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Introduction

These lecture notes are based on the course “Algebraic knot theory” delivered at the Aus-
tralian Mathematical Sciences Institute Summer School in January 2025, which consisted
of a series of twenty lectures, supported by eight hours of problem-solving tutorials.

We present an algebraic perspective on quantum topology, more specifically, on uni-
versal quantum invariants of knots and related structures. This perspective is informed by
the rational homotopy theory idea of formality. It explains developments in mathematical
physics, Lie theory and quantum algebra, where solutions to independently important
sets of equations (pentagon and hexagon equations, Kashiwara—Vergne equations) are
shown to be equivalent to universal quantum invariants of various generalisations of

knots.

History

In the 1990’s, four Fields medals were awarded for results which later came to form the
foundations of quantum topology:

¢ to Vladimir Drinfeld in 1990, for foundational work establishing structures called
quantum groups and their properties;

¢ to Vaughan Jones in 1990, for the discovery of the Jones polynomial, an algebraic
tool which helps distinguish knots from each other;

¢ to Edward Witten in 1990, for physical insight leading to new mathematical results,
particularly in topology;

¢ to Maxim Kontsevich in 1998, for his discovery of the universal quantum invariant
of knots.

It is noteworthy that none of these mathematicians worked primarily in knot theory,
or topology: Drinfeld’s primary interests lie in algebra and algebraic number theory;
Jones was an analyst working on von Neumann algebras; Witten is a theoretical physicist;
and Kontsevich is known primarily for his contributions in mathematical physics and
geometry.

Over the following years in became clear that all of these groundbreaking results are
deeply related to each other. Through this course you will learn how Kontsevich’s and



Drinfeld’s work accomplishes the same goals via very different routes: Tamarkin, Bar-
Natan and Fresse showed that universal quantum invariants of knots are in one-to-one
correspondence with Drinfeld associators.

In fact, this phenomenon fits into a general pattern where universal quantum invari-
ants of topological objects — or, in this course, formality maps — are in one-to-one corre-
spondence with solutions to sets of equations in graded algebras. These sets of equations
in key examples turn out to be of independent interest in Lie theory, quantum algebra
of mathematical physics. The pentagon and hexagon equations which define Drinfeld
associators is one such example.

This correspondence works best when the topological objects in question form a
finitely presented algebraic structure. In this case the phenomenon fits into a general alge-
braic framework which illuminates the commonalities among the different examples.

Outline

This course approaches the subject of universal quantum invariants from this algebraic
perspective: starting in Chapter 1 with a discussion of different algebraic structures, and
finite presentations. In Chapter 2 we introduce knots and tangles as examples of al-
gebraic structures and discuss whether they are finitely presented. (Spoiler: knots are
not!) In Chapter 3 we move on to introduce the key algebraic ideas required: gradings,
filtrations, and the associated graded functor. We discuss the key example of the Vas-
siliev filtration on the linearly extended space of knots, and its associated graded algebra.
Chapter 4 introduce formality maps: the algebraic definition of a universal quantum in-
variant. Chapter 5 defines and proves the key properties of Kontsevich’s univeral quan-
tum invariant: this is of a different mathematical flavour than the other chapters, using
primarily analysis rather than algebra. In Chapter 6, we translate Kontsevich’s work to
the algebraic setting of this course, and in the process discover Drinfeld associators.

A
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Chapter 1
Algebra

1.1 Algebraic Structures

In your first abstract and linear algebra courses you encounter a variety of algebraic
structures: vector spaces, fields, groups, rings, and possibly more. All of these structures
follow a general pattern: a set or multiple sets, with one or more operations on these
sets, satisfying some axioms. Recall the definition of a group:

Definition 1.1.1. A group is a non-empty set G together with a binary operation — that is,
a function - : G x G — G — called the group multiplication, satistying the axioms:

e Associativity: For alla,band c € G, (a-b)-c=a- (b-c).

* Identity: There exists an element ¢ € G such that for every a € G, ¢-a = a and
a-e=a.

o Invertibility: For each a € G, there exists an element 4! € G such thata-a~1 =e.
On first glance, a group is a set with one operation: the group multiplication. The
first axiom, associativity, is convenient to write as a commutative diagram:

GxGxG - 6xG

'Xidl l

GxG —— G

Algebraists love commutative diagrams, as they are a clean, visual way to represent
equality between different formulas. The second and third axioms, however, are logically
much more complex, as they involve existential quantifiers: there exists an element 1 €
G... Is there a way to express such an existential statement as a commutative diagram?
In order to do that, we need to change how we think of this axiom, and in fact, the
operations in a group. Instead of saying there exists an identity element, we could say
there is an additional operation 1 : {*} — G, satisfying:

* [dentity: Foralla € G, 1(*)-a=aand a-1(x) = a.

In other words, the map 1 sends the element * of the one-element set to the group identity
e from the previous version of the axiom. This can now be written as a commutative



diagram:

Gx {x} L 6x 6 &9 (w1 xG

b

Here the isomorphism G x {x} — G is given by (g,*) — g, and similarly on the other
side (%,¢) — g.

We can do the same for the invertibility axiom, by introducing an inverse operation
())~!': G — G, which satisfies

o Invertibility: Foralla € G,a-a~! =1(x) and a~! - a = 1(»).
Exercise 1.1.1. Write the inverse axiom as a commutative diagram.

In this style of thinking, a group can be illustrated as two sets, G and {x*}, with
operations drawn as arrows indicating the number of inputs, as in Figure 1.

()2

{*}
Figure 1: A schematic sketch of a group, with the arrows showing the
operations.

A group is called abelian or commutative if, on top of the previous three axioms, there
is an additional axiom:

o Commutativity: For each a,b € G, ab = ba.
Exercise 1.1.2. Write the commutativity axiom as a commutative diagram.

Example 1.1.1. The following are some examples of groups that you would have en-
countered in a first abstract algebra course. For each of these examples, write down the
identity and inverse maps.

1. The integers, Z, under addition form a group.



2. The integers modulo n, Z,, under addition modulo n form a group. This is iso-
morphic to the quotient group Z/nZ.

3. The rotational and reflectional symmetries of a regular n-gon forms a group under
composition, denoted D,,.

4. The set of non-zero complex numbers C \ {0} forms a group under multiplication.

5. The set of bijective funtions f : {1,---,n} — {1,---,n}, that is, permutations of
size n, forms a group under composition. This is known as the symmetric group
and denoted S,,.

This course is ultimately about knot theory, so we take the opportunity here to intro-
duce our first knotted structure, the braid group.

Definition 1.1.2. A braid on n strands — as in Figure 2 — is an embedding (injective map) of
n intervals into the unit cube, connecting a set of n collinear marked points on the bottom
face to n collinear endpoints directly above on the top face, satisfying the following
conditions:

* Each interval starts at a marked point on the bottom face, and ends at a marked
point on the top face.

* The strands are strictly ascending (monotone increasing functions with respect to
height in the cube).

|—e
e
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Figure 2: A braid on n = 3 strands.

Two braids are equivalent or isotopic if one can be continuously deformed into the
other without passing the strands (intervals) through each other, such as the two braids
in Figure 3. (We will learn the formal definition of isotopy later.)

If two braids have the same number of strands, we can stack them vertically, then
vertically compress the stack of cubes into a single unit cube, as shown in Figure 4.
This operation produces a new braid, is associative, and has corresponding identity and
inverse operations, so it makes the set of n-strand braids into a group:

Example 1.1.2. The braid group B, on n strands is the group of equivalence classes of n-
strand braids, the operation given by vertical stacking followed by vertical compression,
called composition (see Fig. 4).



Exercise 1.1.3. Sketch a proof that equivalence classes n-strand braids form a group under
the stacking composition:

(a) Sketch a proof that the stacking composition is associative (up to braid equivalence).

(b) What is the identity braid with respect to the stacking composition? What is the
inverse of a given braid? Justify why your proposed identity and inverse satisfy the
corresponding axioms.

(c) For which 7 is B, commutative?

Figure 3: Two equivalent braids, as one can be deformed into the other
without passing strands through each other.

]

/

AN

Figure 4: The composition operation is given by vertical stacking, fol-
lowed by vertical compression.

From now on we refer to elements of the braid group as braids, rather than equiva-
lence classes of braids. In figures we will no longer draw the boxes.

There is an important group homomorphism 7 : B, — S;, which sends a braid to the
permutation it induces on the set {1,...,n}. Namely, for a braid p, number the bottom
endpoints and top endpoints from left to right. Then 71(B) is the permutation which
maps each bottom point to the top end of its braid strand.

Exercise 1.1.4. (a) What is 7t(B) for the braid p in Figure 2? What is the order of 7t(p)?
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(b) Prove that 7t is a homomorphism, and find its kernel. The kernel of this homomor-
phism is a subgroup of B, called the pure braid group, denoted PB,,.

(c) Let B be the braid in Figure 2. What is the order of the element 3?7 What is the
order of the group B3?

Exercise 1.1.5. Does any element of B, other than the identity have a finite order?

Another algebraic structure you have likely encountered — perhaps in a linear algebra
course even before you knew about groups — is a field. A field structure consits of two
abelian group structures “stuck together”:

Definition 1.1.3. A field is a set [F with operations + and -, such that (FF, +) is an abelian
group with additive identity 0 and additive inverse denoted by —; and (IF \ {0}, -) is an
abelian group with multiplicative identity 1 and inverse denoted (_)~!. In addition to
the abelian group axioms for 4 and -, these operations must satisfy:

e Distributivity: For all x, y and z in FF, x(y + z) = xy + xz.

Distributivity is very important here: if the two group structures had nothing to do
with each other, fields would be far less interesting, and far less useful. Distributivity
describes how the two structures interact in a way that encodes phenomena that occur
all over mathematics. The field structure is illustrated in Figure 5

Example 1.1.3. Common examples of fields include Q,R,C,Z,, and their field exten-
tions, such as Q[v/2].

{*}

Figure 5: A schematic of the field structure.

A vector space adds another layer of complexity as it involves structures on multiple
sets:

Definition 1.1.4. A vector space over a field F is an abelian group (V,+) along a map
- FxV — V, called scalar multiplication, such that in addition to the field and abelian
group axioms, the following properties are satisfied:

11



e Distributivity: For all A and y in F, and all v,w in V, (A + u)v = Av+ pv and
AMo+w) = Ao+ Aw

o Compatibility of scalar and field multiplications: (Au)v = A(uv).

* Compatibility with Identity: For all v in V and the multiplicative identity 1 € T,
lo =wo.

Exercise 1.1.6. Draw a schematic picture illustrating the structure of a vector space.

Other examples of algebraic structures you may have encountered are monoids (like
groups but without inverses), rings (like fields but without multiplicative inverses, and
not necessarily commutative multiplication), and algebras (vector spaces which are also
a rings in a compatible way). If you have taken abstract algebra courses, you will have
noticed that a seemingly small difference, like ommitting the multiplicative inverse re-
quirement to obtain a ring from a field, can lead to dramatic differences in how the
structures behave. We review the definitions of these structures as they will play a role
in the topology we study later.

Definition 1.1.5. A monoid is a set M, such that there isamap - : M x M — M, and a
map 1 : x — M satisfying the follwing axioms:

e Associativity: Foralla,band cin M, (a-b)-c=a-(b-c)
e [Identity: Forallm € M, 1(x) -m = m and m - 1(x) = m.

Definition 1.1.6. A ring is a set R such that (R, +) is an abelian group, (R, -) is a monoid,
and in addition to the abelian group and monoid axioms, the Distributivity axiom holds:

e Distributivity: For all a, band cin R, a-(b+c) =a-b+a-cand (b+c)-a =
b-a+c-a.

Definition 1.1.7. An algebra over a field F is a vector space A over F with scalar multipli-
cation - : F x A — A, and an additional algebra product * : A x A — A such that (A, +, )
is a ring, and the product * is bilinear.

Exercise 1.1.7. The bilinearity requirement for the algebra product ensures that the ring
structure and the vector space structure on A interact well, rather than forming two
separate structures. Write down the bilinearity requirement as a formula.

