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The Korteweg — de Vries (KdV) equation, discovered
in the study of the shallow water waves,
1
U = Uy + Euxx:c
is an important integrable nonlinear evolution PDE,
which extends to a hierarchy of pairwise commuting
evolution PDEs

oL 1 s
3tk:(2k+1)!![(L )+,L}, k>0

called the KdV hierarchy, where L := 0% 4 2u. We
will identify x with ;.




Pairwise commutativity for the KdV hierarchy implies
that the whole hierarchy can be solved together. Par-
tial goal: solve

the initial value problem for the KdV hierarchy

To be precise, let V' be a ring of functions of z, closed
under J,. For a given f(z) € V, the KdV hierarchy
has a unique solution u = u(t) in V[[t>o]], s.t.

U(t() = $,0,0,...) = f(x)
This gives a one-to-one correspondence:

{solutions in V[[t-o]]} < {initial data} =V



Example 1. f(z) = x.

Set V' = C|[z]] (often). According to the cele-
brated Witten—Kontsevich theorem, the correspond-
ing unique solution u = wu(t) in V[[ts]] = C|[t]]
governs the integrals

J I
My

Here M, ,, denotes the Deligne-Mumford moduli space
of stable algebraic curves of genus g with n distinct
marked points, and 1); denotes the /-class.



Example 2. f(z) = (JFLDQ CeC.

The corresponding solution v = wu(t) in C[[t]] is
called the generalized BGW solution, introduced by
Alexandrov (cf. also Do-Norbury), denoted by ug ().
According to Norbury, ug(1/5) governs the integrals

/ Og.n Wfl S apbn
Myn

Here ©,, denotes the Norbury ©-class. We call
ug(1/3) the BGW-Norbury solution.



Example 3. f(x) = C p(z;7), with given C € C.

Set V = C[QQa g3, §©, @/]/(@/2 - 493 + gogo + 93) Wlth
go = 60 G4 and g3 = 140 G, where

1
Gk = Z (m 4 nT)?

(m,n)€Z?~.(0,0)

The corresponding unique solution u(t) in V[[t-o]] is
a modular deformation of ugc), denoted by ueniptic-
We call uepiptic @ Lamé solution. Geometric meaning
of this solution with a generic C' is an open question.



Example 4. f(x) = J, '(2).

According to Kaufman-Manin-Zagier and Dubrovin,
the unique solution governs the Weil-Petersson vol-
umes of M,,. This was used by Zograf, Dubrovin-
Zhang to design efficient algorithms for computing
the Weil-Petersson volumes. Other methods: Mirza-
khani's recursion, Chekhov-Eynard-Orantin topologi-
cal recursion.



Tau-Structure for the KdV Hierarchy

Let A denote the differential polynomial ring of wu.
A collection €,, € A (p,q > 0) is called a tau-
structure for the KdV hierarchy, if

Qoo=u, Qpg=Qp, O, (Qp-,q> = atq(QpJ')
For n > 3, define
Q

All these elements are symmetric in their indices. The
first few values are

P1y--3sPn = 8tp1 e atp”_2 (Qpnflapn>

Q B u2 N u// Q B u3 N u/2 N uu// N u////
OL ™ 9 P12 TP T g T o4 T 12 T 240
u3 u/2 uu// u////
My =+ + +

’ 3 24 6 144
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Tau-Function for the KdV Hierarchy

If u = u(t) is a solution to the KdV hierarchy, then
we know from the definition of the tau-structure that
there exists a function 7 = 7(t) such that

a0 — 0? log 7(t)
P Ot,0t,

We call 7 the tau-function of the solution w, although
it is determined by u up to adding any linear function
of tg,t1,t9,.... It is easy to see that for all n > 2,

O _ 0"log 7(t)
pl’-“’pn B atpl e 8tpn



Simple Observation

Since
u = Q0,0 = Gg(logT)

forpl)"'7pn Z 11

o"u

- QOO
yUsP15e5Pn
Oty, - Otp,

This means that, if we could compute the differ-
ential polynomials Q's, then the initial value prob-
lem is solved (polynomiality property needs to be
used). The Q's actually gives all the multi-derivatives
of log 7. Computing log 7 is the actual goal.



