RATIONAL POINTS AND COHOMOLOGY OF DISCRIMINANT VARIETIES

G.I. LEHRER

Abstract. Let G be a finite unitary reflection group acting in a complex vector space V = C^n. The discriminant variety X_G of G is defined as the space of regular orbits of G on V . Classical examples include the varieties of complex polynomials of degree n with distinct (resp. non-zero distinct) roots. The normaliser ~G of G in GL(V ) acts on X_G; in this work we determine the action of ~G/G on the cohomology of X_G. In the classical cases this amounts to computing the cohomology of X_G with certain local coefficient systems. Our methods are to compute equivariant weight polynomials by means of explicit counting of the rational points of certain varieties over finite fields, and then to exploit the Hodge purity of the relevant varieties. We obtain some power series identities as a byproduct.

1. Introduction

Let G be a (unitary) reflection group acting in the vector space V = C^n. Let M be the complement in V of the reflecting hyperplanes of G and let X = X_G be the complex algebraic variety X = M/G. This is the discriminant variety of G. When G is the symmetric group Sym_n acting on C^n by permutation of coordinates, it is well known that X is isomorphic to the variety of complex polynomials t^n + a_1t^{n−1} + · · · + a_n with distinct roots, whence the term discriminant variety. Let ~G be a subgroup of GL(V ) which normalises G. Then ~G acts on X and hence on the cohomology of X. We shall explicitly compute this cohomology action in this paper. It is straightforward, using arguments similar to those in [BL, Proposition 6.9], to reduce the geometric part of this analysis to the case where G is irreducible, and we restrict ourselves to that case here.

The most significant and interesting of these cases is the generic, or “imprimitive” case, when in the notation of [ST], G is the group G(r, s, n) (where s|r), and ~G is the reflection group G(r, 1, n) for integers n, r. It is easy to see (cf. 3.8, 3.9) that it suffices to consider the case s = r, i.e. the inclusion G = G(r, r, n) ≤ G(r, 1, n) = ~G. In this case our computation amounts to the computation of the cohomology of classical discriminant varieties, with local

Date: 26th February, 2003.

2000 Mathematics Subject Classification. Primary 14F40; Secondary 14G05, 20G40, 14L30. 1

coefficient systems (cf. 6.3, 6.5). In addition to the generic case there are six exceptional cases (cf. [BMM, 3.12, 3.13]), which we treat individually.

The form in which we shall express our results is to give explicit formulae for the equivariant Poincaré polynomial

(1.1) P^{~G/G}(X_G, t) = � i≥0 H^i(X_G, C)t^i ∈ R( ~G/G)[t]

where R(Γ) is the Grothendieck ring of (finite dimensional complex) representations of the group Γ. In §2 we shall outline a general strategy for computing the polynomials (1.1). This involves equivariant weight polynomials, as well as counting rational points over finite fields of certain varieties. In the imprimitive case, we obtain the rather surprising result that the cyclic group μ_r acts on the cohomology of X_G only though its characters of order 1 and 2, as in the case of the Weyl groups of type D_n and B_n. This is proved through the explicit computation of certain power series. The formulae we obtain for these power series may be interpreted (see (5.5) below) as power series identities which generalise the cyclotomic identity.

The author wishes to express his gratitude to Anthony Henderson, who pointed out ways to considerably shorten the original arguments used to prove these results.

2. Equivariant weight polynomials, minimal purity and rational points

In this section we discuss general methods for the computation of equivariant Poincaré polynomials. Let X be a complex algebraic variety with a Γ-action, where Γ is a finite group. Following [DL], we define the equivariant weight polynomial with compact supports, W^Γ_c (X, t), by

(2.1) W^Γ_c (X, t) = � m≥0 E^Γ_{c,m}(X)t^m,

where E^Γ_{c,m} = � j≥0(−1)^j Gr_mH^j_c (X, C) is the “weight m Euler characteristic with compact support” of X, and Gr_m denotes the weight m graded component in the weight filtration of H^∗_c (X, C). The coefficient of t^m should be regarded as a virtual Γ-module, i.e. as an element of the Grothendieck group R(Γ) of Γ. As such, it defines a (virtual) character of Γ, and for g ∈ Γ, we may speak of the “value” W^Γ_c (X, t; g) = � m≥0 trace(g, E^Γ_{i,m})t^m ∈ C[t], at g ∈ Γ.

The variety X is said to be minimally pure (mp) if H^j_c (X, C) = Gr_{2j−2n}H^j_c (X, C), i.e. if H^j_c is a pure Hodge structure of weight 2j − 2n, where n = dim X. If this applies, then

(2.2) W^Γ_c (X, t) = t^{−2n} � j≥0 H^j_c (X, C)(−t^2)^j .

We also have weight polynomials for ordinary cohomology (i.e. not with compact support). If X is smooth, then by Poincaré duality, we have isomorphisms (cf. [DL, p. 164])

(2.3) H^j_c (X, C)^∼−→ H^{2n−j}(X, C),

which take Gr_mH^j_c (X, C) to Gr_{2n−m}H^j(X, C). Hence if X is mp, H^j(X, C) is pure, of weight 2j. Moreover for any smooth variety X, we have ([DL, (1.6)]),

(2.4) W^Γ(X, t) = t^{2n}W^Γ_c (X, t^{−1}).

The first main result we shall use for the computation of this polynomial is the following.

Theorem 2.5. (cf.[DL, McM]) Let X be a complex algebraic variety with a Γaction, Γ being a finite group. Suppose X is a finite disjoint union X = � i∈I X_i of locally closed subvarieties X_i which are permuted by Γ. Then

(2.5.1) W^Γ_c (X, t) = � ι∈I/Γ

Ind^Γ_i W^{Γi}_c (X_i, t),

where the sum is over the Γ-orbits ι in I, i is any element of ι, and Γ_i is the isotropy group of i in Γ.