Matrices with elements in IF, with scalar multiplication and matrix multiplication are
a prominent example of an algebra. Polynomials with scalar and polynomial multipli-
cation are another. One example which will become an important prototype for the
structures we study in this course is an algebra constructed from an arbitrary group,
called the group algebra:

Definition 1.1.8. Given a group G and a field IF the group algebra FG of G over F, as
a vector space, is given by formal linear combinations of elements of G: that is, the
vector space with basis G. The algebra multiplication given by the bilinear extension of
multiplication in G.

12



Example 1.1.4. The following are elements of the group algebra of QS3:

4 2
2(123) - 2(12)
and 1
(23) + 5 id .
Multiplying them gives
(%(123) - %(12)) ((23) " %id) = 2(123)(23) - 2(12)(33) + 2(13) — (12)
= 202) - 2(23) + 2(13) - 1 (12)

~—

= (12).
Exercise 1.1.8. Is it true that if « and B in QBs, then (a — B)(a + B) = a®> — B2 What
about in QB5?

1.2 Generators and Relations

So far we’ve seen a variety of different algebraic structures. In many examples, one can
describe the structure by pointing to an “atomic” set of elements, which are building
blocks for all of the other elements, along with a set of rules which the products or
combinations of atomic elements follow. This section formalises this idea: the building
blocks are called generators, and the rules are called relations. We introduce these concepts
in the context of groups, but the same principles apply to all of the algebraic structures
we have seen.

Definition 1.2.1. If G is a group, and S is a subset of G, then the subgroup generated by S
is the set of all elements of G which can be obtained as finite products of elements of S
and their inverses. We denote this subset by (S), or simply list the elements of S inside
of angle brackets, for example (x,y).

Exercise 1.2.1. Show that (S) is indeed a subgroup of G, and that it is the smallest
subgroup which includes S.

Definition 1.2.2. If (S) = G, then we say that S generates G, or that S is a generating set
for G. The elements of S are called the generators. We say G is finitely generated if there
exists a finite set which generates it.

Example 1.2.1. Recall that D;, is the set of symmetries of a regular n-gon. D, is generated
by the elements p and ¢, where p is a rotation by 271 /7 and ¢ is any reflectional symmetry
of the n-gon, of which there are n to choose from.
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Definition 1.2.3. A relation (between generators of G) is an equality which they satisfy in
G.

Exercise 1.2.2. Prove that in D, the following relations hold:
Pt =1 > =1 ot = tp~1

There are only three equations listed above, but these are certainly not all the equa-
tions in D,,. For instance, t = ! and p”“t‘_1 = tlmp_l, and many more, can be deduced
from the three relations above. In fact, any equality satisfied by the generators p and ¢
can be deduced from the these three relations! This gives a complete description of D,, as
the group generated by two elements — p and ¢ — subject to the three rules which describe
how products of these two generators work in the group. Such a description is called a
presentation. This is an informal definition: to formally define group presentations, one
needs to delve into the notion of free groups. For our purposes, this will suffice:

Definition 1.2.4. A presentation for a group G is a generating set S along with a set of
relations R between elements of S, which imply all true equalities in G. When S and R
form a presentation for G, we write

G=(S|R) or G=(s1,s0,---|r,12- ).
If S and R are finite sets, we say that G is finitely presented.

A presentation is a convenient way of specifying a group — or other algebraic struc-
ture, as we will see later in the course. For instance,

H={(abl|a" =1, =1,ab=0ba"")

means that the group H is generated by a and b, subject to the three relations (and any
further relations implied by these). In other words, the elements of H are products of the
letters a and b and their inverses, and we can manipulate these products using the three
relations.

However, a presentation not a unique way to describe a group: the same group can
have many different presentations. For example, the relations in the definition of H
above, are the same equations that we saw D,, satisfied, just with p renamed to 4 and ¢

14



renamed to b. This should make us strongly suspect that G is isomorphic to D,,. Unfor-
tunately, it’s not always easy to tell when two presentations represent isomorphic groups
(from the perspective of group theory, essentially the same). For example,

(a,b|aba~! = b?,bab! = a?)

is a fancy presentation of the trivial group! In general, the problem of deciding whether
two groups given by finite presentations are isomorphic — called the group isomorphism
problem — is undecidable, meaning there is no possible computer algorithm that could give
a yes/no answer in finite time. It’s also undecidable to determine whether an arbitrary
finite presentation gives an abelian group, or the trivial group.

Another famous problem in this area is known as the word problem, which asks
whether two words (products) made up of the generators and their inverses are equal in
a finitely presented group. This is also undecidable in general, though it is decidable for
many specific groups.

Exercise 1.2.3. Prove that the word problem is decidable in
G={pt|p"=12=1t=to}).

That is, construct an algorithm which can decide whether two arbitrary words in p and ¢
(and their inverses) are equal in G.

If we’re to look for isomorphisms between finitely presented groups, we’d better be
able to construct homomorphisms. This depends on the following critical observation:

Observation 1.2.1. To define a homomorphism ¢ from a group defined by a presentation
G = (S | R) into another group H, it's enough to specify where the generators are
mapped. The rest is determined by the multiplicativity of ¢, as every element g of G can

be written in terms of elements of S and their inverses. For example, if g = s?szsf 3 then

P(8) = ¢(s1)° - p(s2) - p(s1) "

However, we cannot freely “make up” a homomorphism by arbitrarily choosing the
images of the generators: these images must respect the relations! For example if s3s, = 1
is a relation in R, then we need ¢(s1)° - ¢(s2) = 1y to be true in H, as ¢(1g) = 1y for any
group homomorphism. However, since the relations in R imply all equalities between
elements of G, it is sufficient for the ¢-images of the generators to satisfy these relations.

This train of thought is summarised by the following theorem, a cornerstone of this
course:

Theorem 1.2.1 (Von Dyck’s Theorem). Given a group presentation G = (S | R) and
a group H, a group homomorphism ¢ : H — G is determined by the values ¢(s;) for
s; € S. Furthermore, ¢ is a group homomorphism if and only if ¢(s;) satisfy the equations
¢(r;) in H, for all relations r; € R.

Exercise 1.2.4. Using Von Dyck’s theorem, prove that there is a group isomorphism be-
tween
H={(ab|a" =1 =1,ab=ba")

15



and
G={pt|p"=12=1t=to}).

Exercise 1.2.5. Using Von Dyck’s Theorem, construct a group F with a surjective but not
injective homomorphism ¢ : F — G, with G as above.

Exercise 1.2.6. We stated without proof that the finite presentation
G={pt|p"=1,2=1,pt =tp ).

is in fact a finite presentation of D, the group of symmetries of a regular n-gon. Prove
this theorem, i.e., prove that G = D,,.
Hint: Exercise 1.2.3 might help.

Example 1.2.2. Let’s count how many homomorphisms there are from D¢ to Z1,. Before
you read on, try to count them yourself!

Note that Dy is a multiplicative group, while Z; is written additively. So, the defining
property of a group homomorphism ¢ : Dg — Zj, is that for all x,y € Dg, we have
p(xy) = p(x) £ p(v).

By Exercise 1.2.6, we know that Dg = (p,t | p® = 1,#> = 1,pt = tp~1). By Von Dyck’s
Theorem, this means that homomorphisms ¢ are given by solutions (¢(p), $(t)) in Z1
of the system of equations

{60(p) =0, 2¢(t) =0, ¢(p) +¢(t) = () — (o)}

Notice that the last equation simplifies to 2¢(p) = 0, which also implies 6¢(p) = 0. So,
the set of three equations above is equivalent to

{20(0) =0, 2¢(t) =0}
The following famous theorem — which we take on faith here — is due to Artin:

Theorem 1.2.2. The braid group, B, has a finite presentation

0i0j0; = 0j070; if j=i+1 >
4

B,=(0q,00, -+ ,0,_ e
n 1, V2, rVn—1 0'1'0']':0']'0'1' 1f‘]—1|>1

where

N
N

1 i i+1 n

Proving that this is a presentation for B, includes proving that the relations in this
presentation, as shown below, are equivalent to ambient isotopy.

16



.

() 01074107 = 074107041 (b) vi0; = 0j0;

Exercise 1.2.7. How many relations are there in B4? How about B,?

There is a presentation for the symmetric group, which demonstrates how it is a
quotient of the braid group:

Theorem 1.2.3. The following is a finite presentation of the symmetric group:

SiS]'Si = S]'Sl'S]' ifj =i1+1
S5y, = <51,Sz,' <, Sp—-1 SiSj = §;S; if ’] — l‘ >1 >,
512 =1 for all i

Example 1.2.3. Another important example of finitely presented groups is finitely gener-
ated free groups, which have a presentation with finitely many generators and no relations.

For example, the free group on one generator, FG(x), is isomorphic to the group
Z of integers. In general the elements of the free group are words (non-commutative
monomials) in the generators and their inverses.

Finite presentations can be constructed for any other algebraic structure you know,
not just groups: monoids, rings, vector spaces, algebras, and more. The notion of genera-
tion needs to be modified to whatever makes sense in a given structure: for example, in
a vector space, generation is via linear combinations; in a ring, it is via addition, subtrac-
tion and multiplication. A finitely generated free structure is one with a finite generating
set, and no relations in the presentation. To test your understanding, think about the
following questions:

Exercise 1.2.8. All vector spaces are free! Which fundamental theorem in linear algebra
tells you this?

Exercise 1.2.9. What is the difference between:
e the group algebra over Q of the free group on k generators, QFG(sy, ..., s), and

* the free Q-algebra on k generators, FA(sy,...,s¢)?

1.3 Categories

When encountering a new kind of mathematical object, we usually immediately learn
about the maps between them that respect their defining structures. Groups have group
homomorphisms, which play nice with their binary operations. Vector spaces have linear

17



maps, which cooperate with addition and scalar multiplication. Topological spaces have
continuous functions, which send nearby points to nearby points. And sets, with no
additional structure to speak of, are happy as long as one element is sent to only one
element.

Indeed, a lot may be learned from studying the structure-preserving maps. For exam-
ple, studying the homomorphisms from a group to matrix groups, or an endomorphism
groups of vector spaces, is the premise of representation theory. Often, the properties of
the structure preserving maps are more important than the elements of the objects them-
selves. For example, you may recall that most of linear algebra considers linear maps,
rather than elements in vector spaces.

This line of thinking is formalised with the notion of a category: a class of mathe-
matical objects, together with the structure-preserving maps between them. It is perhaps
best understood as the context within which we are viewing the objects.

Definition 1.3.1. A category C consists of:

a set of objects, ob(C),

for each A and B in ob(C), a set of morphisms from A to B, Hom(A, B),

for each A in ob(C), an element 14 of Hom(A, A), called the identity on A,

for each A, B, and C in ob(C), an operation called composition
Hom(B,C) x Hom(A, B) — Hom(A,C)
& f)—>80f
satisfying the following axioms:

* Associativity: Whenever f, ¢ and h are morphisms that can be composed, we have
(hog)of=ho(gof).
e Identity: For each f € Hom(A, B), wehave foly = f =1pgo f.

Exercise 1.3.1. Can you draw a schematic picture, like those in the previous sections,
illustrating the structure of a category? Hint: there will be many sets.

Example 1.3.1. The following are some of the motivating examples for categories:

¢ The category of groups, Grp, whose objects are groups, and whose morphisms are
group homomorphisms. Composition is the composition of homomorphisms.

¢ The category Vect of vector spaces, whose objects are vector spaces, and morphisms
are linear maps. Composition is composition.

¢ The category Top, whose objects are topological spaces, and whose morphisms are
continuous functions. Composition is composition.

18



* The category Set whose objects are sets!, and whose morphisms are set functions.
Composition is composition.

But note that not all categories” morphisms are homomorphisms. In fact, not all
categories’ morphisms are functions:

Example 1.3.2. There is a category Order(Z), whose objects are integers, and whose
morphisms are true propositions n < m. Composition of morphisms is given by

(n<m)o(m<k)=n<k.

In othe words, for any given two objects n,m € Z, the category Order(Z) has a single
morphism n — m in n < m, and no morphisms n — m otherwise. Verify that this cate-
gory has identity morphisms, explain what composition is (there is only one possibility),
and verify that composition is associative.

Exercise 1.3.2. Is it possible for two categories to have the same objects but different
morphisms (and composition)? What about the other way, can two categories differ only
in their objects?

