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ABSTRACT. Let U be either the universal enveloping algebra of a complex semisim-
ple Lie algebra g or its Drinfel’d-Jimbo quantisation over the field C(z) of rational
functions in the indeterminate z. We define the notion of “strongly multiplicity
free” (smf) for a finite dimensional ¢-module V', and prove that for such modules
the endomorphism algebras Endy (V®") are “generic” in the sense that they are
quotients of Kohno’s infinitesimal braid algebra T, (in the classical (unquantised)
case) and of the group ring C(z)B, of the r-string braid group B, in the quan-
tum case. In the classical case, the generators are generalisations of the quadratic
Casimir operator C of U, while in the quantum case, they arise from R-matrices,
which may be thought of as square roots of a quantum analogue of C in a com-
pletion of #{®". This unifies many known results and brings some new cases into
their context. These include the irreducible 7 dimensional module in type G5 and
arbitrary irreducibles for sly. The work leads naturally to questions concerning
non-semisimple deformations of the relevant endomorphism algebras, which arise
when the ground rings are varied.

1. INTRODUCTION

Suppose A is an algebraic structure such as a group or a Hopf algebra, which
is represented as an algebra of endomorphisms of a finite dimensional vector space
V. Then A has a representation in V®" for r = 1,2,..., and the study of the
endomorphism algebras End 4(V®") has been of great interest for more than 100
years. The case when A = GL(V') was first considered by Schur, and leads to
“Schur-Weyl duality” between representations of GL(V') and representations of the
symmetric groups Sym,. When A is a classical group, i.e. a symplectic or orthogonal
group acting on V', then the Brauer algebras B,.(d) arise ([Br]), with the parameter
0 = =dim V. These have been of interest in a wide range of questions concerning
representation theory and invariants of oriented links.

When A is a quantised enveloping algebra, there are well-known connections be-
tween the study of End4(V®"), representations of the r-string braid group, and
invariants of oriented links.

The purpose of this work is to define the notion of a “strongly multiplicity free’
(smf) irreducible .4 module when A is either a classical semisimple Lie algebra g (or
equivalently its universal enveloping algebra), or the quantised universal enveloping
algebra of g. We classify the pairs (A, V') which are smf and show that for such pairs,
End4(V®") is generated, in the classical (unquantised) cases, by (generalisations
of) the quadratic Casimir elements of A. In the quantum cases, the generating
endomorphisms are R-matrices, which are known to provide representations of the

braid group B,, and may be thought of as lying in some completion of a tensor power
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of A. This theory includes the cases of type A,, B, and C, referred to above, as
well as the case of algebras of type G5 and any irreducible module for a Lie algebra
of type Aj.

In this way, we show that in the classical cases, End4(V®") is always a quotient
of the well known infinitesimal braid algebra T,., which arises in the work of Kohno
and others on the holonomy of braid spaces (see below), while in the quantum
cases End 4(V®") is a quotient of the group ring of the classical braid group on r
strings. This treatment unifies many known results concerning endomorphisms of
tensor powers, as well as pointing out analogies with non-standard cases such as the
7-dimensional irreducible module for g of type Gs, and irreducible sl,-modules of
dimension greater than 2. En route, we also define “weakly multiplicity free” mod-
ules, and prove some general results concerning subalgebras of the endomorphism
algebras of tensor products. The work is partly motivated by ideas explained well in
the interesting work [Jo]. Our proof of the sufficiency of R-matrices in the quantum
case rests on the observation (see Proposition 8.1) that if V' and V, are correspond-
ing smf modules for g and its quantisation, then the endomorphism algebras of V®"
and V®" have the same dimension. A similar approach may be seen in [LR].

In this work we consider only the case when both A and V' are complex vector
spaces, and the quantum group is taken over the field C(g) of rational functions in
the indeterminate ¢, which precludes the case when ¢ is a root of unity. Thus all our
modules are semisimple. We intend in the future to study deformations of the alge-
bras End 4(V®") in a uniform way along the lines of [GL], and in this way approach
the corresponding questions for groups and algebras over fields other than C, and for
quantum groups in the case where ¢ may be a root of unity. In all known cases, the
finite dimensional quotients which arise as endomorphism algebras of tensor powers,
all have a cellular structure, which permits their deformation into non-semisimple
algebras by variation of parameters. These include Hecke algebras, the Brauer alge-
bras, and the Birman-Murakami-Wenzl algebras. One obvious question to which we
intend to return is whether the endomorphism algebras in the cases of G5 and the
higher dimensional representations of sly (both of which contain Brauer algebras)
have cellular deformations. Note also that generalisations of the action of the braid
group on tensor powers to the affine case have been considered in [OR].

