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Cayley graphs are well-defined up to quasi-isometry

Proposition
Let G be a group with finite generating sets S # S’. Then
Cay(G, S) is quasi-isometric to Cay(G,S’).

That is, the Cayley graph for a finitely generated group G depends
on the choice of (finite) generating set only up to quasi-isometry.

Corollary
A finitely generated group G is quasi-isometric to any of its Cayley
graphs.



Motivation for the Fglner condition

Proposition

Let G be a discrete group. Then there is an invariant mean
m : L>°(G) — R if and only if there is a finitely additive
G—invariant measure 1 defined on all subsets of G, such that

u(G) =1.
We already showed that given m, we can obtain p by defining

p(A) = m(xa)

for all subsets A C G. For the converse, if s: G — R is a simple

function with
n
=Y e
i=1

for pairwise disjoint subsets A; of G and ¢; € R, we define

m(s) =Y cip(A)
i=1



Motivation for the Fglner condition

For bounded f : G — R with f > 0 we put
m(f) :=sup{m(s) : s is simple, 0 <s < f}
and for general bounded f : G — R we put
m(f) == m(f*) — m(f")

Check that m is linear and that

1. m(f)>0iff>0

2. m(xg) =1

3. m(g-f)=m(f) forall g€ G and f e lL>®G)
Where did we use pu(G) = 17



Boundaries of vertex subsets

Let G be a finitely generated group with Cayley graph Cay(G, S).

Let U be a nonempty subset of the set of vertices of Cay(G,S).
Then the boundary of U, denoted QU, is the set of vertices of
Cay(G, S) which are adjacent to a vertex of U but are not in U.
Equivalently,

oU=U"N{ge G| g=usforsomeuec U, secS}



The Fglner condition for finitely generated groups

Let G be a finitely generated group with Cayley graph Cay(G, S).

Definition
A finitely generated group G satisfies the Fglner condition if for
every € > 0, there is a nonempty finite subset U C G such that

0U]

<e
U]

That is, for every € > 0 there is a nonempty finite set of vertices U
of the Cayley graph Cay(G, S) such that |0U| < €|U]|.

Lemma
This definition is independent of the choice of (finite) generating
set for G.

A set U as in the definition above is called a Fglner set.



Fglner sequences for finitely generated groups
Let G be a finitely generated group with Cayley graph Cay(G, S).

Definition
A Fglner sequence in a finitely generated group G is a sequence
Fi, Fp, ... of finite subsets of G such that

OF;

lim 19F;| =0

Lemma

This definition is independent of the choice of (finite) generating
set for G.

A finitely generated group G satisfies the Fglner condition if and
only if it has a Fglner sequence.



Examples

1. Any finite group satisfies the Fglner condition. Take U to be
the whole group, then |0U| = 0.

2. Z has a Fglner sequence. Consider the generating set
S = {£1} and let F; be the set of integers in the interval
[—/,j]. Then |0F;| = 2 while |Fj| =2j+1, so

F.
lim 0 J’ =

=0

3. Z" has a Fglner sequence. Take U; to be the cube [—j, j]".

4. We will show in just a moment that the free group of rank 2
does not have a Fglner sequence.



Relationship to amenability

We will prove:

Theorem (Fglner 1950s)

Let G be a finitely generated group. Then G satisfies the Fglner
condition if and only if G is amenable (as a discrete group).

Corollary

There is a a finitely additive translation-invariant measure
defined on all subsets of Z, such that 1(Z) = 1.

By finite-additivity and translation-invariance, if A is any finite
subset of Z then 1(A) = 0, and if A= nZ then u(A) = 1. But
there are other infinite subsets A of Z such that 1 > p(A) > 0 and
A is not constructible.



Motivation for the Fglner condition

Suppose that a finitely generated group G has a Fglner sequence
{Fj}2; such that G = U2, F;. We might try to construct a
finitely additive G—invariant measure u defined on all subsets of G,
such that p(G) = 1, by putting

p(A) ;== lim ANl
j—oo  |Fjl
for all subsets A C G.
BUT this limit does not in general exist. One fix is to use
something called a non-principal ultrafilter, the existence of which
is equivalent to the Axiom of Choice.



Relationship to quasi-isometries

Proposition

Suppose G and H are finitely generated groups such that G and H
are quasi-isometric. Then G satisfies the Fglner condition if and
only if H satisfies the Fglner condition.

Corollary

Suppose G and H are finitely generated groups such that G and H
are quasi-isometric. Then G is amenable if and only if H is
amenable.