Example 1.3.3. Given an arbitrary group G, there is a category BG with one object, *, and
morphisms given by elements of G. Composition of objects is given by multiplication in
G. Check that this is an example of a category.

The last two examples can be seen as justification for the category theory mantra that
the morphisms of a category (and the operations that tell you how they compose) are
more important than the objects. The names Grp, Ring, Top, are counterintuitive in this
sense, but they have stuck, and it’s easier to write Top than ContinuousMap.

Exercise 1.3.3. Let G and H be two groups, and BG and BH their single-object categories
as in Example 1.3.3. Let Vectr be the category of vector spaces over a field IF. Show that
functors BG — BH correspond exactly to group homomorphisms ¢ : G — H.

Example 1.3.4. The braid category, Braid = Ll;,BB; has objects indexed by positive in-
tegers, and for n € Z~y, Hom(n,n) = B,. There are no morphisms between different
objects: Hom(n,m) = @ for n # m. Composition of morphisms is given by braid mul-
tiplication in the appropriate braid group. While this example is a little silly, you will
see how it can be meaningfully extended with more morphisms to produce a category
of tangles.

Definition 1.3.2. An isomorphism is a morphism with an inverse — that is, a morphism
f : A — B for which there exists another morphism g : B —+ A with go f = id4 and

fog:idB.

IFamously, ob(Set) is not a set like our definition seems to require. To oversimplify, there are too many
sets! Technically, Definition 1.3.1 is the definition of a small category, where the objects form a set and so
too do the morphisms between them. The category of sets is not a small category. We ignore this issue
from here on.
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Is there a category of categories? To answer this question, we ought to follow the
mantra above, and understand structure preserving morphisms between categories. These
are called functors, and map objects to objects and morphisms to morphisms in a way
preserving all the structure of a category.

Definition 1.3.3. Let C and D be two categories. A functor F : C — D is a map which
* maps each object A € ob(C) to an object F(A) € ob(D), and
e maps each morphism f € Hom(A, B) to a morphism F(f) € Hom(F(A), F(B)).

* These mappings respect identities and composition. That is, F(14) = 154 for all
objects A in C, and F(go f) = F(g) o F(f) whenever the two morphisms g and f
may be composed in C.

A f > B LI C
| | |
Fa) 2 r) 28 Fo)
\_/f

F(gof)

Figure 7: The composition condition in the definition of a functor, ex-
pressed in a commutative diagram.

With functors as the morphisms, categories do indeed form a (large) category.

Example 1.3.5 (Forgetful functors). Many algebraic structures, such as groups, monoids
and fields, are sets endowed with some additional structure. Similarly, morphisms be-
tween them are first and foremost set functions, which also respect the additional struc-
ture. The forgetful functors from the categories of these structures to the category send
such objects to their underlying sets, and maps between them to their underlying set
maps. In some sense, they do nothing: they simply tell us to view objects and maps in a
different context, and forget about the extra structure.

Exercise 1.3.4. Consider the forgetful functor Grp — Set. Is it surjective on morphisms?

Exercise 1.3.5. There is a forgetful functor Vect — Set. Can you construct a functor
Set — Vect?

Example 1.3.6 (Free functors). If you solved Exercise 1.3.5, you have most likely con-
structed an example of a free functor. Any set S can be used as a generating set for a
free group, a free algebra, or as a basis for a vector space. By Von Dyck’s theorem, a
homomorphism from a free structure is uniquely and freely determined by choosing the
images of the generators. For example, any set map f : S — T lifts to a homomorphism
between the free groups f : FG(S) — FG(T). In other words, this method gives functors
from Set to Grp, Vect, and so on: these are called free functors.
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Exercise 1.3.6. Recall that the set of endomorphisms of a vector space V forms a group
under composition, called End(V). A representation of a group G is a vector space V
together with a group homomorphism p : V. — End (V). Show that functors BG — Vectp
correspond exactly to group representations (V, p).
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Chapter 2

Algebraic Structures for Knots and Tangles

”Knots are the wrong objects to study in knot theory.” — Dror Bar-Natan

Of course, knot theory is concerned with knots, but from the algebraic point of view
of this course, we will see that knots are not an ideal knotted object to study: they have
little in the way of algebraic structure, and are not finitely presented in any sense.

They do, however, have many better-behaved cousins. We have already seen Artin’s
Theorem, which gives a finite presentation for each braid group. In this chapter we also
get to know tangles, which can be thought of as the atomic building blocks of knots.

To honour the tradition of the field, we do start out with good old knots.

2.1 Knots and links

A knot, intuitively, is a (potentially) tangled up circular piece of string, such as the ex-
amples shown in Fig. 8.

Figure 8: Some examples of knots.

To formalise this mathematically, we describe a knot as an embedding — continuous
injective mapping — of a circle in 3-dimensional space. Unfortunately continuous func-
tions can be quite badly behaved, and this definition includes phenomena called wild
knots. This can be avoided in various equivalent ways: by considering only differentiable
embeddings, or only piecewise linear embeddings, or requiring that each part of the im-
age is separated by a thin, constant width neighbourhood from other parts. We choose
this third approach as it is conceptually simplest.

Definition 2.1.1. A knot is an embedding (injective continuous! function) K : S! — R3,

In general, a topological embedding also needs to be a homeomorphism onto its image. Since S! is
compact, this follows from being injective and continuous.
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from the circle S! into IR3, or into the 3-sphere S3. A knot K is tame if there exists a small
number ¢ for which the image of K does not intersect an e-width nighbourhood of itself.
Otheriwse, K is wild.

Two knots are considered equivalent, or “the same” if one can be moved around in
space, without tearing the string, to look exactly like the other. For example the two
embeddings in Fig. 9 are not the same, but since the former can be deformed by a small
twist into the latter, we want to say they represent the same knot. In order to make
this notion of equivalence precise, we need to recall some basic notions from algebraic

topology.

Figure 9: A small twist changes the embedding but not the knot.

The first such notion is a homotopy, which is the precise notion for a continuous
deformation of a function.

Definition 2.1.2. If f : X — Y and g : X — Y are continuous functions between topolog-
ical spaces, then a homotopy between f and g is a continuous function H : X x [0,1] — Y
such that H(x,0) = f(x) and H(x,1) = g(x). If there exists a homotopy between f and
g, we say f is homotopic to g.

Since the intuitive notion of homotopy is a gradual deformation over time, we refer
to the interval [0, 1] as time, and elements of the interval as moments of the homotopy.

Exercise 2.1.1. Show that homotopy is an equivalence relation on the set of continuous
functions X — Y.

Is homotopy a good notion of equivalence for knots? Say H is a homotopy between
two knots Kj and Kj: the issue is that while K; and K; are embeddings, there is no
requirement that all the other moments during the homotopy are. Intuitively, a homo-
topy will potentially pass parts of the knot through each other, and thus all knots are
equivalent under homotopy.

Exercise 2.1.2. (a) Give an example of two non-homotopic functions.
(b) Given any two knots Ky and K, write down a homotopy between them.

To more faithfully describe our intuitive understanding of knot equivalence, we need
to consider homotopies which restrict to embeddings at every moment:

Definition 2.1.3. An isotopy is a homotopy through embeddings, that is, a homotopy
H:X x[0,1] = Y such that for all t € [0,1], H(x, ) is an embedding of X in Y.
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Unfortunately, knots are still all equivalent under isotopy: this is less obvious, and
known as the “lazy seamstress trick”. Have you ever got a pesky knot on your thread
when sewing? Were you tempted to — rather than spending the time to untangle it — just
pull it as tight, until it practically disappears? This is an isotopy: given any knot, you can
pull all the knotty part to a point while extending the rest to a plain circle: the unknot.

So, we want isotopies for knot equivalence, but need to make the seamstress trick ille-
gal. There are multiple equivalent ways of adjusting the notion of isotopy to achieve this.
Here we’ll go with ambient ispotopy: the word ambient means relating to the surroundings
of something. Indeed, ambient isotopy is a continuous deformation of not just the knot,
but the entire 3-dimensional space in which the knot is embedded. Such a deformation
of R? “takes the knot with it”, and it is a homeomorphism at every moment, hence won’t
collapse the knot to a point:

Definition 2.1.4. Given two knots K and L, an ambient isotopy between K and L is a
continuous function F : R® x [0,1] — R3 satisfying

* Fp:R3x {0} — R3 is the identity map,
e at each moment F; : R3 x {t} — R3 is a homeomorphism, and
e oK=L
Exercise 2.1.3. Show that ambient isotopy is an equivalence relation on knots.

Exercise 2.1.4. Given an ambient isotopy taking K to L, derive a corresponding (plain)
isotopy between them.

A natural extension of the concept of a knot is a link, which involves possibly more
than one loop, possibly tangled together. Ambient isotopy is also the right notion to
capture the intuitive equivalence of links:

Definition 2.1.5. A link is a continuous embedding of a finite disjoint union of circles into
R3, up to ambient isotopy.

2.2 Link Diagrams

Link diagrams help translate knot theory from continuous functions — the realm of anal-
ysis and geometry — to diagrams that you can describe combinatorially, and even feed
to a computer: the realm of algebra and discrete mathematics. In order to define knot
diagrams, we need to talk about projections.

Definition 2.2.1. A projection 7t of a link L onto a plane P C R3 is regular, or generic, if:
¢ All but finitely many points of the image of 7L have only one pre-image in LIS 1

¢ The points which have multiple preimages (called the singular points) are all trans-
verse double points. That is, singular points in the image have two pre-images each,
and lie at the intersection of two projected arcs (which cross each other, rather than
meeting tangentially). These transverse double points are called the crossings.
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All of the images of knots you have seen on the previous pages were in fact knot
diagrams: projections where at the crossings, the arc going under was drawn broken, and
the arc going over was drawn solid. Your brain has likely interpreted these automatically
as 3-dimensional objects.

Definition 2.2.2. A link diagram of a link L is a is a regular projection of L onto a plane (a
copy of R?), with additional over/under strand information at the double points. When
link diagrams are drawn, the under strand at each crossing is indicated by breaking the
arc.

Exercise 2.2.1. Show that a link diagram determines the link up to ambient isotopy.

What about the converse? Does the knot uniquely determine the diagram? The
answer is clearly no: if you move the projection plane around, or apply ambient isotpoy
to the knot, the diagram will move around and change. Some of this movement is
captured by the notion of planar isotopy:

Definition 2.2.3. Two knot diagrams D and D’ are planar ispotopic is there is an ambient
isotopy of the plane F : R? x [0,1] — R?, such that F is the identity and F;(D) = D'.

planar isotopy

However, since each moment of a planar isotopy is a homeomorphism of R?, planar
isotopy will never change the number of — create or eliminate — crossings. Up to planar
isotopy, a knot diagram is simply a 4-valent plane graph: a graph with four edge endings
at each vertex, embedded in the plane. Since the vertices represent crossings, the incident
edge endings are equipped with a cyclic orientation, and two opposite edge endings are
marked “over”. This information is easily encodable for computational purposed, and
when we talk about knot diagrams, this is the information we care about. We say that
two knot diagrams are the same if they differ only by planar isotopy. In other words, a
knot diagram is really an equivalence class of diagrams under planar isotopy.

There is more complication, however: we have already seen multiple different dia-
grams representing the same knot, and it is not usually easy to tell when they do. In
fact, there are infinitely many diagrams for each knot, for example by adding arbitrary
numbers of little twists.

Reidemeister’s Theorem gives a characterisation of when two diagrams represent am-
bient isotopic links, in terms of a short list of local “moves”. This complete combinatorial
description of links opened up countless possibilities for their algebraic study. It is easy
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enough to see that the moves in the theorem, known as the Reidemeister moves and
shown below, don’t change the ambient isotopy type. It is much more substantial to
prove that the Reidemeister moves are sufficient to generate all isotopies.

> >

{ <\\ )

Figure 10: The Reidemeister moves.

/ / \
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What is harder to see is that these are all the moves that are necessary:

Theorem 2.2.1 (Reidemeister). Two knot diagrams D and D’ represent the same knot if
and only if D and D' are related by a finite sequence of Reidemeister moves (and planar

isotopy).