Much of this work has its roots in classical invariant theory, and we have made no
attempt to provide a comprehensive bibliography of relevant sources. On the other
hand, because there is a growing literature on generalisations of Schur-Weyl duality,
this paper has a larger than usual expository component, whose purpose is partly to
provide a context for our results, and others’. The specific results of this work which
we believe to be new are the statements of Theorems 3.13 and 7.5 firstly for the 7-
dimensional representation of G5 and secondly for any irreducible representation of
sy, both in the classical and quantum cases. Thirdly, there is the more general
Theorem 5.5, which states that for sly and its quantum analogue (see Remark 8.6),
the endomorphism algebra of an arbitrary tensor product of irreducible modules
(i.e., not necessarily a power) is generated by (infinitesimal) braids. Fourthly, we
believe that the observation that all the cases covered by those theorems fit into
the “strongly multiplicity free” context is new, as is the observation, using Lusztig’s
specialisation method in §8 that in the smf case, the dimensions of the algebras A(r)
and B(r) are equal.
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2. INFINITESIMAL BRAIDS AND ENDOMORPHISMS

The base field throughout this work will be the field C of complex numbers.
For every integer r > 2, let ;. be the associative algebra generated by ¢;;, 1 <1¢ <
j < r, subject to the following relations for all pairwise distinct 4, j, k, ¢:

(2.1) [tijotie) =0, [ti + tio, tie) =0, [tij, ti +t56] =0,

where [, ] denotes the usual commutator in an associative algebra: [X,Y] = XY —
Y X. We shall refer to the t;; as infinitesimal braids. Note that the algebra T,
occurs in the literature in several contexts, such as the holonomy of connections
on spaces of configurations (the KZ connection) (cf. [K1]) and representations of
the pure braid group (cf. [K3, Proposition 2.3]). The algebra T, thus has a close
relationship to the pure braid group. We shall see shortly that its elements may be
viewed as endomorphisms of tensor powers; these two observations partially justify
the terminology.

We shall be interested in a class of finite dimensional representations of 7, con-
structed in the following way (cf [K1]). Let g denote either the reductive complex
Lie algebra gl; for some k, or a semisimple Lie algebra. Fix a Borel subalgebra b
and a Cartan subalgebra h of g contained in b; such a pair is essentially unique,
in that any two are conjugate under the adjoint group. Let R, be the set of the
positive roots of g determined by this choice of Borel subalgebra. Let {a;} be the
corresponding set of the simple roots.

Denote by C' the quadratic Casimir element in the universal enveloping algebra
U(g) of g. This element can be described explicitly as follows. Let k: gx g — C
be a non-degenerate invariant symmetric bilinear form. We may take x to be the
trace form in the case of gl;, and the Killing form for a semisimple Lie algebra. If
{Xaqlao =1,2,--- ,dimg} is a basis of g, let {X%|law = 1,2,--- ,dimg} be the dual
basis with respect to k. Then

C=) X, X"=> X°X,.
It is well known that C' is in the centre of U(g).

The enveloping algebra U(g) has a well known Hopf algebra structure. If A
denotes co-multiplication, then for X € g, A(X) = X ® 1 + 1 ® X. Define the
homomorphism A=Y . U(g)—U(g)®" recursively by A1) = (A @ id®" ) o
A=2),

Let ¢ be the element of U(g)®? defined by

1
t::§(A(C)—C®1—1®C).
Then clearly t = Y~ X, ® X* = > X*® X,, and evidently ¢ commutes with
A(U(g)) € U(g)®%. In analogy with ¢, we define elements C;; € U(g)®", 1< i<

J<r, by
(2.2) Cij: = Zl®---®1®Xa®1®-~-®1®X'a®1®...®1'

% J
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Theorem 2.1. The map t;; — Cj; extends uniquely to an algebra homomorphism
Y T,—U(g)®". Furthermore, given any ¢ € T, we have [¢(¢), AT~V (z)] = 0,Vx €
U(g).

Proof. For the first statement, we need to verify that the Cj; satisfy the three re-
lations (2.1). The first relation is evident. Further, it is clear that the second and
third equations need only be checked when r = 3. Now

[012 + 013, 023] = [(ld X A)t, 1 X t], and
[Cla, Ci3+Co3] = [t®1, (A®id)t].

But (id ® A)t is a sum of terms like X @ AY (X,Y € g C U(g)), so that the first
commutator is 0 because ¢ commutes with A(U(g)), and similarly for the second.
This proves the first statement.

The second statement follows from the fact, implicit in the argument above, that

for any i < j, [Cy;, ATV ()] = 0 for all z € U(g). O

Next let (7, V') be any finite dimensional U(g)-module, that is, a finite dimensional
vector space V' with an algebra homomorphism 7 : U(g)—End¢(V). (In general,
we shall use the notation (m,, L,) for a finite dimensional irreducible g-module with
highest weight p.) Since every g-module can be regarded as a module over its
universal enveloping algebra U(g) in a natural way, we shall use the terms “g-
module” and “U(g)-module” interchangeably.