The varieties with which we shall be dealing are all defined over algebraic number fields, so that the results of [KL, §2] apply. Choose an appropriate prime ℓ, and let X_q be the variety with F_q-structure and associated Frobenius endomorphism F : X_q−→ X_q (as in [KL]). Assume that an identification Q_ℓ−→ C has been fixed. Then according to [KL], we have canonical Γ-equivariant isomorphisms H^i_c(X_q, Q_ℓ) = H^i_c(X, C), and if X is mp, then for any element g ∈ Γ, we have by the Grothendieck fixed-point formula (cf. [DL, Le1, Le3]) that for almost all q,

(2.6) |X^{gF}_q | = W^Γ_c (X, q^12 ; g) = q^{−n}P^Γ_c (X, −q; g),

from which we deduce immediately that

(2.7) P^Γ_c (X, t) = (−t)^n|X^{gF}_q |_{q→−t},

where P^Γ(X, t) is the equivariant Poincaré polynomial � H^j(X, C)t^j and P^Γ_c (X, t) is the corresponding equivariant Poincaré polynomial � H^j_c (X, C)t^j with compact supports. If X is smooth,

(2.8) P^Γ_c (X, t) = t^{2n}P^Γ(X, t^{−1})

Moreover if X is mp, the equation (2.2) may be written

(2.9) W^Γ_c (X, t) = t^{−2n}P^Γ_c (X, −t^2), and combining (2.4),(2.8) and (2.9), we see that (2.10) W^Γ(X, t) = P^Γ(X, −t^2).

Combining this with (2.6), we obtain for g ∈ Γ,

(2.11) P^Γ(X, −q^{−1}; g) = q^{−n}|X^{gF}_q |.

Equivalently, (2.12) P^Γ(X, t; g) = (−t)^n|X^{gF}_q |_{q→−t}−1 .

The relation between the equivariant Poincaré polynomial and the equivariant weight polynomial with compact support for an mp variety X is of particular relevance, because it is the latter which may be computed by counting rational points. The following relation may be deduced from the above equations. If dim(X) = n, (2.13) W^Γ_c (X, t^12 ) = t^nP^Γ(X, −t^{−1})

To conclude this section, we note that for all the various forms of cohomology considered here we have a transfer result, which may be expressed as follows. If Δ is any normal subgroup of Γ, then

(2.14) H^∗(X/Δ) = H^∗(X)^Δ as Γ/Δ-nodules, where, for any Γ-module A, A^Δ denotes its Δ-fixed points.

3. The generic (imprimitive) case 3.1. Some discriminant varieties and their coverings. Let r and n be positive integers and consider the inclusion G = G(r, r, n) ≤ G(r, 1, n) = ~G. Recall that ~G may be thought of as monomial matrices with entries in the group μ_r of r^{th} roots of unity in C; then G is the subgroup of matrices, the product of whose non-zero entries is 1.

In this case the hyperplane complement M is described as follows.

(3.1) M = M_n = {(z_1, · · · , z_n) ∈ V | ∀ζ ∈ μ_r and i ≠ j, z_i ≠ ζz_j}.

Let ~M = ~M_n be the corresponding space for ~G, i.e.

(3.2) ~M = {(z_1, · · · , z_n) ∈ M | z_i ≠ 0 for all i}. We shall omit the subscripts when the dimension is clear from the context. Now G and ~G act on both M and ~M. Define X = M/G, ~X = ~M/ ~G and ~Y = ~M/G.

If δ : ~G−→ C^× is the linear character of ~G with kernel G then δ induces an isomorphism δ : ~G/G^∼−→ μ_r. Hence μ_r acts on X and on ~Y , and we have diagrams

(3.3)

M X_n = M/G ~M ~Y_n = ~M/G

X^0_n = M/ ~G ~X_n = ~M/ ~G_{/μr/μr}

The varieties X^0 = X^0_n and ~X_n may be identified with classical discriminant varieties or configuration spaces, and the maps in (3.3) have classical descriptions as follows.

Define, for any variety Z,

(3.4) C_n(Z) = {(z_1, · · · , z_n) ∈ Z^n | z_i ≠ z_j if i ≠ j}/Sym_n,

where Sym_n is the symmetric group of degree n.

Lemma 3.5. (i) We have ~X_n ∼= C_n(C^×) ∼= {f(t) = t^n + a_1t^{n−1} + · · · + a_n ∈ C[t] | f has distinct non-zero roots } : = P_n, and X^0_n ∼= C_n(C) ∼= {f(t) = t^n + a_1t^{n−1} + · · · + a_n ∈ C[t] | f has distinct roots } : = Q_n.

(ii) Given the identifications in (i), the varieties X_n and ~Y_n of (3.3) may be described as follows: X_n ∼= {(f(t), ξ) ∈ Q_n × C | ξ^r = f(0)}, and ~Y_n ∼= {(f(t), ξ) ∈ P_n × C^× | ξ^r = f(0)}.

(iii) In terms of the descriptions in (ii), the vertical maps in the diagrams (3.3) are the projections to the first coordinate.

Proof. The map (z_1, . . . , z_n) −→

�_r i=1(t + z^r_i ) : ~M−→ P_n has fibres which are precisely the ~G-orbits on ~M, which proves the first assertion of (i). Similarly, the map (z_1, . . . , z_n) −→ (

�_r i=1(t + z^r_i ),

�_r i=1 z_i) : ~M−→ {(f(t), ξ) ∈ P_n × C^× | ξ^r = f(0) has fibres which are the G-orbits on ~M, so that ~Y_n ∼= ~M/G has the stated description. The other assertions of the Lemma follow from similar observations. □

When the need arises to vary r, we may occasionally write ~Y^{(r)}n for the variety ~Y_n above. Note that ~Y_n−→ ~X_n is an unramified μ_r-covering, while the map X_n−→ X^0_n is ramified over those points of X^0_n which have a zero coordinate. The group μ_r acts on the covering spaces by multiplication of the second coordinate (ξ in (3.5(ii))).

Our objective is to determine the action of μ_r ∼= ~G/G on the cohomology of X_n = M/G and of ~Y_n = ~M/G. As a consequence, we shall determine the (non-equivariant) cohomology of the spaces in the diagrams (3.3); some of these were previously known, since they arise in the context of real reflection groups (cf. [B, Le1]).

We use the two basic methods described in §2, viz. the additivity of equivariant weight polynomials (cf. [DL]) and the minimal purity of the varieties concerned (loc. cit.) which makes it possible to carry our the computations by means of counting rational points over finite fields ([KL, Le3]).

3.2. Decomposition of M. We start with

Lemma 3.6. Let Z be one of the varieties M, ~M, X_n, X^0_n, ~X_n or ~Y_n. Then Z is smooth and minimally pure (mp).

