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Representations of G,

Follow [Okounkov and Vershik 1996].

The Jucys—Murphy elements of &,, are given by
x1 =0, xo = (lL,a)+ -+ (a—1,a), a=2,...,n.

Simple &,,-modules are parameterized by partitions A F n.

ldentify A\ with its Young diagram; e.g. A = (6,3, 1) is drawn as

[ L]
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The entries of a standard A-tableau increase from left to right in

each row and from top to bottom in each column.

For instance,

214 5|8|10\

’\]U)»—A
el

is a standard A-tableau for A = (6,3, 1).

The content 0,(7) equals j—i if a occupies the box (i,j) in 7.

In the example, 04(7) =0, o7(T)= -2 and og(7) = 4.
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For X\ - n the module V* over &, is afforded by the vector space
V/\ = @ (C VT
sh(7T)=X\

with the basis vectors v.- labelled by the standard \-tableaux 7.

The generators s, = (a,a + 1) and the JM elements x, act by

1
T i (T) = 0a(T)

VT + XQ(T) Vsa T

xqvy = 04(T) v,

where v =0 if the tableau s, 7 is not standard, and
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Primitive idempotents

If U is a standard \-tableau, let V be obtained from ¢/ by

deleting the box « occupied by n. Let ¢ be the content of «.

Define by induction,

where ay, ..., q; are the contents of all addable boxes of sh(})

except for a.
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Theorem (Jucys 1971, Murphy 1981).  The elements ¢, are
primitive idempotents in C&,,. They are pairwise orthogonal
and form a decomposition of the identity:
ey ey = Oy ey, IZZ Z ey-
AFn sh(U)=A
Moreover,

Xa ey = eyxe = 04U)ey.

Proof. Observe that the C&,-module V = @,,, V" is faithful.

All relations follow from the action: e;, v+ = 0,7 v
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Intertwiners

Follow [Cherednik, 1986] to introduce the intertwining elements
Ga = Sa(Xa — Xat1) + 1.
They satisfy the braid relations
GaPat19a = Pat1Pabar1,  PaPb = PpPas la—0b]>1,

and have the properties

d)g =1- (xa 7xa+1)2'
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Ow = Gq, - .. Gq, and Or = Gyt = Py -+ Day s

where w = s, ...s,, is a reduced decomposition.



For each w € G, there are well-defined elements

¢w = ¢a1 .. -Qbar and Cbtv = ¢w—1 = Gbar

where w = s, ...s,, is a reduced decomposition.

The intertwiners act in V* by
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For each w € G, there are well-defined elements
bw = Gay - - - Pa, and ¢, =d1 =g, .- bay,
where w = s,, ...s,, is a reduced decomposition.
The intertwiners act in V* by
davr = (0(T) = 001 (T) ) Xl T) v, -

Hence,
CaryVrr = bV, by #0,

where R* is the row-tableau of shape A and 7 = d(T)R".
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Murphy’s basis

For standard \-tableaux 7 and U/ set

Cru = Pacr) er> Paiy:

Using the properties

(baeu = esal,[ ¢a7

where e =0 if the tableau s, is not standard, we get

Cru = e1 gy Pawy = Pacr) Pay €u-
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Theorem (Murphy 1992).  As A runs over the Young diagrams

with n boxes, the elements ¢, associated with standard

A-tableaux 7 and U/ form a basis of the group algebra C&,,.

Proof. The number of elements is n! by Frobenius:

n! = Zf)%v

A-n

where f, is the number of standard tableaux of shape ). Let

> eruCry =0 for some ¢y, € C.
Tu

Apply the linear combination to the basis vector v, € V.
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Corollary.  Fix a standard A-tableau /. The mapping
CTU — bTVT, Sh(T) = )\,
defines an G,-module isomorphism

C&hey — V.

Proof.  Note that (¢, = 6,,,(r, SO that the vectors (.,
form a basis of CS,¢,,. The generators s, act in the same way

on the corresponding basis vectors.
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Corollary. We have the direct sum decomposition
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Corollary. We have the direct sum decomposition
(CG”—GB @ CGneua
ARn sh(U)=X\
where every left ideal C&, ¢, is a simple &,-module associated

with the partition A = sh(lf).
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Take n variables uy, ..., u, and consider the rational function
with values in CS,, defined by
(a,b)
P . = -
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where the product is taken in the lexicographical order on the
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Fusion procedure

Take n variables uy, ..., u, and consider the rational function
with values in CS,, defined by
(a,b)
P . = -
(Ml, 7“”) H <1 Ma_ub)v
1<a<b<n
where the product is taken in the lexicographical order on the

set of pairs (a, b).