Now 7®" clearly defines an action of U(g)®" on V®", which makes V®" into an
U(g)®"-module. The homomorphism A=Y from U(g) to U(g)®" therefore makes
Ve into a U(g)-module by restriction (i.e. via the action 7(” o AC=1). In this
work our main concern is the identification of the centraliser algebra of V®" as
U(g)-module.

Given (7, V') as above, define

(2.3) Yy =7 01 : T,—Endc (V).

Evidently the image of v, is a finite dimensional algebra A(r) of endomorphisms of
yer,

Theorem 2.2. The T,.-module (¢, V") is semisimple. Thus the image A(r) of 1,
18 a semistmple algebra.

Proof. We postpone the proof to the Appendix. O

Theorem 2.3. The commutant C(A(r)) of A(r) in Endc(V®") is semisimple, and
the commutant of C(A(r)) is A(r) itself. Furthermore, V" decomposes into a
direct sum of inequivalent irreducible A(r) @ C(A(r))-modules each appearing with
multiplicity 1.

Proof. Because of the semisimplicity of A(r), the double centraliser theorem (see,
e.g., [CR, P. 175]) applies to the present situation. O

As a first step in the identification of C'(\A(r)), we have the following statement.

Proposition 2.4. Suppose that (7,V') is a representation of g. Then for any r > 2
we have

(1) C(A(r)) 2 7" 0 AU=(U(g)).
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(2) If (m, V) is irreducible, then A(r) contains the image of AT=Y(C) under 7"

Proof. The first part is immediate from the second statement of Theorem 2.1.

For (2), note that since (7, V) is irreducible, 1 ® C' and C' ® 1 act as scalars on
V ® V, and hence are in A(2). This is the case r = 2 of the second assertion. But
ACD(C) = (1d®TD @ A) o AC=2(C). Moreover id®" 2 @ A(Cy;) is clearly a linear
combination of elements Cy; € U(g)®". It follows that if AU=2(C) € A(r—1), then
Ar=D(C) € A(r). This proves (2) by induction on . O

It follows from Theorem 2.3 that if we have equality in Proposition 2.4(1), then
A(r) is the full centraliser algebra of U(g) on V®". Thus the decomposition of V®"
as U(g)-module is reduced to investigation of the structure of A(r). One of the main
concerns of this work is therefore the identification of C(A(r)), and in particular we
give sufficient conditions for equality in Proposition 2.4(1).

3. STRONGLY MULTIPLICITY FREE MODULES

Denote by P the lattice of weights of g with respect to , by Pt the dominant
weights, and fix Ag € P*. Let (m, V) be a finite dimensional irreducible U(g)-
module with highest weight Ay and denote the set of weights occurring with non-zero
multiplicity in V' by II. Assume that V' is multiplicity free, i.e., that every weight
space has dimension 1. To avoid the trivial case V = C, we assume that dim V' > 1.

For any dominant weight A [S P*, write Ly for the simple g-module with highest
weight A, and define the set Py := {A + p|p € I} NP*. Let Py be the subset

of 73X such that the simple module L) appears in Ly ® V. We shall require the
following simple result.

Lemma 3.1. (i). Given that V is (irreducible and) multiplicity free, for any fi-
nite dimensional irreducible g-module (wp, Ly), Ly @ V = ®Ae7>j( Ly, where each
wrreducible submodule appears with multiplicity 1.

(ii). If V is further assumed to be minuscule in the sense that 11 consists of
a single Weyl group orbit, then for every pu € Il such that A + u is dominant, the
irreducible module L, appears in Ly®V exactly once. Thus when V' is minuscule,

we have Py = Py

Proof. To see (i), recall the usual partial order on II: for elements p,v € II, p > v
it 4 = v + 3 for some non-zero § € Z,R.. Since V is multiplicity free, it has an
ordered basis {vy,va,...,v4} of weight vectors (d = dim V'), compatible with the
partial order of IT in the sense that if wt(v;) denotes the weight corresponding to v;,
then wt(v;) > wt(v;) implies ¢ < j. That is, the weights satisfy: wt(v;) > wt(v;41)
for each 1.

Any vector u in Ly ® V' can be uniquely expressed as u = w; Q@ v1 + - - - + wyq ® vg.
If u is a weight vector with weight A, then for each i, w; = 0 or w; is a weight vector
with weight A —wt(v;). Suppose u is a highest weight vector, and let k& be the largest
index such that wy # 0. The fact that u is annihilated by all positive root vectors
of g implies that wy, is also annihilated by all positive root vectors of g, and hence
is a highest weight vector of L. Hence wt(u) = A 4+ wt(vy).

