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ABSTRACT. We establish analogues for trees of results relating the density of a set £ C N,
the density of its set of popular differences, and the structure of E. To obtain our results, we
formalise a correspondence principle of Furstenberg and Weiss which relates combinatorial data
on a tree to the dynamics of a Markov process. Our main tools are Kneser-type inverse theorems
for sets of return times in measure-preserving systems. In the ergodic setting we use a recent
result of the first author with Bjorklund and Shkredov and a stability-type extension (proved
jointly with Shkredov); we also prove a new result for non-ergodic systems.

1. INTRODUCTION

In [FWO03] Furstenberg and Weiss initiated the use of dynamical methods in the study of Ramsey
theoretic questions for trees. They proved a Szemerédi-type theorem using a multiple recurrence
result for a class of Markov processes (a purely combinatorial proof was later given by Pach,
Solymosi, and Tardos [PST12]). More precisely, they showed that finite replicas of the full binary
tree could always be found in (infinite) trees of positive growth rate. It is then a natural question
to quantify the abundance of finite configurations in a tree in relation to its size as measured by
its upper Minkowski and Hausdorff dimensions.

To begin, we review the analogous question in the integer setting. Specifically, we consider the
abundance of configurations in a subset £ C N of positive density. Recall that the upper density
and upper Banach density of E are

d(E) = limsup M, d*(E) = limsup [EN{M,.. N = 1] .
N o0 N N—M—o0 N-M

Tt is well-known that the abundance of 2-term arithmetic progressions (2-APs) in E can be related
to the density of E' in the following way. Consider the sets of popular differences of E with respect
to d and d* defined by

Ag(E)={meN:d(EN(E—-m)) >0}, A}E)={meN:d*(En(E—-m))>0}.

If d(E) > 0, Furstenberg’s correspondence principle [Fur77] states that there exists a measure-

preserving system (X, %,v,5) and A € #B with v(A) = d(F) such that for all ¥ € N and
Nni,...,nk €N
AEN(E—n)N---N(E—-ng))=v(ANS™AN..-NS " A).
Taking k = 1, it follows that Ag(E) contains
R=R(A)={neN:v(AnS™"A) > 0},

the set of return times of A. Applying the mean ergodic theorem then gives

N
— .1 v(ANS™"A) -
> > — _ > >
(1) ABE) > dR) > Jim 357 AT = ) = ),
where the lower density d is defined for £ C N by
e JENA{L,. L NY
d(E) = lpinf ==
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If in the above the upper density is replaced by the upper Banach density then v can further be
chosen to be ergodic [Fur81].

We briefly describe how popular difference sets are generalised to trees. Interpreting m € N as
a parameter determining a configuration {a,a+m}, we can view elements of Ag(FE) as parameters
such that the corresponding configurations occur with positive density in E. The tree analogue of
Ag(E) is the set G C N of “generic” parameters of certain configurations, depending on a notion
of density for sets of vertices in a tree.

Following Furstenberg and Weiss [FWO03], we formulate a correspondence principle for arbitrary
finite configurations in a tree and use it to obtain analogues of the inequality (1). We then analyse
the case of equality in (1) and its analogues for trees using inverse theorems for the set of return
times. In the ergodic situation we use a result of Bjorklund, the first author, and Shkredov
[BFS19] and a stability-type extension proved jointly with Shkredov in Appendix A, while in the
general case we prove a slightly weaker statement (Theorem 1.2). Using these we obtain inverse
theorems for inequality (1): a tree for which equality holds must contain arbitrarily long “arithmetic
progressions” with a fixed common difference.

1.1. Main Results.

1.1.1. Tree analogues of popular difference sets. To describe our results, we first summarise the
necessary definitions (see Section 2 for precise formulations).

Fix an integer ¢ > 2. In this paper a tree can be thought of as a directed graph T with a
distinguished vertex (the root) having no incoming edges, such that each vertex has between 1 and
q outgoing edges and each nonroot vertex has exactly one incoming edge. The “size” of T' can be
quantified by its upper Minkowski and Hausdorff dimensions dimy;7T" and dim 7.

An n-AP in F C N can be viewed as an affine map {1,...,n} — E. Similarly, we consider maps
from configurations (“finite trees”) C' into T satisfying some conditions. In particular, certain
configurations F" for 2 < r < ¢ are analogues of 2-APs. We say that a vertex v € T is in
E’ = F7 (T) if there is a directed path of length m from v to a vertex w such that v and w both
have at least r outgoing edges. The statement v € F corresponds to the statement n € EN(E—m)
in the integer setting. Using definitions of upper and upper Banach density for sets of vertices in
a tree (denoted by dr and d), we can define sets of “generic parameters” as analogues of popular
difference sets:

G(F") ={m € N: dr(F},) > 0}, G*(F") ={m e N: d}(F},) > 0}.
Our first result is an analogue of (1) for trees:
Theorem A. For any tree T we have

dimpT — log, (r — 1)
1 —log, (r—1)

dim 7" —log, (r — 1)
1 —log, (r—1)

d(G(F")) = and  d(G*(F")) >
Remark 1.1. The conclusion of Theorem A also holds when F" is replaced by the full r-ary tree
of height 2, which we denote by D™2. See Theorem 4.1.

1.1.2. Inverse theorems for sets of return times. Given the direct result Theorem A, we are in-
terested in characterising trees such that equality holds (or almost holds). To illustrate the ideas
we consider here the situation when equality is (almost) achieved in (1), which is the analogous
question for subsets of N. Observe that the density of the set of return times of A is then close
to the measure of A. It is natural to expect in this situation that the dynamics of A under S is
structured in some way, and this is indeed the case.

Let (X, %,v,S) be a measure-preserving system, and let A be a measurable set with v(A4) > 0
and set of return times R. Using a theorem of Kneser we prove the following result:

Theorem 1.2. If d(R) = v(A) > 0, then there exists an integer k > 1 such that up to v-null sets

k—1
X = |_| STUA.

=0

Question 1.3. Does the assumption d(R) = v(A) suffice to prove the statement of Theorem 1.27
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If v is ergodic then Question 1.3 has an affirmative answer, and further there is an inverse result
for cases of almost equality. The following theorem is an easy corollary of results by Bjorklund,
the first author, and Shkredov in [BFS19]:

Theorem 1.4. If (X, %,v,95) is ergodic and
0<d(R) < ;V(A),

then there exists an integer k& > 1 such that R = kN and X = | [I_ S~ (U;io S*jkA) up to

v-null sets.

Remark 1.5. Example 1.2 in [BFS19] shows that for every 8 > 1 there exists a non-ergodic
measure-preserving system (X, %,v,S) and A € % of arbitrarily small measure such that d(R) <
Br(A) and there is no k > 1 such that R = kN.

1.1.3. Inwverse results for popular difference sets. As a corollary of Theorem 1.2 and Furstenberg’s
correspondence principle we immediately obtain the following inverse-type result for (1):

Proposition 1.6. Assume that £ C N satisfies d(Ag(E)) = d(E) > 0. Then there exists k > 1
such that kN C Ag(E) and d(Ag(E)) = d(E) = k~1. Moreover, for every m > 2

d({neN: {n,n+k,...,n+ (m—1)k} C E}) =d(E).

