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Sum of squares formula

n! =
∑
λ⊢n

f 2
λ ,

where fλ is the number of standard tableaux of shape λ.

Robinson–Schensted correspondence

Permutations σ ∈ Sn ←→ pairs of standard tableaux (P,Q).

Schur’s formula

n! =
∑
λ⊩n

2n−ℓ(λ) g2
λ,

where gλ is the number of standard tableaux of shifted shape λ.

Permutations σ ∈ Sn ←→ pairs (P,Q), where Q is barred.

[Worley 1984], [Sagan 1987].
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The strict partitions λ = (λ1, . . . , λℓ) of n with λ1 > · · · > λℓ > 0

and λ1 + · · ·+ λℓ = n.

We set ℓ(λ) = ℓ and write λ ⊩ n.

Depict λ by the shifted Young diagram: e.g. for λ = (6, 3, 1)

.
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We will use standard λ-tableaux:

1 2 4 5 8 10

3 6 9

7

The number gλ of standard λ-tableaux is found by the Schur

formula [1911] ([Morris 1965] gave a hook-length formula):

gλ =
n!

λ1! . . . λℓ!

∏
1⩽i<j⩽ℓ

λi − λj

λi + λj
.
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The barred tableaux are obtained by allowing any non-diagonal

entry to occur with a bar on it:

1 2 4 5 8 10

3 6 9

7

.

Note that given a strict partition λ ⊩ n, the number of the

corresponding standard barred tableaux equals 2n−ℓ(λ)gλ.

We will use the barred tableaux to construct representations of

the Sergeev superalgebra.
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Spin symmetric group algebra

This is the superalgebra CS−
n generated by odd elements

t1, . . . , tn−1 subject to the relations

t2
a = 1, tata+1ta = ta+1tata+1, tatb = −tbta, |a− b| > 1.

The transpositions are defined by

tab = (−1)b−a−1 tb−1 . . . ta+1tata+1 . . . tb−1, a < b,

and tba = −tab.

The odd Jucys–Murphy elements are

m1 = 0, ma = t1a + · · ·+ ta−1,a, a = 2, . . . , n.
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Sergeev superalgebra

This is the tensor product with the Clifford superalgebra

Sn = CS−
n ⊗ Cln,

where Cln has odd generators c1, . . . , cn subject to

c2
a = −1, cacb = −cbca, a ̸= b.

Also, Sn = CSn ⋉ Cln with

saca = ca+1sa, saca+1 = casa, sacb = cbsa, b ̸= a, a + 1,

where

sa =
1√
2

ta(ca+1 − ca).
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Simple modules over Sn and CS−
n are parameterized by strict

partitions λ ⊩ n.

The dimensions of the simple modules over Sn and CS−
n :

dimUλ = 2n−⌊ ℓ(λ)
2 ⌋ gλ and dimVλ = 2⌈

n−ℓ(λ)
2 ⌉ gλ.

Both superalgebras are semisimple; the Wedderburn

decompositions yield the Schur formula.
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Given a standard barred tableaux U , the signed content κa(U)

of any barred or unbarred entry a of U is

κa(U) =


√
σa(σa + 1) if a = a is unbarred,

−
√

σa(σa + 1) if a = ā is barred,

σa = j− i is the content of the box (i, j) of λ occupied by a or ā.

The even Jucys–Murphy elements in Sn are [Nazarov 1997]:

xb =
√

2 mb cb =
b−1∑
a=1

(ab)(1 + cacb), b = 1, . . . , n.

Note that x2
b = 2m2

b and the xb pairwise commute.
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3 6 9

7

Delete the box with 10 to get the tableau

V =
1 2 4 5 8

3 6 9

7
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Idempotents in Sn

U = 1 2 4 5 8 10

3 6 9

7

Delete the box with 10 to get the tableau

V =
1 2 4 5 8 X

3 6 9 X

7 X

Addable boxes with signed contents:
√

30, ±
√

12, ±
√

2.
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For any standard barred tableau U introduce the element eU of

Sn by induction, setting e 1 = 1 and

eU = eV
(xn − b1) . . . (xn − bp)

(κ− b1) . . . (κ− bp)
,

where V is the barred tableau obtained from U by removing the

box α occupied by n (resp. n̄); cf. [Jucys 1971], [Murphy 1981].

