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MASCHKE'S THEOREM

Maschke (1897)
Any representation V of a finite group G over R or C is semi-simple.

Observation 1: If V has a positive-definite G-invariant geometric
structure, then Vis semi-simple.

If U Vis a subrepresentation, then V= U@ U*.

Observation 2: Any representation of G admits a positive-definite
geometric structure.

Take a positive-definite geometric structure {(—,—) on V. Then

(v, g 1= ﬁxgv,gm

defines a positive-definite and G-invariant geometric structure.
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Example of “semi-simplicity via introduction of geometric structure”.

If Vis simple and defined over the complex numbers, then Schur’s
lemma shows that the geometric structure is unique up to positive
scalar.

This is an example of “unicity of geometric structure”.
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LAST LECTURE

We also discussed:

Weyl's theorem: semi-simplicity of representations of compact Lie
groups.

The Kazhdan-Lusztig conjecture: structure of Verma modules in
terms of Kazhdan-Lusztig polynomials.

The Jantzen conjecture: structure of Verma modules in terms of
Jantzen filtration.

| tried to emphasise the omnipresence of geometric structures.
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THEMES OF THIS LECTURE

In this lecture | will outline a bridge to geometry.
We will see that invariant forms appear naturally again.
We will see a recurrence of the two themes:
“semi-simplicity
via introduction and
of geometric structure”

“unicity of
geometric structure”
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THE FLAG VARIETY

SL,(C) denotes the special linear group of invertible n x n matrices
of determinant 1.

We consider the flag variety

Flag, ={0cVicVoc---c Vo< C"| dimV; = i}.

The flag variety

- is a smooth projective variety,
- has a transitive SL,(C)-action,
. is the unique largest such variety.

Example

Flag, = {0 < V; = C?} = lines in C? = P'(C).
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THE FLAG VARIETY

Flag, :={0cVicVoc---c Vo1 C"| dimV,; = i}.

Consider, the coordinate flag

Ocepcie,epyc --clee...,enycC”

Its stabiliser in SL,(C) is

0 * *
B=|. = |esL(©
0 0 . o

Thus (“group theoretic description of flag variety”):

Flag, = SL,(C)/B

B is a Borel subgroup, the flag variety makes sense for any reductive group.
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SCHUBERT VARIETIES

The Borel subgroup B has finitely many orbits on the flag variety.
Example

If oo = {eq) then
Flag, = P'(C) = {0} u C

are the B-orbits on P'C.

They are parametrized by the Weyl group W introduced last time.

Flag, = | | B- wB/B.

XeW

Recall that for SL,(C), W = S, the symmetric group.
Example

For G = SL,(C) this is GauRian elimination.
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SCHUBERT VARIETIES

For w e W, their closures
Schuby, := B -wB/B c Flag,

are Schubert varieties.

Example
Forn =2, W = {id, s} and

Schubiy = {0} and Schubs = P'(C).

This example is deceptive: Schubert varieties are usually singular,
and have an extremely intricate structure.
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KAZHDAN-LUSZTIG CONJECTURE REVISITED

Kazhdan-Lusztig conjecture (1979)

[Axo] Z Pyy(M[Ly.0]
yew

(Recall that Py x € Z[v] is a Kazhdan-Lusztig polynomial.)
Kazhdan-Lusztig theorem (1980)
Pyw(q) = D dim IH}} 5(Schub,)q’
i

Here IH)Z/;B/B(SchubW) denotes the local intersection cohomology of a
Schubert variety.

Example
Schubert varieties in Flag, are smooth = (Ay : L,) € {0,1} for s (C).

1
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KAZHDAN-LUSZTIG CONJECTURE REVISITED

Proof (1980) by Beilinson-Bernstein and Brylinski-Kashiwara:

g-modules D-modules perverse
(eg. Verma ~ onflag ~ sheaveson ~ KL polynomials
modules) variety flag variety

Beilinson-Bernstein (1990): similar ideas give Jantzen conjecture.



KAZHDAN-LUSZTIG CONJECTURE REVISITED

“The amazing feature of the proof is that it does not try to solve the
problem but just keeps translating it in languages of different areas of
mathematics (further and further away from the original problem) until
it runs into Deligne’s method of weight filtrations which is capable to
solve it. So have a seat; it is going to be a long journey.”