A proof of Reidemeister’s theorem can be found in Chapter 4 of [knot-theory-and-its-applications].
Reidemeister’s theorem is an existence result: it doesn’t tell us how long or how

complicated the sequence of moves relating two equivalent diagrams may be. It is not

even easy to tell whether a given knot diagram is equivalent to the unknot.

o =

Exercise 2.2.2. Untangle the knots above on the using Reidemeister moves and planar
isotopies.

Note: The unknot on the left is easier, from [the-knot-book]; the one on the right is called
the Goeritz unknot, first appearing in [bemerkungen-zur-knotentheorie].)

2.2.1 Knot symmetries

The parametrisation of S! — for example, the counterclockwise direction along the unit
circle in the complex plain — induces an orientation (direction) along a knot, and more
generally, along each component of a link. An ambient isotopy will always preserve this
orientation. A weaker notion of equivalence would be to allow both ambient isotopies
and parameterisation-reversals of S!. Knots under this more permissive equivalence are
called unoriented knots.

In this course, we are working primarily with oriented knots and links. In pictures,
it is often useful to indicate the direction (corresponding to counterclockwise in the pre-
image) with arrows along the link diagram.
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Definition 2.2.4. The reverse is a unary knot operation taking a knot K to the knot K
pre-composed with a parameterisation-reversal of S!. Knots for which K = K* are called
reversible. The reverse of K is denoted by K*.

That is, the reverse of K the same knot, with the opposite orientation: in a knot
diagram this amounts to simply reversing the arrow.

In general, K* is not ambient isotopic to K, but for many of the simplest knots (for
a suitable definition of simplicity that we don’t state), K* does happen to be ambient
isotopic to K. In fact, the simplest knot that isn’t reversible is the knot 87, shown below.

o

Exercise 2.2.3. Prove that the unknot and the trefoil are reversible by finding ambient
isotopies to their reverses.

Definition 2.2.5. The mirror image is a unary knot operation taking a knot K to K post-
composed with a reflection of R3. The mirror image of K is denoted K. Knots for which
K = K are called amphichiral, and knots for which K # K are called chiral.

Diagramatically, the mirror image can be achieved by swapping the over and under
strands at each crossing of the knot diagram. This corresponds to reflecting along a plane
parallel to the projection plane.

Exercise 2.2.4. Prove that the figure-8 knot is amphichiral.

Both the mirror image and the reverse are involutions: doing either operation twice
returns the original knot.

Definition 2.2.6. Knots for which K = K* are called minus-amhichiral. Khnots for which
K = K = K* = K* are called fully symmetric. Knots for which K, K*, K and K* are all
different are called totally asymmetric.

We summarise the symmetry types of knots in the table below:

Name Symmetry

totally asymmetric K K* K K*
invertible but chiral K =K* K=K*
(plus-)amphichiral, noninvertible K=K K* = K*
minus-amphichiral, noninvertible K =K* K*=K
fully symmetric K=K*=K=K*

Exercise 2.2.5. Show that the figure-eight knot is fully symmetric.
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2.3 An Algebraic Structure on Knots

Knots carry an algebraic structure, with respect to the binary connected sum operation.

Definition 2.3.1. The connected sum of two oriented knots K; and K is the knot produced
by removing a small arc from each, and connecting the four ends in a way compatible
with the orientations. The connected sum of Ky and Kj is denoted Kj # K.

/\/_\/\
5 5ok
— ~)

Figure 12: The knot 933 # 935.

Many arbitrary choices are made in this definition, so it’s not at all clear that the
connected sum operation is well defined. If the knots are un-oriented, then indeed it
isn’t: the resulting knot depends which of the ends of K; is connected to which of the
ends of K,. But for oriented knots, the gluing of ends is uniquely determined.

We also made choices as to where along K; and Kj; to remove small arcs. It turns out
that the resulting connected sum knot is independent of this choice:

Exercise 2.3.1. Give a topological argument showing that K; # K, does not depend on
where along each knot K; and K.

It is clear that the connected sum operation is associative, as long as it is well-defined.
Since the definition doesn’t treat K; any differently to Kj, the connected sum is also
commutative. In other words, knots form a commutative monoid, denoted /C, under the
connected sum operation #.

A commutative monoid you know well is the monoid of nonnegative integers under
multiplication. Integers which cannot be obtained as products of other (non-unit) inte-
gers are called prime, and it is a famous elementary result of number theory that there are
infinitely many prime numbers. Hence, the monoid (Zx(, x) is not finitely generated:
any generating set will include all prime numbers. The news is not all bad, though: we
know that every integer has a unique prime decomposition, up to permutation of factors.

There is a striking similarity between the monoid of knots and the monoid of integers
in this respect:

Definition 2.3.2. A prime knot is a non-trivial knot which cannot be written as the con-
nected sum of two non-trivial knots.

Theorem 2.3.1 (Euclid’s Theorem for Knots). There are infinitely many prime knots.

There are many proofs of this theorem by finding some infinite family of prime knots,
see for example [knots].
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Theorem 2.3.2 (Schubert’s Theorem). Up to permutation of factors, every knot can be
uniquely decomposed as a connected sum of prime knots.

A proof of Schubert’s theorem can be found in [knots].

Corollary. The set of knots forms a free commutative monoid generated by prime knots
under the connected sum operation.

The fact that there are infinitely many prime knots means that the commutative
monoid of knots is not finitely generated, and hence not finitely presented. We rem-
edy this by instead thinking about other knotted objects with more powerful algebraic
structures, where each object can be assembled from finitely many ‘atomic” parts. The
braids that we saw in Example 1.1.2 (as a group) and Example 1.3.4 (as a category) are
one option. A more powerful way to achieve finite generation is to extend our world to
include tangles.

2.4 Tangles: a finitely presented monoidal category

In Example 1.3.4, we defined a category Braid, with objects indexed by natural numbers,
and morphisms between n and n given by equivalence classes of braids on n strands. The
category of tangles is a simultaneous extension of the braid category and the set of links,
where interval strands are not required to be monotonic, circle components are allowed,
and there exist morphisms between distinct m and 7.

Definition 2.4.1. A tangle T with m and n endpoints is an embedding of some number
of intervals and some number of circles — that is, a compact one dimensional manifold,
possibly with boundary — into the unit cube [0,1]?, such that the boundary maps to m
collinear, unit-spaced marked points on the bottom face and n such points on the top
face. Tangles are considered up to ambient isotopy fixing the boundary of the cube. We
denote the set of ambient isotopy classes of tangles with n bottom and m top endpoints
by T

Tangles may be multiplied, by composing them with the same associative stacking
operation as for braids. Of course, two tangles may only be composed when the number
of top endpoints of the first matches the number of bottom endpoints of the second.

Definition 2.4.2. The monoidal category Tangle, also denoted 7 consists of:

* Objects: nonnegative integers Z >

* Morphisms: The morphisms are ambient isotopy classes of tangles with the appro-
priate number of bottom and top endpoints, that is, Hom(m, n) := T, ,. Composi-
tion is vertical stacking.

Exercise 2.4.1. Make Definition 2.4.2 precise by resolving the subtleties around reparametris-
ing cubes as they are stacked. Show that 7 satisfies the axioms of a category.
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Our goal is to write a finite presentation for tangles: importantly, a finite number of
morphisms which generate all others. With only vertical stacking as the operation, this is
not possible: essentially, morphisms between few endpoints don’t generate morphisms
between many endpoints.

Luckily, this problem can be solved by enriching the algebraic structure of tangles
with an additional, quite natural, operation: stacking side by side. Given a tangle T; in
Hom(my,n1) and a tangle T, in Hom(mj, n), their side-by-side disjoint union, denoted
Ty ® Ty , is an element of Hom (my + my, ny + ny).

This side by side product of tangles satisfies the categorical properties of a tensor
product, hence the notation ®. Unlike composition, it is defined for any pairs of tangles;
it is clearly associative, and unital thanks to the empty tangle in hom(0,0). The percise
way to summarise the above is that the ® operation upgrades Tangle to a monoidal cate-
gory. Monoidal categories provide a bridge between knot theory and quantum algebra:
thus, we make a brief detour back to the world of abstract category theory to define
them.

Monoidal categories

To define tensor products in categories, we need a notion of a bifunctor: a functor which
has two inputs rather than one, and one output as usual.

Definition 2.4.3. Given a categiry C, a bifunctor F : C x C — C assigns an object F(A, B)
to any pair of objects (A, B) of C. For each pair of morphisms f : A — Cand g: B — D,
F assigns a morphism F(f,g) in Hom ((A, B), (C,D)), and these assignments respect
component-wise composition and identities:

(F(f',8') o F(f.8) = F(f' o f.§' 0g),
idp(ap = Flida,idp).

A tensor product @ in a category C is a bifunctor ® : C x C — C. For objects, we
denote ®(A, B) by A ® B, and similarly for morphisms f : A - Cand g : B — D we
write f® g : A®B — C® D. A tensor product is, in essence, associative and unital,
however, some terminology is required in order to make this precise.

The formal associativity requirement states that all pairs of objects (A ® B) ® C and
A ® (B® C) to be naturally isomorphic. In particular, part of the structure of a monoidal
category is a specific isomorphism appc : (A®B)®C -+ A® (B® C), for each triple
of objects A,B and C in C. We will define what it means for these component isomor-
phisms to assemble into a natural isomorphism; for now you may read that informally as
“canonical”.

It will be useful to think of tensor components in parentheses as being “closer to-
gether”, in which case the isomorphism a 4 g ¢ can be visualised as below:

Next, for the tensor product ® to behave as tensor products do in the wild, it need to
come with an identity or unit object I: this is why monoidal categories are named after
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monoids. As an example, think of vector spaces over C: given any vector space V, we
have V® C = V = C ® V, making the field a unit object for the tensor product.

The formal unit requirement is that there exists an object I in C, such that A ® I and
I ® A are naturally isomorphic to A, via a set of given iomorphisms A4 : | ® A — A and
PA: A (%Y I — A.

Lastly, the isomorphisms «, A, and p must satisfy some compatibility conditions,
which ensure that they work together as you would expect.

The first such condition is called the triangle axiom: for all objects A and B in C, it
shouldn’t matter if you re-associate before taking a tensor product with the identity, thus
the triangle below should commute.

XAIB

(ARI)®B » A® (I ® B)
pﬁh A@?/\B
A®B

It is important to note that the content in this statement is not that (A ® I) ® B is
isomorphic to A ® B: of course it is, this follows from the natural isomorphisms already
built in. The issue is that the isomorphism (A ® I) ® B = A ® B can be constructed from
the natural isomorphisms two different ways, and if these ways differed - if the triangle
above didn’t commute — then this isomorphism would no longer be canonical.

The second and last compatibility condition is called the pentagon axiom. Consider
the entirely left-branching parenthesisation of four objects, ((A ® B) ® C) ® D. There
are two possible sequences of re-parenthesisation isomorphisms « that take us from this
to the entirely right-branching parenthesisation A ® (B® (C ® D)). These are shown in
the upper and lower paths in Figure 14, which together pass through all five possible
parenthesisations of the four objects A, B, C, and D.

(A®B)® (C®D)

XA®B,C,D XA,B,C®D

(A®B)®C)®D A®(B®(C®D))

‘/“A,B,C ®idp idg ®0(B,C,D)I\

(A® (B®C))®D fABeCD » A® (B®C)® D)

Figure 14: The associativity pentagon for four components.

The isomorphism (A®B)® C) ® D = A® (B® (C® D)) ought to be canonical, so
we must require that both ways of producing it be the same. This is the same as saying
that the pentagon diagram of Figure 14 commutes, for every choice of four objects A, B,
C, and D. This is known as the pentagon axiom, or pentagon equation when expressed as
an equality in the various isomorphisms, as below:

®ABCoD ©XAwB,c,D = ida ®ap,cp ©&aBoc,D ©&aBc ®idp .
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You can also visualise the pentagon axiom as two ways of gradually rearranging left-
grouped objects to the right, as shown in Figure 15.
Summarising all these ingredients, we arrive at the definition of a monoidal category:

Definition 2.4.4. A monoidal category (C,®,1,a,A,p) is a category C, with
* atensor product ® : C xC — C,

¢ with an associativity constraint &, consisting of component isomorphisms a4 pc :
(A®B)®C—-A®(B®C)

* and a distinguished unit object I € ob(C), and left and right unit constraints A
and p with respect to I, with component isomorphisms A4 : I® A — A, and
pa:ART — A;

¢ satisfying the triangle and pentagon axioms.