If we consider A}(F) and d*(E) in place of Ag(F) and d(E), we can apply Theorem 1.4 to
obtain the following inverse result:

Proposition 1.7. Let 1 < § < 3/2. Assume that E C N satisfies
0 <d(Ag(E)) = p-d"(E).

Then there exists k& > 1 such that kN C Aj(E). Moreover, for every m > 2 that satisfies
(1—B7"1)m < 1 we have

d*({neN:{n,n+k,....n+ (m—1)k} C E}) > 0.

1.1.4. Inverse results for G(F") and G*(F"). Propositions 1.6 and 1.7 can be interpreted as saying
that (almost) equality holds in (1) for a subset £ C N only if E is “similar” to the periodic set
kN. In the tree setting we prove analogous results.

For every k > 1 and 2 < r < ¢, define T}y to be the tree such that v € T} has ¢ outgoing
edges if the directed path from the root to v has length a multiple of k£, and r — 1 outgoing edges
otherwise. The inequalities in Theorem A are equalities for T} (see Subsection 2.0.1).

For every n > 1, define the configuration V">*™ to be the first n levels of Tin- The following
two theorems are analogues of Proposition 1.6 and Proposition 1.7 respectively.

Theorem B. Assume that

_ dim —log, (r —
d(G(F")) = 1M—Tlog (g;“q—( 1) -

> 0.

Then there exists an integer k > 1 such that dimyT = k~*(1 — log,(r — 1)) + log,(r — 1), and
dr(V"F") > 0 for every n > 1.

Denote by D™" the full r-ary tree up to height n. Let D" be the set of vertices in 7" such that
there exists an “affine embedding” D™™ — T parametrised by k sending the root of D™ to v (see
Section 2 for the definition).

Theorem C. Assume that

_ dim7T —log, (r —1)

dimT —log, (r —
d(G*(FT)) - 1— log (T’ _ 1) = gq ( 1)

>0 or d(G*(D"?)) = T loz. (r—1)
q

> 0.

Then there exists an integer k& > 1 such that dim7T = k~1(1 — log, (r — 1)) + log,(r — 1), and
dz (VR > 0 for every n > 1.
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Remark 1.8. We show in Subsection 2.0.2 that Theorem C cannot be improved. Indeed, for every
€ > 0 there exists a tree T. such that

dim T — log, (r — 1)
1 —log, (r—1)

0<d(G*(F") < (1+¢)

and the configuration V"% does not appear at all in T, for some large n.
Our final theorem is another partial analogue of Proposition 1.7.
Theorem 1.9. Assume that for 8 < 3/2

dim T — log, (r — 1)
1 —log,(r—1)

0<d(G*(F") = 8-

Then there exists k > 1 such that kN C G*(F").

Remark 1.10. It follows from the work of Furstenberg and Weiss in [FWO03] that for every n
there exists m such that di(D2") > 0 provided that dim T’ > 0.

Question 1.11. Under the assumptions of Theorem 1.9, is it true that d}(D);™) > 0 for every n
satisfying (1 — 8~ Y)n < 1?

Organisation of the paper. In Section 2 we describe the combinatorial and dynamical setup.
In Section 3 we establish Furstenberg—Weiss correspondence principles relating the density of a
finite configuration appearing in T and quantities defined on the associated dynamical system. In
Section 4 we prove Theorem A and its extension to D™2. In Section 5 we prove inverse theorems
for sets of return times in measure-preserving systems. In Section 6 we prove inverse theorems for
popular difference sets for trees (Theorems B, C, and 1.9). In Appendix A we prove a stability-type
extension of Theorem 1.4.
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thanks Omri and the Weizmann Institute for hospitality. He also thanks Haotian Wu and Cecilia
Gonzalez Tokman for fruitful discussions. I.S. is grateful to SMRI and the School of Mathematics
and Statistics at the University of Sydney for funding his visit and for their hospitality.

2. TREES AND MARKOV PROCESSES

Fix an integer ¢ > 2, and for 2 < r < ¢ define A, = {0,...,r — 1} and A = A,. We set
N={0,1,...}.

Combinatorial setup. In this paper a tree is a pruned tree on A (in the terminology of descriptive
set theory). More explicitly, let A* = U2 ;A™ be the set of finite words over A. Consider the partial
order < on A* defined by v < w if w is the concatenation vu of v and some u € A*. A tree is then a
nonempty subset T C A* closed under predecessors and having no maximal elements with respect
to <. We refer to elements of T as vertices (using the natural graph-theoretic terminology), and
write [(v) = n if v € T(n) =T NA™. Every tree contains the empty word ), which is called the
root, and for every v € T there is a tree TV = {w € A*: vw € T'}.

Remark 2.1. Trees are combinatorial realisations of closed sets in AN, a symbolic analogue of
[0,1]. Given a tree T, the set

{(ai)iz0 € AV: (ag,...,a,) € T for all n € N}

is closed in AN (with the product of discrete topologies on A), and there is an inverse map sending
a closed subset A C AN to the tree

{v e A*: vw € A for some w € AV}.

This motivates several definitions we give below.
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The (upper) Minkowski dimension of T is

dimp; T = lim sup 710&1 7 () .
n—oo
To define the Hausdorff dimension of a tree, we first define the analogue of an irredundant open
cover for trees. A section of a tree T is a finite subset IT C T such that [IIN{w € T: w < v}| =1 for
all but finitely many v € T'. Define also {(IT) = min{l/(v): v € II}. Then the Hausdorff dimension
of T is
dim T = inf {)\ > 0: liminf inf Z g M) < 1}
en

n—00 l(l‘[):nv
Example 2.2. Given £ C N and 2 < r < ¢, define the tree

A if j € E
A,_1 otherwise.

Tp=A{0}u [j H I';, wherel'; =

i=00<j<i
It is straightforward that
log, gl B0 N =1} ( _ 1)IE°N{0,...N =1}

dimp,Tg = limsup
N—o00 N

= d(E) +log,(r —1)(1 — d(E)).
If E is a “periodic” set (such as kN) then T% is “self-similar” and dimp/TF = dim 7.

Elements of A* correspond to cylinder sets of AN. By the Carathéodory extension theorem,
Borel probability measures on AN are in bijection with functions 7: A* — [0, 1] such that 7(0) = 1
and 7(v) = >, 7(va) for all v € A*. We call such functions Markov trees, since the support
|7| = {v € A*: 7(v) > 0} of such a function is a tree. The set of Markov trees is a closed subspace of
the compact space [0, 1]A with metric d(r, 72) = Y vens q ') |7y (v) =72 (v)|. By abuse of notation
we denote it by P(AY), since it is homeomorphic to the space of Borel probability measures on AN
with the weak-* topology.

The dimension of a Markov tree [Fur70, Definition 7] is

- I
dim7 = liminf 2 ven 7(v) log, 7(v)
[(IT)— o0 Zver{ l(v)T(v)

II section of |7|

Given a subset V' C T we define its upper density

Z [VNn{weT: w< v}
n+1

dr(V) = limsup
n—reo |T(’ﬂ)| veT (n)

and its upper Banach density

1
d5(V)= sup limsup sup 1 7(vw) 1y (vw).
i P e,
Warning. The upper Banach density d (V) of V' C T is not necessarily greater than or equal to

the upper density d(V).

Example 2.3. If V = {v € Tj: I(v) € E} is the set of g-splitting vertices in T, then dry (V) =
d(E) and i, (V) =d*(E) provided dimTF, > 0.