Matrix Lax Operator

Let
L =04+ A\ + ¢

= (30) o= (5 2)

Let S = sly(C)((A™1)). The principal gradation on
A ® S is defined via

degE =1, degF = —1, degA =2, degu;; =0

() e ()

Here

Here
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Definition The matrix resolvent (MR) associated to
the matrix Lax operator L is defined as the unique
element R(\) € S ® A satisfying

[£,RN)] =0
R(A\) = A(N\) + lo.t.
TrR(\)? = 2\

Here “l.o.t” means lower order terms with respect to
the principal gradation.

Remark The definition of MR and its application in
constructing integrable hierarchy date back to Dickey
(1981) and others. We will show that tau-structure,
actually all the n-point (n > 2) generating series of
the )'s, can be obtained by the MR algebraically.



From MR to Tau-Structure

Proposition (Bertola-Dubrovin-Y., Zhou, Dubrovin-Y.-Zagier)
The following identities are true:

0ESn/Ch H?zl (/\a(iJrl) - Aa(z))
A
+ w ArE s
(A —pp2
Here S,, denotes the symmetry group, C,, the cyclic group, and
it is understood that o(n + 1) = o(1).
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Proof (Sketch) 0. Let us show that MR is well de-
fined, i.e. existence and uniqueness. Write

n_ (a b >
c —a
The defining equations then read explicitly as follows:

1 1,
a:§8(b), c=(A—2u,)b — 58 (b)

O*(b) — 4(\ —2u)O(b) + 4u,b=0

b2 (b) — %(8(()))2 — 2(A—2u) b = —2)

Thus by using the condition R(\) € S ® A the exis-
tence and uniqueness of R follow.



1. In the first step, we give an alternative formula
of R. According to Kac and Kostant, we know the
following decomposition of S:

S = Keradpy @ Imady, Kerady L Imady

Kerady = {ZC(A1+2£’m eZ,ceC,cy 7&0}
/<m

Here Aj o0 := AN

Fundamental Lemma (Drinfeld—Sokolov) There exists
a unique pair (U, H) such that

UcA® (Imady)<, HeA® (Kerady)<’
e WL =0+ AN+ H

The proof for this lemma is omitted.



Lemma We have R = e*iv(A).

The proof for this lemma is achieved by verifying the RHS satis-
fies all the defining equations of R and by using the uniqueness.
This finishes the first step.

2. In the second step, we express the KdV flows in terms of R.
Indeed, define

1 . 1 0 0
Vir=—grron VRV G (bk 0)

Lemma The KdV flows can be written as
[&k —Vk, £] :0

We note that this is widely used in the literature (cf. Babelon-
Bernard-Talon (2003), Dickey (1981), Dubrovin (1976)).



Lemma Let Py := ¢V (A1,9;). Then

O (Pr) = [Vi, P/
We note that ) = R. To proceed, introduce

v(/\) S Z watk

Nk
k=0

Lemma The following identity holds true:

[R(A), R(p)]

VO (R@) = S

— [Q(\), R(u)]



Proof of Lemma We have
V(A (R())

- = | )+ (3) ) rw)]

k>0

_ b [R(p), R()] 0 0
27 il = —m {(b(A)—l 0) ’R(m}

_ [BQ), Bl | Coef R(), R(p) |

A—p
- {(b(A)O—l 8) ’R(“)]'

This finishes the second step.
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3. In the third step, we prove for n = 2 the RHS produces the
tau-structure. First, let us verify the consistency between LHS
and RHS. Using

