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Sum of squares formula

nl = Zf)%v

A-n

where f, is the number of standard tableaux of shape .
Robinson—Schensted correspondence
Permutations o € &, «— pairs of standard tableaux (P, Q).

Schur’s formula

nl = Z 2=t g%\,

AlFn
where g, is the number of standard tableaux of shifted shape .

Permutations o € &, «— pairs (P, Q), where Q is barred.

[Worley 1984], [Sagan 1987].
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The strict partitions A = (Ay,..., Ap) of nwith Ay > -~ > X\, >0

and A\j +---+ \p =n.
We set ¢(\) = ¢ and write \ IF n.

Depict A by the shifted Young diagram: e.g. for A = (6,3, 1)
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We will use standard M-tableaux:
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The number g, of standard \-tableaux is found by the Schur

formula [1911] ([Morris 1965] gave a hook-length formula):

n! A — A
W W H )\l.+)\j.'
1. Ap! I<icjce \j
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The barred tableaux are obtained by allowing any non-diagonal

entry to occur with a bar on it:
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Note that given a strict partition A I- n, the number of the

corresponding standard barred tableaux equals 2" ‘™) g,.

We will use the barred tableaux to construct representations of

the Sergeev superalgebra.
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Spin symmetric group algebra

This is the superalgebra C&, generated by odd elements

t1,...,t,—1 subject to the relations
2=1,  taarile = tasilaars,  laly = —lple, |a—b| > 1.
The transpositions are defined by
tar = (=) b tatagy - Ty, a<b,

and tpy = —tup.

The odd Jucys—Murphy elements are

my =0, Mg =Hag+ -+ ta-1,as a=2,...,n.
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Sergeev superalgebra
This is the tensor product with the Clifford superalgebra
S, =C6&; ®@Cly,
where CI, has odd generators cy,...,c, subjectto

2
Ca

=1, CaCh = —CpCq, a#b.
Also, S, = C6,, x Cl, with
SaCa = Ca+15a; SaCa+1 = CaSa; SaCb = ChSa, b 7& a,a+1,

where

1
S, = —=t,(c — Cq)-
a ﬁa( a+1 a)



Simple modules over S, and C&,; are parameterized by strict

partitions A IF n.



Simple modules over S, and C&,; are parameterized by strict

partitions A IF n.

The dimensions of the simple modules over S, and CS,;:

n— ZA)-‘

dimU* =2 gy and  dim Vv =2 2.



Simple modules over S, and C&,; are parameterized by strict

partitions A IF n.

The dimensions of the simple modules over S, and CS,;:

n— ZA)-‘

dimU* =2 gy and  dim Vv =2 2.

Both superalgebras are semisimple; the Wedderburn

decompositions yield the Schur formula.
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Given a standard barred tableaux U, the signed content x4 (i)
of any barred or unbarred entry a of U/ is

oq(oq+ 1) if a=a is unbarred,
ra(ld) =

—ou(og+ 1) if a=a isbarred,

o, = J — i is the content of the box (i, ;) of A\ occupied by a or a.

The even Jucys—Murphy elements in S, are [Nazarov 1997]:

b—1
xb:\@mbcb:Z(ab)(l—i—cacb), b=1,...,n.

a=1

Note that x} = 2m} and the x, pairwise commute.
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Addable boxes with signed contents: v/30, +v12, +v/2.
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For any standard barred tableau ¢/ introduce the element ¢, of

S, by induction, setting eq = 1 and

o — o (xp —b1) ... (x, — bp)
U™V (k=by)...(k—by)

where V is the barred tableau obtained from ¢/ by removing the

box « occupied by n (resp. n); cf. [Jucys 1971], [Murphy 1981].

Here by, ..., b, are the signed contents in all addable boxes of
sh(V) (barred and unbarred), except for the entry n (resp. n),

while  is the signed content of the entry n (resp. 7).
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Example. For n = 2 we have two barred tableaux /:
, |

The respective elements ¢;, € S; are

X2+\/§ and xz—\@
242 22

For

K

B

we have

u= 22 —6 T 22 6

V2-x (53— V6)(xs +16) ﬂ—xz'ﬁ—xa
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Theorem. All elements ¢, are idempotents in S,. They are

pairwise orthogonal and form a decomposition of the identity:

ey ey = Oy ey, I—Z Z ey-

Ak sh(U)=X

Moreover,
Xaey = ey Xxq = Ka(ld) ey,

fora=qaora=a.

Proof. Use the faithful S,-module
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Here

= @ Choy
(T)=A

with the basis vectors v labelled by standard \-tableaux 7.