We use the term configuration to refer to a a nonempty finite subset C' C A* closed under prede-
cessors (a finite tree). Terminology and notation defined above for trees are used for configurations
as appropriate without comment. A configuration C' is nonbranching if |C(n)] < 1 for all n € N
and branching otherwise.

By analogy with arithmetic progressions in N, we consider “affine embeddings” of C in a tree
T. More precisely, for a vertex v € T and m € N we say v € Cp, = Cp,(T) if there exists an
infimum-preserving map of posets ¢: C' — T such that ¢(0) = v and I(¢(w)) = I(v) + ml(w) for all
w € C. Equivalently, we say the configuration C' appears at v (with parameter m). Observe that
trivially every configuration appears at every vertex with parameter 0.
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root

FIGURE 1. The configuration F? appears at the root of T32N with parameter 3,
while v ¢ F2, for any m > 1.

We will be concerned with the following configurations (see Figure 1):
n .
Fr={0}UA. UOA,, D™ = JAL V"P" ={v € Tiy: l(v) <n+1},
i=0

For every configuration C and tree T' we define the sets of generic parameters

G(C) = C(C,T) = {m € N: dp(Cyy) > 0},

G*(C) = G*(C,T) = {m € N: &ix(Cy,) > 0}.

Remark 2.4. Notice that F", appears in T% if and only if D72 appears in T4 if and only if
m € E — E. This is why G(F") and G(D"™?) are analogues of A for trees (and similarly for
G*(F") and G*(D"?) with A}).

2.0.1. Equality in Theorems B and C. The tree T}y achieves equality in Theorems B and C. Indeed,
= 1 1
dimpTiy = z +log,(r—1) (1~ Ak

It follows from the self-similarity of 7}y that dim T} = dim T} Also,
G(F",Tiy) = G*(F", Tjy) = kN and  d(G(F",Tjy)) = d(G*(F", Tiy)) = k™.

Hence
B dim T}y — log, (r — 1)

d(G(F",Tiy)) = 1-log,(r—1)

and

dim T} — log, (r — 1)
d(G*(F",Ty)) = 4
7( ( ) kN)) 1— Iqu(’f . 1)
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2.0.2. Sharpness of Theorem C. Next, we modify the construction of T} to obtain for every € > 0
a tree T, with
dim 7% —log,(r — 1)

1 —log,(r—1)

0<d(G*(F",T.)) < (1 4¢)

such that there exists n > 1 with V;"*" not appearing in T..
Let T, = Ty, where E = kN \ kNN for some N > 1 satisfying

1 1 S 1
N~ 1+4+¢

d(E) = % (1-&)

and V{’k’kNH does not appear in T;. Since the tree T is self-similar,

dim 7, = dimp T, = z (1 - N) +log,(r — 1) (1 % <1 - N)) .

Since G*(F",T.) = kN, we have

Then

* r 1
d(G"(F.T) = ¢
Finally, we calculate

dmT. —log,(r ~1) _ £ (1= ) +log,(r = 1) (L= } (1= %) ~ log,(r = 1
1 —log,(r—1) 1—log,(r — 1)

Therefore
dim 7, —log,(r — 1)
1 —log,(r—1)

- 1 dimT. —log,(r— 1)
d(G"(F"T) = 1= L 1-log,(r—1)

<(l+¢)

Dynamical setup. Given a Markov tree 7 and v € |7|, define the Markov tree 7¥ by 7%(w) =
7(vw) /7(v) for every w € A*. Using this we define a Markov process on the space M = A x P(AN),
where a € A can be interpreted as labelling the root of 7 € P(AY) with information about the
past under the dynamics 7 — 7%. For simplicity of notation, we omit labels if the expressions
considered are labelling independent.

Define p: M — P(M) by p(1) = pr = > ,ca 7(i)d(;,77). Since p is continuous, it induces a
Markov operator P on C(M) (a positive contraction satisfying P1 = 1) defined by the formula
Pf(r)=3;ca (D) f(7%). The pair (M,p) is an example of a CP-process.

By a distribution we mean a Borel probability measure. A distribution v on M is stationary
for (M,p) if [,, Pfdv = [,, f dv for all continuous f. Note that if v is stationary, then the above
formula for P extends to a well-defined operator on LP(M,v) for 1 < p < oo, and by Jensen’s
inequality this extension is a Markov operator.

For i € A, define the set B; = {(a,7) € M : a = i} of Markov trees labelled by ¢. The sets B; are
clopen and partition M. Define also for 2 < r < ¢ the set A, = {7 € M: |{i: p,(B;) > 0} > r} of
Markov trees 7 such that there are at least r vertices in |7](1). Observe that A, is open and dense
in M, and hence is not closed for r > 1.

Define on M the information function

H(T) == ZpT(Bi) logq pT(Bi) = Z T(Z) logq T(i),
i€A ieA
where by convention Olog, 0 = 0. The entropy of a stationary distribution v is then H (v) =
Jos H dv. Note that 0 < H(7) < log, n, where n = max{r: 7 € A,}.
Proposition 2.5. If v is a stationary distibution for (M, p), then
H(v) —log,(r —1)
1—log,(r—1) °

v(4,) >
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Proof. Using the above bounds on H(7) and the definition of A,.,
Hv) = / Hdv +/ Hdv < v(A) + (1 - v(A,)) log, (r — 1).
A, M\A,

Rearranging gives the proposition. |

Endomorphic extension. It will be necessary to work with an extension of the CP-process
(M, p), following [FWO03].

Let M = {T = (m)igo € MZ=", D7, (Tit1) > 0 for all ¢ < 0}. By abuse of notation we denote
by p the natural lift of p: M — P(M) to a continuous function M — ’P(]T]) We also denote by
P the corresponding Markov operator on C(M) The pair (M7 p) is said to be an endomorphic
extension of (M, p).

A stationary distribution ¥ on M induces a stationary distribution v on M , and by construction
v is invariant under the right shift S: (7;);<0 — (7i—1)i<0- The Koopman operator of S therefore

acts on S = Lz(M,%,D), where 2 is the Borel o-algebra on M. Since p({@}) > 0 implies
S(w) =7, a straightforward calculation gives

Lemma 2.6. For any f,g € 5 we have P(fSg) = gPf. |

Integrating with respect to v shows that P and S are adjoint operators on ¢, and taking f =1
gives the formula PS = I. It follows that S™P" is the orthogonal projection from .7 onto the
closed subspace S".5# = L?(M,S "%, v).

If f=Sf € 8 then SPf = SPSf' = Sf" = f, so SP = I on SH#. Define % =
Nn1S" A = L*(M, Boo,v), where Bog = Np>1 S "AB. For f € Hy we have Sf € H# and
Pf e s, (using PS = 1), giving

Lemma 2.7. P and S restrict to mutually inverse operators 55, — 5. O
Denote the orthogonal projection of f € J# onto % by f.
Proposition 2.8. For f € 57, |P"f — P" f|j2 — 0.
Proof. As v is S-invariant, it follows from Lemma 2.7 that
[P f = P"fll2 = [|S"P"f — S"P"f||2 = [|S"P"f — fll2 = 0
since |E(f | S7™" %) — E(f | Ni»157'%)||2 — 0 [EW11, Theorem 5.8]. O

The information function H lifts naturally to M , and hence the entropy of a stationary distri-
bution for (M, p) is defined as for (M, p).

