/SK) −→ Ω1

AK
⊗AK

Hi
dR(XK/SK).

⇒ can use the classical GM-connection, for varieties over fields of characteristic zero
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Frobenius structure

F The Frobenius action on X and S induces an endomorphism

Fr : Hi
rig(X/S) → Hi

rig(X/S) of A†K -modules. It is compatible with the

Gauss-Manin-connection, i.e.

Hi
rig(X/S)

∇−→ Ω1

A
†
K

⊗
A
†
K

Hi
rig(X/S)

Fr ↓ ↓ Fr

Hi
rig(X/S)

∇−→ Ω1

A
†
K

⊗
A
†
K

Hi
rig(X/S)

commutes

F Let ιP : Ā→ Fq denote a rational point on S with fibre XP and ι̂P : A† → O a

Frobenius-compatible lift. Then Hi
rig(XP ) ∼= Hi

rig(X)⊗A†K ,ι̂P
K and

Hi
rig(X/S)

ι̂P−→ Hi
rig(X)

Fr ↓ ↓ Fr

Hi
rig(X/S)

ι̂P−→ Hi
rig(X)

commutes
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Computing the Gauß-Manin connection

Katz (1968) gave the following explicit description of the GM-connection:

Let f : X → S be a smooth algebraic family, locally given by a homomorphism A→ B of

K-algebras. Pick s1, ..., sr ∈ A such that the dsi form a free system of generators of Ω1
A

and x1, ..., xn such that the dxi freely generate Ω1
B|A. Then

∇GM : Hk
dR(X/S) → Ω1

S ⊗Hk
dR(X/S)

is induced by

hω 7→
r∑

i=1

∂h

∂si
dsi ∧ dω

if ω = dxi1 ∧ · · · ∧ dxik
and h ∈ B.
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here:

S open subset of P1, U family of complements of hypersurfaces defined by

F ∈ K[z][X0, ..., Xn]
Let ω1, ..., ωb denote a basis of Hn

dR(U/S).

aim: find cij ∈ AK such that∇(ωj) =
∑b

i=1 cijdz ⊗ ωi (connection matrix)

Procedure:

F compute∇(ωi) for i = 1, .., b on the level of differential forms according to

∇ :
HΩ
F `

7→ ∂

∂z
(
H

F `
)Ω =

GΩ
F `+1

, G := −`H(∂F/∂z)

F use Griffiths reduction in order to determine cij ∈ AK such that∇(ωj) ≡
∑b

i=1 cijωi
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Gauß-Manin connection and Frobenius; the p-adic differential equation

S = P1 \ {P1, ..., Pr,∞} ⇒ ]S[= P1\ finitely many open p-adic discs of radius 1

aim: compute the representation matrix M(z) for Frob with respect to ω1, ..., ωb

over A†K := overconvergent functions on ]S[

The commutative diagram relating∇ and Frob gives rise to the matrix equation

∂

∂z
(M) + C(z)M = pzp−1MC(zp)
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choose z0 ∈]S[, define N(z) := M(z + z0) =
∑∞

n=0Nnz
n

define d(z) := least common multiple of denominators in C , write f(z)C(z) = D(z)
⇒ modified differential equation

f(z)
∂

∂z
N(z) + g(z)D(z)N(z) = h(z)N(z)G(z)

solution formula

(n+ 1)f0Nn+1 = −
αn∑

i=0

(n− i+ 1)fiNn−i+1 −
βn∑

i=0

RiNn−i + Tn

where Rn =
∑
giDn−i, Sn =

∑
hiNn−i, Tn =

∑
SiGn−i
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Estimating the size of p-adic denominators

For practical purposes it is useful to have a bound on the p-adic denominators that occur in

the matrices Nn of the local expansion.