If there is another highest weight vector v’ € Ly ® V' with the same weight wt(u),
then after adjustment by a non-zero scalar, we may assume that ' is of the form
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W=w] @+ Fw_ QU +wp @u. fu—u' #0, let j <k be the largest
index such that w; —wj # 0. Then u — «' is another highest weight vector with
weight wt(u), and by the argument of the last paragraph, we see that w; — wj is a
highest weight vector of L. But this is impossible as the weight of w; — wj is not
equal to A. Hence any two highest weight vectors of the same weight in Ly ® V' are
proportional. This completes the proof of (i).

In view of part (i), to prove (ii) we need only show that Ly, does appear in the
tensor product if A+ p is dominant. But the Parthasarathy-Ranga Rao-Varadarajan
conjecture proved by Kumar [Ku] states that for every w in the Weyl group of g,
the irreducible module with highest weight equal to the unique dominant weight in
the Weyl group orbit of A + w(Ag) appears in Ly ® V. Since V is assumed to be
minuscule, every u € II is of the form w(Ag), and we are done. O

We next define a special class of multiplicity free modules.

Definition 3.2. Let II be the set of weights of the irreducible g-module (7, V).
Then (7, V) is called strongly multiplicity free (smf) if each p € I has multiplicity
one, and for any pair of distinct elements p and v of I, p — v € NR; U (—NR,).

Remark 3.3. The condition that a multiplicity free module (7, V') be smf is equivalent
to the requirement that its set II of weights is linearly ordered under the partial
ordering referred to in the proof of Lemma 3.1.

Before discussing the properties of smf modules which are relevant for our con-
sideration of endomorphism algebras, we give a classification of the smf modules for
the simple complex Lie algebras.

Theorem 3.4. Let g being a simple complex Lie algebra. The following is a complete
list of the strongly multiplicity free irreducible modules:

(1) the natural sl,-module C* and its dual, for k > 2;
(2) the natural $0gy,41-module C*+L for k > 2;
(3) the natural spy,-module C** for k > 1;
(4) the 7 dimensional irreducible Gy-module;
(5) all irreducible sly-modules of dimension greater than 1.
Proof. If g = sly, there is one irreducible module of each dimension k£ > 1, and since
the whole of P is totally ordered, and all irreducibles are multiplicity free, clearly
those of dimension k& > 2 are smf.

Assume now that the rank rk(g) of g is greater than 1. We claim that if V' is
strongly multiplicity free, then its highest weight Ay must be a fundamental weight,
i.e., there exists a unique simple root o, such that for any simple root «; we have

2(A0,ai) . { 1 if o = O,

(Ao’a{) - (ai’ai) 0 if a; 7é Q.

For any root o € R, we use the standard notation a” for the corresponding coroot,
viz. o = (zi‘x). We shall need the following standard (and easily proved) facts
concerning V. For a« € Ry, let e, fa, ho be the usual elements of the Chevalley
basis of g C U(g). If v € V is a highest weight vector, then
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eoafozv :(A07O[)v
eafv =2((Ag, ) — 1) fav.

To prove the claim, first assume that there are two distinct simple roots a, and
a; such that (Ao, ay) # 0 and (Ag, ;) # 0. Then by (3.1) both f,,v and f,,v are
non-zero, and are weight vectors with respective weights Ay — a; and Ay — a;;, which
are not comparable in the partial order on P. Hence (Ag, @) # 0 for just one simple
root a = ag.

To complete the proof of the claim, we show that (A, as) = 1.

Let (3 be a simple root distinct from ay such that (g, 5) # 0 (i.e., § is joined to
a; in the Dynkin diagram). Then « := a5 + (3 is a root, and (Ag, ) = (Ag, as) # 0,
whence by the argument just given, f,v is a (non-zero) weight vector of weight

Ay — a = Ay — a, — 3. However, if (AO’O“")) > 1, then again by (3.1), f2 v # 0, and
hence is a weight vector of weight Ag — 2a;. Thus Ay — 2, and Ag — oy — (3 are in
IT, but are not comparable in the partial order on P. This completes the proof of
the claim.

We are therefore reduced to checking which fundamental weight modules of the
simple complex Lie algebras are smf. All the weights of these modules have been
tabulated in [BMP]. For the classical Lie algebras one sees easily that all the fun-
damental representations are multiplicity free. However, only those listed in the
theorem satisfy the condition on II.

For G4, the two fundamental representations are respectively the 7 dimensional
irreducible representation and the adjoint representation. Obviously the adjoint rep-
resentation is not multiplicity free, but the 7 dimensional irreducible representation
satisfies the condition on II.

The weights and their multiplicities of all the fundamental representations of the
other exceptional simple Lie algebras are explicitly given in [BMP]. Inspecting the
results we see that these representations are either not multiplicity free or violate
the condition on II. 0J

(3.1)

Remark 3.5. The natural modules of sl; and sp,;, in Theorem 3.4 are minuscule, but
the natural module of s0s,,,1 is not. Also note that the natural module of so,,, is
minuscule but not strongly multiplicity free.

