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Deformation of OPs

m Consider a family of monic polynomials {P,(x)} orthogonal with
respect to the measure v(x)dx satisfying

XPy(x) = Ppi1(x) + by Pp(x) + upPy—1(x).

> If v(x; t)dx = e"v(x; 0)dx, then
° %Pn(X; t) = _un(t)Pn—l(X; t)
= Toda lattice : it, = u,(by, — bp_1), by = tiys1 — Uy,.



Deformation of OPs

m If v(x; H)dx = e"'v(x; 0)dx, then
» Symmetric OPs — Lotka-Volterra lattice
Laurent BOPs — Relativistic Toda lattice

v

R; polynomials — R; lattice
Skew OPs — Pfaff lattice
String OPs — 2-Toda lattice

Researchers: Adler, van Moerbeke; Gekhtman; Miki;
Nakamura; Nenciu; Peherstorfer; Spiridonov; Tsujimoto; van
Assche, Vinet; Zhedanov; et al.

m How about v(x; H)dx = exv(x; 0)dx ??



Peakon=Peaked soliton

Peakons are non-smooth solitons coming from the superposition of
profiles with shape e ¥l

N
ey = 3 me 50
J=1

where m;(1), x;(t) are smooth functions of 7.

» Some PDEs admit (weak) solutions of this form.

» Of course, the positions x;(f) and the amplitudes m(r) must
have the right time dependence. (Governed by ODEs)



CH equation
m CH (Camassa&Holm 1993):

Up — Upyr + 2KUy + Uty — 2Uylyy — Ullyyy = 0
or

my + umy +2mu, =0, m=u—uy +K

v

Integrability: Lax pair, bi-Hamiltonian, infinitely many
conservation laws, etc.

» Peakons (x = 0): u(x, ) = Zinl mj(t)e_l)“_’“f'(’)|

» Shallow water wave: u (velocity)

» Meaningful wave-breaking ( Constantine&Escher 1998 )
» Stability of CH peakons ( Constantin&Strauss 2000)

Remark: Fuchssteiner & Fokas 1981



Peakons as weak solutions

m Two natural derivations for Peakon ODEs
» Weak formulation (regular distribution)
e Sobolev space
e Well-posedness and wave breaking
» Distributional Lax pair (singular distribution to be regularized)

e Preserving Lax integrability
e Conserved quantites
e Solvability by use of inverse spectral method

m This talk is on peakon equations preserving Lax integrability!



CH peakons by ISM

B Beals&Sattinger&Szmigielski 1999, 2000

» Isospectral evolution

{x1(0), m(0)} spectral map {41(0), ar(0)}(or W(z,0))
1 CH flow | evolution of spectral data
{Ak(1) = 4(0)

{xr(t), ()} inverse spectralmap  ai (1) = a;(0) exp(—t)}
(or W(z,1)

String problem (Liouville transformation)

Weyl function

Stieltjes’ theorem on continued fractions

Hankel determinant, orthogonal polynomials

Global existence, long time asymptotics: scattering property

Remark: pure peakon (all my are positive (or negative))



Finite Toda by ISM

B Moser 1975

» Isospectral evolution

{1 (0), br(0)} spectral map {4:(0), cr(0)}(or W(z,0))

1 Toda flow 1 evolution of spectral data

{A(1) = 24(0)
{ue(0), br(2)}  inverse spectraimap ¢, (7) = ¢ (0) exp(Ax1)}
(or W(z, 1))

Jacobi matrix spectral problem (orthogonal polynomials)
Weyl function

Stieltjes’ theorem on continued fractions

Long time asymptotics: scattering property



CH peakon and Toda

Theorem (Ragnisco&Bruschi 1996, Beals&Sattinger&Szmigielski 2001)

Given i
A0) = > Ay (0),
p=1
with
0<241(0) < A(0) <--- < 4,00,

let T;(l) (0) be defined as Hankel determinants

A)(0) Ap1(0)

) Al+l (0) Al+2(0)
w"(0) = : .

Al vk- 1y Az+1;(0)

cp(0) > 0,

Apr-1(0)
Al+k(0)

Ap2k2(0)

for any nonnegative integer k, and Tg)(O) =1, T;{l)(O) =0 fork <O.