Proof. The varieties concerned are all quotients of M or ~M by a finite group acting freely. The smoothness is therefore clear, because M and ~M are hyperplane complements and therefore smooth. For purity, note that hyperplane complements are mp by [Le3, Proposition 2.3]. The statement now follows from (2.14). □

Lemma 3.7. (i) Let M^{(i)} ⊂ M be defined by the equation z_i = 0. Then each M^{(i)} is closed (i = 1, . . . , n), and M =

�_n i=1 M^{(i)} � ~ M. Further, the M^{(i)} are permuted transitively by ~G. Let γ be the element of ~G given by z_1 −→ e^{2πi}r z_1, and γz_i = z_i(i > 1). Then the stabiliser ~G_M (1) ∼= ⟨γ⟩ × ~G(r, 1, n − 1). Denote this group by ~G_1.

(ii) We have

(3.7.1) W^{~G}_c (M, t) = W^{~G}_c (~M, t) + Ind^{~G}_{~G1} W^{~G1}_c (M^{(1)}, t).

Proof. The proof of the statement (i) is straightforward, while (ii) is an application of (2.5) to the situation of (i). □

Corollary 3.8. We have

(3.8.1) W^{μr}_c (M/G, t) = W^{μr}_c (~M/G, t) + W_c( ~X_{n−1}), t)1_{μr} ,

where ~X_{n−1} is the (n − 1) dimensional analogue of ~X = ~X_n.

Proof. Take G-fixed points in the virtual representations of (3.7(ii)) and use (2.14). Clearly W^{~G}_c (~M, t)^G = W^{~G/G}c (~M/G, t).

On the other hand, note that since ⟨γ⟩ acts trivially on M^{(1)}, it follows that ⟨γ⟩ acts trivially in W^{~G1}_c (M^{(1)}, t). Now for any ~G_1-module σ, we have a linear isomorphism

(3.8.2) � Ind^{~G}_{~G1} (σ)

�_{G ∼} −→ σ^{G∩ ~G1}

by Mackey’s theorem and Frobenius reciprocity. Moreover if ⟨γ⟩ acts trivially on σ, then ⟨γ⟩ acts trivially on both sides of (3.8.2).

Applying this to σ = W^{~G1}_c (M^{(1)}, t), we see that � Ind^{~G}_{~G1} W^{~G1}_c (M^{(1)}, t)

�_G ∼= W_c(M^{(1)}/( ~G_1 ∩ G), t)1_{μr}

as (graded) μ_r-space. But ~G_1 ∩ G induces the group ~G(r, 1, n − 1) of transformations in M^{(1)}, whence the corollary. □ Let us translate (3.8) into the language of rational points over finite fields, using (2.6) and (2.12). In the next statement, we regard ~X_n etc. as schemes over a ring of algebraic integers. Recall that ~X_{n,q} denotes the F_q-variety corresponding to ~X_n, etc.

Corollary 3.9. For any element θ ∈ μ_r, we have (3.9.1) W^{μr}_c (M/G, t; θ) = W^{μr}_c (~M/G, t; θ) + W_c( ~X_{n−1}, t), and (3.9.2) P^{μr} (M_n/G, t; θ) = P^{μr} (~M_n/G, t; θ) − tP ( ~X_{n−1}, t; 1),

where P ( ~X_n, t; 1) = (−t)^n| ~X^F_{n,q}|_{q→−t}−1 and P^{μr} (~M/G, t; θ) = (−t)^n|~Y^{θF}_{n,q} |_{q→−t}−1 .

Proof. The statement (3.9.1) is obvious from (3.8). Since, for any mp Γ-scheme Z we have |Z^{gF}_q | = W^Γ_c (Z, q^12 ; g), we see that

(3.9.3) |(M/G)^{θF}_q | = |(~M/G)^{θF}_q | + |( ~X_{n−1})^F_q |. Using (2.12), we obtain (3.9.4) P^{μr} (X_n, t; θ) = P^{μr} (~Y_n, t; θ) − tP ( ~X_{n−1}, t; 1), as stated. Note that (3.9.2) also follows directly by combining (3.9.1) and (2.13). □ 4. Rational Points We now turn to the computation of the cardinalities | ~X^F_n | and |~Y^{θF}_n | as polynomials in q, where we drop the subscript q when it is clear from the context that we are considering the F_q points of the relevant scheme, which is always defined over a cyclotomic extension of Q. We assume q is such that ~G is defined over F_q so in particular r|q − 1 and that the results of [KL, §3] hold for the residue field F_q. We know by (loc. cit.) that there are infinitely many q for which this is the case. For convenience we assume also that q is odd. The entries of ~G will be thought of as elements of F_q (recall that the assumptions imply that μ_r ⊂ F_q^×), and the isomorphism δ : ~G/G^∼−→ μ_r of §1 then maps ~G/G into F_q. We start with X = ~X_n. Throughout this section, varieties will be assumed to be over F_q. From (3.5) we see that ~X^F_n ∼= P^F_n , where P_n is the variety of polynomials f(t) = t^n +a_1t^{n−1} +a_2t^{n−2} +· · ·+a_n ∈ F_q[t], with distinct non-zero roots (in F_q). Here the Frobenius endomorphism acts as the q-power map on the coefficients of polynomials. We use power series generating functions to count the rational points.

Definition 4.1. Let n_d(q) (resp. n^′_d(q)) be the number of irreducible (resp. nonzero irreducible) polynomials of degree d over F_q. Let ~n_d(q) = dn_d(q), ~n^′_d(q) = dn^′_d(q); then ~n_d(q) is the number of elements of F_q whose Frobenius (F -)orbit has size d. Let k_n(q) (resp m_n(q)) be the number of polynomials t^n+a_1t^{n−1}+· · ·+a_n ∈ F_q[t] with distinct (resp. distinct non-zero) roots in F_q. Thus m_n(q) = |P^F_n | and k_n(q) = |Q^F_n |.

Proposition 4.2. We have the following identities.

(4.2.1) n_d(q) =^1_d � e|d μ(^d_e )q^e.

(4.2.2) n^′_d(q) = � n_d(q) if d ≠ 1 n_1(q) − 1 = q − 1 if d = 1

=^1_d � e|d μ(^d_e )(q^e − 1).

(4.2.3) � d≥1 (1 − t^d)^{−nd(q)} = � n≥0 q^nt^n = (1 − qt)^{−1}.