We next construct some endomorphisms of Ly ® V' for strongly multiplicity free
V and arbitrary dominant A, which will be used later to analyse the endomorphisms
of tensor powers of V. Since the quadratic Casimir C' of U(g) is central, it acts via a
scalar, which we denote by x,(C), on the irreducible g-module Ly. As is well known
(see, e.g. [H, P.122]), xA(C) = (A +2p, A), where 2p denotes the sum of the positive
roots of g.

Lemma 3.6. Suppose V' is strongly multiplicity free, and that A is any dominant
weight. If X\, u € Py, then xA(C) = x,(C) if and only if X = p.

Proof. For any two elements A, u of 737{,

XA(C) = xu(C) = (A +p+2p,A = p),
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and this is zero if and only if A = pu, because A — p is either a sum of positive or
negative roots of g, by the hypothesis concerning II. 0

We next introduce a weaker form of the smf condition.

Definition 3.7. The irreducible g-module (7,V = L,,) is called weakly multiplicity
free (wmf) if each weight has multiplicity one, (so that by 3.1 V ® V' is multiplicity
free), and for any pair of distinct weights p and v of Py, xu(C) # x.(C), where
C € U(g) is the Casimir element.

Note that a consequence of Lemma 3.6 is that any smf module is wmf.

The algebra U(g), and hence the Casimir C' € U(g), acts on Ly®V via (mp®@m)oA.
Write Ay := (ma @ m)A(C) for the operator induced by C. By Schur’s Lemma, each
irreducible submodule Ly of Ly, ® V' is an eigenspace of A with eigenvalue x,(C).
Thus by Lemma 3.1(i),

(3.2) [T (A —xa(@) =0

P
For A € P}, let P[\] be the U(g)-endomorphism of Ly ® V defined by
Ap — xu(C
(3.3) PN = [ 2 Xu(C)

A GO =y

By Lemma 3.6, P[)] is well defined. For any weight u € Py, it is evident that P[)]
acts on the summand L, of Ly ® V' as the identity if 4 = A and zero otherwise. We
therefore refer to P[\| as a projection operator. The following statement is clear.

Lemma 3.8. Assume that Ly ®V is multiplicity free and that C' has distinct eigen-
values on distinct summands of Ly @ V. Then the projection operators above have
the following properties:

(1) The P[A] commute with the U(g) action on Ly @ V. That is,
[P[A], (mp ®@7)A(z)] = 0, Vze U(g).
(2) The P[A] form an orthogonal idempotent decomposition of idr, gy, and
PA[(Lya®V) = L.
Proof. Part (1) follows from the fact that C' is central in U(g). Part (2) follows from
Lemma 3.6, Equation (3.2) and the remarks above. O

We are now able to analyse V®2 for V wmf completely.

Corollary 3.9. Let V' be a weakly multiplicity free g-module. Then
(1) The algebra A(2) is the full centraliser of U(g), acting on V&% via A = AW ;
U(g)—U(g)%®?, i.e., in this case we have equality in Proposition 2.4(1).
(2) The endomorphism s : VE2—V®? defined by s(v@v') = v' ®@u lies in A(2).

Proof. Tt is clear that V®? is multiplicity free as U(g)-module, i.e., it is a direct
sum of pairwise non-isomorphic irreducible U(g)-modules Ly, over A € Py . Thus
EndU(g)V®2 is generated by the projections onto the summands L), i.e. the projec-
tions P[A] of Lemma 3.8. Hence (1) will follow if we can show that P[\] € A(2) for
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A € Py,. But (3.3) shows that P[] is a polynomial in Ay, = 7¥*A(C). Moreover

Proposition 2.4(2) shows that 7®2A(C') € A(2), and the proof of (1) is complete.
For (2), we need merely observe that s € Endyy)V®?, and hence by (1), s €

A(2). O

This enables us to make the following general statement about A(r).

Theorem 3.10. Let (m,V) be a wmf g-module, and let A(r) C EndygV®" be the
algebra defined in §2. Then

(1) For any permutation o € Sym,, the endomorphism 7, : v ® -+ @ v, —
Vo(1) ® @+ + @ Vo(r) lies in A(r).

(2) Forr = 2,3,..., A(r) is generated as associative algebra by A(r —1) ® 1
together with the endomorphism 7®"(1®1® --- @ A(C)) of V& .

Proof. The case where o is the simple transposition (12) of (1) was proved in
Corollary 3.9(2), and the same argument shows that for all simple transpositions
o = (i,i+ 1) the corresponding 7, are in A(r). Since these involutions generate the
symmetric group, 7, € A(r) for all o € Sym,..