The monoidal category C is called strict if all the isomorphisms furnished by «, A, and p
are identity morphisms in C.

Example 2.4.1. The motivating example of a monoidal category is that of Vectp, the
category of vector spaces over a given field [F. The tensor product ® is the usual tensor
product of vector spaces, and for all vector spaces U, V, and W, simply shifting the
brackets will do the trick:

agyw: (@) Qw—u® (v w).

The unit object is the ground field F itself, and the left and right unit constraints respec-
tively send 4 ® v and v ® a to av, for all a in IF.

Example 2.4.2. Given two representations (Vi,p1) and (V3,p2) of a group G, it is a fun-
damental fact of representation theory that (V3 ® V,,p1 ® p2) is a representation of the
direct product G x G. It is less obvious that we can make a representation of G itself?, by
defining

pviev, 1 G = End(V1 ® V), g p1(8) ® p2(8)-

The associativity constraint and unit object F are inherited from the monoidal category
Vect, with the latter upgraded to a representation of G trivially:

pr(g)(a) =a forall gin G and ain F.

It's a good exercise to check that py,gy, is a group homomorphism, and hence
(V1 ® Vo, pv,0v,) is a representation of G.

2The underlying structure making this possible is a coproduct on the group algebra FG. In general, the
category A-Mod of modules over any bialgebra A is monoidal. This is an example of Tannaka-Krein duality.
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The name monoidal category stems from the fact that the binary operation ® makes
ob(C) into a monoid, with I serving as the identity element. Of course, we are sneakily
overlooking that in general, ® is only associative up to isomorphism, and ob(C) is not a
set. In the case that C is small and strict, ob(C) is an honest monoid. A map F between
monoidal categories (C, ®¢, I¢) and (D, ®p, Ip) should thus be a functor resembling a
morphism of monoids, with

F(A®¢B) =F(A)®pF(B) and F(l¢) = Ip.

This actually defines a strict monoidal functor. To define a general monoidal functor, relax
the equalities above to isomorphisms

PAB: F(A e B) = F(A) XD F(B) and Q1 F(Ic) = Ip,

which will form part of the data of our functor.

In the discussion above, we suppressed what exactly it means for isomorphisms to be
natural, and didn’t explain why the axioms are sufficient. The next two short vignettes
aim to fill these gaps.

Natural transformations

Categories have objects and morphisms, and categories themselves form a category
(modulo set theoretic subtleties), whose morphisms are functors. This game contin-
ues: functors too are the objects in their own category, and natural transformations are the
morphisms of functors. In other words, natural transformations are “maps” sending one
functor to another.

Let C and D be two categories, and F and G two functors from C to D. Given two
objects A and B of C, and a morphism f in Hom(A, B), we can apply the functors to both
the objects and the morphism:

F(A) G(A)
R |e
F(B) G(B)

A natural transformation is a collection of morphisms in D relating F to G, compatible
with the images of morphisms of C:

Definition 2.4.5. A natural transformation 1 from F to G is a collection of morphisms
nx : F(X) — G(X) in D, for each object X in C, satisfying that the diagram below
commutes for all choices of A and B in ob(C), and all f in Hom(A, B).

F(A) — G(A)
F)| IE%
F(B) —2 G(B)
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If the maps #x are isomorphisms for all X, then 7 is called a natural isomorphism, and the
objects F(X) and G(X) in D are said to be naturally isomorphic.

Mathematicians throw the words natural and canonical around often, usually in refer-
ence to maps which arise without a dependence on choices. The above definition is the
fruit of category theory’s efforts to make precise what this really means.

Example 2.4.3. A classic example of unnatural versus natural isomorphisms is found in
the category Vecty of finite dimensional vector spaces over F.

Every finite-dimensional vector space V over [ is isomorphic to its dual V*, the space
of linear functionals ¢ : V' — F. The isomorphism, however, depends on a choice of a
basis {ey,...,e4} of V, which in turn defines a dual basis {¢, .. .,ed} of V* by setting
ei(ej) = (5; This basis-dependence means that the isomorphism V = V* is not canonical,
not natural.

Every finite-dimensional vector space V is also isomorphic to its double dual V**,
which consists of linear functionals from V* to IF. Here, we could use a repeated version
of the above isomorphism, but there is a better, more natural one! Define the evaluation
map ny : V. — V** by v — 0, where v sends a linear functional ¢ on V to its evaluation
at v:

() = ¢(0).

Exercise 2.4.2. Check that the 7 = {5y} of Example 2.4.3 is a natural isomorphism be-
tween the identity functor, and the double dual functor V +— V**, which are both endo-
functors (functors from a category to itself) on the category Vectp.

Exercise 2.4.3. The functor GL, sends a commutative ring R to the group GL,(R) of
invertible n x n matrices with coefficients in R. The functor and (-)* sends a ring R to
its group of units R*. Both of these are functors from the category of commutative rings
CRing to the category of groups Grp. How do these functors act on morphisms? Can
you find a natural transformation between them?

Exercise 2.4.4. Let G be a group, and BG be its single-object category. Recall from Exercise
1.3.6 that a functor F : BG — Vecty is exactly the same as a representation (V,p) of G.
Given two representations (V1,p1) and (V3,02) of G, a G-equivariant map is a linear map
¢ : V1 — V, satisfying
p2(g) o9 =¢gopm(g)

for all g in G. In fact, G-equivariant maps are the morphisms in the category of repre-
sentations of G. Show that G-equivariant maps of representations correspond exactly to
natural isomorphisms between the corresponding functors BG — Vecty.

Example 2.4.4. We can now parse what it means for the associativity and unit constraints
in a monoidal category to assemble into a natural isomorphisms. Given a category C with
a tensor product ®, we have two endofunctors on C x C x C:

®o(® xide): (A,B,C)—~ (A®B)®C and ®o(ide x®):(A,B,C)— A® (B®C).
An associativity constraint, then, is a natural isomorphism

a:®o(®xide) = ®o (ide X®).
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Naturality means that for every pair of triples of objects and corresponding triple of
morphisms in C,

A B C
ool b
D E F
the isomorphisms «a 4 g ¢ and ap g r make the following diagram commute:
(A®B)®C —*° , A (B®C)
(fog)@h fe(g®h)
(DRE)®F —2* , D®(E®F)

Similarly, the left unit constraint with respect to I is a natural isomorphism
A:®o(Ixid) —ide,

and the right unit constraint with respect to I is a natural isomorphism
p:®o(idxI) —ide.

Exercise 2.4.5. Check that the associativity and unit constraints in Examples 2.4.1 and
ex:MonoidalReps are natural, and that the triangle and pentagon axioms are satisfied.

The Pentagon Axiom and Coherence

We discussed how the pentagon axiom is necessary to ensure that the isomorphisms
between differently parenthesised tensor products of four objects are canonical. But what
about more than four objects? Surely, we must impose an axiom that all compositions of
isomorphisms getting us from, for example, (((A®B)®C)®D)®Eto A® (B® (C®
(D®E))) be equal too, giving a very large number of pentagon-style axioms?

Exercise 2.4.6. How many parenthesisations are there of n objects?

Remarkably, we do not need any more reassociation axioms: the pentagon is suffi-
cient, according to the following powerful result from one of the co-founders of category
theory, which we state without proof:

Theorem 2.4.1 (Mac Lane’s Coherence Theorem). Let X1, X,...,X,, be n objects in a
category C, with a tensor product ® and an associativity constraint x. Let P; and P, be
two parenthesised tensor products of all the X, and f and g be two isomorphisms from
P; to P, built from isomorphisms (X, X, X their inverses, and identity morphisms, by
means of composition and tensor products. If ® and « satisfy the pentagon axiom, then

f=g
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Braided Monoidal Categories

We add one last piece of structure to a monoidal category: a means of flipping from
A ® B to B® A. In the monoidal category of vector spaces Vecty, simply permuting the
tensor factors gives an isomorphism between V@ W and W ® V,

Cyw:0QwW — wX®o.

Note that the isomorphisms oy v assemble into a natural isomorphism between the bi-
functor ® and the opposite tensor product bifunctor @°7 : (V, W) — W ® V. We can also
write ®°F as a pre-composition of ® with the transposition functor T : C xC — C x C
given by T(V, W) = (W, V).

In Vectg, the flip oy : w ® v — v ® w is clearly the inverse of oy . Such flip iso-
morphisms are called symmetric, inspired by the similar behaviour of the transpositions
0;j in a symmetric group. This situation can be portrayed diagrammatically as below:

W Vv

1% 4%

However, this symmetry need not always be the case! In some monoidal categories, flip-
ping B and A is not equivalent to the inverse of flipping A and B. We have encountered
such non-trivial flips before, in the braid groups. Drawing inspiration from this, we will

depict such maps with crossings.
B A B
D
NAVAN

AXB B A B

UA,B 0UB,A UA,B

A

A braided monoidal category is a monoidal category where natural flipping isomor-
phisms 045 : A® B — B ® A are guaranteed by the structure. When there are more
natural isomorphisms, there are more coherence conditions too!

Each hexagon in Figure 16 shows two ways to combine flips and associativity iso-
morphisms to arrive at the same result: in each, the top path re-associates, then flips,
then re-associates; the bottom path flips, then re-associates, then flips. Imposing the
compatibility condition that both hexagons commute and reading the equalities from
the diagrams, we obtain the two hexagon equations. This condition on the associativity
constraint and the flipping map is known as the hexagon axiom:

XB,C,ACUABCOXABC = idp®0acoapacooap®idc
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B ® (C®A B ® (C®A
B

®C ® A B ® (A® Q)

(A® B) ® A®B ® C

Figure 17: Visual representation of the first hexagon equation.

Definition 2.4.6. Let (C,®, I.a, A, p) be a monoidal category. Let T be the transposition
endofunctor on C x C, that is, T(A, B) = (B, A) for A and B in ob(C). A braiding on C is
a natural isomorphism ¢ : ® — ® o 7T, satisfying the hexagon axiom. A braided monoidal
category is a monoidal category with a braiding o. A symmetric monoidal category is a
monoidal category with a braiding ¢ satisfying op 4 = UX}B.

Exercise 2.4.7. Show that the second hexagon equation can be obtained from the first by
using the inverse flips ¢, , and draw a picture of it in the style of Figure 17.

A map between two braided monoidal categories (C, ®, T) and (D, ®, T) is a monoidal
functor (F, ¢) which respects the braidings: for all objects V and W in C, we have that

F(V)® F(W) —— F(Va W)

| !

F(W)® F(V) —— F(W® V)

commutes.

Exercise 2.4.8. a) Recall that a monoidal category is strict if all the associativity isomor-
phisms are identities: for all objects A, B, and C, (A® B) @ C = A® (B® C). In this
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setting, we are justified in ditching the brackets and writing A ® B® C. In a strict
monoidal category C, the two hexagons of Figure 16 reduce to the two triangles

ABRC S Bocw A A9B®C A5 coA®B
; and ;
UA,B®ldCl %B@UA;;C 1dA®UB®Cl /O'AC@)idB
BRA®C ARC®B

Show that the following new and improved hexagon commutes for all objects A, B,
and C:

AQRB®C
UA,B@id/ w@@p
BRA®C ARC®B
idp ®‘7A,Cl l‘TA,C®idB
BRC®A CRA®B
UB,Cm %UA,B
CRB®A

b) Hence, for a fixed object A, find an equation satisfied by R := 04 4. This is called the
quantum Yang-Baxter equation. Representing this equality of morphisms diagram-
matically, as in Figure 17, which old friend do you recognise?

You will note that in the pictorial representation of Figure 17, the two equivalent
maps of the first hexagon equation are shown as isotopic braids. This is no mistake!
Morphisms in braided monoidal categories behave much like braids and tangles, and
indeed, provide a well-suited algebraic framework to describe them.