CH peakon and Toda

Theorem (Ragnisco&Bruschi 1996, Beals&Sattinger&Szmigielski 2001)

1. Introduce the variables {x;(0), m(0)};_, defined by

2¢0(0) L On2,0
%(0) = ln(T"—), e (0) = e
20,0

wherek’ =n+1—k.
If{2,(0), cp(t)}l’;:1 evolve as

A, =0, ép = — (implies A, = Ay_y),

then {x.(1), mi(1)};_, satisfy the CH peakon ODEs:

n n
i = Z mje—lx,-—xkl’ iy = Z sgn(xk _ xj)m]_e—|xj—xk|'
J=1 J=1



CH peakon and Toda

Theorem (Ragnisco&Bruschi 1996, Beals&Sattinger&Szmigielski 2001)

2. Introduce the variables {uk(O),bk(O)}Z;é defined by

OO ;‘3,(0>r‘2> (0) 533,(0>r“><0>
uk(0) = | — 5 ——— k= T oM 20D ()
(@ (0) O OB OLWI()

If{2,(0), cp (1) };:1 evolve as
A, =0, ¢y = Ay, (implies Ay = Agsr),

then {u(1), br(1)};—, ! satisfy the finite Toda lattice with ug = u, = 0.



CH peakon and Toda

Theorem (Ragnisco&Bruschi 1996, Beals&Sattinger&Szmigielski 2001)

3. There exists a mapping from {x;(0), mi(0)};_, to
{ur(0), b(0)}!=} according to

0 -1(0)=3 (0))

ur(0) = ,
K0) Vmyr—1(0)my (0) (1 — e —1(0)—xy (0))
1 = & —2(0)-xp (0)
bk(0) =

my—1(0)(1 = w201 (M)(] — X102 (0))

with the convention

up(0) =0, bo(0) = lim by(0), b,-1(0) = lim b,_1(0).
Xp——00

Xp+]—>+00



Peakon&Toda&OPs

m 2mCH/SQQ peakons and m-Toda (KvM)
> C&Hu&Szmigielski 2016
» Symmetric OPs
m Novikov peakons and B-Toda
> C&Hu&Li&Zhao 2018
» Partial skew OPs: CaHe&HuaLi2018
m DP peakons and C-Toda
> C&HuslLi, 2018

» Cauchy bi-OPs: Bertola&Gekhtman&Szmigielski 2010



mCH/FORQ

m Ref: Fokas 1995; Fuchssteiner 1996; Olver&Rosenau1996; Qiao 2006

v

vV vy V.V VY

m; + ((u2 - u)%)m) =0, m=u-— ty
X

Integrability
¢ bi-Hamitonian structure: tri-Hamiltonian duality to the mKdV
e Lax pair
e infinitely many conservation laws

Multisolitons (Matsuno 2013; Hu&Yin&Wu 2016; Xia&Zhou&Qiao 2016)
Algebro-geometric solutions (Hou&Fan&Qiao 2017)

BT (Wang&Liu&Mao 2020)

RHP (Xu&Fan 2019; Boutet de Monvel&Karpenko&Shepelsky 2020)
Wave breaking, Stability (Gui, Liu, Liu, Olver, Qu et al. 2013 2014)

Cauchy problem (Himonas, Holliman, Mantzavinos, 2014 2019 )



mCH peakons

m Suppose

N
ulx,t) = Z my(f)e P50

k=1
» mCH peakon ODEs (C&Szmigielski 2016, 2017, 2018)

=0, dgo= () = (up)(w),
which is explicitly solvable by use of inverse spectral method
under the assumption:
* x1(0) <x2(0) < -+ < x,(0);
e my are all positive (or negative).

» Note that {f)(xi, 1) = 3(F(x+, 1) + f (=, 1)).



Cauchy-Stieltjes-Vandermonde matrix

Definition (C&Szmigielski 2018)

Given a (strictly) positive vector e € R, a non-negative number ¢, an
index [ such that 0 < [ < k, another index p such that
0<p,p+1-1<k-1 and a positive measure v with support in R, a
Cauchy-Stieltjes-Vandermonde (CSV) matrix is that of the form

CsV (e, v,c)

EII)VC(EI) e[];+lvc(el) e[])+l—lvc(el) 1 e - elfflf]
| vl Evelen) - ST 1 e - T
e & vle) - & ve 1 e - e

where v, is the (shifted) Stieltjes transform of the measure v and is

given by ve(y) = ¢ + [ 28,



Exact-explicit-closed form

Theorem (C&Szmigielski 2018)

The mCH equation with the regularization of the singular term u’m
given by (u*ym admits the multipeakon solution

u(x, 1) = D m (D) exp(—br = xe (),
k=1

where x; are given by equations

(51.0) ~(51.0)
en-nD, > D, e
X =1In RS if k is odd,
me DD
(4.0) ~(5.0)
enx-1nD. D2, e
Xy = In if k is even.