Given a standard \-tableau U, set o, = 0,(U) fora =1, ... n.
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Theorem (Jucys 1966; version of M. 2008).  The consecutive

evaluations are well-defined and we have

n!

D (uy, ... ,un)‘ m=on ey-

uy=oi ‘MQZO'Q U

Proof.  This is essentially equivalent to the JM formula for ¢,,.

Applications to representation theory of gl and the Yangian
Y(gly) use the fact that the factors in ®(u,...,u,) are Yang

R-matrices satisfying the Yang—Baxter equation.
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Spin symmetric group algebra

This is the superalgebra C&, generated by odd elements

t1,...,t,—1 subject to the relations
IZ = 1; tala+1ta = tat-1tala+1, Loty = —1ply,
The transpositions are defined by
_ b—a—1
tap = (—1) th—1 . taritatar - tp—1,

and tha = —lab-

The odd Jucys—Murphy elements are

my =0, Mg =Hag+ -+ ta-1,as a=2,...

la—b| > 1.
a < b,
, 1.
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Sergeev superalgebra
This is the tensor product with the Clifford superalgebra
S, =C6&; ®@Cly,
where CI, has odd generators cy,...,c, subjectto

2
Ca

=1, CaCh = —CpCq, a#b.
Also, S, = C6,, x Cl, with
SaCa = Ca+15a; SaCa+1 = CaSa; SaCb = ChSa, b 7& a,a+1,

where

1
S, = —=t,(c — Cq)-
a ﬁa( a+1 a)
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Simple modules over S, and CS,; are parameterized by strict
partitions A = (A\,..., A¢) of nwith Ay > --- > X\, > 0 and

Al + -+ A =n.
We will set ¢(\) = ¢ and write A IF n.

Depict A by the shifted Young diagram: e.g. for A = (6,3, 1)
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We will use standard A-tableaux:

12458|10\

6
7
The dimensions of the simple modules over S, and CS,;:

n—~

»\)
dim0* =2 g, and  dim v =2/ g,

where g, is the number of standard A-tableaux, found by
the Schur formula [1911] (see also [Morris 1965] for

hook-length formula):

s
|
+ 1
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Both superalgebras are semisimple; the Wedderburn

decompositions yield the Schur identity:

n! = Z 2t g2

Albn

Introduce the barred tableaux by allowing any non-diagonal

entry to occur with a bar on it; cf. [Worley 1984], [Sagan 1987]:

1

2

5

8 [10]

’\1 [

Note that given a strict partition A I- n, the number of the

corresponding standard barred tableaux equals 2"—*() g,

20



Given a standard barred tableaux U, the signed content x4 (UA)
of any barred or unbarred entry a of U/ is

o4(oq+ 1) if a=a is unbarred,
Ka(Ul) =

—oa(os+ 1) if a=a isbarred,

o, =J — i is the content of the box (i, ;) of A\ occupied by a or a.
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Given a standard barred tableaux U, the signed content x4 (UA)
of any barred or unbarred entry a of U/ is
o4(oq+ 1) if a=a is unbarred,

Ka(U) =
—oa(os+ 1) if a=a is barred,

o, =J — i is the content of the box (i, ;) of A\ occupied by a or a.
The even Jucys—Murphy elements in S, are [Nazarov 1997]:
xa:\@maca:ﬁ(rla—i—---—&—tu_],a)ca, a=1,...,n.

Note that x2 = 2m2 and the x, pairwise commute.

21
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Idempotents in S,
For any standard barred tableau ¢/ introduce the element ¢, of
S, by induction, setting
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ldempotents in S,
For any standard barred tableau ¢/ introduce the element ¢, of
S, by induction, setting

o — o (X, —b1) ... (x, — bp)
U™V (k—b1)...(k—by)

where V is the barred tableau obtained from ¢/ by removing the

box o occupied by n (resp. n).

Here by,. .., b, are the signed contents in all addable boxes of
sh(V) (barred and unbarred), except for the entry n (resp. n),

while x is the signed content of the entry n (resp. 7).