We prove (2) by induction on r, the case r = 2 having been proved in Proposition
2.4(2). Note also that the argument of the proof of Proposition 2.4(2) shows that
T (1®1®---@A(C)) € A(r), whence the algebra B generated by A(r—1)®1 and
T (1®1®- - -@A(C)) is contained in A(r). We need to show that B contains all the
elements 7"(Cy;) (1 <i < j <r). Ifi <j <r, this is clear, so that we are reduced
to the case when j = r. But again, the argument in the proof of Proposition 2.4(2)
shows that 7®"(C,._; ) is a linear combination of 7" (1®1®---®A(C')) and scalars,
and hence lies in B. Further, by (1), we also have all the endomorphisms 7, € B for
o € Sym,_;. Since 7%"(Cj,) may be obtained from 7" (C,_;,) by conjugation by
a transposition in Sym,_;, we see that all 7®7(C};) lie in B and the proof of (2) is
complete. O

The following general result is also useful.

Proposition 3.11. Assume that (7, V1), ..., (7., V,) are strongly multiplicity free
wrreducible g-modules.

(1) There is a decomposition Vi ® --- ® V, = @iLgr) into (not necessarily dis-
tinct) irreducibles, which, up to ordering the summands, is determined by the
sequence (Vi,...,V,).

(2) The projections PZ-(T) Ve ® VT—>L(T) regarded as endomorphisms of

1 2

i®---aV, (ie ResZ}f?"@VTPim = 0i5id, () lie in A(r), here interpreted
as (m @ -~ @m,) op(T,).

Proof. We prove both statements by induction on r; the case r = 1 is trivial. If
Vi -V, = @Z-LET) is an irreducible decomposition, then V; @ --- @V, ® V., =
GBZ»LZ(T) ® V41, and by Lemma 3.1, LZ(T) ® V,41 is multiplicity free for each ¢, and
hence has a unique decomposition into irreducible submodules. This proves (1).
For (2), assume we have projections P\” : Vi ® --- ® V,—L!" in A(r). If
LE’“) ® V,41 has irreducible decomposition Ll@ Q@ Vi = &Y Ll

Jj=a~j
L;TH). Then by Lemmas 3.8 and 3.6, p;; is a polynomial

, write p;; for the

projection LZ(.T) ® Vop1—
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in 7" @ m,41(C), where 7" is the representation of U(g) on L\". But this is simply
™ ® - @ 71 AT(C) which lies in A(r + 1) by the appropriate generalisation of
Proposition 2.4(2). Hence Pj(TH) = p;j © PZ-(T) ®1eA(r+1). O

Corollary 3.12. Assume we are in the situation of Proposition 3.11. Let Vi® ---®
V, = @;M; be the canonical decomposition of the left side into isotypic components.
Then the projections Vi® - -+ @ V,.—M; all lie in A(r).

Proof. Since each M; is the sum of all the irreducible modules LZ(»T) in a given iso-
morphism class, this is immediate from Proposition 3.11. 0

The next statement is one of the main results of this paper.
Theorem 3.13. IfV is strongly multiplicity free, then for any integer r > 2,
End, (V") = A(r).
Equivalently, C(A(r)) = U(g).

The proof will be given in Section 5.

3.1. Representations of Lie groups and Lie algebras. Notice that Theorem 3.13
excludes the natural module for the orthogonal Lie algebra so0s,, of even dimension,
as the corresponding statement is false in this case, although the analogous state-
ment for the corresponding group is true. The reason underlying this is that in
order to describe classical invariant theory in a unified manner using the algebra of
infinitesimal braids, one needs to pass to the corresponding Lie group Oy, (C).

Given any finite dimensional (holomorphic) representation (1, V') of G, that is, a
finite dimensional vector space V' with a homomorphism Y : G—GL(V') of complex
Lie groups, its differential dY := 7 gives rise to a representation of the Lie algebra
g (see [V, P. 105]). We denote the resulting g-module by (7, V).

Proposition 3.14. Let (Y,V) be a representation of the connected complex Lie
group G with corresponding representation (m = dY, V') of g =Lie(G). Then Endg(V) =
Endy(V).

We shall use Proposition 3.14 to prove Theorem 3.13 case by case. Let G denote
one of the complex Lie groups SLi(C), Or(C), Spar(C), or Go. Writing g = Lie(G)
for the corresponding Lie algebra, let V' be one of the following g-modules: the
[-th symmetric power (for some 1) of the natural module when g is sly, the natural
module for the Lie algebra g of G when g is of classical type other than sl,, and the
seven dimensional irreducible module when g is the Lie algebra of G5. Then clearly
these representations all lift to representations of the corresponding Lie groups, as
do their tensor powers.

Theorem 3.15. For the Lie groups and their representations listed above, the cor-
responding Lie algebras act, and if A(r) is the algebra of endomorphisms of V"
defined in §1, we have

Homg(V®", V) = A(r), Vr>2.