Joseph Bernstein, “Lectures on D-modules”.

14



THE COHOMOLOGY OF THE FLAG VARIETY

Consider R = R[xq, Xy, . . ., X5] with its natural W = S,-action.

Symmetric polynomials:

RV =R[ Xi+X+ - +Xo 5 XX +XXa+ o+ XntXn  5ec0y XKoo X |
I Il [
€ € €n

Consider the coinvariant ring

H:=R/(er,ez,...,€n).

Borel isomorphism

H* (Flag,,R) = H.

This gives a simple algebraic description of the cohomology ring.



SHADOWS OF HODGE THEORY




BEYOND WEYL GROUPS

Weyl groups < Real reflection groups < Coxeter groups
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THE COINVARIANT RING

Let W denote a real reflection group acting on bg.

Example

Sym<A > GR2orSym< . ) c R3.

Let R denote the polynomial functions on hr. We view R as graded
with bk in degree 2.

Let RY denote the W-invariants of positive degree. Set

H:=R/(RY).

Remark

If Wis the Weyl group of a complex semi-simple Lie algebra g, then H
is isomorphic to the cohomology of the flag variety of g (the “Borel
isomorphism”).
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THE INVARIANT FORM

H = R/(RY)
d := number of reflecting hyperplanes in hr
“complex dimension of flag variety”
There exists a unique (up to scalar) bilinear form
<_7_> . Hd—o % Hd+o SR
satisfying (yc, ¢’ = {c,yc’) for all 4, ¢, ¢’ € H (the invariant form).

Remark

(=, —) is the analogue of the intersection form on cohomology.

19
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HODGE THEORY FOR THE COINVARIANT RING

HS
There exists an open cone K < b (“Kahler cone”).
r)/.
Theorem (toy model)
Forall ve Kand i > 0: H®
(a) (Hard Lefschetz) Multiplication by ~' induces an isomor- -
phism
Hd—i -~ Hd+i H4
(b) (Hodge-Riemann bilinear relations) The form (c,c’) = v

{c,¥'c"y on HI= is (=1)7-definite on the kernel of y't".

The theorem is identical to the hard Lefschetz theorem and
Hodge-Riemann bilinear relations in complex algebraic geometry. v
In the Weyl group case the theorem can be deduced from complex
algebraic geometry, but not in general. HO

20
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BACK TO THE KAZHDAN-LUSZTIG CONJECTURE

In 1990 Soergel defined graded H-modules H,, for all w e W. Today
they are known as “Soergel modules”. In the Weyl group case, he
proved that the Kazhdan-Lusztig conjecture is equivalent to

dimg Hw = D, Pyu(1). (M

yew
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BACK TO THE KAZHDAN-LUSZTIG CONJECTURE

In 1990 Soergel defined graded H-modules H,, for all w e W. Today
they are known as “Soergel modules”. In the Weyl group case, he
proved that the Kazhdan-Lusztig conjecture is equivalent to

dimg Hw = D, Pyu(1). (M

yew

By appeal to the Decomposition Theorem (a deep theorem in
algebraic geometry) he deduced the equality. In doing so he was
able to identify the H,, with the intersection cohomology of Schubert

varieties.

We provided an algebraic proof of (1) as a consequence of

Theorem (Elias-W.)

The hard Lefschetz and Hodge-Riemann relations hold for Hy,.

22
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FEATURES OF THE PROOF

There is a resemblance to the semi-simple world:

(a) The invariant form (—, —) is unique up to scalar and satisfies the
Hodge-Riemann relations (“uniqueness of geometric structure”).

(b) The invariant form is our main tool in proving that Soergel
modules decompose as they should (“semi-simplicity via
introduction of geometric structure”).

Ideas of de Cataldo and Migliorini provide several useful clues.

Diagrammatic algebra crucial to calculate and discover correct
statements.

23
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Basic lemma

Suppose that (—, —); is a family of geometric structures, for
te (a,b) c R. Then all {(—, —)¢ have the same signature.
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FEATURES OF THE PROOF

Basic lemma

Suppose that (—, —); is a family of geometric structures, for
te (a,b) c R. Then all {(—, —)¢ have the same signature.