-1’

4.0
mp D D2



Exact-explicit-closed form

Theorem (C&Szmigielski 2018)
Here Z),(f”’ ) is Cauchy-Stieltjes-Vandermonde determinant with the
peakon spectral measure
L5]
dp =" bi(ng,
j=1

J

bj(t) = b.,-(())ez, 0 < b;(0), ordered eigenvalues 0 < {; < --- < {jz)
andc = 0 for even n, ¢ > 0 for odd n.
Remark 1. Valid forx; <xp; <--- <x,

Remark 2. Global existence, long time asymptotics: scattering
property



Frobenius-Stickelberger-Thiele polynomials

m C&Hu&Szmigielski&Zhedanov 2020
Consider a family of polynomials {T;(z)},2, given by

1 -z (_Z)LgJ 0 0
k
1 Ve eVie) - é1vie) 1 ¢
k
Tk(z)=]7det V(e) exV(er) --- €;2JV(€2) L e
k . . . : .
4]
Vier) eV(er) -+ e View 1 e

with To(z) = 1, T_1(z) = 0, where

Ny =det(CLV),  Nypuy = (~1) det (c2710

» Frobenius&Stickelberger 1880
» Thiele 1908
» Spiridonov&Tsujimoto&Zhedanov 2007

).




Properties of FST polynomials

Property (1)
Forp=0,1,...,

deg(T2p(2)) = deg(T2p+1(2)) = p.
Polynomials T,,(z) are monic, while T,,.(z) have the form

et(C?))

det (C17)

Topr1(z) = (-1Y +0E™.

In particular, To(z) = 1, Ti(z) = ﬁ



Properties of FST polynomials

Property (2)
The polynomials {Ti(2)};-, satisfy the orthogonality relation

Ti(2)7 , k
fnk—dV(Z) = Bioik/21> J=0,1,---,|_§J,

i@+ e)
where

det (CP1)
By de(Z)+( l)pw, Bop+1 =1, p=0,1,...

with the proviso that for p = 0 the second term in 3, is absent.



Properties of FST polynomials

Property (3)

The polynomials {Ty(2)},?, satisfy the three term recurrence

Ti1(2) = di1 Ti(2) + (2 + ep)Ti—1(2),

where
(p.0) (p—1,0)
P det(C10)) iy det (c\7)
el T AT e St (PO
det (1) det(CP)
(p+2,0) (p+1,0)
. det(c337) det(C3"")
dypir = (1Y oy (—I)I)W
det(CP73”) det(CP?)
forp =0,1,..., with the proviso that the second terms above are

absent forp = 0.



Properties of FST polynomials

Property (4)
Introduce the associated FST polynomials {T,E”(z)}lio, defined by the
same recurrence relation

T () = deni TV @) + @ + a0 T (),

but with different initial conditions, namely, T(()l)(z) =0, Tfl)(z) =1.

. TV . . .
The ratio T"k(g) has the continued fraction expansion
7" (2) 1
Ti(2) z+ e
d] +
Zte
dz +
Z+ ek
ds+--- +
Z+er
dk—l +




Infinite FST lattice

m C&Hu&Szmigielski&Zhedanov 2020
» Introduce a “time” evolution of the measure dv(z) given by

dv(z; 1) = edv(z; 0)
and define the FST fractions as

def  Ti(z;1) ”
Ui(zt) = —/——— .
{ o Hf;l(z +e) }k:O



Infinite FST lattice

Theorem (C&Hu&Szmigielski&Zhedanov 2020)

The FST fractions {y(z; 1)}, corresponding to the time-dependent
measure dv(z; 1) = e¢¥'dv(z; 0) undergo the time evolution

Yop1(2) = (—Apo + ezp+1)l//2p+1(Z) + Ap-1¥2p(2) — Y2p-1(2),

1&217(2) = Ap—pr¢2p(Z) - Bp‘l’Zp—l(Z)s

where A, Z o &ir1, By Z o d2i and the dot means the derivative
with respect to t



Infinite FST lattice
Let ¥ = (Yo(z; 1), ¥1(z;1),---)7, then

LY = zEY, ¥ = FRY,

where
d -—e 0 1
1 d2 ) 0 1
L= 1 d3 —e3 ,E = 0 1
0 —d()dl + e 0
0 —dy —dy di(dy + dr)
R= -1 d, —(do + do)(d) + d3) + €3




Infinite FST lattice

m Matrix form

L = RFL - LFR.
—
k=1 k=2 k=2 k=1
dy-1 = —doy-1 (Z dsz (2 Z dojr1 + dzk—l] — ex-2 [Z d2j+1J + ex-1 [Z d2j+1]7
Jj=0 J= Jj= j=0
k-1 k=1 k=1 k
dy = dyy [Z d2j+l] (2 Z dy; + dsz + €1 (Z de] — e [Z d2jJ7
j=0 =0 =0 =0

valid for k = 1,2.... Again, note that d, = fdv(z) and any void sum is taken to be
Zero.