There is a theorem of Christol-Dwork which gives a logarithmic upper bound for solutions of

linear p-adic differential equations around a regular singular point, i.e. for deq’s of the form

z
∂

∂z
(M) = G(z)M(z) G(0) nilpotent , ‖G‖ ≤ 1

period matrix of a connection∇ := solution of ∂/∂zP = −CP

Any solution of the differential equation for Frob is of the form P (z)M0P (zp)−1, where

M0 := constant matrix and P := period matrix associated to C .

⇒ can derive bounds on M(z) from those of P (z)
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Analytic continuation of the local solution

Problem:

The local solution
∑∞

n=0Nn(z − z0)n only converges on an open disc of radius 1.

⇒ cannot evaluate it on z1 ∈]S[ with z1 6≡ z0 mod p

On the other hand, we know that the matrix coefficients are contained inA†K , and every

f ∈ A†K has a Laurent series expansion

f(z) =
∞∑

n=0

βn(f)zn +
∞∑

n=1

s−1∑

`=0

γn`(f)
d(z)n

where the zeroes of d(z) are p-adic integers which reduce to the finitely many geometric

points on P1 \ S, and s = deg(d).
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Let z0, z1 ∈ K , d(z0), d(z1) 6≡ 0 mod p, and assume that a local expansion∑∞
n=0 αn(z − z0)n around z0 is given.

Aim: compute f(z1) up to p-adic precision N

If vp(βn(f)) ≥ N for n ≥ m1 and vp(γn`) ≥ N for n ≥ m2, then it suffices to evaluate

the rational function

f̃(z) =
m1−1∑
n=0

βn(f)zn +
m2−1∑
n=1

s−1∑

`=0

γn`(f)
d(z)n

Multiplication by principal denominator and using the local expansion shows

f(z1) ≡ f̃(z1) ≡ d(z1)1−m2

γ∑
n=0

α̃n(z1−z0)n mod pN , γ := m1−1+s(m2−1)

where
∑
α̃n(z − z0)n = d(z)m2−1(

∑∞
n=0 αn(z − z0)n)
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Problem: given some precision N , how to obtain m1,m2

Notation: let P1 \ SK = {p1, · · · , ps,∞}, f ∈ K(z) ∩A†K
ord0(f) := maximal pole order of f at one of the pi

ord∞(f) := maximal pole order of f at∞

G ∈ K(z)[X0, ..., Xn] ⇒ ord0(G), ord∞(G) = maximal pole order at one of the

coefficients

Let ω1, ..., ωb denote a basis of Hn
rig(U). The Frobenius action is given by

q−nFr(ωj) =
∞∑

k=0

pkωjk , ωjk =
H̃jkΩ
F p(`j+k)

, H̃jk = αkG
kHj(Xp)

n∏

i=0

Xp−1
i
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Reducing each summand ωjk separately, we obtain relations in de Rham cohomology

ωjk ≡
b∑

i=1

mijkωi where mijk ∈ K(z) ∩A†K

By a simple induction proof, we can estimate the pole orders in the coefficients of the

reduction of any ω = HΩ/F `, depending on `. This yields

ord0(mijk) ≤ w′0 + (pn+ pk − n)w′′0

ord∞(mijk) ≤ w′∞ + (pn+ pk − n)w′′∞ + kord∞(G)

where w′0, w
′′
0 , w

′
∞, w

′′
∞ are constants depending on the family.
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Now consider the Laurent expansion of a coefficient of the Frobenius matrix.

mij(z) =
∞∑

n=0

βn(mij)zn +
∞∑

n=1

s−1∑

`=0

γn`(mij)
d(z)n

The above linear bound shows:

If n is large, then the term βn(mij)zn is “caused” by reducing a summand in Fr(ωj) with

pole of high order along the hypersurface.