3. THE FURSTENBERG—WEISS CORRESPONDENCE PRINCIPLE

In [FWO03] Furstenberg and Weiss associated to a tree of positive upper Minkowski dimension a
stationary distribution for the CP-process (M, p), and showed that the appearance of D2 could
be deduced from the positivity of quantities defined on the dynamical system. In this section
we extend their construction to arbitrary configurations, and prove an analogous correspondence

principle based on [Fur70] for trees of positive Hausdorff dimension.

3.1. Construction of configuration-detecting functions. Given a configuration C and an
integer m > 1, we say that a function f: M — [0, 1] is Cy,-detecting if f(7) > 0 if and only if C
appears at the root of |7| with parameter m. In preparation for proving correspondence principles
we construct recursively several families of configuration-detecting functions.

We first construct a set of configuration-detecting functions ¢¢,,. For the simplest configuration
{0}, we can take @gy, = 1 for all m > 1. Given I C A such that |[I| = |C(1)| and a bijection
B: 1 — C(1), the positivity of [],.; P(lB,iPm_Hng(i)) at 7 € M is equivalent to the appearance
of C' at the root of |7| with parameter m such that 8(i) € C(1) is mapped to iv € || for some
v € A™~1. Summing over all choices of I and 3, we define ¢¢,, by the recursive formula

PC, = Z Z Hp(lBipmflsﬁcglm)-

i) A1 e 1€
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We also have 0 < ¢¢,, < 1. Indeed, since gy, = 1 and P is positive

[C(1)]
0<pe, < Y > I[P < (ZMBI) =1.

ICA 5. icl icA
jr=ic() e

Starting instead with ¢pr1 = 14, and ¢¢,, = 1 for nonbranching configurations C', we can
adapt the above recursion to construct an alternative family of configuration-detecting functions
¢c,, = o, more suitable for computations. Let C(1) = {v € C(1): CV is branching}, and set
n' = |C(1)| < |C(1)] = n. We define ¢¢,, recursively by the formula

¢c,, = la, Z Z HP(lBiPm_WCgL(i)).

III\C:[:z' B: 1=3c(1) €1
Note that ¢pr1 <14, = ¢pra. Similarly we have 0 < ¢¢,, < 1.
As the B; are clopen and P takes continuous functions to continuous functions, the ¢, are
continuous. However, the ¢¢,, are in general not continuous since A, is not clopen for » > 1.
If C is a configuration such that the configurations C? are all “isomorphic” for v € C(1), the
above recursion can be simplified by omitting the sum over bijections 5. For integers 2 < r < ¢
and m > 1, define (nonlinear) operators R, ,, on L (M) by

Remf=Y_ [[P1sP™"f).
ICA iel
| I|=r
If f detects Cy, for (all) v € C(1) and |C(1)| = r, then R, ., f detects C,,. Denote by ¢¢, the
C)n-detecting function obtained by applying a sequence of the above operators to the appropriate
14, , and observe that ¢¢c,, = cqu’Cm for some integer ¢ > 1.

Example 3.1. For the configuration F”, we have n = r and n’ = 1. There is always a unique
bijection I — C(1)’, so linearity of P gives

¢ry =14, Y P(lpP" 'y,) =14, Py,
i€A
since 1 =3, 1.
If n = n’, the factor 14, is redundant in the definition of ¢¢,, as the function in the sum is
already supported on a subset of A,,. For example,

Gprz=>_ > [[PAsP™ "1a) =0 [[P(1sP" 'a4,) = g

IClq] g, [ =5y, €1 IC[q] i€l
[I|=r " [ I|=r
The following lemma is used in the proofs of the correspondence principles to account for the
lack of continuity of ¢¢,, .

Lemma 3.2. If (vy)x>1 is a sequence of distributions on M converging to v in the weak-* topology,
then for every configuration C' and integer m > 1

limsup/ oc,, dvy 2/ oc,, dv.
k—o0 M M
Proof. Define for § € [0,1] open sets A2 = {7 € M: [{i: p-(B;) > 6}| > r} C A, and let ¢, be
the function obtained by replacing 14, with 1 4s In the recursive construction of ¢¢,,. Observe that
d < 4’ implies QS‘SCM > ¢5c'm by the positivity of P. Then the monotone function a: § — | Y ¢6cm dv
has countably many discontinuities, so we can choose a sequence §,, — 0 such that « is continuous
at ¢, for all n.

We claim [, qﬁ‘é dve — [y ¢5C dv = «(0) if « is continuous at §. If 6 < ¢, the closed sets
(A2)¢ and AY = {7 € M: |{i: p(B;) = &'}| = r} are disjoint since A9 C AJ. By Urysohn’s
lemma there are continuous functions h, such that 1, < h, < 1 AS- Defining h¢,, to be the
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function obtained by repeating the construction of ¢, with h, in place of 14 _, it follows that

o, <he,

50 . Since h¢,, is continuous,

<o
lim inf / oL dvy, > lim inf / he, dvg = / he, dv > / oL dv = a(d).
M M

Continuity of o at ¢ implies liminfy_,o [,, gb‘scm dvi > a(d), and a similar argument with §" < §
proves the claim. Hence

fim sup ¢c,, dvi 2 lim ‘b% dvy, = QS% dv 2= ¢c dv
k—oo JM " k—oo Jar m M m

by the monotone convergence theorem. O

3.2. Correspondence principle for upper density.

Theorem 3.3. For every tree T' with dimp,T > 0, the CP-process (M, p) has a stationary distri-
bution p such that H(u) = dimy,T,
dimy T — log, (r — 1)

1-— logq(r -1

and for every configuration C' and every integer m >
®3) / ¢c,, di.

Proof. Let (Li)r>1 be an increasing sequence such that

— . log, [T(Lk +1)]

L S e
Fix an arbitrary label a € A, and for each k > 1 let 73 be any Markov tree labelled by a such that
m,(v) = |T(Lg)| 7t for all v € T(Ly,) (note that this condition determines 7, on vertices of level at
most Lg). Then any weak-* limit of the distributions

(2) n(Ar) 2

Ly

1 1
= P, = Orv
M Lk"‘lnz:% k Lp+1 Z 7k (v) 4

l(v)<Lyg

is stationary, and we choose p to be such a limit.
Since H(x) is continuous and 71 (v) = >, T (va),

hm/ H dyy,

k—o0

—  fim o (o 7 (va) o i (va)
= Lk+1 D ) ) T (v) log, (V)

1(v)<Lk acA

= — lim Z Z 7 (va)log, Tk (va) — Tk (va)log, my(v)

koo L +1 I(v)<Ly a€A

1
(4) = — lim Z Z 7 (va)log, Tk (va).
koo Ly +1 I(0)=Ly, a€A

Recall that for every v € || we have the bounds

7k (V)
.

