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Invariant means and amenability

Definition
Let G be a locally compact group. An invariant mean is a linear
functional m : L*°(G) — R such that:

1. m(f)>0iff>0

2. m(XG) =1

3. m(g-f)=m(f)forall g€ G and f e L®G)

Definition
A locally compact group G is amenable if it admits an invariant
mean.



Equivalence of amenability and the Fglner Condition

Last lecture we used the Hahn—Banach Theorem to prove:
G satisfies the Fglner Condition = G admits an invariant mean

Today we will define a property of locally compact groups called
the Reiter Property. We'll then show (over > 2 lectures):

G admits an invariant mean
—> G satisfies the Reiter Property
— (G satisfies the Fglner Condition

and so obtain:

Theorem (Fglner, Greenleaf)

Let G be a locally compact group. Then G admits an invariant
mean if and only if G satisfies the Fglner Condition.



Fubini's Theorem

Fubini’s Theorem provides conditions under which the order of
integration may be reversed.

A complete measure space is one in which all subsets of sets of
measure zero are measurable (and have measure zero). The
Lebesgue measure and counting measure are complete.

Theorem
Let (X, ) and (Y, ) be complete measure spaces. If
f: X x Y — R is measurable (w.r.t. the product measure) then

/A</B fley) dA) d“—/B(/A f(x,y) du) d

for all measurable AC X, BC Y.



Fubini's Theorem

A o—finite measure space is one which is the countable union of
measurable sets of finite measure. Connected Lie groups are
o—finite under Haar measure.

Theorem
Let (X, u) and (Y, \) be o—finite measure spaces. If either

/A (/B )l d/\) du < o0
/,;(/A’f(xm)!du> B < o0

/A</B Fx7) dA) d“_/B</A f(x,y) du) d\

or

then



The spaces L1(G) and L®(G)*

Let G be a locally compact group with Haar measure . Recall
L£YG) = {f: G — R | f is measurable and / |f|du < oo}
G

[*(G) := £Y(G)/{measurable functions f = 0 p-a.e.}

Then L1(G) is a normed linear space with norm (by abuse of

notation)
IFl: = [ Iflde
G

L1(G) is the space of (equivalence classes of) integrable functions
on G.

Recall the dual space
L>°(G)" := { bounded linear functionals on L*(G) }

This is also a normed linear space, with the operator norm.



The spaces L1(G) and L®(G)*

Lemma
If f € L1(G) and ¢ € L>(G) then fy € L1(G).

Proof.

fy is measurable since f and ¢ are measurable, and

/ Fol du < ||so||oo/ 1] dht < oo
G G

since f is integrable and ¢ bounded.



The spaces L1(G) and L®(G)*

Corollary

There is an isometric embedding L*(G) — L>=(G)*, so we may
identify L*(G) with a subspace of L°(G)*.

Proof.
Let f € L}(G). Define Ar : L°(G) — R by

Ar() =/ fo du
G
Then Af is a linear functional on L%°(G). We have

IAfll = sup{|Ar(@)| - o € LZ(G), [[¢lloo = 1} = [If]la

so Ar is bounded. Hence Ar € L*°(G)*.
To see that f +— Ar is an isometric embedding, let f,f’ € L1(G).
Then A\f — Apr = Af_gr so || Ar — Apr|| = || — f'||1 as required. [J



Means on L*(G)

Definition
Let G be a locally compact group. An mean on L°°(G) is a linear
functional m : L*°(G) — R such that:

1. m(p)>0if >0
2. m(Xg):].

Lemma

Let M be the set of all means on L*°(G). Then M is a subset of
the unit ball in L°°(G)*. That is, every mean is a bounded linear
functional of norm at most 1.

Proof.
Let ¢ € L*°(G). Then

—llellsoxe < ¥ < llelloxe

It follows that |m(p)| < ||¢]lco, and so ||m|| < 1 as required. O



The set LY(G)1

We want a subset of L1(G) whose image in L°°(G)* consists of
means. Define

[YG)yy ={f € L}G):|[f|i=1and f >0}

Lemma
Every f € L}(G)1 .+ defines a mean m¢ : L(G) — R via:

me(p) == /G fodu

Lemma
The image of L1(G)1 + is weak* dense in M.

Proof.

Let m € M. By definition of the weak* topology on L*°(G)*, we
need to show that there is a net {f,} in L1(G)1 + so that

mg, (@) — m(yp) for all ¢ € L*°(G). This follows from the
Hahn—Banach Theorem.