⇒ p-adic valuation of βn(mij) must be high

Result:

vp(β`(mij)) ≥ ζ∞(`)− r1 − (n+ 1)− blogp(n+ ζ∞(`)− 1)c
where ζ∞(`) linear function, r1 constant (same for the γn`(mij))
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Summary: The complete algorithm

given f ∈ Fp[z][X0, ..., Xn] homogeneous of degree d, q = pa, a large, z̄1 ∈ Fq

F ∈ Qp[z][X0, ..., Xn] lift to characteristic zero

aim: compute the zeta function of the hypersurface corresponding to

f(z̄1) ∈ Fq[X0, ..., Xn]

F compute the connection matrix which belongs to F

F choose z0 ∈ Zp such that the hypersurface corresponding to f(z̄0) is smooth,

compute the Frobenius matrix M0 (see below!)

F solve the p-adic differential equation with M0 as constant term⇒ solution M(z)

F evaluate M(z) at M(z1),M(zp
1), ...,M(zpa−1

1 ), compute the product

and its characteristic polynomial
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It remains to compute the Frobenius matrix M0 which serves as constant term for the local

expansion. Here we can use one of the following methods:

(a) for characteristic p - d = degree of the hypersurface

F use Dwork’s explicit formula for diagonal hypersurfaces and Katz’s comparision theorem

(b) for general p

F use the general hypersurface algorithm of Abbott/Kedlaya/Roe (inefficient for curves)

F find other hypersurfaces with many automorphisms

F use more efficient (e.g. Vercauteren’s) version of Kedlaya’s algorithm for curves
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Remember that Dwork gave an explicit formula for the representation matrix M ′
0 of his

operator α in the case of diagonal hypersurfaces of the form
n∑

i=0

aiX
d
i = 0. These are

non-singular if and only if p - d.

In 1968 Katz constructed an isomorphism φ between Dwork homology H0(X) and

Hn
rig(U)⊗K K(π) of the complement. Furthermore, he showed that there is a commutative

diagram

H0(X)
φ−→ Hn

rig(U)

α ↓ ↓ qn+1Fr−1

H0(X)
φ−→ Hn

rig(U)

Since in the case of diagonal hypersurfaces M ′
0 is a diagonal times a permutation matrix, it is

easy to defer an explicit expression for Fr on Hn
rig(U).

⇒M ′
0 defined over K rather than K(π)
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Hypersurfaces with many automorphisms

Let X be a hypersurface over Fq , and G its automorphism group. We say that X has

sufficiently many automorphisms if and only if there is a decomposition into

one-dimensional χ-isotypical components

Hn
rig(U) =

⊕
χ

Hn
rig(U)χ

where χ runs through the characters of G.

Key fact: The Frobenius commutes with every automorphism in G.

⇒ eigenvalues of Frobenius and corresponding χ-eigenspaces

completely determine the Frobenius matrix

For example, this condition is satisfied by the diagonal hypersurfaces.
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Example: curve C/F2 given by X4 +XY 3 +XZ3 = 0

de Rham cohomology of the complement U is spanned by

ω1 = XΩ/F ω2 = Y Ω/F ω3 = ZΩ/F

ω4 = X3Y 2Ω/F 2 ω5 = X3Y ZΩ/F 2 ω6 = X2Y 2ZΩ/F 2

A non-trivial automorphism on C is given by σ : X 7→ X , Y 7→ ζ3Y , Z 7→ ζ2Z .

(where ζ = primitive 9-th root of unity)

eigenvalues of σ on ω1, ..., ω6: ζ, ζ4, ζ2, ζ5, ζ6, ζ3 (all distinct)

number of rational points: ]C(F2) = 3, ]C(F4) = 5, ]C(F8) = 9

⇒ Z (C, t) =
1 + 8t6

(1− t)(1− 2t)
⇒ characteristic polynomial of 26-Frobenius is (1 + 8t)6

representation matrix is−8 times identity matrix
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Problems with this approach:

F In general, varieties with many automorphisms are hard to find.

(here: only considered curves of degree d = 3, 4, 5, 6)

F For high Betti numbers, the zeta function cannot be obtained by elementary point

counting.