Here b1, . . . , bp are the signed contents in all addable boxes of

sh(V) (barred and unbarred), except for the entry n (resp. n̄),

while κ is the signed content of the entry n (resp. n̄).
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Example. For n = 2 we have two barred tableaux U :

1 2 , 1 2 .

The respective elements eU ∈ S3 are

x2 +
√

2
2
√

2
and

x2 −
√

2
−2
√

2
.

For

U =
1 2

3

we have

eU =

√
2− x2

2
√

2
· (x3 −

√
6)(x3 +

√
6)

−6
=

√
2− x2

2
√

2
·

6− x2
3

6
.
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Theorem. All elements eU are idempotents in Sn. They are

pairwise orthogonal and form a decomposition of the identity:

eU eV = δUV eV , 1 =
∑
λ⊩n

∑
sh(U)=λ

eU .

Moreover,

xa eU = eU xa = κa(U) eU ,

for a = a or a = a.

Proof. Use the faithful Sn-module

Û =
⊕
λ⊩n

Ûλ.
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Here

Ûλ =
⊕

sh(T )=λ

Cln vT

with the basis vectors vT labelled by standard λ-tableaux T .

The generators of Sn act by

sa vT =

(
1

κa+1(T )− κa(T )
+

caca+1

κa+1(T ) + κa(T )

)
vT + Ya(T ) vsaT ,

xa vT = κa(T ) vT ,

where

Ya(T ) =
√

1− 1(
κa(T )− κa+1(T )

)2 −
1(

κa(T ) + κa+1(T )
)2 .
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The formulas go back to

[Nazarov 1997], [Vershik and Sergeev 2008],

[Hill, Kujawa and Sussan 2011], [Wan and Wang 2010, 2012].

Corollary. We have the direct sum decomposition

Sn =
⊕
λ⊩n

⊕
sh(U)=λ

Sn eU ,

summed over standard barred tableaux U of shape λ.

Moreover,

Sn eU ∼= Ûλ and Ûλ ∼= Uλ ⊕ · · · ⊕ Uλ︸ ︷︷ ︸
2⌊

ℓ(λ)
2 ⌋

.
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Schur–Weyl duality

Consider commuting actions of Sn and glN on the space

CN ⊗ . . .⊗ CN︸ ︷︷ ︸
n

.

Let U be a standard tableau of shape λ ⊢ n with ℓ(λ) ⩽ N.

Primitive idempotent eU for Sn acts as an operator EU .

Then EU (CN)⊗n ∼= L(λ) as glN-modules. Hence,

tr EUY1 . . . Yn = sλ(y1, . . . , yN),

where Y = diag (y1, . . . , yN) and Ya = 1⊗(a−1) ⊗ Y ⊗ 1⊗(n−a).
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Sergeev duality

Consider the Z2-graded vector space CN|N with the canonical

basis e−N , . . . , e−1, e1, . . . , eN with p(ei) = ı̄ mod 2, where

ı̄ = 1 for i < 0 and ı̄ = 0 for i > 0.

The Sergeev superalgebra Sn = CSn ⋉ Cln acts on the space

CN|N ⊗ . . .⊗ CN|N︸ ︷︷ ︸
n

by ca 7→ Ja and (a, b) 7→ Pab,

with

J =

N∑
i=−N

Ei,−i(−1)ı̄ ∈ EndCN|N .
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The superalgebra QN ⊂ EndCN|N has the basis

ekl = Ekl + E−k,−l, fkl = Ek,−l + E−k,l, 1 ⩽ k, l ⩽ N,

where ekl is even, fkl is odd.

Call it qN as a Lie superalgebra. Its

elements supercommute with J. As the U(qN)⊗ Sn-module,

(CN|N)⊗n ∼=
⊕

λ⊩n, ℓ(λ)⩽N

2−δ(λ)L(λ)⊗ Uλ,

where L(λ) is the simple qN-module with the highest weight λ,

while δ(λ) = 0 or 1 depending on whether ℓ(λ) is even or odd.

[Sergeev, 1985].
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Given a standard barred tableau U of shape λ ⊩ n,

let EU be the image of the idempotent eU ∈ Sn.