Remark 3.16. We shall prove Theorem 3.15 in Section 5. When G is connected, this
will imply Theorem 3.13 for g in view of Proposition 3.14. In the orthogonal case,
we need some ad hoc arguments to complete the proof.
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4. THE SYMMETRIC GROUP AND BRAUER ALGEBRA IN A(r)

We analyse the structure of the algebra A(r) in some detail in this section. It
is well known that the symmetric group and Brauer algebra play a central role in
classical invariant theory [W]. We shall see that particular representations of this
algebra arise as subalgebras of A(r). The material in this section will be used in
proving Theorem 3.13 and Theorem 3.15.

We shall use the same notation as in the last section. Throughout this section,
the g is either gl, or a simple Lie algebra. Let V' = Ly, be an irreducible, weakly
multiplicity free g-module. The projections to the irreducible submodules of V @ V
span Endg(V @ V).

4.1. Permutations in the endomorphism algebra. Consider the permutation
s:VV—VeV, weuw  —uv ew,
which is U(g)-invariant. Define the maps s; : V& — V®" i =1,2--- . r —1, by

(4.1) 5; 1= id®0D @ § ® id®C—i-D),

where id denote the identity map on V. Then it is well known that they satisfy the
defining relations of the symmetric group Sym,

2 s ®T’ _ . . o
s; =1d", 585 = 8584, ’2 - ]‘ > 1, 88418 = Sit15iSi+1,

thus generate a representation ¢, of Sym, on V®". Recall that we denote ,.(T,) by
A(r).

Theorem 4.1. Let V' be an irreducible weakly multiplicity free g-module. Then
Cor(Sym,) C A(r). If |PX| = 2, then Cop(Sym,) = A(r).

Proof. The first statement is simply a rephrasing of Theorem 3.10.
Now by Lemma 3.1, we have

(4.2) s= > €eNPN,,

XEP,

where ¢(\) € C, and since s? = 1, ¢(\) = +1.

Since s is not a scalar multiple of idygy, when [Py | = 2, one of the €()\) in (4.2)
is +1 and the other is —1. It follows that the two projections may be expressed as
(id®?+5)/2 and (id®? — 5)/2 respectively. Let £+ and £~ denote the two (necessarily
distinct) eigenvalues of ¢ on V' ® V. Then for every i <7,

id®r +s; _ id®r — S;
Ur(tiin) = & ——F— 4+ —5—
2 2
Using this equation we can express ,(¢;;) as
Ur(ti;) = Sj—18j—2 Sip1W¥r(tiig1)Siq1 - -~ Sj—25j-1.

This shows that ¢,(CSym,) contains A(r) and hence that ¢,(CSym,) = A(r). O

Example 4.2. The natural representation of gl,,.
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Choose the standard Borel subalgebra of upper triangular matrices, which con-
tains the Cartan subalgebra consisting of the diagonal matrices. The dual h* of the
Cartan subalgebra is spanned by {e; | 1 <1 < n}, and is equipped with a positive
definite bilinear form ( , ) such that (e;, e;) = &;;. The positive roots are e; — e;,
t < j, which sum to

n

2p = Z(n — 20 + 1)e;.

i=1
We take V' to be the natural gl,,-module, which has highest weight e;.
V ® V - L2€1 @ L61+62'

The eigenvalues of the quadratic Casimir operator C' in the irreducible modules V,
Lo, and L., ., are respectively given by

Xe1 (C) = (61 + 2p, 61) =n,
X2 (C) = (2e1+2p,2e1) =2(n + 1),
Xerte:(C) = (e1+e2+2p,e1+€2) =2(n—1).

The eigenvalues of ¢ in the irreducible submodules Lo., and L., 4., of V ® V are
respectively given by

C281 (t) = 17 C61+62 (t) =—1.
Thus

P2e1] = (2(t) +1)/2, Pler +ea] = —(¢a(t) — 1)/2,

are the projections mapping V' ® V onto the respective irreducible submodules. The
permutation operator is given by

(4.3) s = P[2e;1] — Pley + ea] = Us(t).

The natural module for sl, may be treated in exactly the same way.

4.2. The Brauer algebra in A(r). Suppose V&V contains the trivial 1-dimensional
submodule Ly = C; write V@ V = Ly @ Ly, and write P[0] for the corresponding
projection to Ly. Recall that the signs €¢(\) are defined by the decomposition (4.2).

Lemma 4.3. For any U(g)-module endomorphism f :V @ V—V & V, we have
the following equations in Endy g (V®?).

(i) (P[0 @ idv)(idy @ D)(P[0] @ idy) = &:P[0]® idy;
(i) (idy ® P[O])(f @ idy)(idy ® P[0]) = &sidy ® P[],

where & = trygy(f)/(dime V)2

Proof. Since both equations are proved in the same way, we prove (i). The left hand
side is a U(g)-invariant endomorphism of V® whose kernel contains Ly ® V, and
whose image lies in Lo® V. But as Lo®V = V is irreducible, it follows from Schur’s
Lemma that the left hand side of (i) is proportional to P[0] ® idy. To determine the
proportionality constant s, we proceed as follows. For any two (finite dimensional)
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vector spaces W, W', since Endc(W @ W') = Ende(W)®@Endc(W’), we have a linear
map Ty : Ende(W) ® Ende(W’')—Endc(W’), given by
T (D h@N) = try(h)h.