22



Example. For n = 2 we have two barred tableaux /:

2], [z
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Example. For n = 2 we have two barred tableaux /:
, |

The respective elements ¢;, € S; are

X2+\/§ and xz—\@
242 22

For

K

B

we have

u= 22 —6 T 22 6

V2-x (53— V6)(xs +16) ﬂ—xz'ﬁ—xa

23
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Proposition.  All elements ¢,, are idempotents in S,. They are

pairwise orthogonal and form a decomposition of the identity:

ey ey = Oy ey, I—Z Z ey-

Ak sh(U)=X
Moreover,

Xaey = ey Xxq = Ka(ld) ey,

fora=qaora=a.

Proof. Use the faithful S,-module

24



Here

= @ Choy
(T)=A

with the basis vectors v labelled by standard \-tableaux 7.
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Here

= @ Choy
(T)=A

with the basis vectors v labelled by standard \-tableaux 7.

The generators of S, act by

= 1 CaCa+1
SaVT = (Iia+] (T) - fia(T) T Ka+1 (’7') i Ra(T)) V7 + ya(T) Vs, T

Xgvy = Ka(T) vy,

where

1 1
VulT) = J1- - .
( ) \/ (Fﬂa(T) — Ra+1 <T>)2 (/fu(T) + Ra+1 (T))2

25



The formulas go back to
[Nazarov 1997], [Vershik and Sergeev 2008],
[Hill, Kujawa and Sussan 2011], [Wan and Wang 2010, 2012].
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[Nazarov 1997], [Vershik and Sergeev 2008],

[Hill, Kujawa and Sussan 2011], [Wan and Wang 2010, 2012].

Corollary.  We have the direct sum decomposition

S =P @ Suey,

AlFn sh(U)=A

summed over standard barred tableaux ¢/ of shape .
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The formulas go back to

[Nazarov 1997], [Vershik and Sergeev 2008],

[Hill, Kujawa and Sussan 2011], [Wan and Wang 2010, 2012].

Corollary.  We have the direct sum decomposition

S =P @ Suey,
AlFn sh(U)=A

summed over standard barred tableaux I/ of shape .

Moreover,

Spey 20U  and UM =U g 0 U.
—_————

26
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Primitive idempotents

There are two orthogonal primitive idempotents in Cl,:

1+icicn 1—icicn
—_— and _—
2 2

Since

Chy = (CL)®™  and  Chuy1 = (ChL)®" ®Cl,
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Primitive idempotents

There are two orthogonal primitive idempotents in Cl,:

1+icicn 1—icicn
e and e
2 2

Since
Clhy, = (Clz)®m and Clzm_H = (Clz)®m ®Cly,

there are 2™ pairwise orthogonal primitive idempotents in Cl,,,

and Clyy11.-

27



Let U/ be a standard barred A-tableau with diagonal entries

dy < --- <dy, then ¢;, commutes with the Clifford generators

Cdyy---5Cdy-
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Let U/ be a standard barred A-tableau with diagonal entries

dy < --- <dy, then ¢;, commutes with the Clifford generators

Cdyy---5Cdy-
Consider the subalgebra CI¥ of Cl, generated by ¢y, . . . , cq,-
Introduce the corresponding idempotents £/, ..., £, in ClY,

where m = LZ(Z—A)J.
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Let U/ be a standard barred A-tableau with diagonal entries

dy < --- <dy, then ¢;, commutes with the Clifford generators

Cdyy---5Cdy-
Consider the subalgebra CI¥ of Cl, generated by ¢y, . . . , cq,-
Introduce the corresponding idempotents £/, ..., £, in ClY,

where m = LZ(TAJ. Hence

N

eg> = ey = ey EY,
with r = 1,...,2", are idempotents in S,,.

28



Theorem. We have the direct sum decomposition
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NFn sh(U)=x r=1
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Theorem. We have the direct sum decomposition

=@ O Dol

NFn sh(U)=x r=1

Moreover, the left ideal is an irreducible S,-module,
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Theorem. We have the direct sum decomposition

=@ O Dol

NFn sh(U)=x r=1

Moreover, the left ideal is an irreducible S,-module,

Spel) = U,

Proof. It suffices to show that the left ideal has the right

dimension. This follows from the Schur identity.