The qN-module EU (CN|N)⊗n is isomorphic to the direct sum of

2⌊
ℓ(λ)

2 ⌋ copies of the simple module L(λ). Hence,

str EU Y1 . . . Yn = Qλ(y1, . . . , yN),

where str Eij = δij(−1)ı̄,

Y =
N∑

i=−N

yi Eii(−1)ı̄, y−i = yi for i = 1, . . . ,N,

and Qλ(y1, . . . , yN) is the Schur Q-polynomial.
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Factorial Schur Q-polynomials

Use the alphabet 1′ < 1 < 2′ < 2 < · · · < N′ < N and set

yk′ = yk, sgn k = −sgn k′ = 1.

A marked shifted Young tableau T of shape λ:

the labels increase weakly in rows and columns.

For every k ∈ {1, . . . ,N}, there is at most one k in each column

and at most one k′ in each row:

1′ 1 2′ 2 2 2

2 3′ 3

3′

.
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The factorial Schur Q-polynomial is given by

Q+
λ (y) =

∑
sh(T )=λ

∏
α∈λ

(
yT (α) + sgn (T (α))σ(α)

)
,

where σ(α) = j− i is the content of α = (i, j) [Ivanov, 2005].

The top degree component of Q+
λ (y) is Qλ(y)

[Macdonald, 1995, Cheng and Wang, 2012].

Vanishing property:

Q+
λ (−µ) = 0

for all strict µ with ℓ(µ) ⩽ N and |µ| < |λ|.
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The algebra of supersymmetric polynomials ΓN in y consists of

those symmetric polynomials P(y) which satisfy the property:

the result of setting y1 = −y2 = z in P(y) does not depend on z.

Each of the sets Qλ(y) and Q+
λ (y) with ℓ(λ) ⩽ N is a basis of ΓN .

Characterization property [Ivanov, 2005]:

If the top degree component of a polynomial P(y) ∈ ΓN

coincides with Qλ(y) for some λ with ℓ(λ) ⩽ N, and P(−µ) = 0

for all strict µ with ℓ(µ) ⩽ N and |µ| < |λ|, then P(y) = Q+
λ (y).
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Differential operators

The polynomial superalgebra P = PMN has generators xak with

a ∈ {−M, . . . ,−1, 1, . . . ,M} and k ∈ {1, . . . ,N}. The parity of xak

is ā mod 2. We let ∂ka = ∂/∂xak be the left derivation.

Define an action of qN in P by

ekl 7→ −
M∑

a=−M

xal∂ka,

fkl 7→ i
M∑

a=−M

xal∂k,−a.

We thus get a homomorphism U(qN)→ PD.
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Universal odd Capelli identity

Combine the variables and derivations into matrices X and D:

X =
M∑

a=1

N∑
k=1

(
eka ⊗ xak − i fka ⊗ x−a,k

)
∈ Hom(CM,CN|N)⊗ PD

and

D =

M∑
a=1

N∑
k=1

(
i eak ⊗ ∂k,−a + fak ⊗ ∂ka

)
∈ Hom(CN|N ,CM)⊗ PD,

so that X is even and D is odd.

Introduce the odd element

G =

N∑
k,l=1

(
ekl ⊗ flk − fkl ⊗ elk

)
∈ QN ⊗ U(qN).



26

Universal odd Capelli identity

Combine the variables and derivations into matrices X and D:

X =

M∑
a=1

N∑
k=1

(
eka ⊗ xak − i fka ⊗ x−a,k

)
∈ Hom(CM,CN|N)⊗ PD

and

D =

M∑
a=1

N∑
k=1

(
i eak ⊗ ∂k,−a + fak ⊗ ∂ka

)
∈ Hom(CN|N ,CM)⊗ PD,

so that X is even and D is odd.

Introduce the odd element

G =

N∑
k,l=1

(
ekl ⊗ flk − fkl ⊗ elk

)
∈ QN ⊗ U(qN).



26

Universal odd Capelli identity

Combine the variables and derivations into matrices X and D:

X =

M∑
a=1

N∑
k=1

(
eka ⊗ xak − i fka ⊗ x−a,k

)
∈ Hom(CM,CN|N)⊗ PD

and

D =

M∑
a=1

N∑
k=1

(
i eak ⊗ ∂k,−a + fak ⊗ ∂ka

)
∈ Hom(CN|N ,CM)⊗ PD,

so that X is even and D is odd.