(5) — 7 (v) log, Tk (v) < — Z T (va) log, Tk (va) < —mx(v)log,
acA
Since — 3 ;(,)—r, Tk (v) log, mx(v) = log, |T'(Ly)| by definition of mx, summing the inequalities (5)
over v € Ly, and noticing 3,7, mk(v) =1 gives
log, |T(Lg)| . log, [T(Lik+1)|  ——
= [ = Jim PSSR < T

where the third equality follows from the bounds
¢ HT(Ly + 1) < |T(Li)| < |T(Ly +1)].
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Proposition 2.5 immediately gives the inequality (2).
To prove the inequality (3), applying a change of summation variable and using the definitions
of m and ¢¢,, gives

Z |C N{w € T: w < v}

%(Cm) > lim sup L, +1
k

k—o0 |T(Lk)|

1
= lim sup Tt Z mr(w)le,, (w)

k—o0

1(w)<Ly

. 1 w

> limsup 7= Y m(w)ée, (i)
l(w)<Lgk

= lim sup oc,, ditk.
k—o0 M

The conclusion follows from Lemma 3.2. O

3.3. Correspondence principle for upper Banach density.

Theorem 3.4. If dim T > 0, for every € > 0 there exists an ergodic stationary distribution n = 7,
for the CP-process (M, p) such that H(n) > dimT — e,

dim T — € —log,(r — 1)

(6) Ne(Ar) 2 ——— logq(r )

and for every configuration C and integer m >

(7) / b, dn.

Proof. For any € > 0, by Frostman’s lemma there exists § € M such that |§] C T and dimé >
dim T — e. Let (My)r>1 be an increasing sequence such that the distributions

My,

1 1
/: Pn = v,
M= 3 +1Z % = 37 > 6(v)d

n=0 l(’[))<1\4)C

converge to a distribution 7’ in the weak-* topology.
Lemma 3.5. [Fur70, Lemma 4] H(n') > dim .

Proof. As in the calculation (4) we have

1 — 2 ven, 0(v) log, 6(v)
H(n') = — lim 6(v)log,O(v) = lim Ve k g
k—oco M}, + 1 l(v)—zl\/:lk-i-l q k—o0 ZvGHk Z(U)Q(’U)
> dim 6
where IIj, is the section |0|(M) + 1) = {v € |6]: I(v) = My + 1}. O

The support of 1’ is contained in the compact set D() = {0?: v € |0]}, and the ergodic de-
composition of 1’ gives an ergodic distribution 7 supported on D(f) such that H(n) > H(n') >
dimé > dimT — e. The inequality (6) immediately follows from Proposition 2.5.

Since 7 is ergodic, the mean ergodic theorem for contractions [EFHN15, Theorem 8.6] implies

N+IZP”f—>/ f dn

n=0

almost everywhere for f € L?(M,n). By diagonalisation there exists an increasing sequence
(Nk)k21 and 7 € D(G) such that

1 &
(®) e D DL ICE
n=0
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for all f in a countable set of continuous functions. Taking this set to be dense in C'(M) under
the uniform norm, the limit (8) holds for all continuous functions. Letting vy, € |0| be a sequence
of vertices such that 0¥ — 7, it follows that

Ny

1 1
Nk = > Progu = Do 0% (w)dgeun
Np+1:= Ni +1 1(w) <N,
converges weakly to 7. For e < dim 7T it follows that
1
d5(Chp) = limsu 0" (w)lc, (vw
HOw) e g 3 Ol ()
(w)< Nk
1
> limsup Z 0% (w)pe,, (%)
k—oo Nip+1 1(w)<Ng
e R
k—o0 M
and the inequality (7) follows from Lemma 3.2. O

Remark 3.6. Composing the projection (7;)i<o +— 70 with a C,,-detecting function gives a map
M — [0, 1] which is positive at (7;)i<o if and only if C' appears at the root of |7p| with parameter m.
The recursive constructions of configuration-detecting functions in Subsection 3.1 can be used
to construct their lifts (which we denote by the same notation) using the abuses of notation
Bi={TeM:meB;}and A, ={7T € M: {i: p=(B;) > 0}| > r}. Observe that the inequalities
(2), (3), (6), and (7) are still valid when the distributions p and n. and the configuration detecting
functions ¢¢,, are replaced with their lifts on M. In the remainder of the paper we work only with
(M, p) and use Theorems 3.3 and 3.4 for the endomorphic extension without comment.

4. PROOF OF DIRECT THEOREMS

Using the correspondence principles of Section 3, we bound from below the densities of the sets
of generic parameters for F" and D™2. To illustrate the method we first give a simple proof of
Theorem A, which is also an immediate corollary of Theorem 4.1.

Theorem A. Let T be a tree. For 2 < r < g we have

MMT — logq(r — 1)
1 —log,(r—1)

dim T — log,(r — 1)
1 —log,(r—1)

d(G(F")) = and d(G*(F")) >

Proof. Since P and S are adjoint, Theorem 3.3 gives

dr(Fl) > /~ Gpr dii = /~ 14, P14, dp = /N 14,814, dp=p(A-NS™™A,).

M M M
Hence G(F") D R = {n € N: i(A, N S™™A,) > 0}, so d(G(F")) > d(R). By the mean ergodic
theorem

N N ~
.. 1 .1 E(A-NS™™A,)
= — > — S A
A(R) = gt - 3 Iele) > i 7 3L T2

n=1

= i(Ay),

and the theorem follows from inequality (2) of Theorem 3.3.
Using Theorem 3.4 in place of Theorem 3.3 in the above argument, we obtain the second
inequality after taking e — 0. O

Theorem 4.1. Let T be a tree. For 2 < r < ¢ we have

dimp T — log, (r — 1)
1 —log,(r—1)

dim T — log, (r — 1)
1 —log,(r—1)

d(G(D™?)) > and d(G*(D"?)) >
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Proof. We start with the proof of the first inequality. The idea is to show that G(D™?) essentially
contains the set of return times of A,., the density of which we can bound from below by the mean
ergodic theorem. First observe that by Proposition 2.8

/(/)Dmdu—r'/ S [IPas P14 di

IC[q] i€l
[ I|=r

it [ [ PasP i -t [ 30 []P@e P T di| 0
M IC[q] i€l M IC[q) i€l
| I|=r [ I|=r
Since 14, € #°°, by Lemma 2.7 P" 1, = SP™1,,. Then by Lemma 2.6 and orthogonality
7! ZHP 1, P" 14 )dp = / G (P™1a,)" dfi,

M [ Cier
[I|=r
recalling ¢r1 = T'Zlc[q [l;c; PlB,. Define Z, = {7 ¢ M: Ppri(T) = p}, and observe it is
[ I|=r )
well-defined up to a p-null set. Since 0 < $pra < 14, < 1and 0 < plz, < Pprt < 1, the
positivity of both P and conditional expection imply

/Mml (P T4, dii > /Mml (P"G5m)" dji > o' /M 12,(P™15,)" dfi.

By Jensen’s inequality and the adjointness of P and S
/N lz,(P™1z,)" dp > (/N 1z,P"1g, dﬁ) =u(Z,NS™™Z,)".
M M

Combining the above with the correspondence principle Theorem 3.3, it follows that G(D"?)
contains a cofinite subset of

Ré(Zp) ={meN: u(Z,NS"Z2,) > 517(Zp)2}

for all 6, p > 0 (since S is p-preserving). Therefore

_ o1 wZ,NnS~™Z7,)
d(G(D™?)) = d(R%(Z,)) > liminf — —r _— P
d@(D™?)) > d(R*(Z,)) > liminf — m§@: 7
me’RS(Z )
w(z, ﬂS "Z,) -
hmlnf —_— —6 Z

6—0 ~ p—0 -

> (1- 5)ﬁ(Zp) — w(Z,) — u(Z),
where the last inequality follows from the mean ergodic theorem and
Z ={7 € M:pp3(7) > 0}.