Tangles as a Finitely-Presented Braided Monoidal Category

Consider the category whose objects are finite sequences of points e, which we identify
with the natural numbers IN. Setting m ® n = m + n, we are on our way to defining a
strict monoidal structure on this category, with unit object 0. As morphisms we have the
following diagram elements, called simple tangles,

1:=ide = € Hom(1,1),
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X_ // € Hom(2,2),

and all diagrams obtained from them by means of horizontal juxtaposition and ver-
tical stacking, which represent the tensor product and composition respectively. Any
morphism constructed in this way represents an unoriented tangle as we have previ-
ously defined it, and so we have a generating set for our tensor category. But now we
have the same problem we faced for knot diagrams: when do two such morphisms de-
pict isotopic tangles? In this finitely presented case, our problem is to find the relations
satisfied by these generators. Recall that two knot diagrams depict isotopic knots if and
only if one may be obtained from the other through planar isotopies and a finite sequence
of Reidemeister moves. Let us first construct representations of the Reidemeister moves
from our building blocks:

Reidemeister moves:T1, T2, T3.
The following four diagram moves depict planar isotopies:
planar isotopies:T0, T4, T5, T5'.

Together, {T0, T1,T2,T3,T4,T5,T5'} are known as the Turaev relations. In close analogy
to the knot case, the remarkable fact that this small set of very believable relations is
actually all we need, is one we shall state without proof.

Theorem 2.4.2 (Turaev). The category Tangle is equivalent (as a monoidal category) to
the monoidal category generated by {x;,x_,b,t}, modulo the Turaev relations.
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(A ® B) ® C

Figure 13: Visualisation of the associativity isomorphism a4 g c.

A ® (B ® (C®D) A ® (B ® (C®D)

A ® (B®C ® D

A ® B0 ©® D

(A®B) ® C ® D (A®B) ® C ® D

Figure 15: The pentagon equation, diagrammatically.
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(A®B)®C B® (C® A)
wx}ldc ldB(g(TA/
(BRA)®C 425 B® (A®C)

Figure 16: The two hexagons, the compatibility conditions for « and ¢.
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Chapter 3

Gradings and Filtrations

Algebras are easier to work with when they come with a decomposition into building
blocks which behave in a predictable way. Here we will consider two such notions: first
gradings, and then the less powerful filtrations.

3.1 Gradings

Definition 3.1.1. Let A be an algebra over a field F. A grading on A is a linear decompo-
sition into IF-vector spaces Ay,

such thatifa € A;and b € Aj, then ab € Ajyj. The elements of A, are called homogeneous
of degree n. A graded algebra is an algebra equipped with a grading.

aﬁi\.ab

Ay © A © Ay © A3 © Ay O -
Figure 18: A graded algebra A.

Example 3.1.1. The classic example to keep in mind is that of polynomials. Let A =
C[xq, ..., x;] denote the algebra of complex polynomials in r variables. In an intentional
synergy of terminology, the homogeneous elements of degree n are exactly the homoge-
neous polynomials of degree n: those for which the exponents in each monomial sum
to n. For example, x?y + %xyz + 1/2iy? is a homogeneous polynomial in two variables,
while 7T + x 4 2xy is not homogeneous. Since any polynomial can be written as a finite
sum of homogeneous polynomials, we have A = @;_, A, where A, C A is the set of
homogeneous polynomials of degree 7.

Exercise 3.1.1. Show that A = C[xy, ..., x,] satisfies the remaining defining property of
a graded algebra, namely, if p and g are homogeneous polynomials of degrees i and j
respectively, then pg is homogeneous of degree i - ;.
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In Definition 3.1.1 we allowed a graded algebra to be either a direct sum, or a direct
product. As vector spaces, the only difference is that the former consists of finite linear
combinations of homogeneous elements, whilst in the latter, we also have infinite linear
combinations: think power series versus polynomials. Power series (and, in general, in-
finite graded sums) are multiplied using the Cauchy formula: if a,b € A =11I77_,A;, and
the homogeneous degree n components of 2 and b are denoted 4, and b, respectively,
then the degree n component of the product ab is given by

n

(ab)n = Zaibnfl- 3.1)

i=0

Remark 3.1.1. Technically, IT? A, is the degree completion of A = @;_y An is called the
degree completion of A, often denoted A. There is a sequence of projections

iAn — tAn — iAn — e,
n=0 n=0 n=0
and the graded completion is, by definition, the inverse limit
A= 1%1 n;) Ay

In these notes, we will work mainly with direct products, and omit the hats to make
notation less cluttered.

{should we define inverse limits here? probably? — Z. J

Need to fix the numbering so that everything (remarks, examples, defs, thms etc) comes in
one sequence — Z.

Exercise 3.1.2. There is a clear linear inclusion A = @;_q A, — II_jA,. Show that
the algebra multiplication of A extends uniquely to IT’_,A,, and the unique extension is
given by the Cauchy formula, if we require that in I} ; A, the product of elements a and
b up to degree N depends only on the up to degree N parts of a and b. (In other words,
the image of ab in the degree quotient I?_ A, /TI7’_\; . ; Ay depends only on the images
of 2 and b in the same degree quotient.)

Graded algebras A = @, A, form a category GrAlg, whose morphisms are degree-
preserving algebra homomorphisms:

Definition 3.1.2. Let A = @,y A, and B = @;_, B, be two graded algebras. A graded
algebra homomorphism is an algebra homomorphism f : A — B such that f(A,) C B,.

Degree-completed graded algebras form their own category G/rAEg, with graded ho-
momorphisms as above. In fact, degree completion is a functor from GrAlg to GrAlg.
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Graded algebras are nice! Degrees provide a natural notion of complexity; one may
even choose to blissfully ignore the complicated higher degree terms, and perform calcu-
lations up to degree n, that is, in a degree quotient. A familiar example of this is approxi-
mating functions by the first few terms of their Taylor series. Similarly, a grading unlocks
the power of induction: one may prove things one degree at a time. These points will
prove useful later in the course, when calculating knot invariants, and proving theorems
about them.

3.2 Filtrations

Let A be an algebra over [F. Recall that ideals are to algebras and rings what normal
subgroups are to groups: the sub-structure you can quotient by.

Definition 3.2.1. An ideal in an algebra A is a subset I C A which is not only closed
under linear combinations and the algebra multiplication (a subalgebra), but also under
multiplication with all elments of AI C I and IA C I. This definition is for a two-sided
ideal, and in non-commutative algebras one may also define left and right ideals, which
are only closed under left (respectively, right) multiplication by elements of A. For two-
sided ideals we write I <1 A.

Exercise 3.2.1. Given two ideals I and | in A, the product I] is — by definition — the linear
span of all products xy with x in I and y in J. Show that I] is an ideal A.

Definition 3.2.2. A (descending) filtration on A is a decreasing sequence of nested ideals
A=h2h2h2- -,

such that if 2 € F; and b € Fj, then ab € F ;. A filtered algebra is an algebra A equipped
with a descending filtration.

(b) ...and from “the side”. This picture makes
sense if you've played with a Matryoshka doll:
(a) A filtered algebra viewed from “above”... the big ones include all the smaller ones within.

Figure 19: A filtered algebra A.

Filtered algebras are useful, but not as useful as graded algebras. For example, given
x € Ayand y € Azinagraded algebra A = @), A,, we know exactly which component
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their product ab livesin: As. If A =Fy O F; D F, D - - - is merely filtered, and x € F, and
y € F3, then we still know that xy € Fs. However, since F5s O F; O F; D - - -, the product
xy could live anywhere down this line of filtered components.

Nonetheless, filtered algebras form a category FiltAlg, whose morphisms are algebra
homomorphisms which respect filtrations:

Definition 3.23. Let A = F) D FF 2 --- and B = Gy 2 Gy D --- be two filtered

algebras. A filtered algebra homomorphism is an algebra homomorphism f : A — B such
that f(F,) C Gy.

While this definition looks identical to Definition 3.1.2, the notion of a filtered homo-
morphism is much weaker than a graded one. As before, B, includes within it all the B;
for i > n. So, for some x € As, it could be that f(x) € Byys C Bs. Graded algebras, in
contrast, come as linear decompositions into their graded components, so anomalies like
this cannot happen. The following exercise makes this distinction explicit.

S> ©®
Ay Ay
S¥
Ag

Figure 20: Filtering a graded algebra.

Exercise 3.2.2. Graded algebras can always be considered filtered: given a graded algebra
A = @, Ay, verify that the subspaces

b = @An
n=k

are ideals, and give a decreasing filtration on A. See Figure 20 for an illustration of the
filtered components. Note, of course, that the graded algebra A and its filtered version
are isomorphic as algebras. Verify that this process of “weakening” a grading defines a
forgetuful functor GrAlg — FiltAlg: namely, graded homomorphisms are also filtered.

3.3 The Associated Graded Functor

Exercise 3.2.2 showed how to make filtered algebras out of graded ones. Since gradings
are more useful than filtrations, however, one might prefer the other direction: to make
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graded algebras out of filtered ones. Happily, there is a functor which does just that,
called the associated graded functor. Better yet, we will soon see that in many cases, a tool
called a formality map enables one to use the associated graded algebra to learn about the
original filtered one.

Definition 3.3.1. If A = Fy O F; O --- is a filtered algebra, the (completed) associated
graded algebra of A with respect to this filtration is the linear direct product

grA= I—I()Fn/Fn+l’
n=

with the multiplication defined on the degree components by

ae Fi/]:l.+1 and b€ F]’/l:j+1 — a-b=abe Fi+j/1:i+j+1.
The multiplication is extended to all of gr A via the Cauchy product formula (3.1).

The associated graded algebra is illustrated in Figure 21

grA= FO/Fl D Fl/Fz D FZ/Fs D F3/F4 Oh/EOEBD -

Figure 21: The associated graded of the filtered algebra from Figure 19.

Given two filtered algebras A = Fp O F; O --- and B = Gg 2 Gy 2 ---, a filtered
algebra homomorphism f : A — B induces an associated graded homomorphism

grf:grA— grB

between the associated graded algebras. The associated graded map is defined as fol-
lows: given an element x in F,, denote the coset of x in F, / F,11 by X. Then gr f(X) is

defined to be the coset f(x) of f(x) in G, / Gy41.

Exercise 3.3.1. Verify that the above is a well-defined homomorphism of graded algebras,
and gr(f o g) = gr f ogrg. Therefore, gr is a functor from FiltAlg to GrAlg. Check that
gr is a one-sided inverse to the forgetful functor considered in Example 3.2.2.

3.3.1 The Pro-Unipotent Filtration

Let G be a group, and FG the group algebra over a given field [F. In this section we
define a famous filtration on IFG, called the pro-unipotent filtration, studied extensively in
group theory and algebraic geometry.
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Definition 3.3.2. Let ;: : FG — T denote the augmentation map sending a linear combina-
tion of group elements to the sum of its coefficients:

l(chg> =) Co

g€G geG

where c; € Fand ¢ € G.
The augmentation ideal I < [FG is the kernel of the augmentation map, that is, the set of
elements of FG whose coefficients sum to zero:

I:kertz{chg

gcG

ch:o}.

gcG

Exercise 3.3.2. Verify that the augmentation map is indeed an algebra homomorphism,
and hence, the augmentation ideal is indeed an ideal.

For k > 0, write I* for the product of I with itself k times. In other words, I is linearly
spanned by all elements of the form x1x ... x; with all x; in I. By convention, I’ = [FG.
You can verify that the I* are nested ideals: I¥ O I**1 for all k.

Definition 3.3.3. The pro-unipotent filtration on [FG is given by
FG=1°2I"21 2

Exercise 3.3.3. The inverse limit algebra
jim FC /

is called the pro-unipotent completion of the group G. The algebra IFG is also filtered, with
the filtration fiven by

n>k

(a) Prove that EG D F DF D --- isindeed a sequence of nested ideals, and describe
the elements of F; explicitly.

(b) Use the universal property of inverse limits to show that there is a canonical homo-
morphism i : FG — FG. Given x € I, describe i(x) € FG explicitly.

(c) Show that i is a filtered map: i(I¥) C F,.

(d) Show that i is injective if and only if ﬂI "=0
n

(e) Show that gri is an isomorphism.
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Example 3.3.1. Consider the “baby example” G = Z, which in this case is more conve-
niently written multiplicatively as the free group on one generator: Z = (x). The group
algebra over the complex numbers is

CZ = { i ;X!

i=—o00

¢; € C; ¢; = 0 for all but finitely many i} ,

otherwise known as the algebra of complex Laurent polynomials in a single variable.
The augmentation map ¢ is the evaluation homomorphism ¢ = eval; : CZ — C, which
maps a Laurent polynomial to its value at x = 1.