That is, amenability is a quasi-isometry invariant (among finitely
generated groups).



F(a, b) does not satisfy the Fglner condition

Proposition
Let G = F(a, b) be the free group of rank 2. Then G does not
have a Fglner sequence.

It is enough to show that for all finite subsets U of G = F(a, b)

0V
L

1
\ul —

Let S = {a*!, b*!} and let Xy be the subgraph of Cay(G,S)
induced by U. That is, Xy has vertices U and edges (u, v’) for all
u,u’ € U such that o' € {ua™!, ub™1}.

We first show that for all finite subsets U such that Xy is
connected,

0V
Lt B

> 2
Ui



F(a, b) does not satisfy the Fglner condition
Assume Xy is connected. For i = 1,2,3,4 let v; be the number of
vertices of Xy of degree i. Let E be the number of edges of Xj.
Then
E=vi+w+vs+wy-—1
and also
vi +2vo +3v3 + 4y,

E =
2

From this we obtain
3vi+2w + vy —2
2

The boundary QU is the edges joined to vertices of degree 1,2,3
only, so

lUl=vit+va+vi+wv=

|0U‘ =3v1 +2wn + v3
and a straightforward computation shows that

0U|
hd i

> 2
U



F(a, b) does not satisfy the Fglner condition

Now let Uy,..., Ux C U be such that Xy, ..., Xy, are the
connected components of Xy. Then

0U] 10U + -+ 00 — (k= 1)

1% U]
2\Us| + -+ +2|Us| — k
- U]
k
> 2
|U|
> 1

since |U| = |U1]| + - - - + |Uk| > k. Therefore the free group of rank
2 does not have a Fglner sequence.



Reformulation of the Fglner condition for finitely generated

groups
Let G be a finitely generated group. For U C G, write dsU for the
boundary of U in Cay(G,S). That is,

OsU=UN{ge G|g=usforsomeuec U seS}
For any subset K C G, we now define
okU=U"N{ge G|g=ukforsomeue U, keK}

Suppose that G satisfies the Fglner condition. Let € > 0 and let
K C G be a finite subset. Choose a finite generating set S which
contains K. Then there exists a nonempty finite subset U C G
such that

|0sU| < e|U]

Since K C S, we have OxU C 05U hence

|0k U| < e|U|



Reformulation of the Fglner condition for finitely generated
groups
Now suppose that for every € > 0 and every finite subset K C G,
there is a nonempty finite subset U C G such that
|0k U| < e|U]
Then in particular for every finite generating set S of G, there is a
nonempty finite subset U C G such that
|0sU| < e|U]
We have shown that the Fglner condition for finitely generated
groups may be reformulated as:
Definition
A finitely generated group G satisfies the Fglner condition if for

every € > 0 and every finite subset K C G, there is a nonempty
finite subset U C G such that

|0k U]
|U|

<e



The Fglner condition for discrete groups

Recall that for sets A and B, the symmetric difference of A and B
is

AAB := (AN B°)U (BN A°)

Lemma
Let G be a finitely generated group. Let € > 0 and let K C G be a
finite subset of G. Then there is a nonempty finite subset U C G
such that

|0k U| < e|U|

if and only if there is a nonempty finite subset V. C G such that for
all x e K
IxVAV| < e|V]



The Fglner condition for discrete groups
Definition
A discrete group G satisfies the Fglner condition if for every ¢ > 0

and every finite subset K C G, there is a nonempty finite set
U C G such that for all x € K

IXUAU| < ¢|U]

Lemma
If every finitely generated subgroup of a discrete group G satisfies
the Fglner condition, then G satisfies the Fglner condition.

Proof.
Given € > 0 and finite K C G, let H be the subgroup of G
generated by K. Then we can take U C H. O

Theorem (Fglner 1950s)

Let G be a discrete group. Then G satisfies the Fglner condition if
and only if G admits an invariant mean.



The Fglner condition for locally compact groups
Let G be a locally compact group with Haar measure pu.
Definition
The locally compact group G satisfies the Fglner condition if for

every € > 0 and every compact subset K C G, there is a Borel set
U C G of positive finite Haar measure p(U) such that for all x € K

UAU

pxUAY) _
u(V)

Example

Any compact group G satisfies the Fglner condition. Take U = G.

Theorem (Greenleaf 1960s)

Let G be a locally compact group. Then G satisfies the Fglner
condition if and only if G admits an invariant mean.

We will prove this. It implies Fglner's Theorem (the discrete case)
above.