Since 1zc € L™ (M , B), properties of the conditional expectation give
0= /~1Zc7¢D:ﬁl dfi = /~1ZC¢D;21 dji.
M M

Hence Z D {7 € M: ¢pra(7) > 0} = A, up to a p-null set, so d(G(D"™?)) > ji(A,.). The theorem
then follows from inequality (2) of Theorem 3.3.

Using Theorem 3.4 in place of Theorem 3.3 in the above proofs, we obtain the second inequality
after taking € — 0. O
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5. INVERSE THEOREMS FOR RETURN TIMES

Let (X, #,v,S) be a measure-preserving system, and let A be a measurable set with v(A) > 0.
IfR={neN:vANnS™A) > 0} is the set of return times of A, then by the mean ergodic
theorem d(R) > v(A).

Theorem 1.2. If d(R) = v(A) > 0, then there exists an integer k > 1 such that up to v-null sets
k—1

X = |_| STUA.

i=0
Proof. Define Ry ={neN: v(ANS™A) > (1—-~)v(4)}.
Lemma 5.1. If m € R. and n € R, then m +n € Rey,.

Proof. If B C A then v(ANS™™B) > v(B) —ev(A). For B= AN S~ ™A we have
V(ANSTMTMA) > p(ANST™(ANST"A) = v(ANST"A) — ev(A) = (1 — 7 — e)v(A),
som—+mn € Reyy. ]
Lemma 5.2. If 0 <y < 1, then d(R, + R,) = d(R,) = d(R).

Proof. Let (Nj)r>1 be an increasing sequence such that

dN (R’y) — lim |R’Yn{1a7Nk}|
K

k— o0 Ny,
exists. By the mean ergodic theorem
Ny, - N _
.1 v(ANS™"A) .1 v(ANS™"A)
A) < lim — — — 7 — lim — 1 e )
v(4) < lim < ; V(A) koo Ny ; ARy
. 1
< lim Yok 4+ D> Ir()(1-7)
TNk \ neR, <Ny n¢Rn< Ny

— d, (Ry) + (1= 7)(d(R) — dy, (R4).
Rearranging and using the assumption d(R) = v(A), it follows that
V(4) < dy, (R,) < d(R) = v(A).
Hence dy, (R,) = d(R). By Lemma 5.1 R, + Ry C Ray C R, s0
d(R) = dn, (Ry) = dy, (Ry) < dy, (Ry+Ry) < aNk (Ry+Ry) <d(R).

Hence dy, (R + R,) exists and equals d(R). Since (Ny)r>1 was arbitrary, the conclusion follows.
O

For 0 < v < 1, Lemma 5.2 and Kneser’s theorem [Kne53] (see also [Bil97, Theorem 1.1])
therefore imply the existence of k > 1 and K C {0,...,k — 1} such that

o R, C K + kN,
e |K + K| =2|K|— 1, where the operation on the left hand side is in Z/kZ, and
e R,+ Ry C K+ K+ kN with |[(K+ K +kN)\ (R, +R,)| < cc.

It follows that K = {0}, so R C kN and d(R) = d(R,) = d(R, + R,) = k*. Further, for all
m € R there exists v > 0 small enough such that m 4+ R, C R by Lemma 5.1. Since in addition
R, C R and d(R) = d(R.), it follows that m € kN. Then the k sets S7*A, 0 < i < k— 1 are
disjoint (up to v-null sets) and each of measure k1. O

Theorem 1.4. If (X, A, v,S) is ergodic and
3
0<d(R) < iy(A)’

then there exists an integer & > 1 such that R = kN and X = |_|f;01 S (U;O:o S‘j’“A> up to

v-null sets.
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Proof. By [BFS19, Section 1.5] all the theorems in [BFS19] hold for ergodic N-actions, so [BFS19,
Theorem 1.3] gives the existence of k > 1 such that R = kN. Therefore, the sets

o0 o0 o0
Us7ra st s kal],....so® s 7*A
j=0 §=0 §=0
are mutually disjoint up to v-null sets, and ergodicity implies that they partition X. O

6. INVERSE THEOREMS FOR TREES

In this section we prove Theorems B, C, and 1.9.

Theorem B. If T is a tree and 2 < r < g with

— dimy T — log, (r —
AG(F")) = IM— log (fq—( 1) -

>0,

then dimp T = k~'(1-log, (r—1))+log,(r—1) for some positive integer k. Moreover, dp (VPR >
0 for every n > 1.

Proof. Let R = {n € N: (4, N S™™A,) > 0}. Combining Theorem 1.2 and the hypothesis we
obtain L
- — - dimpyT —log,(r — 1)
F)) > 2 > u(Ar) > 4
AC) > AR) > d(R) > (4, > Ty 2

Therefore ji(A,) = d(G(F")) = d(R) = d(R) is positive; by Theorem 1.2 it equals k~! for some
positive integer k, and M = |_|f:_01 ST'A, up to fi-null sets.
The above also shows that equality holds in Proposition 2.5 for 1, whence [, H dji = fi(A,) and

=d(G(F")).

Jae Hdpp = (1 = [i(A,))log,(r —1). The bounds on H then imply fi-almost everywhere equalities

) H Plp, = c1la, = c1lq,
€A
(10) 1a,_, > JIPis =14 > [[Pis =cola;,
ICA el ICA el
[I|=r—1 [I|l=r—1

where ¢; = ¢~ % and ¢y = (r — 1)}77.
Recall from Section 3.1 the operators R,_11 and R, 1 on L (M, ), which for simplicity we
denote by R; and Rs:

Rif= > [IP(sf;  Bef=]]PUs0)

ICA el ieA
|[I|l=r—1
Using the facts determined above we compute ¢;/1T,k,kn = (RgR’ffl)”lAq. In the following,

equalities are only up to g-null sets. We compute first the case n = 1. Note that A, = S7FA, and
lg-ia, = Slg-i+1n, for i > 1. By Lemma 2.6

Rila, = Y [[PUs1a)= > [[PO5SLsrea,)

ICA i€l ICA el
[T|=r—1 |I|=r—1
= 1S*k+1Aq E HPle
ICA el
[ I|l=r—1
= Cgls—k+1Aq

where the last equality follows from (10) and the fact S™F*14, = S=F+1A, C A¢. Since R; is
homogeneous of degree r — 1, repeating this calculation gives

k—2 j
k—1 i—o (r=1)
Rl ].Aq = Coy ! 1S—1Aq
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and hence

k=2 (1)
gb?/{"“”“ =Ry (022]_0 vy 151Aq>

E-2(p 1)
— == V] P(1s,S14,)
iEA
=2/ 1\i
:CZZJ:O(T 1) 1AQHP1B1L
i€EA
aY by (r—1)

= C1Cy 1Aq-

QZ;C 5(7 1)7 . . . _g(r—1)F1 . ’ o
Letting di = cic, and defining inductively d,, = d,,_; dy, it follows that ¢V“k‘l"’" =
1
dn14, pi-almost everywhere. Then by the correspondence principle Theorem 3.3
5 r,k,kn ~ / ~ ~ dn
dp(V""") > / Gyrorenn dpp > / d)v'“’“’”‘ dp =d,i(Ag) = — >0
Mot Mo k
forallmn > 1. O

Theorem C. If T is a tree and 2 < r < ¢ with
dim T — log,(r — 1)

() a6 () = S s o
(12) 8(G*(DT’2)) _ dim7T — logq(r -1) S0,

1 —log,(r—1)

rkkn)>0

then dim 7" = k~*(1-log, (r—1))+log, (r—1) for some positive integer k. Moreover, di,(V/
for every n > 1.