(4.2.4) � d≥1 (1 + t^d)^{nd(q)} = � n≥0 k_n(q)t^n =^{1−t2q}_{1−tq} .

(4.2.5) � d≥1 (1 + t^d)^{n′d(q)} = � n≥0 m_n(q)t^n =^{1−t2q}

(1−tq)(1+t) .

Proof. (4.2.1) and (4.2.2) are clear; (4.2.3) is the well-known cyclotomic identity (cf. e.g., [Le2]). To obtain (4.2.4) from (4.2.3), invert (4.2.3), replace t by t^2, and multiply the resulting relation by (4.2.3). To obtain (4.2.5) from (4.2.4), use (4.2.2). □

The next statement is now immediate.

Corollary 4.3. We have, with notation as in (4.2),

(4.3.1) k_n(q) = � q^n − q^{n−1} if n > 1 q if n = 1 , and (4.3.2) m_n(q) =^{(q−1)(qn −(−1)n )}_{q+1} = |P^F_n |.

We now consider the evaluation of |~Y^{θF}_n |, where θ ∈ μ_r. Recall that in analogy with (3.3) we have a diagram of varieties over F_q

(4.4)

~M ~Y_n

~X_n ∼= P_{npXπpY}

where π is a Galois covering with group μ_r.

Lemma 4.5. With the above notation, we have

(i) For any element y ∈ ~Y_n, y ∈ ~Y^{θF}_n for some θ ∈ μ_r if and only if π(y) ∈ ~X^F_n . (ii) Define τ_r : ~X^F_n −→ μ_r as follows. If x ∈ ~X^F_n , then x = p_X v for some v ∈ ~M, and F v = gv for some y ∈ ~G. Note that since v ∈ ~M, g is unique. Define τ_r(x) = δ(g) (recall that δ : ~G−→ F_q^× is the character with kernel G, which identifies ⟨γ⟩ with μ_r ⊂ F_q^×). Then τ_r is well-defined and

(4.5.1) |~Y^{θF}_n | = r|τ_r^{−1}(θ^{−1})| = r|{x ∈ ~X^F_n |τ_r(x) = θ^{−1}}|.

Proof. (i) Any element y ∈ ~Y_n is (cf. (4.4)) of the form y = p_Y v for some v ∈ ~M, and so by the commutativity of the diagram (4.4), πy = p_X v. Now y ∈ ~Y^{θF}_n for some θ ∈ μ_r if and only if F y = θ^{−1}y ⇐⇒ πF y = πy, i.e., since all the maps in the diagram (4.4) commute with the Frobenius endomorphisms F on the relevant varieties, F πy = πy, or πy ∈ ~X^F_n .

(ii) We show first that τ_r is well-defined. Take x ∈ ~M^F and suppose x = p_X v = p_xv^′, with v, v^′ ∈ ~M. Then v^′ = hv for some h ∈ ~G and so, with g ∈ ~G as in the statement above, F (v^′) = hF (v) = hg^{−1}v = hg^{−1}h^{−1} · v^′. Since δ(hg^{−1}h^{−1}) = δ(g^{−1}), τ_r is well-defined.

Further, note that y ∈ ~Y^{θF}_n ⇐⇒ F y = θ^{−1}y. If y = p_Y v with v ∈ ~M, then F y = p_Y F v = θ^{−1}p_Y v ⇐⇒ fv = θgv for some g ∈ G ⇐⇒ τ_r(p_X v) = θ^{−1} (note that here, as explained above, we think of μ_r as ~G/G). This proves (4.5.1). □

Recall next that by (3.5), ~X_n may be identified with P_n. We shall therefore define τ_r directly on P^F_n . Suppose f = t^n + a_1t^{n−1} + · · · + a_n ∈ P^F_n , and that f = p_X (z_1, · · · , z_n) = (t + z^r_1 )(t + z^r_2 ) · · · (t + z^r_n).

Then f ∈ P^F_n ⇐⇒ F (z_1, · · · , z_n) = (z^q_1 , · · · , z^q_n) = g(z_1, · · · , z_n) for some element g ∈ ~G, and τ_r(f) is then defined as δ(g). Now g is a product of cycles, each of which has a type α ∈ μ_r (cf. [BL]) which coincides with δ (for a possibly smaller group) evaluated at that cycle, and δ(g) is the product of these types over the cycles, which correspond to the irreducible factors of f. The map τ_r may therefore be defined as follows.

We first define τ_r : F_q−→ μ_r. The degree of η ∈ F_q is the length of its Frobenius orbit {η, η^q, · · · }. Write F_d = F_qd and F^0_{qd} = F_d\∪_{e|d,e≠d}F_qe if d > 1, and F^0_1 = F^×_q . This is the set of non-zero elements of F_q of degree d, and F_q^× = � d≥1 F^0_{qd} . Let η(≠ 0) ∈ F^0_{qd} and let ξ ∈ F_q be such that ξ^r = η. Then ξ^{qd} = αξ, for some α ∈ μ_r (take r^{th} powers of both sides and recall that η = ξ^r ∈ F_d), and we define τ_r(η) = α. If ξ^′ is another r^{th} root of η, then writing ξ^′ = βξ, we have, since β ∈ μ_r ⊂ F_q, ξ^{′qd} = ξ^{qd} β = αξβ = αξ^′, so that τ_r is well-defined on F_q. Moreover it is clear that for η ∈ F^0_{qd} , τ_r(η^q) = τ_r(η). Thus τ_r is constant on F -orbits in F_q^×, which correspond to irreducible polynomials in F_q[t]. Thus τ_r defines a μ_r-valued function on irreducible polynomials in F_q[t]. Definition 4.6. (i) For a non-zero irreducible polynomial f ∈ F_q[t] of degree d, define τ_r(f) ∈ μ_r by τ_r(f) = τ_r(η), where −η is any root of f in F_q. For an arbitrary polynomial f ∈ P^F_n , define τ_r(f) = � i τ_r(f_i).

(ii) With the above notation, define m^{(r)}n (α, q) ∈ C[q] by (4.6.1) m^{(r)}_n (α, q) = #{f ∈ P^F_n | τ_r(f) = α}.