This implies:
Deformations of Lefschetz operators

Suppose that L; is a family of Lefschetz operators, for t € (a, b).

If one L; satisfies the Hodge-Riemann relations, then they all do.

24



KAZHDAN-LUSZTIG POSITIVITY

Kazhdan-Lusztig polynomials are defined for any pair of elements in
a Coxeter group. The Kazhdan-Luszig positivity conjecture (1979) is
the statement that their coefficients are always non-negative.
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KAZHDAN-LUSZTIG POSITIVITY

Kazhdan-Lusztig polynomials are defined for any pair of elements in
a Coxeter group. The Kazhdan-Luszig positivity conjecture (1979) is
the statement that their coefficients are always non-negative.

Corollary (Elias-W. 2013)

The Kazhdan-Lusztig positivity conjecture holds.

A mystery for the 215t century?

Similar structures arise in the theory of non-rational polytopes (due
to McMullen, Braden-Lunts, Karu, ...) and in recent work of
Apridisato-Huh-Katz on matroids. Why?
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What about the Jantzen conjecture?
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JANTZEN CONJECTURES

What about the Jantzen conjecture?

Soergel (2008), Kiibel (2012)

The Jantzen conjecture is implied by the “local hard Lefschetz
theorem” for Soergel bimodules.

Theorem (W. 2016)
The local hard Lefschetz theorem holds.

Again invariant forms, their deformations and the Hodge-Riemann
relations play a crucial role.

26
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over fields of characteristic p > 0.
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MODULAR REPRESENTATIONS

We now turn to modular representations. That is, representations
over fields of characteristic p > 0.

Here even the most fundamental problems are still open. For
example, there are not many groups where we know the dimensions
of all simple modular representations.

There are fascinating connections to number theory and to algebraic
geometry.

28
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JORDAN-HOLDER THEOREM

Recall the following example from the first lecture:

Example
Consider the symmetric group Ss, and let k be a field. It acts via

permutation of coordinates on k3. Two invariant subspaces:
L = {all coordinates equal}, H = {coordinates sum to zero}.

We have k® = L@ H if 3 # 0 in k. Otherwise we obtain a composition

series
OclcHc kg.

We write (“Grothendieck group”) vl

[F3] = [L] + [H/L] + [F3/H] = 2[trivial] + [sign]. .

These are examples of decomposition numbers.

trivial 29



ALGEBRAIC REPRESENTATIONS

A particularly important question in modular representation theory
is the study of algebraic representations of reductive algebraic
groups.
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ALGEBRAIC REPRESENTATIONS

A particularly important question in modular representation theory
is the study of algebraic representations of reductive algebraic
groups.

We fix an reductive algebraic group G (like GL,, SO, Span Or Eg) over a
field of characteristic p > 0 and consider homomorphisms

p:G— GL(V)

which are homomorphisms of algebraic groups.

In fact, the study of simple representations of arbitrary algebraic
groups reduces to the case of reductive algebraic groups.

30



MODULAR REPRESENTATIONS

There are analogies between infinite-dimensional representations of
Lie algebras, and algebraic representations of algebraic groups. The

analogue of the Kazhdan-Lusztig conjecture in this setting is the
Lusztig conjecture (1980).
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representations. A major source of difficulty is that signature no
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MODULAR REPRESENTATIONS

There are analogies between infinite-dimensional representations of
Lie algebras, and algebraic representations of algebraic groups. The
analogue of the Kazhdan-Lusztig conjecture in this setting is the
Lusztig conjecture (1980).

The approach of Soergel is also fruitful for studying modular
representations. A major source of difficulty is that signature no
longer makes sense, and Kazhdan-Lusztig like formulas do not
always hold (such questions are tied to deciding when Lusztig's
conjecture holds).

Invariant forms (now defined over the integers) still play a decisive
role in the theory.

31
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Lusztig conjecture (1980)

~

[As] = Z ga6(1)[Le]

B

(a) Analogue of Kazhdan-Lusztig conjecture for reductive algebraic
groups in characteristic p.

(b) Weyl group ~ affine Weyl group.