Finite FST lattice
m Consider the finite discrete measure
K
vz 1) = ) bi(t)S,dz
i=1

where
bi(t) = bi(0)e*", 0<&i<H<-- <k

Lemma
Suppose dv(z) is a finite discrete measure. Then

(K+1 0)

det (C3K
do = f (@) = () — s (%) Zdzf-



Finite FST lattice

Lemma
LetWpk) = Wo(z 0, ¥z 1) -+« ,¥ax-1(z D)7, Fxy) = Efy, then

Lpx\¥k) = 2Epk Yk, Yok = FoxRin Yok,

d| —e] 0 1
1 d2 —e) 0 1

Lk = s Epk =

1 dyr —exx 0
1 dog

K
0 d] Z d2j + e
j=1
! K K
0 2 o =d; }, dy
=2 =2

K-2 K-1
-1 Zj:o o1 dog Zj:o doj1 + ek

0 0




Finite FST lattice

Corollary
The time evolution of L,k takes the form

Lipk) = RpxiFaxiLiek) — Lk Faki Rk

or, equivalently,

K k-1
do-1 = doyy [Z de] [2 d2j+1] + €1 (Z d2j+1] ,
Jj=k j=0 J=0
k-1 K K K
dpy = —doy, [Z d2j+1] [dzk +2 d2j] — en-1 [Z de] + ex [ Z d2j)

=0 j=k+1 =k

k=2 k=2
dojs1 + doj—1 | — e
J=0

J=k+1

fork=1,2,...,K.



mCH peakon spectral problem

m Left boundary value problem:
» Let g = O1(xx+), pr = Da(xx+), then

Gk — Gi—1 = hpi-1, 1<k<n,
Dk = Pk—1 = —Z28kqk-1, 1<k<n,
q():O’ P0:1, pn:()-
e Eigenvalues: zeroes of p,(z).
e g.(z) is a polynomial of degree L’%‘J inz, and px(z) is a

polynomial of degree L’%J, respectively.
e The spectrum is of finite number (15 ]), simple, positive.



mCH peakon spectral problem

m Right boundary value problem:

gj — gj-1 = —hppj_1, 1<j<2K,
Pi — Pi-1 = 287 qj-1» 1 <j<2K,
ﬁo = Oa QO = 1,

where"over gs or ps indicates that we are moving from right to left
while the prime over j reflects the counting from left to right, thus
J=2K-j+1.



mCH peakon spectral problem and FST

Theorem

{Qk(Z)} form a finite family of FST polynomials associated to
the measure du.

{Qk(z)} , form a finite family of associated FST polynomials.

Here

(—DFTTE, hois12i (—DFTTE, haim182i
9o = X O, qokr1 = - Qok+15
[Tizis1 &2i-1h2i 8ok [Tickr1 &2iM2in

p )4
p = ((=1) Hg(Zi—l)’h(zi)’)sz, Gop1 = (=1Yhy 1_[ 8eiyhairty)Qaps1
i=1 i=1



mCH peakon spectral problem and FST

Theorem

Letey, e, ...exx be 2K positive and distinct constants. Given positive constants
{h 2%, and {gi )X, satisfying guhy = i then there exists a mapping from the mCH
left boundary value problem with n = 2K to the generalized eigenvalue problem

IAJ[ZK]\AIJ[ZK] = ZE[ZK]\"TJDK]’ (0.4)
where
8 - - - - Oz 1)
Pk = Go@ D@0 Pk @), i) = —
[Tz @ +e)
L,\il —e] 0 1
1 & -e 0 1
Lok = , Epk =
1 duy  —ex 0 1
1 dox 0



mCH peakon spectral problem and FST

Theorem
The mapping from {hk , (or eqivalently { gk ) to { dk | is given
by

N ( 1 1 )h1 H’)fll geirhaivty ( 1 1 ) 17, g@i-1y haiy
oy = —— + et Beryfien

ot dypy1 = o + h > s
©2py @p-1y ] g1 I_I h(z,) 8Qi+ly (2p+1y (2py H1:| h(Zi*I)’gQiY

under which, the Weyl function defined by

q2k(2)

V&= k@

for the mCH left boundary value problem is equivalent to the
A -1
element in the first row and first column of (zE[2K] - L[2K]) , i.e.