Exercise 3.3.4. Show that the augmentation ideal I < CZ is linearly generated by the set
{x' —1|i € Z}. Hence or otherwise, show I is the (principal) ideal generated by (x — 1).
Then show that I¥ is generated, as an ideal, by (x — 1)k.

We will now identify the associated graded algebra of CZ with respect to the pro-
unipotent filtration CZ = MoOnro>ro....

To warm up, let us find the degree-0 component CZ/I. The augmentation map is
clearly surjectivem as any complex number z has at least x — 1 + z in its pre-image under
eval;. So, by the first isomorphism theorem,

CZ/I = im(eval;) = C.

Exercise 3.3.5. Show that in I / I, we have (x —1) = —(x~ 1 - 1).

Proposition 3.3.1. For all k > 0, the degree-k component I¥/I*+1 of gr CZ is isomorphic
to C.

Proof. This can be achieved with a slight upgrade of the argument above. First note
that I* is the ideal generated by (x — 1), and so any element p(x) of I¥ may be written
in the form g(x)(x — 1), for some g(x) € CZ. Define a generalised evaluation map
i : IF — C, given by 4(p) = g(1). Once again y clearly surjective. Furthermore,
p(x) = q(x)(x — 1)k is mapped to zero if and only if (x — 1) divides g(x). This is the case
if and only if (x — 1)¥! divides p(x), that is, if and only if p(x) is in I**1. Thus, by the
first isomorphism theorem, we have I¥/I*1 = C. O

Corollary. There is an isomprphism gr CZ = C[[«]], via the identification (x — 1) — a.

We were lucky this time to be able to conclusively identify the associated graded of
an interesting filtered algebra via such an elemntary argument. In general, we will find
that this is not usually so easy.

3.4 The Vassiliev-Goussarov Filtration for Knots

So far we have defined filtrations and gradations in an abstract algebra setting. Now,
we are ready to study a specific example of a filtration, on a space of knots, getting into
proper algebraic knot theory territory!
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Definition 3.4.1. Let CK denote the complex vector space with basis K. By bilinearly
extending the knot connected sum #, CK is elevated to an algebra: the algebra of knots.

Note that this is in fact the monoid algebra of the knot monoid. The same construction
would work over any other field of characteristic zero, such as the rational numbers or
the real numbers. We use the complex numbers as this will be required later for the
construction of the Kontsevich integral.

Next, we the Vassiliev — a.k.a. Vassiliev—Goussarov — filtration on CK. As usual, the
0-th component of the filtration is the entire algebra CK. Here and in general, when we
extend a structure linearly, such as CK, we abbreviate its filtered components by omitting
the field form the notation: we write the 0-th filtered component as Ky = CK, and denote
the i-th filtered component by K; rather than CK;. The first and further components are
defined diagrammatically, as below.

Definition 3.4.2. In an oriented knot diagram we call a crossing positive if the over strand
followed by the under strand forms a positive local coordinate system for IR? (), and
negative otherwise (\).

Definition 3.4.3. In Vassiliev theory, a double point or singular point of a knot diagram is
used to denote a positive crossing minus a negative crossing, as in Figure 22. In other
words, a knot with a double point is a difference of the two knots where the double
point is resolved as a positive or as a negative crossing. An n-singular knot is a knot with

X - X

Figure 22: A double point and its resolution.
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Figure 23: A one-singular knot and its resolution.

A crossing change on a knot diagram is the operation of changing an over-crossing to
an under-crossing or vice versa. The two knots coming from the resolution of a double
point always differ by a crossing change at the crossing that was resolved. Every singular
knot resolves to some element of C/C, as in Figure 23 and Figure 24.
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A singular knot can be easily resolved into an element of the knot algebra. But to
determine for an element of CK whether it can be written as some singular knot, and if
so, how, is a lot more difficult.

When resolving a knot with n double points, it doesn’t matter in what order we
resolve them. We will end up with a signed sum of knots with 2" terms at first, though
this may simplify if some of them turn out the be the same knot, as in Figure 24.

I S S —_—

W

B (e
- @+ & |

Figure 24: A two-singular knot and its resolution.

Definition 3.4.4. Let K" denote the linear span of resolutions of knots with at least n
double points. The Vassiliev Filtration on the CK is the filtration

CK=K'DK!'DK%2DK3D

Exercise 3.4.1. Show that the connected sum operation is compatible the Vassiliev filtra-
tion: that is, if K € K* and L € K/, then K# L € K'*J. Thus, the Vassiliev filtration makes
CK into a filtered algebra.

Following the previous chapter, we study this filtered algebra by looking at the asso-
ciated graded algebra:

A:=grCK = @ /Cn/;cnﬂ (3.2)

Let’s start by looking at a the first few degrees. In degree zero we have A% = K%/KL.
Elements of this algebra are represented by elements of K? = CK, and two knots repre-
sent the same element of the quotient if their difference is an element of K!. For any two
knots that are related by a crossing change, their difference is a knot with one double
point, hence, this quotient consists of knots, considered up to crossing changes.

Exercise 3.4.2. Prove that every knot diagram can be transformed into the unknot via
crossing changes and Eeidemeister moves.

It follows from Exercise 3.4.2 the degree zero component of A is of dimension 1:
0
A=K /’Cl >~ C(0y),
that is, the C-linear span of the equivalence class of the unknot 0;.

In degree one, A! = K1/K2. In other words, degree one is spanned by knots with
one double point, which are equivalent is they differ by a knot with two double points.
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Figure 25: Two two-singular knots with numbered double points. The
cyclic order of traversal for the knot on the left is (1,1,2,2), while on the
rightitis (1,2,1,2).

This means that as long as a knot already has a double point, we can change any other
crossings arbitrarily. This means that anything one-singular knot diagram then be trans-
formed via crossing changes and Reidemeister moves into the following;:

(>0

In turn, this singular knot stands for the difference

Therefore, the first degree of A is of dimension 0:

AlzKl/,ng{O}

In degree two, things get a little more complicated. Again, A? is spanned by two-
singular knots, and three-singular knots are set to vanish. However, unlike in lower
degrees, there isn’t a single knot diagram with two double points which every other
knot with two double points can be transformed into.

To demonstrate this, number the double points of a knot diagram, and observe that
crossing changes and Reidemeister moves don’t change the cyclic order one encounters
the double points while traversing around the knot. Consider for example the two knots
in Figure 25: it is not possible to transform one into the other, as the cyclic ordering of the
double point encounters are different, and this remains true even if we allow arbitrary
re-labeling.

As in degree 1, the singular knot on the left hand side of Figure 25 of these resolves
to zero in the knot algebra. It turns out that the one on the right hand side does span .4%:

esfoncl )
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Instead of proving this explicitly, we will develop the notion that will let us attack all of
the degrees of A at once: chord diagrams.

3.5 Chord Diagrams

So far, we have thought of elements of K" / K"*! as equivalence classes of knots with
n double points, modulo crossing changes. However, our study of degree two hints
that perhaps a nicer way would be simply to record the order the n double points are
encountered as one traverses the knot. We will record exactly this information as its
own mathematical object, so as not to have to make an arbitrary, specific choice of an
n-singular knot for each cyclic ordering. This new mathematical object is called a chord
diagram:

Definition 3.5.1. A chord diagram of degree (or order) n is a collection of 2n marked
points along an oriented circle, partitioned into n pairs, and considered up to orientation-
preserving diffeomorphism of the circle. This is to say, the role of the circle is only to
provide a cyclic ordering on the n points. In figures, chord diagrams are drawn by
connecting the pairs of points with chords. We denote the vector space spanned by
chord diagrams C, and the homogeneous degree n component by Cj,.

Below is an example of a chord diagram:

Chord diagrams of order n can describe the spanning elements of A,, in other words,
there is a surjective map

n:C— A

given by choosing a representative n-singular knot. This can be done explicitly as follows:
imagine that the cords of the chord diagram are “rubber bands” connecting pairs of
points along the circle, and contract these rubber bands to create double points. Of
course, this might create additional crossings, which we choose arbitrarily. The class of
this representative is well-defined in A" = K"/ K"t as it has n double points, and hence
rest of the crossings can be arbitrarily changed. Because of this intuitive description, we
refer to 7t as the rubber band map.

Can we have a picture of the rubber band map for some simple singular knot, like a 3-
singular trefoil or figure 8? I'm thinking: on the left, chord diagram, — on the right, sin-
gular knot. — Z.

We have already seen in in the example of degrees 1 and 2 that 77 is not injective. In
both of these examples, the chord diagrams had an isolated chord — a chord which does
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not touch (or can be deformed so as not to touch) any other chord on the chord diagram,
just like the green chord below, which divides the chord diagram into a red section and
a purple section.

() G

This is the same as colouring the knot string blue from the green double point, until
the green double point is reached again, and then colouring it red from there till it is
reached yet again. Since it’s isolated, there are no chord diagrams between any of the
red and blue distinguished points. That means that there are no double-points between
red and blue parts of the knot, and so a representative can always be chosen in which
the red and blue parts of the knot are totally disjoint (if there are red-blue crossings, they
can be changed for free). So, the green double point can be resolved to give some knot K
minus itself, which is 0.

Proposition 3.5.1 (One-Term (1T) or Framing Independence (FI) Relation). Any chord
diagram with an isolated chord resolves to 0 € A. In other words, chord diagrams with
isolated chords are in the kernel of 7.

Is there anything else in the kernel of 7? As it turns out, yes. Take the following
element of C:

in which the dotted lines represent part of the chord diagram that are consistent between
all four terms. Mapping this via 7 into A gives the following sketch,



and note that since there are already n — 2 double points in the parts we can’t see and 2
in the parts we can see, we have n of them, so this is only defined up to crossing-change.
To show that this is indeed in the kernel we will show that the sum of knots resolves to
0 € A". The crossings have been chosen such that the sum actually resolves to 0, but in
general it could resolve to an element of K"*!. Indeed, resolving the double point on the
outer loop in each of the above four terms gives

PR N —

.

in which all of the non-starred pairs of terms cancel out to give zero, and the starred pair
of terms cancels out by that fact that

|
/”/B, - ,,TLV

Proposition 3.5.2 (Four-Term (4T) Relation). Any element of the form

is in the kernel of 7.

As it turns out, (and we will state here and see why in the next chapter), the elements
of the forms in propositions 3.5.1 and 3.5.2 span the kernel of 7. By the first isomorphism
theorem, we can quotient out by these elements (or rather, the relations that sets these
elements to zero) and get a pictorial representation for elements of A in terms of C.

Theorem 3.5.1. The associated graded space of knots (relative to the filtration K) is iso-
morphic to the space of chord diagrams modulo the four-term and one-term relations.

ng:A%C/z}T,lT.
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Exercise 3.5.1. Find all chord diagrams of degree 3.

Exercise 3.5.2. By finding all relations between chord diagrams of degree 3, find the
dimension of and a basis for .A3.

Associated graded of the connected sum induces algebra structure om chord diagrams... —
Z.

More Exercises for Chapter 3
Exercise 3.5.3. Let K € CKC, and

K =51 (th) — 31 (th)-

Find a singular knot that resolves to K, and hence show that K is in the first degree of
the Vassiliev filtration.

Exercise 3.5.4. Let K € CKC, and

K=51(th) =231 (h) + 01.
Show that K € K2.
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Chapter 4

Formality

We saw in the previous chapter that the associated graded space of the knot algebra is
chord diagrams modulo the 4T and 1T relations. Rejoice! Chord diagrams are much
easier objects to deal with than knots, and in this chapter we will learn how to study
knots (and more generally, other objects) through their associated graded spaces.

4.1 Formality Maps

If the associated graded construction of the previous chapter is going to be useful, then
we should be able to work with it rather than with the filtered space, so there should be
some filtered homomorphism from f : A — gr A, where we are treating gr A as a filtered
structure by, that is, the ith filtered component consists of all of the graded components
of degree i or higher.

Recall that a filtered homomorphism is a homomorphism such that

In this special case of B = gr A, this becomes

(gr A)’s ith filtered component

faycite-e{te  Afy e Amfy, e
—— ————

(gr A)’s ith graded component  (gr A)’s i + 1th graded component

Perhaps the simplest non-trivial map that satisfies the above condition is one that
sends an element of filtered degree i to its projection in A; / A;;1 and 0 everywhere else.
In the case of knots and the Vassiliev filtration this would look like the following:

—0D0D0dD 000D ---.