(c) True for large p depending on root system (Kashiwara-Tanisaki,
Kazhdan-Lusztig, Lusztig, Andersen-Jantzen-Soergel, Fiebig), e.g.
true for p > 10% for SLg.
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LUSZTIG CONJECTURE

Lusztig conjecture (1980)
[AA] = Z QA7B(1)[[B]
B

(a) Analogue of Kazhdan-Lusztig conjecture for reductive algebraic
groups in characteristic p.

(b) Weyl group ~ affine Weyl group.

(c) True for large p depending on root system (Kashiwara-Tanisaki,
Kazhdan-Lusztig, Lusztig, Andersen-Jantzen-Soergel, Fiebig), e.g.
true for p > 10% for SLg.

(d) False for primes growing exponentially in the rank (W. 2014,
following He-W. 2013), e.g. false for p = 470 858 183 for SLygo.
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NEW CHARACTER FORMULA

Intersection cohomology sheaves ~ parity sheaves (Soergel,
Juteau-Mautner-Ww.).
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Riche-W. (2018)

[Aa] =) Paas(1)[Ls]

58



NEW CHARACTER FORMULA

Intersection cohomology sheaves ~ parity sheaves (Soergel,
Juteau-Mautner-Ww.).

Leads to p-Kazhdan-Lusztig polynomials Pga g.

Riche-W. (2018)
[Aa] = > Pqas(1)[Ls]
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Based on works of Achar-Makisumi-Riche-W. and Achar-Riche.
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NEW CHARACTER FORMULA

Intersection cohomology sheaves ~ parity sheaves (Soergel,
Juteau-Mautner-Ww.).

Leads to p-Kazhdan-Lusztig polynomials Pga g.

Riche-W. (2018)
[Aa] = > Pqas(1)[Ls]
B

Based on works of Achar-Makisumi-Riche-W. and Achar-Riche.

Pga g are computable via diagrammatic algebra + computer.
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MODULAR REPRESENTATIONS OF SYMMETRIC GROUPS

This theory has relevance to the modular representation theory of
the most fundamental of all finite groups, the symmetric group Sy.
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MODULAR REPRESENTATIONS OF SYMMETRIC GROUPS

This theory has relevance to the modular representation theory of
the most fundamental of all finite groups, the symmetric group Sy.

Over the complex numbers, we understand the irreducible
representations and their characters rather well.

To any partition A of n there is an associated Specht module V,. Itis
given by integral matrices, and is irreducible over C.

We obtain in this way a bijection:

{ simple representations

. RN artitions \ of n}.
of the symmetric group S, }/ {partiti ;
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MODULAR REPRESENTATIONS OF SYMMETRIC GROUPS

Because the Specht modules V) are represented by integral
matrices, we can reduce them modulo p to obtain modular
representations F, ®z V.
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MODULAR REPRESENTATIONS OF SYMMETRIC GROUPS

Because the Specht modules V) are represented by integral
matrices, we can reduce them modulo p to obtain modular
representations F, ®z V.

Basic problem

Determine multiplicities (“decomposition numbers”) of simple
modules in Fp ®z V.

The answer is only known for partitions with one or two rows!
If XA has one row, then V, is trivial, and so is V\ ®z Fp.

If X\ has two rows then the answer is given by a fractal tree.
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DECOMPOSITION NUMBERS FOR TWO ROW PARTITIONS

A0 12345 6 7 8 9 10/11/12/13/14/1516/17 18/19/20 21 22|23 24/25 26 27 28 20 30 31 32 333435 36 37 3839 40

FIGURE 1. The multiplicities of A(m) in T'(n) for p = 3. 36



BILLIARDS CONJECTURE
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https://www.youtube.com/watch?v=Ru0Zys1Vvq4

BILLIARDS CONJECTURE

The following video illustrates the “billiards conjecture” (Lusztig-W.
2017), which predicts many new cases of this decomposition
behaviour for partitions with three rows.

37


https://www.youtube.com/watch?v=Ru0Zys1Vvq4

BILLIARDS CONJECTURE

The following video illustrates the “billiards conjecture” (Lusztig-W.
2017), which predicts many new cases of this decomposition
behaviour for partitions with three rows.

The conjecture predicts that these numbers are given by a “discrete
dynamical system”...

Billiards and tilting characters:
https://www.youtube.com/watch?v=Ru0ZysiVvq4
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