Proof. Fix € > 0 small enough, and let R = {n € N: 7.(4, N S™"A,) > 0}. In the case of (11),
from the proof of Theorem A we have

dimT—logq(r—l)_dG*FT S dR) S 7 (A >dimT—e—10gq(r—1)
o (1) O ) 2 d(R) 2 (4 > T

so d(R) < %7’7}(14,«) for small enough €. By Theorem 1.4 there is a positive integer k such that
R=kNand M = | |\~] 5~ (U;io S_ijr) up to n.-null sets.

In the case of (12), we invoke the proof of Theorem 4.1. Recall that there exist a measurable
set Z such that A, C Z modulo 7.-null sets and an increasing chain of measurable sets (Zp) p>0
with Z, C Z and U~ Z, = Z such that for every § > 0 we have

dim T — log, (r — 1)
1 —log,(r—1)

= d(G*(D"?)) = d(R°(Z,))

ne(Z, ﬁS "Z,) _
hmmf — | = (Z

§—0 ~ p—0  ~

> (1- 5)?71(2;)) = 1e(Zp) = 17 Z)
dim7T — e —log,(r — 1)

2 ne(Ar) 2 .
e(Ar) 1 —log,(r—1)

where R%(Z,) = {n € N: 7.(Z, N S™"Z,) > 61.(Z,)?}. Hence for small enough ¢ and p the
assumptions of Theorem A.3 are satisfied, so there exists k > 1 such that R(Z,) = R%(Z,) = kN,
where R(Z,) = {n € N: j.(Z,n S™"Z,) > 0}. Since this is true for all p > 0 small enough and
R C U,»0R(Z,), we conclude that for e small enough there exists k > 1 such that R C kN. This

immediately implies that M= |_|i:01 S (U;io S_ijT> up to 7.-null sets.
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In both cases, for small € the above inequalities force
dim T — log, (r — 1)

= k!
1 —log,(r—1) ’
and hence
1 > .
g / . AVend —k
(13) ne(Ar) = (1_6)% - (1_6)776 JL:JOS jAr 5

where ¢ — 0 as e = 0. We also have
dim T > 7e(Ar) + (1 = 1e(Ar)) logy(r — 1) = H(7e) > dimT — €

and hence the pair of inequalities
(14) [ Han =) -
Ay

(15) [ Had > (- (A g, (- 1)~

We denote by A, = U;’io S—ki A,. Then we have M = |_|i:01 S—iA,. Given 7 € M and E C M,
observe that S~¢({7}) C E if and only if P‘1g(7) = 1. For i > 0, define E; to be A, if k divides i
and AS otherwise. Then the k-periodicity of A, and AS = |_|f:_11 S7*A, under S~! gives 7.-almost
everywhere equalities
P'lp, = P'S"lg-ip, = lg-ig,,
so the set Ay =(;50{T € M: Pilg,(7) = 1} is a 7.-conull subset of A,.
Define for 6 > 0 the set

kn .
~ i~ 1 ki
As= (VFeAL: PHF) >c -6}, ¢ =
’ iOO{T i (7) 2 e =9} ¢ {1ogq (r—1) otherwise.

It follows from (13) and inequalities (14) and (15) that by choosing e small enough we can guarantee
that 7.(As) > 0. We will show the existence of § such that the configuration V{’k’k" appears at
the root of |1p| for every 7 = (7;)i<o € As. First notice that by construction of AL, if 7 € A5 and
v € |7o| with 0 < 1(v) < kn then H(7") < ¢j¢,). Hence for 0 < i < kn

(16) i — 0 < P'H(T) = Z To(V)H(T") < ¢;.
l(v)=t
If H(7) > log,(¢ — 1) then 7 € Ay, and if H(7) > log,(r — 2) then 7 € A,_;. To prove the

appearance of V{’k’k" at the root of |7g| it therefore suffices to give sufficiently large lower bounds
for H(7V) for I(v) < kn.

Lemma 6.1. For every 61,92 > 0 there exists 6 > 0 such that for 1 < j < kn + 1 (a) the set
{ro(v): T € As,v € |10](j)} C [0,1] is contained in an interval of length < 1, and (b) for all 7 € A;
and v € |7o| with [(v) < j — 1 we have H(7T") > ¢(,) — d2.

Proof. We prove both statements simultaneously by induction on j. For j = 1 we have H(T) > 1—4¢
for all 7 € As by (16), so any § < o suffices. Further, observe that H is a continuous function
attaining its maximum at 7 such that pz(B;) = ¢! for all i € A. Hence given d; > 0 the set
{10(v): T € As,v € |70|(1)} is contained in an interval of length < &; (containing ¢~—') for ¢ small
enough.

Assuming the lemma is true for j < m < kn + 1, we prove it for j = m + 1. We first consider
(b). For w € |7o|(m) with T € As the inequality (16) gives

=0 SPMH(T) = Y 7o) H(7) < 1o(w)H(7*) + (1 = 1o(w))em,
l(v)=m

and rearranging gives

4]

’7'0(’(1})

< H(’i_’ﬂ)) .

Cm
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By statement (a) of the induction hypothesis

1)
sup —0

Fe Az we|ro|(m) To(W)

as § — 0, so by taking ¢ small enough statement (b) is satisfied for j = m+1. Combining statement
(a) for j = m and statement (b) for j = m + 1 with the same argument as in the base case proves
statement (a), noting that if k¥ does not divide j then we consider maxima of H on A¢. (|

It follows that any \GT"k’k"—detecting function is positive on As. By the correspondence principle
Theorem 3.4 we have for all ¢ > 0

A (VPR > /~ Gyrin dife = [ dyrrin dife > 0,
M ! As !

since 7.(As) > 0. O

dim T'—log, (r—1)

T log, (r—1) - Then there

Theorem 1.9. Let 8 < 3/2 and assume that 0 < d(G*(F")) < -
exists an integer k > 1 such that kN C G*(F").

Proof. For small enough ¢ > 0, by the correspondence principle Theorem 3.4 and the proof of
Theorem A

dim T — e —log,(r — 1)

B (A > 5= P

> d(G*(F")) > d(R),

where R = {n € N: 5j.(4, N S™™A,) > 0}. Theorem 1.4 then implies that there exists k > 1 such
that kN=R C G*(F"). O

APPENDIX A. STABILITY IN INVERSE THEOREM 1.4

In the proof of Theorem C for the configuration D™?2, we are unable to apply Theorem 1.4 since
we have no upper bound for d(R). However, we have bounds on the densities of the sets of d-return
times. Here we prove a stability result (Theorem A.3) giving the same conclusion as Theorem 1.4
under assumptions involving J-return times instead of return times.