/ R(\) — R(u
R(p) = R(\) + R\ (u—=A) + <u—A>20A((A)fM())
we find
s = P MO (oo (M) ) -

It follows from tr R(X)? = 2] that tr(R(A)R'()\)) = 1. So

RHS = tr (R(A)Ok( €AY, pTiga Tt

R(X) — R(n)
A—p >>
This finishes the verification.
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Now denote the coefficients of the RHS by w,,. The fact
that wpo = u can be obtained from a straightforward residue
computation. Obviously the RHS is invariant w.r.t. A < u, we
have Q,, = Q,,. Applying V(v) to the RHS we obtain

S A, (w (L4 2p)M(1 + 2)!1(1 + 2r)!

)\p+luq+1 prtl

Tr [R(v), R(A\)]R(k)
A=) (p—v)(v=2A)
The RHS of this identity is invariant w.r.t. the permutations of
A, i, v. This implies that 0, (wpq) = O, (Wer) = O, (wrp).
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4. The proof is completed by doing the mathematical
induction using

[R(A), R(p)]
A—p

V(A (R(p)) = — [Q(N), R(u)]

The details are omitted here. ]



Wave Function, the Time-Independent Case

As before, let f(z) be an element of V' (the initial
data), and let L be the linear Schrodinger operator

L = 07+ 2f(x)

By a wave function of f we will mean an element
Y = (2, ) in the module V((271)) e** satisfying

L(y) = 2%y
of the form

b= (1 ‘|‘¢1($)/z—|—¢2(x)/z2_|_...) o7

~

Here V is any ring with V C 696(‘7) CcV.



The dual wave function 9" of f associated with 1 is
defined as the unique element in V((271)) e™** s.t.

L(y*) = 2**
of the form
Y = (1 —l—qbi(x)/z—l—qb;(x)/zQ _|_) o T%

for which 9 (1)) ¥* has residue 0 at z = oo Vi > 0.

The pair (¢,v*) is called a pair of wave functions
of f. Given f, the wave function v of f is unique up
to multiplication by any element in 1+ 27 1C((z71)).



Wave Function, Time-dependent Case

Similar, using the standard techniques in integrable
systems we get a pair (¢(z,t),19*(2,t)) of f.

Let us introduce:

Do) o POV — v (w) ()
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Theorem 1 (Dubrovin-Y.-Zagier) Vn > 2, we have

= (2p; + D!
S Qo H(ZJQ%

Pis--es Pn ]:1 ]
n

On,
= — > 112G 2o011) — (—2

_ 2
e 21 — %)

Remark Under ¢ — g(2)1h(z) = §(2), t the ¢* asso-
ciated to 1 is mapped to ¥*(2)/g(z) = ¥*(z). Then

D(z,w) = ;]((Z)) D(z,w)

However, the RHS remain unchanged because prod-
ucts of the factors of the form ¢(z)/g(w) cancel.




Remark For a given f(z) € V, one can find an ex-
plicit recursion for solving the time-independent wave
function ¥ (z, x); however, we do not know an effi-
cient way of solving 1(z,t). However, using Theo-
rem 1 the knowledge of ¢(z, ) already gives rise to a
construction of log 7. More precisely, if we specialize
the formula in Theorem 1 to t = (z,0), then it gives
Qp,..p, evaluated at t = (2,0) for all n > 2 and
hence gives the entire Taylor series of log 7.



Proof of Theorem 1 Let u = u(t) be an arbitrary solution to
the KdV hierarchy and (¢,v*) a pair of wave functions of u
(time dependent).