29
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Murphy-type basis in S,
Nazarov’s intertwiners

Ga = Sa(xg - x2+1) + Xg + Xa+1 — Caca—I—l(xa - xa+l)-
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Nazarov’s intertwiners
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They satisfy the braid relations
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Murphy-type basis in S,

Nazarov’s intertwiners

Ga = Sa(xg - x(21+1) + Xg + Xg+1 — Caca—f—l(xa

They satisfy the braid relations

¢a¢a+l¢a = ¢a+l¢a¢a+17 ¢a¢b = ¢b¢a,

and have the properties

¢(21 = 2(’52 + x2+1) - (xﬁ - x¢21+1)2

— Xgt1)-

la—b| > 1,

30



Murphy-type basis in S,
Nazarov’s intertwiners
ba = 5a(X2 — X2 1) + Xa + Xat1 — CaCat1(Xa — Xat1)-
They satisfy the braid relations
GaPat19a = Pat1Pabar1,  PaPb = PpPas la—0b] > 1,
and have the properties
¢(21 = 2(’52 + x§+1) - (xﬁ - x¢21+1)2
together with

¢aca = Ca+l¢aa ¢aca+1 = Ca¢aa ¢acb = Cb¢aa b 7é a,a+1.

30



Let R* denote the row-tableau of shape \.
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Let R* denote the row-tableau of shape \.

Let /3 be a set of non-diagonal boxes of \. Denote by R the
tableau obtained from R* by adding the bars to all entries

occupying the boxes of 5.
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Let R* denote the row-tableau of shape \.

Let /3 be a set of non-diagonal boxes of \. Denote by R the
tableau obtained from R* by adding the bars to all entries

occupying the boxes of 5.

For any two standard unbarred tableaux 7 and ¢/ of shape X set

CTu = bui) errs iy

where d(T) € &, is such that 7 = d(T)R".
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Theorem. As A runs over shifted Young diagrams with n
boxes, the elements (757/, associated with standard unbarred
tableaux 7 and U of shape A and sets 3 of non-diagonal boxes

of A form a basis of the Sergeev superalgebra S, over Cl,,.
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Theorem. As A runs over shifted Young diagrams with n
boxes, the elements (757/, associated with standard unbarred
tableaux 7 and U of shape A and sets 3 of non-diagonal boxes

of A form a basis of the Sergeev superalgebra S, over Cl,,.

Proof. The number of elements is

Z 21—l g%\ =nl,

AlFn
and so coincides with the rank of S, as a Cl,-module. It is
enough to show that the elements are linearly independent over
Cl, by acting in U.
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Seminormal form for S,
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Seminormal form for S,

Recall the S,-module

0 = @ Clyvy
sh(7)=A

with the basis vectors v labelled by standard \-tableaux 7.
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Seminormal form for S,

Recall the S,-module

0 = @ Clyvy
sh(7)=A

with the basis vectors v labelled by standard \-tableaux 7.

Given T, let d| < --- < d, be the diagonal entries.
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Seminormal form for S,

Recall the S,-module

0 = @ Clyvy
sh(7T)=X
with the basis vectors v labelled by standard \-tableaux 7.

Given T, let d| < --- < d, be the diagonal entries.

Theorem. The simple module U* over S, is the quotient of U*

by the relations

Ca VT = LCay, VT azl,...,[—J.
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Seminormal form for C&;,
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Seminormal form for C&;,

Recall that

ta = YaSa,

Ya ‘=

Ca+1 — Ca

V2
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Seminormal form for C&;,

Recall that

fa = Yo y . Cg+1 — Cg
a = YaSa, a ‘= \/» .
2

We have

Vi=—1, YaVat1Va = YarYaYarls Ya¥b = —YbVas

la—b| > 1.
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Seminormal form for C&;,

Recall that

_ Ca+1 — Cq

Iqg = YaSa, Ya ‘= \/E

We have
Yo=—1, YaYa+1Va = Yat1YaYat1: Ya¥b = —YoYar la—b|> 1.
Introduce the vectors 6. € U* by

Or =Ya, - - Yay VT

with the use of a fixed reduced decomposition d(7) = sq, - . - Sa,-

34



Forallb=1,...,nset b7 :=d(T)~'(b).
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Forallb=1,...,nset b7 :=d(T)"'(b).

Lemma.

V2 (ka(T) ey = a1 (T) € gy 1y7)

fabr = fa(T)2 — ras1 (TP

where ¢,(7) = 1.