W(2) =< 1(zEpk) — Lpk) ™11 >



mCH peakon, FST lattice and FST polynomials
Theorem
Given positive and distinct constants ey, 1 < k < 2K, let

B0 =Y a0, viy=> O
’ pu I £i(0) + ek

with
0 <21(0) < £(0) <--- < Lk(0), bi(0) > 0,

For any positive integer k, index p, and [ such that 0 < [ < k, define
@p)
7,7 (0) as

EVie) &MV o V) 1 oe e e
(lp>(0) d eZV(eZ) e’;“V(ez) eZJrHV(eZ) I e - e’ﬁ’“
Tk’ = det . . . .

qViey &'V o &V 1 oe - !

as well as Tg”’)(O) =1, TE{I”’)(O) =0fork<0orl>k.



mCH peakon, FST lattice and FST polynomials

Theorem
1 Let the variables {x;(0), mk(O)} , be defined by

K k1 0) 0
(—Dler 7t T 0y 0) 1

1 B mk’(o) =
e P00y ) Ver

X (0) =

Q
=

where k' = 2K + 1 — k, e[ 4 = Hle e
If{Zi(n), bi(1)}X, evolve as

; . 2D ,
gG=0, b = ? = Bj = 2Bj-1

then {x(t), m ()}, satisfy the mCH peakon ODEs with n = 2K.



mCH peakon, FST lattice and FST polynomials

Theorem
2 Let the variables {dk(O)} , be defined by

- 4100
dops1(0) = (=1 2 — (=1
5" (0) 00

2+20) (p+10)
(0) (0)

2p+2

dypin(0) = (=1 222y

(p+1,0) »,0)
242 7, (0)

IF{4i(1), bi(1)}E | evolve as
(=0, bi = {ib; = Bi = Bjs1»

then {d(1)}X, satisfy the finite FST lattice.



mCH peakon, FST lattice and FST polynomials

Theorem

3 The initial data of the mCH peakon problem {x;(0), mk(O)}if] is
mapped to the initial data of the FST lattice {alk(O)}if1 as follows

. 1 ) h1(0) l—[f;ll giy (0)hir1y (0)

hepy(0)  hap-1y(0)] g1,(0) [177) heaiy (0)g(ais1y (0)
1 . 1 ) 1%, 8@i-1y(0)hqiy (0)

haps1y(0) ey (0) ) TT.; hiz1y (0)g2iy (0)

d2p(0) = _(

drp+1(0) = (

where g;(0) = m;(0)e™ ), h;(0) = m;(0)e"©.



Extreme degenerate case of the FST lattice
me, =0—=

K k-2
o1 = doj (Z de] [2 Z doji1 + d2k—1] ,

= =0
k-1 K
doy = —doy [Z d2j+1] [de +2 Z de] .
=0 k1
If we let
pr=1In ok gx = In 2
Moy’ do’

where my, n; are some constants, then

K k
Di = 22 nge 112 Zm2i—1€p"7p" - M1 |,

i=k i=1

k K
Gk = =2 Z my;—y e’ (2 Z np;e? ™ — n2k)-
=1

i=k



2mCH interlacing peakon ODE
m Ref: caHu&Szmigielski 2016

Set
K

K
uCe,t) = Y myeqe PO, v n) = ) nge 00,
k=1 k=1

and assume py, g, are ordered according to
P1<q1 <p2<--<pg <(gg,
then the above ODE system can be rewritten as
pi = (up) = w)@)) (vp) + valpy)).
g = (u(gp) — u(g)) (v(g) + (v)(g))).
which is the interlacing peakon ODE system for the 2-mCH eq.
my + [(u = u)(v + vom], = 0,
n + [ — u)(v + vonl, = 0,

M=U—Uy, N=V— V.



An interpretation in terms of ORF
m Ref: C&Hu&Szmigielski&Zhedanov 2020
The orthogonality, after taking the limit e, — 0, gives

k

ka(Z’ t)Zj_kEthV(ZL 0) = 0’ J = 07 19 ey I_EJ - 19

and consequently we have
Lk : k

Pk(z 2’t)zl ze dV(Z,O)ZO, ]:091?’|_§J_1’

which, in turn, can be written as
k=2j ,% 1 ;
Pz;Nz e2dv(5:0)=0,  j=0,1,....[5]-1,
Z

finally resulting in

s 1 k
fSk(Z; t)Zk_ZJeZZ dV(_z,O) = O’ .] = 0’ la B I._J - 1.
2 2



Conclusion

m Isospectral flows related to FST polynomials
» FST polynomials
» Infinite FST lattice
» Finite FST lattice, mCH peakon lattice, FST polynomials

» Extreme degenerate case of the FST lattice: 2mCH interlacing
peakon lattice



Thanks a lot for your attention!