Remark 4.7. If f(t) ∈ F_q[t] is an irreducible monic polynomial of degree d over F_q, and −η is a root of f(t) in F_q, it is easy to see that

(4.8) τ_r(f) = τ_r(η) = η^q d−1 r = f(0)^{q−1}r It follows from the above definition that the definition

(4.9) τ_r(f) = f(0)^{q−1}r applies in general for any polynomial f(t) ∈ P^F_n .

With τ_r interpreted thus, the relation (4.10) |~Y^{αF}_n | = rm_n(α^{−1}, q), where m_n(α, q) is as in (4.6.1), is precisely what is obtained from the description in (3.5(ii)) of ~Y_n.

Note that from (3.9) and (4.5.1,4.10) it follows that our task is essentially to compute the polynomials m^{(r)}n (α, q).

We record the main property of the map τ_r : P^F_n −→ μ_r in

Lemma 4.11. The function τ_r : F_q^×−→ μ_r defined above is given by τ(η) =

N(η)^{q−1}r , where the norm map N : F_q^×−→ F_q^× is defined by N(η) = η

q^d−1

q−1 for η ∈ F^0_{qd} .

To see how knowledge of the function τ_r is used to determine the equivariant Poincaré polynomials (cf. (3.9.2,4.5.1), consider, for λ ∈ μ̂_r, the power series (4.12) F^{(r)}_λ (t) = F_λ(t) = 1 + � n≥1 � α∈μ_r

m^{(r)}_n (α, q)λ(α)t^n ∈ C[q][[t]],

Since m^{(r)}_d (α, q) is the number of polynomials f in P^F_d such that τ_r(f) = α, we have, taking into account that any polynomial in P^F is uniquely the product of distinct irreducible polynomials in F_q[t], that

(4.13)

F^{(r)}_λ (t) =1 + � n≥1 � α∈μ_r

m^{(r)}_n (α, q)λ(α)t^n

=1 + � n≥1 � f∈P^F_n

λ(τ_r(f))t^n = � f ∈PF

f is irreducible � 1 + λ(τ_r(f))t^{deg f} � .

Notice that (cf. 4.1,4.3.2) (4.14) � α∈μ_r

m^{(r)}_n (α, q) = m_n(q) = |P^F_n |.

It follows from (4.13) that for fixed β ∈ μ_r, we have

(4.15) � λ∈μ̂_r

F^{(r)}_λ (t)λ(β) = � n≥0 k_n(β, q)t^n,

where

(4.15.1) k_n(β, q) = � λ � α m_n(α, q)λ(α)λ(β) = � α m_n(α, q) · rδ_{α,β} = rm_n(β, q).

Hence we have shown (cf. 4.5.1, 3.9). Proposition 4.16. Let F^{(r)}_λ (t) = � d≥1(1 + λ(α)t^d)^{n(r)d (α,q)}. Then the coefficient of t^n in � λ λ(α)F^{(r)}_λ (t) is rm^{(r)}n (α^{−1}, q) = |~Y^{αF}_n | (see 4.6.1). That is, for α ∈ μ_r,

(4.16.1) � λ∈μ̂_r

λ(α)F^{(r)}_λ (t) = � n≥0 |~Y^{αF}_n |t^n .

Thus to compute the μ_r-action on the cohomology of ~Y_n, we need only compute F^{(r)}_λ (t) for each λ ∈ μ̂_r. In more explicit terms, we have Corollary 4.17. We have, for σ ∈ μ̂_r, (4.17.1) F^{(r)}_σ (t) = � n≥0 t^nq^{−n}⟨P^{μr}_c (~Y_n, −q), σ⟩_{μr} . and (4.17.2) F^{(r)}_σ (t) = � n≥0 t^nq^n⟨P^{μr} (~Y_n, −q^{−1}), σ⟩_{μr} .

where P^{μr}_c (~Y_n, x) is the virtual μ_r-module � i≥0 H^i_c(~Y_n)x^i, and P^{μr} (~Y_n, x) is defined similarly, without compact supports. Proof. From (4.16), we have (4.17.3) � λ∈μ̂_r

λ(α)F_λ(t) = � n≥0 |~Y^{αF}_n |t^n . But by (2.6), |~Y^{αF}_n | = q^{−n}P^{μr}_c (~Y_n, −q; α), so that (4.17.4) � λ∈μ̂_r

λ(α)F^{(r)}_λ (t) = � n≥0 t^nq^{−n}P^{μr}_c (~Y^{αF}_n ).

Now multiply both sides of (4.17.4) by σ(α) and sum over α to obtain the statement (4.17.1). The relation (4.17.2) is obtained from (4.17.3) similarly using the equation (2.11). □ The following assertion follows immediately (2.12) and (4.17.2).

Corollary 4.18. Let F^{(r)}σ (t) = � n≥0 a_n(σ, q)t^n. Then (4.18.1) ⟨P^{μr} (~Y_n, x), σ⟩_{μr} = (−x)^na_n(σ, −x^{−1}).

5. The power series F^{(r)}_λ (t) In this section we carry out the computation of the power series F^{(r)}_λ (t), where λ ∈ μ̂_r (see (4.12)). We shall prove Theorem 5.1. Let r be any positive integer, let q be a prime power such that r|q − 1, and let λ be a character of the cyclic group μ_r. Let F^{(r)}_λ (t) be the power series defined in (4.12). Then F^{(r)}_λ (t) is given explicitly by

(5.1.1) F^{(r)}_λ (t) = � � � 1 if |λ| ≠ 1 or 2

1−qt^2 1−t^2 if |λ| = 2

1−t^2q (1−tq)(1+t) if λ = 1.

Proof. We have

(5.1.2)

F^{(r)}_λ (t) =1 + � n≥1 � f∈P^F_n

λ(τ_r(f))t^n

=1 + � n≥1 � f∈P^F_n

χ(f(0))t^n

=1 + � f∈P^F ,deg f>0

χ(f(0))t^{deg f} ,

where χ : F_q^×−→ C^× is the character defined by

(5.1.3) χ(η) = λ(η^{q−1}r ) (η ∈ F_q^×).

For any character χ : F_q^×−→ C^×, write G_χ(t) for the power series in the last line of (5.1.2). Since any polynomial f ∈ P^F is uniquely the product of distinct irreducible polynomials in P^F , we have

(5.1.4) G_χ(t) = � f ∈PF

f is irreducible � 1 + χ(f(0))t^{deg f} � .