Given an ergodic measure-preserving system (X, %, v, S) and A € £ with v(A) > 0, define for
& > 0 the set of d-return times of A

RO ={neN:v(ANS™™A) > sv(A)?}.
Define also for 0 < v < 1 the set
Ry={neN:v(ANS™"A) > (1 -4}

Lemma A.1. If d(R°) < (1 + n)v(A) for all § > 0, then for any v > 0

d(R,) > (7_”7””) v(A).

Proof. Given -y, choose ¢ such that 0 < § < 3(_147) (so R, C R?). First observe that by the mean
ergodic theorem
1 & 1
8\ — Tipninf S Timinf —
(17) d(R°) lmlglof I Z 1gs(n) = l}\r/nlnf N Z

—00
n=1 n=1

v(ANS™"A)

oy —ov(A) = (1-9)r(4).
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Let (Ng)r>1 be an increasing sequence such that d(R.) = limg_ oo ~ SN Ir,(n). By the

Nj £un=1
mean ergodic theorem
Ny, _
1 v(ANS™"A)
A = 1 — —_—
v(A4) = lim < ; v(A)
1 v(ANS™"A) 1 1
< limsup — ———— % + limsup — (1 —7) + limsup — ov(A)
nER nER\R, ne(R%)°

<d(R,) + (1=7) (d(R°) = d(R,)) + dv(A)(1 - d(R°))
<Yd(Ry) + (1 =) +n)v(A) + 0v(A)(1 = (1 = §)r(4))

where in the last inequality we used the assumption d(R?) < (14 n)r(A) and (17). Rearranging,
we obtain

d(R,) > (7—774-777— 5—i:y(5u(A) - 62u(A)> V(A).

Taking § — O gives the required inequality. ]
For m € N and 6 > 0, define the set
RS ={neN:v(ANS™AN S~ A) > §u(A)3}.
Lemma A.2. If m € R?, then d(R%%) > (1 — ¢)r(A) for all € > 0.

Proof. Given € > 0 and A, B € £ of positive measure, the set of e-transfer times from A to B is
95 ={neN:v(ANS™"B) > ev(A)v(B)}. Observe that

Sans-ma={nEN:V(ANST(ANS™A)) > ev(A)w(ANS™TA)} C RY.

By the mean ergodic theorem,

N
1
(R p) = liminf Zl 1, ,(n)

Nooo N (v(A),v(B))
> (1 — e)max (v(A),v(B)),

N
o1 v(ANS~"B)
S = _
> liminf 321 . emax (v(A),v(B))

so we have
d(R)?) = d(R ang-ma) = (1 —e)v(A)

as required. O

Theorem A.3. If for n < £ we have d(R°) < (1+4n)v(A) for every § > 0, then there exists k > 1
such that R = kN for all sufficiently small J.

Proof. Fix 0 <7 < & such that d(R°) < (1+ n)v(A), and choose 7 satisfying

3n 1
18 — << .
(18) 1+7n 753
Observe that R + R, C Ray C R for 0 < § < :31; by Lemma 5.1. Noting that (18) implies
v—n+71n>0 and % < 2, Lemma A.1 gives

d(Ry+Ry) <A(R’) <d(R’) < (1+n)r(A) < (%)

Kneser’s theorem then gives the existence of an integer k > 1 and K C {0,1,...,k — 1} such that
e R, C K+kN,
o |K + K| =2|K| — 1, where the operation on the left hand side is in Z/kZ, and
e R,+ Ry C K+ K+ kN with |[(K+ K +kN)\ (R, + R,)| < cc.

d(R,) < 2d(R,).



20 ALEXANDER FISH AND LEO JIANG

Combining this with Lemma A.1 gives

20K| -1  |K+ K|
ko k

<d(R,+R,) <AR?) < (1+n)v(A)
(L+1n)y (L+n)v \ K|
<(55m) < (G5 %

and rearranging gives

n

K| <1+ ———r
Y+ n—2n

)

where the last inequality follows from (18). Hence |K| = 1. Furthermore K = {0}, since otherwise
R, and R, 4+ R, would be disjoint subsets of R? giving the contradiction

d(R°) 2 d(Ry +Ry) +d(R,) > 2d(R,) > d(R’).
We first prove that R® C kN for small enough § > 0. For m € N and ¢ > 0, recall
R = {neN:v(ANS AN S (™M A) > §2u(A)3).

Since V(AN S~ (MM A) > y(ANS AN S~ (MTM A) if n € RS then m+n € RY YA, Assuming
me R’ \ kN, we derive a contradiction. Observe that R, + R, C RS C R52”(A), SO

ARy +Ry) +d((m +R%,) \ kN)

k™' + d(m + (R, NkN))
=k~ + d(R% NkN),

E(R62V(A) ) >
=

where the second inequality uses the assumption on m. Since R‘Ti, kN c RO v(A) (up to a finite
set), by Lemma A.2

d(R%, NEN) > d(RS,) + d(kN) — d(RS, UEN)
> (1= 0)w(A)+ k! —d(RTVA),

—~

Using the hypothesis d(R%*(4)) < (1 4+ n)v(A) we obtain
(19) 2(1 + n)v(A) = 2d(RVA)) > (1 - 6)w(A) + 2k L.

Since |K| = 1, Kneser’s theorem and Lemma A.1 imply

k1>aRw>(”‘Z+”ﬁvmx

and combining with (19) gives v < 12%75 after rearranging. This is compatible with (18) only if

n > 1_—235. Since n < %, it follows that the above requires § > % Hence m € R? \ kN gives a

contradiction and R° C kN for small enough & > 0.
Finally we show R° = kN for small 6. Indeed, since d(R,) > 5 by Lemma A.1 and (18), for
every m € N there exists n € N such that kn, k(n +m) € R,. Therefore
V(AN STFMA) = p(S7Fr A SR 4)
> v((ANSTFrA) N (AN S~RM+m) 4))
>v(ANSTFA) + v(AN STRTM A) — p(A)
> (1 —2y)v(A) > dv(A)?

for § < %, so for sufficiently small § > 0 we have km € R® for all m € N. ]
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Discussion. The set of transfer times R 4,5 has strong parallels with the difference set A — B =
{a—b:ae A be B}, A B C Z/rZ, which is one of the main objects of Additive Combinatorics.
For example, the lower bound for Q(R; p) in Lemma A.2 corresponds to the simple fact that
A — B| > max{|A|,|B|}. It is easy to see that the bound is tight and is attained when B — B
belongs to the centraliser of A (or vice versa). It implies that A and B have some periodic structure
and it is analogous to our conclusions in Theorems 1.4 and A.3 on the structure of our dynamical
system. On the other hand, if A = {0,1} C Z/rZ for large r, then A— A = {0,1, -1} and hence
in Theorem A.3 must be less than 1/2. Moreover, the sets R?, from Lemma A.2 which are used in
the proof of Theorem A.3 can be thought as a dynamical version of the well-known combinatorial
e—transform, see, e.g., [TV06, Section 5.1]. Although it is non—obvious how to define the higher
sumsets in the dynamical context, an analogue of the Pliinnecke—Rusza triangle inequality for
dynamical systems would be a first step towards such a theory.

Question A.4. Assume that (X, %,v,S) is an invertible ergodic system and d(Ra,g), d(Ra,c),
d(Rp,c) exist for A, B,C € A. Is it true that

w(C)d(Ra,p) <d(Rac)d(Rp,c)?
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