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Convex sets

Recall that C ⊆ Rn is convex if the line segment connecting any two
points in this set is also included in C.

Faces of convex sets
A convex subset F of a convex set C is called a face of C if for any
line segment [a, b] ⊆ C such that F ∩ (a, b) 6= ∅, we have [a, b] ⊆ F .
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A digression

Dimensions of faces

The affine hull aff C of a convex set C is the smallest affine subspace
(line, plane, hyperplane, etc) that contains this set.
The dimension of a convex set is the dimension of its affine hull. Given
a convex set C, we can list the dimensions of its nonempty faces.
(0,3)

(0,1,2,3)

(0,2,3)

(0,1,3)

Everything is possible for convex sets
For a d-polytope, the dimensions of the faces are 0, 1, 2, . . . , d.
For the Euclidean ball in Rd, the dimensions are 0 and d.
The faces of the cone of d × d positive semidefinite matrices come
in dimensions
d(d + 1)
.
0, 1, 3, 6, 10, . . . ,
2
What finite subsets of nonnegative integers can be realised as the
dimensions of faces of a convex set?
Theorem 1. For any finite subset D of nonegative integers there
exists a closed convex set such that D is precisely the set of
dimensions of its nonempty faces.
V. Roshchina, T. Sang, D. Yost, Compact Convex Sets with Prescribed Facial Dimensions, 2018.

Idea of the proof

(0,3)

(0,1)

(0,1,3)

+

(0, d1, d2, . . . , dk ), (0, dk+1)

=

→

(0, d1, d2, . . . , dk , dk+1)

If the sequence does not start from zero, we can construct a compact convex set for a shifted sequence, and then compute Minkowski
sum with a linear subspace.

Spectrahedra
The set of all positive semidefinite matrices is a closed convex cone
(‘SDP cone’) in the space of symmetric matrices.
A spectrahedron is the intersection of the cone of positive semidefinite matrices with an affine subspace. For example, an elliptope Ed
is the set of all symmetric d × d positive semidefinite matrices with
ones on the diagonal.
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Open Problem: Prove that spectrahedra can have faces in all possible combinations of dimensions.

Generalised Lax Conjecture
Feasible sets in semidefinite programming are spectrahedra. We do
not fully understand the ‘expressive power’ of spectrahedra: it may
be hard to express a given semialgebraic set as a spectrahedron,
and even to decide whether such representation exists.
Generalised Lax conjecture: Every hyperbolicity cone is a spectrahedron.
A hyperbolic polynomial p of degree d in n variables is a homogeneous polynomial such that for some e ∈ Rn the univariate polynomial p(x−te) has real roots only and p(e) > 0. The hyperbolicity cone
is the closure of the set of points x for which the zeros of p(x − te) are
nonnegative.
The Lax conjecture (about 3D hyperbolicity cones) was confirmed by Helton and
Vinnikov in 2010.

There are some significant recent results, but the problem is still open.

Back to general convex sets: exposed faces
If a face can be represented as the intersection of the convex set
with its supporting hyperplane, it is called exposed. If every face of
a convex set is exposed, then this set is called facially exposed.

R.T. Rockafellar, Convex Analysis, 1970

Every point on the dashed circle is a nonexposed face of this set.

Nice (facially dual complete) cones
When feasible solutions belong to a face F of a constraint cone K in
a conic optimisation problem, we may replace K by (K ∩ span(F )).
The dual cone constraint becomes
∗


∗
⊥
s ∈ (K ∩ span(F )) = cl K + F
,


⊥
n
∗
⊥
where F := {s ∈ R : hs, xi = 0 ∀x ∈ F }. If K + F
happens


to be closed, then we can remove the closure operation.
Nice (facially dual complete) cones are the closed convex cones K
with
K∗ + F ⊥





is closed for every proper face F of K.

Niceness is important in duality theory (facial reduction), in determining whether the image of the dual of a convex set is closed under a linear map and also for lifted representations.