The generators of S, act by

= 1 CaCa+1
SaVT = (Iia+] (T) - fia(T) T Ka+1 (’7') i Ra(T)) V7 + ya(T) Vs, T

Xgvy = Ka(T) vy,

where

1 1
VulT) = J1- - .
( ) \/ (Fﬂa(T) — Ra+1 <T>)2 (/fu(T) + Ra+1 (T))2




The formulas go back to
[Nazarov 1997], [Vershik and Sergeev 2008],
[Hill, Kujawa and Sussan 2011], [Wan and Wang 2010, 2012].
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The formulas go back to

[Nazarov 1997], [Vershik and Sergeev 2008],

[Hill, Kujawa and Sussan 2011], [Wan and Wang 2010, 2012].

Corollary.  We have the direct sum decomposition

S =P @ Suey,
AlFn sh(U)=A

summed over standard barred tableaux I/ of shape .

Moreover,

Spey 20U  and UM =U g 0 U.
—_————
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Schur—Weyl duality
Consider commuting actions of &,, and gl on the space

CVe...@CV.
—_———

n

Let U be a standard tableau of shape A - n with £(\) < N.
Primitive idempotent ¢, for &, acts as an operator &;.

Then &,(CN)®" = [()\) as gly-modules. Hence,

tr&yY ... Y, = SA()’la‘ . 'ayN)?

where Y = diag (y;,...,yy) and ¥, = 120 g y @ 1®0—a),
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Sergeev duality

Consider the Z,-graded vector space CVV with the canonical
basise_y,...,e_1,e1,...,ey With p(e;) =7 mod 2, where
=1 for i<O and 1=0 for i>0.
The Sergeev superalgebra S, = CS,, x Cl, acts on the space
C'Wg...@CNN

n

by ca>J, and  (a,b) > Pyp,

with
N —
J=> Ei_i(-1) € EndC"W.
i=—N



The superalgebra @ ¢ End CVV has the basis
ex = Ey+E_k 4, Jiu=Ex_1+E_,

where ¢y is even, fi; is odd.

1<kI<N,

20



The superalgebra @ ¢ End CVV has the basis
e = Ey + E_j Ju = Ex 1+ E_g, I <kI<N,

where ¢y, is even, fi; is odd. Call it q,, as a Lie superalgebra. Its

elements supercommute with J.

20



The superalgebra @ ¢ End CVV has the basis
e = Ey + E_j Ju = Ex 1+ E_g, I <kI<N,

where ¢y, is even, fi; is odd. Call it q,, as a Lie superalgebra. Its

elements supercommute with J. As the U(qy) ® S,-module,

(CN\N)®n ~ @ 276()\)L(>\) ® U/\7
AlFn, £(\)<N

20



The superalgebra @ ¢ End CVV has the basis
en = Ey+E_j 1, Jiu=Ex_1+E_, I <kI<N,

where ¢y, is even, fi; is odd. Call it q,, as a Lie superalgebra. Its
elements supercommute with J. As the U(qy) ® S,-module,
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NFn, ()N
where L()) is the simple q,-module with the highest weight A,
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The superalgebra @ ¢ End CVV has the basis
en = Ey+E_j 1, Jiu=Ex_1+E_, I <kI<N,

where ¢y, is even, fi; is odd. Call it q,, as a Lie superalgebra. Its
elements supercommute with J. As the U(qy) ® S,-module,
(CNIVy&n o @ 2SN\ @ U,
Ak, €(\)<N
where L()) is the simple q,-module with the highest weight A,
while §(\) = 0 or 1 depending on whether /() is even or odd.

[Sergeev, 1985].
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21521 copies of the simple module (). Hence,
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Given a standard barred tableau ¢/ of shape A I n,

let &, be the image of the idempotent ¢, € S,.

The qy-module &, (CMV)®" is isomorphic to the direct sum of

21521 copies of the simple module (). Hence,

strSqu LY, = Q)\(yl,...,yN),

where strEj; = §;(—1)",

N
Y=Y wEi(-1)7, yi=y for i=1,..

i=—N

and Q,(y1, - -.,yn) is the Schur Q-polynomial.

21
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Factorial Schur Q-polynomials

Use the alphabet I’ <1 <2' <2 < --- < N' < N and set
Vi = Yis sgnk = —sgnk’ = 1.

A marked shifted Young tableau 7 of shape A:
the labels increase weakly in rows and columns.
For every k € {1,...,N}, there is at most one k in each column

and at most one k' in each row:

\1’ 1]2]2 2|2\'
213
3/
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The factorial Schur Q-polynomial is given by

Z H V7 (o) + 580 (T (@))o (@),

sh(T)=X a€X

where o(a) = j — i is the content of a = (i,j) [lvanov, 2005].
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The factorial Schur Q-polynomial is given by

Z H V7 (o) + 580 (T (@))o (@),

sh(T)=X a€X

where o(a) = j — i is the content of a = (i,j) [lvanov, 2005].

The top degree component of O (y) is O (y)
[Macdonald, 1995, Cheng and Wang, 2012].