Reiter's Property

The group G acts on Ll(G)l’Jr via the left regular representation

g f(x)=f(g'x) VgeG,felG)+andxeG

Definition

A locally compact group G satisfies Reiter's Property if for every
every € > 0 and every compact subset K of G, there is an

f € LY(G)1+ such that for all k € K

Ik-f—fll<e

Today we'll show that Reiter's Property implies the Fglner
Condition. Then in the next lecture(s) we'll prove:

Theorem (Hulanicki 1965, Reiter 1966)

Let G be a locally compact group. If G admits an invariant mean
then G satisfies Reiter’s Property.



Reiter's Property implies the Fglner Condition

Lemma
Let G be a locally compact group with Haar measure . Let
f,f' € LY(G) with f,f' > 0. For every t > 0 let

E.={xeG:f(x)>t}

and
E/={xe€G:f(x)>t}

Then ~
IF =y = / W EAE) dt
0

In particular, putting f' =0

Il = /0 u(Er) dt



Proof of Lemma

Write x; for the characteristic function of [t,c0). Then for
s,s’ € [0,00)

/ T xels) — xe(s) ok = s —
soforall xe G
/ T IelF)) = xel () e = [F(x) — F/()
Hence by Fubini's Theorem
| ot —xeo flde = [ [ atfe) = e )l dux) e

= L1760 = £l dt)
= = F



Proof of Lemma

Now
1 iff(x)>t
XfOf(X)_{o if £(x) <t

Thus |xt o f — x¢ o f'| is the characteristic function of E;AE]. So
Ixeof —xtof|l1 = p(E:AE;)

and thus ~
IF =)y = / W EAE) dt
0

as required.



Reiter's Property implies the Fglner Condition

Assume that the locally compact group G satisfies Reiter’s
Property. Let € > 0 and let @ be a compact subset of G
containing e. Then

K:=Q={qq 9,9 € Q}

is a compact subset of G. So by Reiter's Property, there exists
f € LY(G)1+ such that for all k € K

en(Q)

k-f—fl1 <
H Hl_ZM(K)

Hence
[ et ok < Q)
K 2




Reiter's Property implies the Fglner Condition

For t > 0 let E; be as in the Lemma. Then for each k € K,

kE; = {kxe G:f(x)>t}
= {yeG:flkly)>1t}
= {yeG:(k-fy) =t}

Thus by the Lemma, for every k € K

k- f—fly = / H(KE.ANE,) dt
0

Hence

[ w0 ) - - D




Reiter's Property implies the Fglner Condition

We have

[ e ([ 14520 ) < 42

By the Lemma,
o0
|y de= el =1
0
so it follows that there is some t > 0 so that 0 < pu(E;) < oo and

u(kE:ANEy) en(Q)
/K p(Et) k= 2

We will show that this set E; is a Fglner set, for 2¢ > 0 and @
compact. Note that it's enough to consider compact sets
containing e.




Reiter's Property implies the Fglner Condition
We have chosen t > 0 such that 0 < u(E;) < oo and

P(KE:AE) en(Q)
/K 1(Et) = 2

Define
(kE:AEy) < }

Y
A:{kEK. p(Et)

We claim that Q@ C AA~L. Assuming this, let a;,a> € A. Then
(may ' E:AE) C (a3 ErLarEr) U (a1 B AE))

so as p is G—invariant
M(alaglEtAEt) ,u(a;lEtAEt) + M(al EtAEt)

= /,L(azEtAEt) + M(alEtAEt)

2ep(Ee)

IN

A

Thus for all g € Q
1(qE:AE:) < 2ep(Ey)



Reiter's Property implies the Fglner Condition
We chose t > 0 such that 0 < p(E;) < oo and

WKEDE) | en(Q)
/K 1(Et) o= 2

and defined

a={ren MBS < )

Then u(K '\ A) < @

We use this prove the claim that Q C AA™L. Let g € Q. It is
enough to show that p(gAN A) > 0. Now since K = Q2 and Q
contains e, from set inclusions we get

Q) = w(aQ) < u(gKNK) < p(gANA)+ u(K\ A) +u(q(K\ A))

The right-hand side equals
(gAN A) +2u(K \ A) < p(gAN A) + u(Q)

thus u(gAN A) > 0, as required. This completes the proof.