97— + €a (T) yfl (T) Hsa’Tv
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Forallb=1,...,nset b7 :=d(T)"'(b).

Lemma.

V2 (ka(T) ey = a1 (T) € gy 1y7)
ka(T)? = Kay1(T)?

tq 97’ = 97’ + &4 (T) Ya (T) Hsa’T7

where ¢,(7) = +£1.

Key observation: The RHS depends only on the Clifford

generators, corresponding to the non-diagonal entries of R*.
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Forallb=1,...,nset b7 :=d(T)~'(b).

Lemma.

\E (/fa(T) C,m — '%aJrl(T) C(a-‘rl)T)
Ka(T)? = Kat1 (T)?

ta 97 = HT + Ea (T) ya (T) HsaTv

where ¢,(7) = +£1.

Key observation: The RHS depends only on the Clifford

generators, corresponding to the non-diagonal entries of R*.

If b7 = d(T)~'(b) is a diagonal entry of R*, then b = d(T)(b")

is a diagonal entry of 7, implying x;(7) = 0.
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Let CI)'_, be the subalgebra of Cl, generated by Cphysev+sCh_ys

where b, < --- < b,_, are the non-diagonal entries of R*.
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Let CI)'_, be the subalgebra of Cl, generated by Chys--+Ch_po

where b, < --- < b,_, are the non-diagonal entries of R*.

The superalgebra Clﬁ_z has a unique right module E* of

dimension 27, where p = [%5£].
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Let CI)'_, be the subalgebra of Cl, generated by Chys--+Ch_po

where b, < --- < b,_, are the non-diagonal entries of R*.

The superalgebra Clﬁ_z has a unique right module E* of

dimension 27, where p = [%54]. Let {F°} be a basis of E*.
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Let CI)'_, be the subalgebra of Cl, generated by Cphysev+sCh_ys

where b, < --- < b,_, are the non-diagonal entries of R*.

The superalgebra Clﬁ_z has a unique right module E* of

dimension 27, where p = [%54]. Let {F°} be a basis of E*.

Theorem. The vectors F%6.- € E* ® U* form a basis of the

irreducible representation of CS,; associated with .
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Let CI)'_, be the subalgebra of Cl, generated by Cphysev+sCh_ys

where b, < --- < b,_, are the non-diagonal entries of R*.

The superalgebra Clﬁ_z has a unique right module E* of

dimension 27, where p = [%54]. Let {F°} be a basis of E*.

Theorem. The vectors F%6.- € E* ® U* form a basis of the

irreducible representation of CS,; associated with .

The action of the generators 7, of CS,; in the basis is

determined by the formulas of the Lemma.
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Fusion procedure

37



Fusion procedure

Take n variables uy, ..., u, and consider the rational function

with values in C&,, defined by [Nazarov 1997],

S(uy, ... uy) = H (1_ (a,b) _{_(aab)cach)’

U, — U, u, 1%
1<a<b<n a ™ %b a Vb

where the product is taken in the lexicographical order on the

set of pairs (a, b).
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Fusion procedure

Take n variables uy, ..., u, and consider the rational function

with values in C&,, defined by [Nazarov 1997],

S(uy, ... uy) = H (1_ (a,b) _{_(aab)cacb)’

U, — U, u, 1%
1<a<b<n a ™ %b a Vb

where the product is taken in the lexicographical order on the

set of pairs (a, b).

Let U be a standard barred A-tableau. Foreverya =1,...,n set
ke = ka(U) if a =a ora=ais the entry of .
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Theorem.

we have

The consecutive evaluations are well-defined and

D(up, ... upy)|

Ul=~K1 lup=~ry Un=~Kn ax
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Theorem. The consecutive evaluations are well-defined and

we have

n!
= — €yy.
Un=~Kn u

@(ul,...,un)‘ 2

Uy =rq ‘ugilﬁlz U

Proof. ~ This is essentially equivalent to the JM formula for ¢,,.
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Theorem. The consecutive evaluations are well-defined and

we have

D(up, ... upy)|

U=~ ‘uzinz U lup=ky I3\

Proof. ~ This is essentially equivalent to the JM formula for ¢,,.

Expect applications to representation theory of q, and the
Yangian Y(qy). Use the fact that the factors in ®(uy, ..., u,) are

Nazarov R-matrices satisfying the Yang—Baxter equation.