Lemma Define

and
b = w(zvt) 1/]*(2713)

Here A\ = 22. Moreover,
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Proof of Lemma Denote W = 1,¢* — ¢1)}. The proof for
W = 2z is known, but we give a review. Using L) = 2%t and
Uy, = (WLQk;1)+@/), we have W;, = 0. So W has the form
W =2z + Zk>0 sz~ % where s; are constants. Vi > —1,

res,_ o 2t Wdz
' t) 22k 1 £ 22k 1
= TeS,—oo (833 oPod. (62‘2k+1)!! ) (q)—l) ( -2 o )
) tszk-‘—l ) 22k+1
— (~1)' &(> FT) 9,0 (07) 0 0 (e > BT ) a2
= resy, (0, 000, 0@ ' + P00 d " 00,)
= resy, (Gy 0 L2+ L30d,) = 0

Here ® is the dressing operator, and we used the fact that for
two WDOs P, (), res,— ooP(exz)Q( _“)dz = resg, PoQ*. a

the fact (L'/2)* = —L/2. To show b = )* it suffices to show
that ¢n)* satisfies the determining equation for b as it has a
unique solution starting with 1. The rest is a direct check. [ ..,



Using the lemma, we can write R in terms of v, 1* as

R = -+ (—lfz}) (2 v*)
Then we have
tr R(zf) R(zg)
= (¢;(z1)¢(22)

— 22122

- ¢*(21)¢x(22)) <¢;(22) P(21) — ¢*(Zz)¢x(21))

Hence

(2p1 + 1)1 (2ps + 1)1
> Qi

2171 +2_2p2+2
2y
P1,P2

1
_D(Zl,ZQ)D(ZQ,Zl) — m

This shows the n = 2 case. The n > 3 cases can be proved in
a similar way.

O
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Introduce
b(2?) by (w?) = b(w?) by(2°)
2 (w? — 2?)
w b(2?) + z b(w?)
w? — 2
Theorem 2 (Dubrovin-Y.-Zagier) Vn > 2, we have

K(z,w) =

n

2; 4+ 1)
S Q. pnﬂ%

D1,---sPn j=1 J

B ZJESn/C’n I K(Za<i)= Za(i+1)) On,2

[T (=) (=)

This theorem is quite unexpected. Geometric mean-
ing of K is an open question.
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Proof of Theorem 2 The functions ¢, 1", 1,, 1% and b satisfy

the following three relations:

Yyt =D,
Yo 0" — by = 2z,
Yo )" + PP, = by

Solving this system we obtain

b by + 22

w*:E: wm:¢ op

(o

Theorem 2 follows easily from Theorem 1,

by — 22
=50

where it is amazing

that the factors of the form ¢ (z)/¢ (w) cancel in each product

of the sum.

O
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Example 1. Intersection numbers of 1)-classes
In this case, f(z) = x.
Corollary 1 (Bertola-Dubrovin-Y.) For n > 2, we have

o e T (20 + D
Z / AT H(]O)%Tl)

9,P15---,Pn Mg n ] 1

-y BMOw) - M) g At
0E€Sn/Ch [T~ 1( o(i+1) — Ao(i)) " (A = Ao)?

T—6g 249 2 2.g=1 mA

(6g—5)!! 3942 o (6 1)” s
M )\ 2 Zg ' wgli(ql)l)\ " Eg 0 QZT g
( ) - S0 Lt0s (69— 1)n —3g+1  _1 500 (69=5)11 3942
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A particular pair of wave functions of f(z) = x are
bloz) = — Y2 peioan
| (22 — 22)1

(—DF  (6k)!
2 (3k)! (2K)!

C
k>0

3

Vi(z,x) = ﬁe—%%(z?—m%
2 — 2x)4

1 (6k)! , Ly
% 288k (3k)! (Qk)! (Z — Qx)

Explicit expression for D(z,w) was obtained by Jian
Zhou; later a second proof of Zhou's formula was
given by Balogh-Y. using the Sato Grassmannian.
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Example 2. Intersection numbers of 1)-classes cou-
pling the Norbury class

In this case, f(x) = ToIE 1
responds to the partlcular C =1/8.)