Niceness (facial dual completeness)
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Niceness fails:
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Niceness (facial dual completeness)
Pataki sandwich: If a closed convex cone K is facially exposed
along with every properly minimal face of each F ∗, then it is nice;
every nice cone is facially exposed.
G. Pataki, On the connection of facially exposed and nice cones, J. Math. Anal.
Appl. 2013

In R3 a closed convex cone if nice if and only if it is facially exposed.
x3
γ3
γ1

γ4
γ2

x2
x1

A slice of a closed convex cone that is facially exposed but not nice.
V. R., Facially exposed cones are not always nice, SIAM J.Optim. 2014.

Necessary condition for niceness
Theorem 2. If a closed convex cone K ⊆ Rn is nice (facially dual
complete), then for every face F of K and every x ∈ F , we have
Tangent(x; K) ∩ spanF = Tangent(x; F ).

(1)

We call (1) ‘tangential exposure’. Here
Tangent(x; K) = cl

[
t∈R+

t(K − x) = Lim sup t (K − x).
t→+∞

The tangential exposure property is stronger than facial exposure.
L. Tunçel, V. R., Facially Dual Complete (Nice) cones and lexicographic tangents,
SIAM J. Opt. 2019

Sufficient condition for niceness
We can define higher order ‘lexicographic’ tangents. For example,
a second order tangent is
Tangent [v; Tangent(x; C)] = Lim sup t2 [Tangent(x; C) − v ]
t2 →+∞

("

= Lim sup t2
t2 →+∞

#

Lim sup t1(C − x) − v .
t1 →+∞

A set (cone) K is strongly tangentially exposed if all of its lexicographic tangents are tangentially exposed.
Theorem 3. If a closed convex cone K is strongly tangentially
exposed, then it is nice (facially dual complete).
L. Tunçel, V. R., Facially Dual Complete (Nice) cones and lexicographic tangents,
SIAM J. Opt. 2019

)

Example 1
Tangentially exposed cones may not be nice.
Let K := cone {C × {1}}, C := conv{γ1, γ2}, where
γ1(s) = (−s, −s2, −s3), s ∈ [0, 1],
√
2
γ2(t) = (−t, t , 0), t ∈ [0, 1/3(2 + 7)].
x3
γ2
γ1

x2

x1

This shows that our necessary condition is not sufficient.
L. Tunçel, V. R., Facially Dual Complete (Nice) cones and lexicographic tangents,
SIAM J. Opt. 2019

Example 2
The tangent cone of this set is not tangentially exposed, but the
cone itself is nice (facially dual complete).
Let K = cone {C × {1}} ⊂ R4, C := conv{γ1, γ2},
γ1(t) = (cos t, sin t, 1), t ∈ [0, π/2], γ2(t) = (cos t, sin t, −1) t ∈ [0, π].
γ1

(1,0,1)

x3

(0,1,1)
x1
x2
γ2

(-1,0,-1)

This shows that our sufficient condition is not necessary.
L. Tunçel, V. R., Facially Dual Complete (Nice) cones and lexicographic tangents,
SIAM J. Opt. 2019

Amenable cones
A closed convex cone K is amenable if for every face F of K there
is a constant κ > 0 such that
dist(x, F ) ≤ κdist(x, K)
for all x ∈ spanF .
Amenable cones are nice.
B. F. Lourenço, Amenable cones: error bounds without constraint qualifications,
Math. Progr. 2019

The converse is not true: there is a four-dimensional cone that is nice
(facially dual complete), but not amenable.
B. F. Lourenço, V. R., J. Saunderson, forthcoming preprint.

A nice cone that is not amenable
Primal and dual slices:

Define α : [0, 2π] → R3, β : [0, 2π] → R3, γ : [0, π] → R3 as
α(t) = (cos t, sin t, 1),
β(t) = (cos t, sin t, −1),
9
1
γ(t) = 2 cos(2t) − 1, 2 sin(2t), cos t − cos(3t) .
8
8
We let K = cone (C×{1}), with C := conv{α[0, 2π], β[0, 2π], γ[0, π]}.


B. F. Lourenço, V. R., J. Saunderson, forthcoming preprint.