Introduce the odd element

G =

N∑
k,l=1

(
ekl ⊗ flk − fkl ⊗ elk

)
∈ QN ⊗ U(qN).



26

Universal odd Capelli identity

Combine the variables and derivations into matrices X and D:

X =

M∑
a=1

N∑
k=1

(
eka ⊗ xak − i fka ⊗ x−a,k

)
∈ Hom(CM,CN|N)⊗ PD

and

D =

M∑
a=1

N∑
k=1

(
i eak ⊗ ∂k,−a + fak ⊗ ∂ka

)
∈ Hom(CN|N ,CM)⊗ PD,

so that X is even and D is odd.

Introduce the odd element

G =

N∑
k,l=1

(
ekl ⊗ flk − fkl ⊗ elk

)
∈ QN ⊗ U(qN).



26

Universal odd Capelli identity

Combine the variables and derivations into matrices X and D:

X =

M∑
a=1

N∑
k=1

(
eka ⊗ xak − i fka ⊗ x−a,k

)
∈ Hom(CM,CN|N)⊗ PD

and

D =

M∑
a=1

N∑
k=1

(
i eak ⊗ ∂k,−a + fak ⊗ ∂ka

)
∈ Hom(CN|N ,CM)⊗ PD,

so that X is even and D is odd.

Introduce the odd element

G =

N∑
k,l=1

(
ekl ⊗ flk − fkl ⊗ elk

)
∈ QN ⊗ U(qN).



27

The action of qN in P can be written as G 7→ XD using

Hom(CM,CN|N)⊗ Hom(CN|N ,CM)→ QN .

Introduce the odd element

T =
N∑

k,l=1

(
fkl ⊗ elk − ekl ⊗ flk

)
∈ QN ⊗ QN

and for b = 1, . . . , n set

M(b) = T1b + · · ·+ Tb−1,b ∈ (QN)
⊗n.

This is the image of the odd Jucys–Murphy element.
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Theorem. Under the action G 7→ XD, we have

(G1 + M(1)) . . . (Gn + M(n)) 7→ X1 . . .XnD1 . . .Dn.

The subscripts indicate copies of the elements in tensors,

QN ⊗ . . .⊗ QN︸ ︷︷ ︸
n

⊗U(qN)→ QN ⊗ . . .⊗ QN︸ ︷︷ ︸
n

⊗PD.

Inspired by the universal Capelli identity for glN [Zaitsev, 2025].

Proof. Simple induction argument.
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Quantum immanants

The quantum immanant associated with λ ⊩ n is defined by

Sλ = str EU
(
F1 + κ1(U)

)
. . .
(
Fn + κn(U)

)
∈ U(qN),

where F = GJ, by using a fixed standard barred λ-tableau U .

The supertrace is taken over all n copies of EndCN|N in

(EndCN|N)⊗n ⊗ U(qN).

Proposition. Sλ belongs to the center Z(qN) of U(qN).

Moreover, it depends only on λ and does not depend on U .
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Recall the Harish-Chandra isomorphism [Sergeev, 1999]:

χ : Z(qN)→ ΓN .

The element Sλ acts by scalar multiplication in any highest

weight module L(y) with the highest weight y = (y1, . . . , yN).

On any highest vector ξ ∈ L(y) we have

Fii ξ = yi ξ, i = 1, . . . ,N,

Fij ξ = 0 for |i| < |j|.

The scalar is a supersymmetric polynomial denoted by χ(Sλ).
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Theorem. Under the Harish-Chandra isomorphism we have

χ : Sλ 7→ Q+
λ (y).

Moreover, the Sλ with ℓ(λ) ⩽ N form a basis of Z(qN).

Proof. The top degree component of χ(Sλ) is the supertrace

str EU Y1 . . . Yn = Qλ(y), Y =
N∑

i=−N

yi Eii(−1)ı̄.

Now use the characterization of Q+
λ (y); the vanishing property

is implied by the Capelli identity.
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32

Relation to earlier work

[Nazarov, 1997]:

He defined Capelli elements Cλ. They coincide with Sλ, up to

twisting with an anti-automorphism of qN .

[Alldridge, Sahi and Salmasian, 2018]:

They introduced elements zλ of Z(qN) and found the

Harish-Chandra images χ(zλ). We can conclude that

zλ =
(−1)n gλ
2ℓ(λ) n!

Sλ.
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