Now let

(5.1.5)

H_χ(t) =1 + � f ∈Fq [t],f is monic

deg f>0,f(0)≠0

χ(f(0))t^{deg f}

= � f ∈PF

f irreducible

(1 − χ(f(0))t^{deg f} )^{−1},

the equality following from the fact that every polynomial f ∈ F_q[t] with f(0) ≠ 0 has a unique expression as a product of irreducible polynomials in P^F . Since 1 + a =^{1−a2}_{1−a} , it follows that

(5.1.6) G_χ(t) =

H_χ(t) H_χ2 (t^2) . Further, it is evident that

(5.1.7) H_χ(t) = � 1 if χ ≠ 1 1−t 1−qt if χ = 1.

Combining (5.1.6) and (5.1.7), we see that for any character χ,

(5.1.8) G_χ(t) = � � � 1 if χ^2 ≠ 1

1−qt^2 1−t^2 if χ

2 = 1, χ ≠ 1

1−t^2 q (1−tq)(1+t) if χ = 1.

Finally, applying (5.1.8) with χ equal to the character defined in (5.1.3), we obtain the assertion of the Theorem. □

Theorem (5.1) may be used (cf. (4.16)) to give explicit expressions for the polynomials

m^{(r)}_n (α, q) = |{f ∈ P^F_n | τ_r(f) = α ∈ μ_r}| = 1 r |~Y^{αF}_n |.

These are by (4.16.1) the coefficients of t^n in^1_r � λ∈μ̂_r λ(α)Fλ(t), which may be

evaluated directly using (5.1) and the elementary

Lemma 5.2. Let r be a positive integer and suppose t|r. Then

(5.2.1) � u|r ϕ(u) ϕ(^u_{gcd(t,u)} ) μ(^u_{gcd(t,u)} ) = � 0 if t ≠ r r if t = r

The result is

Corollary 5.3. Suppose α ∈ μ_r has order s|r. Then

(i) If r is odd, then

(5.3.1) � λ∈μ̂_r

λ(α)F_λ(t) = t(q − 1) (1 − tq)(1 + t)

+ rδ_{s,1}.

(ii) If r is even, then

(5.3.2) � λ∈μ̂_r

λ(α)F_λ(t) = t(q − 1) (1 − tq)(1 − t^2) � (1 − t) − (−1)^rs (t − t^2q) � + rδ_{s,1}

where δ_{i,j} is the Kronecker delta.

Note that (−1)^rs is just the value of the character ϵ_{μr} of order 2 of μ_r at any element α of order s in μ_r, so the relation (5.3.2) may be written with the right side transparently a function of α.

Remark 5.4. (i) It may be easily checked that in all cases, 1 r � α∈μ_r � � λ∈μ̂_r

λ(α)F_λ(t) � = 1 − t^2q (1 − tq)(1 + t) , which is the relation (4.14).

(ii) Our results (e.g. (5.3)) show that the polynomials m^{(r)}n (α, q) = #{f ∈ P^F_n | f(0)^{q−1}r = α} (for α ∈ μ_r ⊂ F_q), depend only on the parity of^r_{|α|} . These polynomials can of course be written down explicitly from the formulae in (5.3).

Remark 5.5. For α ∈ μ_r, define n^{(r)}_d (α, q) to be the number of irreducible polynomials f of degree d in P^F such that τ_r(f) = α. It is not difficult to show that n^{(r)}_d (α, q) depends only on the order s = |α|, and hence may be written n^{(r)}_d (s, q) (for s|r). The polynomial rϕ(s)n^{(r)}_d (s, q) (where ϕ is the Euler ϕ-function) is then the number of elements of F_q which have degree ds over F_q, and whose r^{th} power has degree d. Using elementary Möbius inversion arguments, one may prove that

(5.5.1) n^{(r)}_d (s, q) = 1 rd(r) � e| r s ,e|d(r)

μ(e)en^′_d′_{(r)} � q^{d(r)}e � ,

where d = d(r)d^′(r), with d(r) involving only primes which divide d, and gcd(d^′(r), r) = 1 and where n^′_d(q) is defined in (4.2.2).

It is clear from (4.13) that

(5.6) F^{(r)}_λ (t) = � d≥1 α∈μ_r � 1 + λ(α)t^d

�_n^{(r)}_{d (α,q)} .

For any integer s > 0 define polynomials ψ_s(X) by

(5.7) ψ_s(X) = � θ∈C×

|θ|=s

(1 + θX).

If λ ∈ μ̂_r ⊂ C^× has order r (i.e. is faithful), then clearly

(5.8) F^{(r)}_λ (t) = F_r(t) = � d≥1 � s|r ψ_s(t^d)^{n(r)d (s,q)}.

It follows from Theorem 5.1 that the right side of (5.8) is equal to 1 unless r = 1 or 2, in which case the values are given by (5.1.1). The last statement may be thought of as a set of power series identities which generalise the identities (4.2.3),(4.2.4) and (4.2.5).

6. Equivariant Poincaré polynomials We interpret the results of the last section in terms of equivariant Poincaré polynomials.

Theorem 6.1. Let ~Y_n (n ≥ 1) be the complex algebraic variety ~M_n/G(r, r, n) defined in (3.2). Then ~Y_n is an unramified cyclic covering of degree r of the discriminant variety P_n of polynomials f(t) = t^n + a_1t^{n−1} + · · · + a_n with distinct non-zero roots. The μ_r-equivariant Poincaré polynomial P^{μr} (~Y_n, t) :=

� i H^i(~Y_n, C)t^i ∈ R(μ_r)[t] is given by (6.1.1)

P^{μr} (~Y_n, t) = � (1 + t)(1 + t + t^2 + · · · + t^{n−1})1_{μr} if either r or n is odd (1 + t)(1 + t + t^2 + · · · + t^{n−1})1_{μr} + (t^{n−1} + t^n)ϵ_{μr} otherwise,

where ϵ_{μr} is the unique character of μ_r of order two.

Proof. It follows from (4.18) and (5.1) that the graded multiplicity of a character σ ∈ μ̂_r in P^{μr} (~Y_n, t) is (−t)^na_n(σ, −t^{−1}), where a_n(σ, q) is the coefficient of t^n in F_{|σ|}(t). It follows immediately from (5.1), that this graded multiplicity is zero unless |σ| = 1 or 2, i.e. unless σ = 1_{μr} or ϵ_{μr} . The graded multiplicities in these two cases are easily computed from the formulae given in Theorem (5.1). □

Note that ~Y_0 is just μ_r, so that P^{μr} (~Y_0, t) is the regular representation of μ_r, concentrated in degree zero.