However, in order to get the most out of A that we can from gr A, we also want f to
lose as little information as possible. In this example this clearly isn’t the case as — we
wouldn’t be able to tell these two knots apart after this map, as they have the same chord
diagram.
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We want our map to retain more information than this, so we have to store more
information about our input in higher degree components. We can encode this property
as

grZ =idg 4.

Definition 4.1.1. A formality map is a filtered homomorphism satisfying
grZ =idgo.
Formality maps are also called homomorphic expansions or universal finite type invariants.

Lemma 4.1.1 (Characterisation of formality maps). A filtered homomorphism O — A is
a formality map if and only if it has the form

(gr Z)(K) = o(K) + higher degree terms.

4.2 Identifying Associated Graded Structures

In general, identifying gr A is tricky. Often, especially in knot theoretic contexts, it is
fairly easy to come up with a nice candidate C for what gr A may be — maybe we can
easily give a generating set D, for each A,, and some relations R necessarily satisfied
by their images in A, / A,+1. We then set C = [];—; D, / R, and immediately we have
a surjection 7t : C — gr A. Identifying gr A is now reduced to showing 7 is an isomor-
phism. But perhaps it isn’t! Perhaps our guess C is still too big, and there are some
additional relations lurking in gr A that we have not captured in R. This is exactly the
situation we find ourselves in for knots, as recalled in the second example above.
On the other hand, identifying gr A is worthwhile, as alluded to in (crossref): in gr A,
we may compute, and prove, things degree by degree. It would be wonderful if we had
a tool for studying A via the user-friendly gr A. This would take the form of a map
Z : A — gr A that lost as little information as possible.

For example we have stated but not proved the following examples of associated
graded spaces:

Example 4.2.1.

¢ At the end of (that section), we showed directly that if one filters the group algebra
CZ of the integers - also known as the algebra of (complex) Laurent polynomials -
by powers of its augmentation ideal, the associated graded is isomorphic to C|[[x]],
the algebra of (complex) power series.
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¢ (where?) we placed the Vassiliev filtration on the algebra K of knots, and intro-
duced the algebra C of chord diagrams on the circle, modulo the 4T and framing
invariance relations. We found a surjection 7 : C — gr K, and conjectured that it is
an isomorphism.

Everything can be neatly rephrased as follows

Theorem 4.2.1. Let K be some filtered algebraic structure, and .A be some graded alge-
braic structure. Since A is graded, it is also filtered. The following are equivalent:

1. There exists a filtered homomorphism Z : £ — A such that

grZ =idg .

2. There exists a filtered homomorphism Z : K — A such that

(gr Z)(K) = 0(K) + higher degree terms.

3. A is the associated graded version of I,

grk = A

More Exercises for Chapter 4
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Chapter 5

The Kontsevich Integral

In this chapter we construct the universal finite type invariant Z : £ — C, named the
Kontsevich integral for its creator, Maxim Kontsevich, who received a Fields medal for
his efforts. We will embed knots and tangles in C x R = R3, so we can use complex
analysis to do knot theory. As a warm-up, we will see how we can count the number
of twists of a two-strand braid in this way, using an integral to count the rotations of a
chord with endpoints on the braid. Essentially, the idea of the Kontsevich integral is to
count the rotations of m chords, for all ways of placing m chords on the strands of a knot,
for all values of m. It is believable that such a vast amount of information would yield a
powerful knot invariant. Indeed it does, but proving so will take some work.

5.1 Prelude: a Complete Invariant for B,

Our main complex analytical tool will be the following special case of Cauchy’s integral
formula, which says that the number of times a curve vy : [0, 1] — C rotates anticlockwise

around a point a € C is given by
1 / dz
2mi Jyz—a’

which is not necessarily an integer when < is not a closed curve. Recall that the set of
ambient isotopy classes of braids on two strands, along with the operation of sticking
braids together, forms a group called B,. Suppose we take four points (4, t.), (4, tua),
(b, tusn), and (b, t,,,) in C X R, and tie two pieces of string between them to form a braid.

tmin-

» R

Figure 28: A two-strand braid living in C x RR.
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How can we determine which element of the braid group our sculpture represents?
B has a single generator ¢, a positive half-twist, and no relations. This means all ele-
ments of B, are uniquely determined by their (signed) number of half-twists, and all we
have to do is count. Since we required braid strands to be monotonically ascending, we
can write the complex horizontal coordinates along the two strands as functions of the
vertical coordinate, as z(t) and z/(t). Then the two strands twisting around each other is
equivalent to the chord with endpoints z(t) and z’(t) rotating. This in turn equivalent to
the difference z(t) — z/(t) rotating around the origin, and so

tmax

) 1 /dz—dz’
27t z—z

tmin

computes the number of half-twists, which is guaranteed to be an integer.

5.2 Definition

5.2.1 Setup

Begin with an oriented knot K C C x IR. We can measure how high we are on the knot
by sending a point (z,f) € K to t. Call its minimum and maximum on the knot ¢,
and t,,, respectively. A point where the differential of this function vanishes is called a
critical point, and the value of the height function at a critical point is called a critical
value. These are the heights f, at which the number of intersections of our knot with a
horizontal plane changes. We can, through judicious jiggling, adjust our knot so that:

* There are finitely many critical values, and they are distinct. We will label them
tmax > tcl > tCZ > > tcr > tmin'

* Between critical points, the height function is monotonic on each strand. That is,
each slice between critical points KN (C X (te, +1,1fci)) looks like a braid on some
number of strands, except some strands may be going down.

Figure 29: A strict Morse trefoil knot living in C x RR.
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An embedding satisfying these conditions is called a strict Morse knot, and an example
is given in Figure 29. We have satisfied the strict Morse requirement by slightly breaking
the symmetry of the picture of the trefoil we know and love, and tugging the bottom
right lobe slightly downward. It has four critical values, t,.., tc,, tc,, and t,;. With strict
Morse knots, we are ready to cook up the Kontsevich integral.

5.2.2 Ingredients

Let m > 1, and take m numbers t,,, > t; > tp > --- > t;; > t,..., none of which are critical
values of the height function on K.
e Ateachlevel t = t, choose an unordered pair of strands, and write their horizontal

coordinates as functions z; and z;. of height as before. The set {(zj, z;) 11<j< m}

is called a pairing. Think of each pair as a chord with endpoints on the knot, as in
Figure 30.

(a) A pairing P on the trefoil, for m = 2. (b) The corresponding chord diagram Dp.

Figure 30

* |p is the number of strands in the pairing P that are going down if you follow the
knot in the direction of its orientation. For the pairing in Figure 30, | p= 2.

* Dp is the chord diagram obtained by unwrapping the knot, with the chords from
P, into an oriented circle. Obviously this unwrapping is not an ambient isotopy, as
we pass strands through each other at will.

¢ the iterated integral in m variables which we will write with the wedge

5.2.3 Procedure

ZK) =Y

Y (—nrDp A 0

tmingtm<"'<t1 Stmax palrlings ]:1

t j ate noncritical
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5.3 Calculation for the Positive Crossing

Let us perform our first, and likely only, explicit calculation of the Kontsevich integral.
We will calculate it for a single positive crossing,

There are no critical points, and for each m, there is only one pairing P, with |p= 0, and

Al

I I

Thus our integral reduces to

2(R)-K E T e [ A=

tmingtm<"'<tl Stmax ]:1

tmax t1 fm—1

:%EOA Am/ /"'/f(tm)"'f(tz)f(tl)dtm'“dtzdh,

tmin tmin tmin

where in an attempt to maintain some semblance of brevity, we write

1 4 (z(t)—2(1))
0= s 7w

All that remains is to evaluate the iterated integral. We know that for m = 1 we are
simply counting the braiding number, and

tmax

[ foyar = %

tmin
We can evaluate the iterated integral using the following general lemma.

Lemma 5.3.1.

//“ "”ftm).. F(t )f(tl)dtm-.-dtzdn:%[/abf(t)dt]m. (5.1)

Proof. The proof is by induction. Equality for m = 1 comes for free. Then, applying the
inductive hypothesis to the innermost m — 1 integrals, the left hand side of (5.1) is equal

to
1 m—1

I= m/ab { :f(t) dt] F(h) dty.
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Integration by parts and the chain rule then reveal

1= ﬁ [ atlf(t) dt]m -

and so I is equal to the right hand side of (5.1). O
Applying this to the problem at hand, we finally arrive at

)R E ()
z( /\A ) mZ:;O m! <2
1 N
= ><exp (E P) . (5.2)
Exercise 5.3.1. Slightly modify the above argument to show that

2(3) = ew (31)

Later we will be able to show this using only (5.2) and the properties of the Kontsevich
integral.

5.4 Invariance

More Exercises for Chapter 5
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Chapter 6

Drinfeld Associators

6.1

6.2

6.3

6.4

6.5

6.6

Tangles as a finitely presented tensor category

The Kontsevich integral for tangles: parametrised tensor products
Parenthesised tangles

Formality for parenthesised tangles

A combinatorial Kontsevich Integral

Drinfel’d associators

More Exercises for Chapter 6
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Appendix A

Solutions to Selected Exercises

Chapter 1

Solution (Ex. 1.2.5). For a surjective but non-injective homomorphism, we define G =
(x,y,z | x" =1,y> = 1), and ¢(x) = a, ¢(y) = b and ¢(z) = 1.

Solution (Ex. ??). Hint: Can you delete a strand and be left with a single crossing (the
generator of Bo? No, if you delete a strand what you get isn’t even a braid. Can you do
something to f to fix this problem?

Solution (Ex. 1.1.5). Hint: Consider all pairs of braid strands in B, and find a homomor-
phism into Bj.

Chapter 2
Chapter 3

Solution (Ex. 3.3.2). Actually, we will prove a much more general and useful result, that
the kernel K = ker ¢ C R of any ring homomorphism ¢ : R — S is a two-sided ideal of
R. We need to show that:

a) K is an additive subgroup of R. It suffices to check that for all x and y in K, x —y is
also in K. This is true by linearity: ¢(x —y) = ¢(x) — ¢(y) = 0— 0 = 0, and hence
x—yek

b) For all r € R and k € K, rk and kr are also in K. This is also a simple consequence of
¢ being a ring homomorphism: ¢(rk) = ¢(r)@(k) = ¢(r) -0 = 0 and so rk € K. The
proof for kr proceeds the same way, and so K is a two-sided ideal.

The special case of applying this to ¢ = ¢ is the result we were after. In fact, we can go
one better again: the converse is also true! As the quotient by a two-sided ideal I is again
a ring, the projection 77 : R — R/I is a ring homomorphism, which clearly has kernel I.
So, the two-sided ideals of R are exactly the kernels of ring homomorphisms from R.

Solution (Ex. 3.3.4). Take r € I. Then r is a Laurent polynomial of the form Zfif N cixt,
with YN, ¢; = 0. We want to show that it can be written as a linear combination
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of elements of the set {x' —1 | i€ Z}, and do so by subtracting zero, in the form of
Z%i_ N Ci-

N . N N N ,
r= Y cex'=Y cx'— Y =) cx—-1).
i=—N i=—N i=—N i=—N

So the x' — 1 span I. We will now show that x — 1 generates I as an ideal by showing
that each of these elements is a product of x — 1 and something in CZ. Leti > 1. It is
easy to show by expanding the brackets that x' —1 = (x —1)(x' 1 + 2724 4 x + 1).
Thenasx ' —1= —x_i(xi — 1), we are done.

Chapter 4

Solution (Ex. 3.4.2). jproof that every knot is crossing-change equivalent to the unknot;

Solution (Ex. 3.5.3). We take K and massage the second term by ambient isotopy to find
something that is a crossing change away from the first term. This is shown in Fig. 31.

(4\) 2)

e
o\

&

Figure 31: After ambient isotopy (equivalent to a Reidemeister II move
on the diagram), the second term differs from the first by only a crossing
change.

Solution (Ex. 3.5.4). We take K and do some ambient isotopy to the last two terms,
getting them to look like crossing changes of the cinquefoil.
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