Vanishing property:
O (1) =0

for all strict p with ¢(1) < N and |u| < |Al.
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The algebra of supersymmetric polynomials I'y in y consists of
those symmetric polynomials P(y) which satisfy the property:

the result of setting y; = —y, = zin P(y) does not depend on z.
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The algebra of supersymmetric polynomials I'y in y consists of
those symmetric polynomials P(y) which satisfy the property:

the result of setting y; = —y, = zin P(y) does not depend on z.
Each of the sets 0, (y) and Q7 (v) with /(X\) < N is a basis of I'y.

Characterization property [Ilvanov, 2005]:
If the top degree component of a polynomial P(y) € I'y
coincides with 0, (y) for some A with £(\) < N, and P(—u) =0

for all strict p with £(;) < N and |u| < A, then P(y) = Q) (v).

24
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Differential operators

The polynomial superalgebra P = Pyy has generators x ;. with
ac{-M,...,—1,1,.... M} and k € {1,...,N}. The parity of x,

is a mod 2. We let dy, = 9/0x4 be the left derivation.

Define an action of q, in P by

M
ey = — E Xal Oka,

a=—M
M

fkl 1 Z xalaky_a.

a=—M

We thus get a homomorphism U(qy) — PD.

25
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Universal odd Capelli identity

Combine the variables and derivations into matrices X and D:
M N
X = (eku @ X — lfka ® x—a,k) € HOl‘Il((CM, CN‘N) ® PD

a=1 k=1
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X = (eku @ X — ifka ® x—a,k) € HOl‘Il((CM, CN‘N) ® PD

and

so that X is even and D is odd.
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Universal odd Capelli identity

Combine the variables and derivations into matrices X and D:

M N
X = (eku @ X — ifka ® x—a,k) € HOl‘Il((CM, CN‘N) ® PD

M N
D=3 (ieq®0_,+fy®0,) € Hom(C"W,C") & PD,

so that X is even and D is odd.

Introduce the odd element
N
G= (e @ fix —fru @ ey) € Oy @ U(qy).

k=1

26
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The action of g, in P can be written as G — XD using
Hom(CY, C"™) @ Hom(CMV, M) — Q.
Introduce the odd element

N
T=> (fu®en—eq®fy) € Oy ® Oy
ki=1
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The action of g, in P can be written as G — XD using
Hom(CY, C"™) @ Hom(CMV, M) — Q.
Introduce the odd element
N
T= Z (fu®ex — e @ fy) € Oy @ Qy
k=1
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The action of g, in P can be written as G — XD using

Hom(CY, C"™) @ Hom(CMV, M) — Q.
Introduce the odd element

N
T=> (fu®en—eq®fy) € Oy ® Oy
k=1
andforb=1,...,nset
MO =Ty 4 £ Ty 1 € (On)®"

This is the image of the odd Jucys—Murphy element.

27



Theorem. Under the action G — XD, we have

Gy +MD) .. (Gy+M™M) = X,...X,D;...D,.
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Inspired by the universal Capelli identity for gly [Zaitsev, 2025].
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Theorem. Under the action G — XD, we have
(G1+MN) .. (Gy+ MDY — X, ... X,Dy...D,.

The subscripts indicate copies of the elements in tensors,
Oy®...00y@U(qy) > Onv®...0 Oy ®PD.

n n

Inspired by the universal Capelli identity for gly [Zaitsev, 2025].

Proof. Simple induction argument.
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Quantum immanants
The quantum immanant associated with X |- n is defined by

Sx=str&y (Fi+rild)) ... (Fp+ rn(U)) € Ulgy),

where F = GJ, by using a fixed standard barred \-tableau /.

The supertrace is taken over all n copies of End CV in
(End CMM)®" & U(qy).

Proposition. S belongs to the center Z(q,) of U(qy).

Moreover, it depends only on A and does not depend on /.
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Recall the Harish-Chandra isomorphism [Sergeev, 1999]:

X :Z(ay) — T
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Recall the Harish-Chandra isomorphism [Sergeev, 1999]:

The element S, acts by scalar multiplication in any highest
weight module L(y) with the highest weight y = (y1,...,yn).

On any highest vector ¢ € L(y) we have

Fiié-:yié.v izlv"'an

Fij¢=0 for |i| <.

The scalar is a supersymmetric polynomial denoted by x(S)).



Theorem. Under the Harish-Chandra isomorphism we have

X:Sx = 0F ().
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Theorem. Under the Harish-Chandra isomorphism we have
X :Sa = 07 ().

Moreover, the S, with £(\) < N form a basis of Z(q,).

Proof. The top degree component of x(S,) is the supertrace
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Theorem. Under the Harish-Chandra isomorphism we have
X :Sa = 05 (y).
Moreover, the S, with £(\) < N form a basis of Z(q,).

Proof. The top degree component of x(S,) is the supertrace

N
strSqu...Yn:Q)\(y), Y = ZyiEii(_l)i-
i=—N

Now use the characterization of Qj (y); the vanishing property

is implied by the Capelli identity.
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