Theorem 6.1 may be interpreted in terms of the cohomology of the discriminant variety P_n with local coefficients. For each character ω of μ_r, there is a local system ζ_ω on P_n = ~X_n which arises from the covering ~Y^{(r)}n of ~X_n. Note that if the order of ω is s(|r), this local system is the same as that arising from the covering ~Y^{(s)}n of ~X_n and corresponding to a faithful character ω_0 of μ_s. This is because of the commutativity of the diagram

(6.2)

~Y^{(r)}_n ~Y^{(s)}_n

~X_n = P_{nπrπsσrs},

where σ_{rs}(f(t), ξ) := (f(t), ξ^rs ). It follows that it suffices to consider faithful characters ω.

Note that the local systems ζ_ω are different from those considered in [SS] and [DPS].

Corollary 6.3. The Poincaré polynomial of the cohomology of P_n with local coefficient system ζ_ω of order r > 0 as above is given by (6.3.1)

P (P_n, ζ_ω, t) = � i≥0 dim H^i(P_n, ζ_ω)t^i = � � � (1 + t)(1 + t + t^2 + · · · + t^{n−1}) if r = 1 t^{n−1} + t^n if r = 2 0 otherwise.

The next result is well known.

Corollary 6.4. Let ~X_n = ~Y_n/μ_r ∼= ~M_n/G(r, 1, n) ∼= P_n. Then P ( ~X_n, t) = (1 + t)(1 + t + t^2 + · · · + t^{n−1}).

This follows immediately from (6.1), taking into account that by (2.14), P ( ~X_n, t) is the 1_{μr} -isotypic component of P^{μr} (~Y_n, t).

Corollary 6.5. Let X_n be the discriminant variety of the unitary reflection group G(r, r, n). Then μ_r ∼= G(r, 1, n)/G(r, r, n) acts on X_n (with quotient the discriminant variety Q_n) and the equivariant Poincaré polynomial is given by

(6.5.1) P^{μr} (X_n, t) = � (1 + t)1_{μr} if either r or n is odd (1 + t)1_{μr} + (t^{n−1} + t^n)ϵ_{μr} if r and n are both even,

where ϵ_{μr} is the unique character of μ_r of order two.

Proof. This is a straightforward application of (3.9.2), taking into account (6.1,6.4). □ Our final remark in this section is that Theorem 6.1 may be used (together with (3.9.2) and (4.16.1)) as an alternative way to perform the computation in (5.3).

7. The six exceptional cases

It follows from [BMM, Proposition 3.13] that in addition to the generic (imprimitive) cases treated above, there are just six other cases to consider, which we refer to as exceptional. Of the six, three are in dimension two.

7.1. The two-dimensional cases. We first make some general observations about the two-dimensional situation, and then treat the three specific cases.

Let G be a unitary reflection group in V = C^2 and let ~G ≥ G be a subgroup of GL(V ) which normalises G. Let M be the complement of the reflecting lines of G in V . It is well-known that as G-module (resp. ~G-module), H^1(M) is the permutation module Π_G of G (resp. Π_{~G} of ~G) on the reflecting lines. Since the Lefschetz module Λ(M) = H^0(M) − H^1(M) + H^2(M) = 0 (see, e.g. [Le3]), it follows that H^2(M) = Π_G − 1_G.

One deduces easily, using (2.14), that the action of ~G/G on H^∗(X_G = M/G) is given by the Poincaré polynomial (cf. 1.1)

(7.1) P^{~G/G}(X_G, t) = 1_{~G/G} + t~Π_{~G/G} + t^2(~Π_{~G/G} − 1_{~G/G}),

where ~Π_{~G/G} is the permutation action of ~G/G on the G-orbits of reflecting lines of G.

7.1.1. Case 1: G = G(4, 2, 2), ~G = G_6. We use the Shephard-Todd notation in referring to the irreducible reflection groups. Here ~G induces an automorphism α of order 3 on G. Now G has 6 reflecting lines, which divide into 3 G-orbits, each with 2 lines. If α fixes these G-orbits, it must act trivially on the lines, since it has order 3. Hence for similar reasons, it must centralise each reflection, and hence acts trivially on G, which is false. It follows that α permutes the 3 orbits cyclically and hence by (7.1), since ~G/G ∼= μ_3 here,

(7.2) P^{~G/G}(X_G, t) = (1 + t)1_{μ3} + (t + t^2)(ω + ω^2), where ω and ω^2 are the characters of order 3 of μ_3.

7.1.2. Case 2: G = G_5, ~G = G_14. Here ~G/G ∼= μ_2. The following facts may be found in [Co] or [LT, Ch. 5, §5, p. 56]: G has 8 reflecting lines, which fall into two G-conjugacy classes. These classes are interchanged by ~G. Hence in this case, we have from (7.1),

(7.3) P^{~G/G}(X_G, t) = (1 + t)1_{μ2} + (t + t^2)ϵ, where ϵ is the character of order 2 of μ_2.

7.1.3. Case 3: G = G_7, ~G = G_10. Again ~G/G ∼= μ_2, and the following facts may be found in [Co] or [LT, loc. cit.]: G has 14 reflecting lines, which divide into 3 G-orbits of size 4, 4 and 6; ~G interchanges the two orbits of size 4. Hence in this case, we have from (7.1),

(7.4) P^{~G/G}(X_G, t) = (1 + t)^21_{μ2} + (t + t^2)ϵ, where ϵ is the character of order 2 of μ_2.

This completes our treatment of the two dimensional exceptional cases.

7.2. The higher dimensional exceptional cases. Finally, we discuss the three exceptional cases where G acts in dimension greater than 2.