. (The Norbury class cor-

Corollary 2 (Dubrovin-Y .-Zagier, Bertola-Ruzza) Forn > 2,

. - (2p; + D!
Z / SRR AN < T W
J

9p1epn Y Mam =1
Z tI'M . M()\a(n)) B 5H2M
0€8,/Chn Hz 1( a(i+1) )\a(i)) (A1 — A2)?
Here
00 (2k — 1)!!}3 ( k 1 ) Ak
M\ = + {— , , AP
(M) ()\ O) ; ok _% k) &
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Corollary 3 (Dubrovin-Y .-Zagier, Bertola-Ruzza) For a general
C € C, we have

1
—CA2 G () G1(0)
R= ¢z 2 2
2 (c-20)G1 () - 22 @y (¢) - G g €22 g
22006, - 2630 FH650) 3@

Here ¢3/% := X3/ (z — 1)® and

R
2 2 77¢

A = 1-8C, G, = 3F0(a, at—, a——:; ;=

36
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Corollary 4 (Dubrovin-Y -Zagier) Let a = (3 —2C)"/2. Then

__ ar(@) .. ol
@Z)(Z,ZE) _sz(l—(ﬂ)ke ) ¢ (Z,ZE) T 77Z}( Z,I)
k>0
form a pair of wave functions of f = C/(xz — 1)%. Here

o S e () cae

Jj=1

Moreover, for any n > 2,

n

> ope, TT 22"

P1,---s DPn j=1 i

n 6n
= — Z H D@(C) (Za'(i), Zo‘(i+1)) — (—’2

2
2 — 2
€8 /Cr i=1 11— %)
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.. Corollary 4 continues Here De (2, w) has the following ex-
plicit expression:

Deo)(z,w) = ! + Z Aml®)

Z—w

with A,,, given by

Apn = Z T_Sar(a) as(a) = Z T_Sar(a) as(a)

r>m, s>0 r + S r>n, s>0 r + S
r4+s=m+n—1 r+s=m+n—1
m+n—1\ (m+n—1
m!n! a,,(a Z k(m+k)(n+k)
(m+n—1)m+n—1' a—k—1
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Proof We omit the proof of the formula for ai(«). To prove
the formulas for D, let

A(2) = (2,0) = g B(2) = (2,00 =2+ 3 be
k=0 k=0

with by(a) = ag41 + kai. One checks easily that (A(z), B(2))
satisfies the differential system

0 A(z)\ z -1 A(z)
*\B(2)) ~\2C—-2* 1+2) \B(z2)
Here 6, zdi Settmg y = —w, we find two identities

m+1n Am,n+1
3 (m +n)(A )

m,n>0 2 yn
_ A(2)B(y) — B(2)A(y)
— 6.+ ey)( = )
Z w — (92 _ gy) (A(z) A(y))

M on
m,n>0 Yy
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Using the differential system we find that the right hand sides
of both of these formulas are equal to

(z = y)A(2)Aly) + A(2) B(y) — B(2)A(y)
This gives the following recursion

m—-n

Apnt(@) = Apyin(a) = am()an(a)

m-+n

The first two closed formulas for A,, ,, are then obtained. The
third closed formula can be obtained by analyzing the residues
and by doing the partial fraction decomposition. 0
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Example 3. Lamé tau-function

Here we recall that f(z) = Cp(x;7), C € C. In this case,
we do not have a closed formula for a general C'. For C' =
—p(p+ 1)/2 with p > 0, however, we know that u is a special
finite gap solution to the KdV hierarchy. We have for p =1,

N —
b= 2V P
\/4/\3 — G2\ — g3
For p = 2,
b 1 4N2 —12p X\ + 360° — 9g-
2 /(A2 = 392)(4X3 — 9go + 27gs)
For p = 3,

4X3 — 2490 2% 4+ 60(3p2 — g2)A — 900p> + 225950 + 22593

b=
\/16A6 — 50492 2% + 23769323 + 418593 A2 — 364509293\ — 3375g3 + 9112593
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Thank You!