⇒ need combinatorial expression for ]X(Fq), as in the diagonal case

Alternative method for curves:

Use Kedlaya’s original algorithm. (This is more efficient than the general one, since it involves

differential form on a one-dimensional variety instead of a two-dimensional one.)

Problem here:

Algorithm computes Frobenius on H1
rig(C) rather than H2

rig(U).

⇒ need an explicit isomorphism for given bases of the two spaces
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Residue map

X/Fq projective curve in P2, U := complement

The exicision sequence relating X , U and P2 contains a map H1
rig,c(X) → H2

rig,c(U).

By Poincaré duality one obtains

res : H2
rig(U) → H1

rig(X) (residue map)

By comparision with de Rham cohomology, we can as well consider the map

res : H2
dR(UK) → H1

dR(XK) in characteristic zero.

Let x = X/Z , y = Y/Z define local coordinates for A2 ⊆ P2 and put X ′K := X ∩ A2.

Our aim is to compute the composite map

H2
rig(UK) → H1

rig(XK) → H1
rig(X ′K)

in explicit terms.
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Theorem:

F ∈ K[X,Y, Z], f ∈ K[x, y] defining equations of projective/affine curve

FX , FY , FZ partial derivatives, fX , ... dehomogenization

ω = HΩ/F `, ` = 1, 2, h ∈ K[x, y] dehom.

write h = g0fX + g1fY + g2f (possible since X ′ non-singular)

(a) For ` = 1, put ω′ := −g1 dx+ g0 dy.

(b) For ` = 2, define ω′ := fXhX−fXXh
f3

X
dy − df0 where f0 = −g1/fX .

Then res([ω]) = [ω′].

Idea of proof:

There is an explicit local description of the residue map for differentials ω with logarithmic

poles: If f = 0 is a local equation for the hypersurface, then

res : ω =
df

f
∧ η + η′ 7→ η η, η′ locally holomorphic forms
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If ` = 1, then ω has globally only logarithmic poles along X . This immediately gives (a).

If ` = 2, one has to consider both H2
dR(UK) and H1

dR(X ′K) as hypercohomology with
respect to the Čech coverings

U = {UX = {FX 6= 0},UY = {FY 6= 0},UZ = {FZ 6= 0}} and U
′
:= {U ∩ X ′K | U ∈ U}

Then H2
dR(UK) is a subspace of a quotient of

Γ(UX , Ω
2
UK

)⊕Γ(UY , Ω
2
UK

)⊕Γ(UZ , Ω
2
UK

)⊕Γ(UX∩UY , Ω
1
UK

)⊕Γ(UX∩UZ , Ω
1
UK

)⊕Γ(UY ∩UZ , Ω
1
UK

)

Similiarly, H1
dR(X ′K) is expressed locally be 0-forms and 1-forms.
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Procedure:

F write ω as a Čech-2-cocycle on UK

F modify it by an exact one so that every component has at most logarithmic poles

F apply the local residue map to each component

F add an exact 1-cocycle in order to remove the 0-form components

F recover the image as global 1-form on X ′K
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Example:

projective genus 3 curve Y 3Z = X4 +XZ3 (in affine coordinates: y3 = x4 + x)

cohomology H2
dR(UQp) of the complement is spanned by

XΩ/F , Y Ω/F , ZΩ/F , X3Y ZΩ/F 2 , X3Z2Ω/F 2 , X2Y Z2Ω/F 2

cohomology H1
dR(X ′Qp

) of the curve itself is spanned by

y dx , xy dx , x2y dx , xy dy , x2y dy , x3y dy

explicit residue map

XΩ/F 7→ − 16
9 x

3y dy , Y Ω/F 7→ 2
3y dy , ZΩ/F 7→ − 16

9 x
2y dy ,

X3Y ZΩ/F 2 7→ 2339
3069x

2y dx , X3Z2Ω/F 2 7→ − 15284528
2097657 xy dy ,

X2Y 2Ω/F 2 7→ 175406
145521xy dx
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