7.2.1. Case 1: G = G(3, 3, 3), ~G = G_{26}. It follows from (6.5) above that the discriminant variety X_G of G has cohomology of dimension 1 in degrees 0 and 1, and vanishes in other degrees. But by the argument used to prove (7.1), ~G acts trivially on H^1(X_G), whence ~G acts trivially on H^∗(X_G). From (6.5) it follows that (7.5) P^{~G/G}(X_G, t) = (1 + t)1_{~G/G},

7.2.2. Case 2: G = W (D_4) = G(2, 2, 4), ~G = W (F_4) = G_{28}. In this case ~G/G ∼= Sym_3. If the triality automorphism of G is denoted τ, then μ_2 = Sym_3/⟨τ⟩ acts on H^∗(X_G) as G(2, 1, 4)/G(2, 2, 4) = μ_2. Hence it remains only to determine the action of τ. But by (6.5), every non-trivial cohomology space of X_G has dimension 1; moreover the action of τ on each H^i(X_G) is defined over Q (even Z), by [B] or [D]. It follows, since τ has order 3, that τ acts trivially on H^∗(X_G). Hence (7.6) P^{Sym3} (X_G, t) = (1 + t)^21_{μ2} + (t^3 + t^4)ϵ, where ϵ is the non-tivial one dimensional character of Sym_3.

The final case is

7.2.3. Case 3: G = W (F_4) and ~G is the extension of G by its graph automorphism. It is convenient to recall (cf. [B] and [LS, Lemma 2.5]) that in the above notation, if G is any reflection group, we have for any integer p ≥ 0, (7.7) H^p(M_G) = ⊕¯_{X∈L(AG)/Gcodim X=p} Ind^G_{NG(GX )} H^p(M_{GX} ),

where A_G is the arrangement of reflecting hyperplanes of G, L(A_G) is the lattice of intersections of these hyperplanes, and for X ∈ L(A_G), X̄ is its G-orbit in L(A_G), and G_X is its pointwise stabiliser in G. It follows, taking G-fixed points on the right side that

(7.8) dim H^p(M_G/G) = � X̄∈L(A G)/G

codim X=p

⟨H^p(M_{GX} ), 1⟩_{NG(GX )},

For G = W (F_4), these dimensions are given (see [B], [Le1]) in the following table

(7.9) p : 0 1 2 3 4 dim H^p(M_G/G) : 1 2 2 2 1 Now denote by σ the graph automorphism of F_4, regarded as an orthogonal transformation of the space on which W (F_4) acts. Then σ permutes the summands on the right side of (7.7), and acts correspondingly on the spaces of G-fixed points. Using the Orlik-Solomon presentation of H^∗(M_G) as described in this context in [LS, §2], the action of σ on H^p(M_G/G) may readily be determined. The result is (7.10) P^{⟨σ⟩}(M_G/G, t) = (1 + 2t^3 + t^4)1_{⟨σ⟩} + (t + t^2) Reg_{⟨σ⟩}, where 1_{⟨σ⟩} and Reg_{⟨σ⟩} respectively denote the trivial and regular representations of ⟨σ⟩.

References

[B] E. Brieskorn, “Sur les groupes de tresses”, Séminaire Bourbaki, 1971/72, Lecture Notes in Math. 317, Springer Verlag (1973), 21-44.

[BL] J. Blair and G.I. Lehrer, “Cohomology actions and centralisers in unitary reflection groups”, Proc. London Math. Soc. (3) 83, (2001), 582–604.

[BMM] M. Broué, G. Malle and J. Michel, “ Towards spetses. I. Dedicated to the memory of Claude Chevalley”, Transform. Groups 4, (1999), no. 2-3, 157–218.

[Co] A. Cohen, “ Finite complex reflection groups”, Ann. Sci. de l’Ecole Norm. Sup. (4)9 (1976), 379–436.

[D] Pierre Deligne,“Les immeubles des groupes de tresses généralisés”, Invent. Math. 17 (1972), 273–302.

[DL] A. Dimca and G.I. Lehrer, “Purity and equivariant weight polynomials”, Algebraic groups and Lie groups, Austral. Math. Soc. Lect. Ser., 9, Cambridge Univ. Press, Cambridge, (1997), 161–181.

[DPS] C. De Concini, C. Procesi and M. Salvetti, “ Arithmetic properties of the cohomology of braid groups”, Topology 40, (2001), 739–751.

[GL] J.J. Graham and G.I. Lehrer, “Diagram algebras, Hecke algebras and decomposition numbers at roots of unity”, to appear, Ann. Sci. Ec. Norm. Sup., (2002).

[KL] M. Kisin and G.I. Lehrer, “Equivariant Poincaré polynomials and counting points over finite fields”, Journal of Algebra 247, (2002), 435–451.

[La] Serge Lang, “Algebra”, Seventh printing, Addison-Wesley Publishing Company, (1977), Reading, Mass.

[Le1] G.I. Lehrer, “Rational tori, semisimple orbits and the topology of hyperplane complements”, Comment. Math. Helv. 67 (1992), 226–251.

[Le2] G.I. Lehrer, “The cohomology of the regular semisimple variety”, J. Algebra 199, (1998), 666–689.

[Le3] G.I. Lehrer, “The l-adic cohomology of hyperplane complements”, Bull. London Math.

Soc. 24, (1992), 76–82.

[LS] G.I. Lehrer and Louis Solomon, “On the action of the symmetric group on the cohomology of the complement of its reflecting hyperplanes”, J. Algebra 104 (1986), no. 2, 410–424 [LSp] G.I. Lehrer and T.A. Springer, “Reflection subquotients of unitary reflection groups” Canad. J. Math. 51 (1999), 1175–1193.

[LT] G.I. Lehrer and D.E. Taylor, “Unitary reflection groups” Book in preparation, Sydney University (2003).

[McM] C. Macmeikan, “The Poincaré polynomial of an mp arrangement”, preprint, Science University of Tokyo, 2002.

[OS] Orlik, P., Solomon, L., “Unitary Reflection Groups and Cohomology”, Invent. Math. 59, (1980), 77-94.

[SS] Graeme Segal and Alex Selby, “The cohomology of the space of magnetic monopoles”, Comm. Math. Phys. 177, (1996), 775–787.

[ST] G. Shephard and J. Todd, “Finite Unitary Reflection Groups”, Canad. J. Math., 6 (1954) 274-304.

[Sp] T. Springer, “ Regular elements of finite reflection groups”, Invent. Math. 25 (1974), 159-198.

School of Mathematics and Statistics, University of Sydney, N.S.W. 2006, Australia, Fax: +61 2 9351 4534

E-mail address: gusl@maths.usyd.edu.au