et A

Define t
he

1.7 The Radical of an ldeal

oe a ring, and consider X C A .

ne radical of X (with respect to A ) to

r(X) = {z€eA | Z2"eX dn>1}.

— comprising all “nth roots” of elements of X

for all positive n.
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Clearly

T(Ua on) = U, r(Xa)

for any family of subsets X, of A .

Proposition: The set of zero-divisors of
A is equal to its own radical which is

U r(Ann x) .

x#0
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Proof: Put D = { zero-divisors of A } .

D = U Ann () .

x#0

Certainly
D C r(D).
Suppose y € r(D) , so
y" € D (Fk>1),

SO

Y 0 (dz #0) .

hen
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If k=1 then ye D .

If &> 1 then

y(y*'z) = 0

so either y* 12 #4 0, whence y € D, or

whence y € D by an inductive hypothesis.
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Thus

= U r(Ann (x)) ,
and the Proposition is proved.
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Now suppose I <1 A .

Then

r(1)

{zecA| 2"el In ez’ }

= {zcA| IT+2" =1 Inez’}

{xeA| (I4+2)" =1 Inez" }
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so that
r(I) = ¢ '(Najy) < A

where ¢ : A — A/I is the natural map and N,/;
denotes the nilradical of A/I .

The radical of an ideal I of A s the
preimage under the natural map of the
nilradical of A/I .
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Exercises: Let I, J beideals of A.
Verity the following:

(1) r(I) > I;

(2) r(r)) = r);

(3) r(IJ) = (IﬂJ = r(I)Nnr(J)
(4) r(I) = = I = A
(5) rd+J) = r(r()+r(J))
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Exercise: If P is a prime ideal of A
then
(Vn € z7) r(P") = P.
Example: Let A = Z and I = mZ where

m > 2 . Write

— a1 «
m = py...p."

for distinct primes py,...,p, and positive integers
A1y ...,0p.
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Observe that

where
B = max{ai,...,q; }
SO
p1...pr € (1),
SO
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On the other hand, if z € r(I) then some positive
power of z is divisible by m , from which it follows
that z is divisible by p;...p,.. Thus

r(l) = p1...p,Z .

Notice that .
T(I) — ﬂ p/,;Z,
i=1
the intersection of all prime ideals containing I .

This illustrates a general phenomenon:

219



Theorem: The radical of an ideal is the
intersection of the prime ideals containing
It

Proof: Let I <« A. Then

r(I) = ¢ ' (Naj)

where Ny/; is the nilradical of A/I, and ¢ is the
natural map.
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By an earlier Theorem,

Nyyr is the intersection of all prime ideals

of A/I.

But

Easy Exercise: any prime ideal of A/l
has the form P/I where P is a prime
ideal of A containing I .
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Thus

r(I) = ¢1( f P/I)

prime ideals PDOI

= M ¢ '(P/)

prime ideals POI

— f P.

prime ideals POI
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Proposition: Suppose I,J<1A such that
r(I) and r(J) are coprime.

Then I and J are coprime.

Proof: By earlier exercises,

r(l+J) = r(r(I)+7r(J)) = r(A) = A

sothat I+ J = A, and the Proposition is proved.
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