If W, W' are U(g)-modules, then Ty~ is a homomorphism of U(g)-modules. It is
easy to see that for ¢ € Ende(W @ W’) and ¢’ € Endc(W),

(4.4)  trw (Tww(9)) = trtwew(9) and Tww (g o (idw ® ¢')) = Tww(g9) o g'.

If W' is an irreducible U(g)-module, then by Schur’s Lemma Ty w/(g) = cyidwr,

and by (4.4), ¢, = trwew(g)/ dime W'. In particular, Tyy(P[0]) = gy idv, and
S0

: I
(45) TV,V®V<P[O] X 1dv> == dlm(c VldV®V.

Using this, let us compute the trace of both sides of (i). Since P[0] ® idy is a

projection to the subspace Ly ® V', which has dimension dim V', the trace of the
right side is §y dim V. Moreover

tryes(P[0] @ idy) (idy @ f)(P[0] ® idy) = tryes(P[0] @ idy)(idy @ f)
= trye Ty yer ((P0] @ idy)(idy ® f)) by (4.4)
= trye:z (TV,V®2 (P[O] ® idv) o f)

idygy o f) by (4.5)

= tryez(

B 1
N dim@ %

1
dim(c |4
tryez(f).

Comparing this with the trace of the right side, we obtain §; = mtfvw (f), as
stated. U

Now define the following elements of A(r). Write 7 = P[0], and define
7 =id2 Y @ (0)r @idZ" Y i=1,2,-- r—1.

Recall that the Brauer algebra B,.(d) may be defined as the C[6*!]-algebra gen-
erated by elements S;, E;, ¢ = 1,...,r — 1 subject to the usual braid relations for
the S;, as well as S? = 1, the Temperley-Lieb relations E? = §E;, E;E;1E; = E;
and E,E; = E;E; if |[i — j| > 2, and the relations S, E; = E;S; = E;, Sit1EiSiy1 =
SiEi—l—lSi; and SlE] = E]Sl when |Z - j’ Z 2.

Theorem 4.4. Suppose V' is weakly multiplicity free and self dual, so that the trivial
module Ly s a summand of V ® V. Then the assignment S; — s;, F; — dim V7,
i = 1,2,---,r — 1 defines a homomorphism from the Brauer algebra (with § =
€(0)dim V') to A(r). When [P} | = 3, this homomorphism is surjective.

Proof. Note first that since the projections P[\| are in A(2) by Corollary 3.9, 7 €
A(2), and since the s; are in A(r) (by Theorem 3.10), it follows that 7, € A(r) for
all i. Now Lemma 4.3, with f = P[0], implies that

TiTi+1Ti = (dlm V)izTi, TZ'T]' = TjTi, |Z —j’ > 1.
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Hence the maps 7/ := dim V' 7; satisfy the Temperley-Lieb relations with 6 = €(0) dim V.
Also, s;17; = 7;8; = T;, and the other Brauer relations are clearly satisfied by the 7/
and s;. The first statement is therefore clear.

Now we prove the second part. The two signs €(A) with A # 0 are unequal. Thus
the three projections can be respectively expressed as

e0)r,  ({d**+s—7)/2, (id®*—s+7)/2.

Also t acting on V ® V has three pairwise distinct eigenvalues, which we denote by
£, & and £€°. We have

¢r(ti,i+1) = §+(id®r + S; — TZ)/Q + g_(id@)r — S; + TZ)/Q + 506(())7'1‘.

Using this equation we can express ¢, (¢;;) as

wr(tij> = Sj-15j-2°"" 3i+1¢r(ti,i+1)5i+1 crrSj-255-1.
Therefore, the homomorphic image of the Brauer algebra generated by the s;, 7; is
the whole of A(r). O

Example 4.5. The natural representation of so,,

Let V' be the natural module of so,,. We have seen that V' is strongly multiplicity
free if n = 2m+1, but is not smf when 7 is even. We need to show that it is wmf, i.e.
that all irreducible submodules of V ® V' have distinct Casimir eigenvalues. That is
the content of the next lemma.

Lemma 4.6. Let V' be the natural module of the Lie algebra s0s,,. Then V ®V is
multiplicity free, and x(C) # xu(C) if X # p for any A\, u € Py .

Proof. We may assume that m > 1 as so4 is isomorphic to gl;. Also so, = sly @ slo,
so that this case is easy. Note also that it essentially reduces to Lemma 3.6 for case
(5) of Theorem 3.4.

For m > 2, let e;, « = 1,2,...,m, be an orthonormal basis of an m-dimensional
Euclidean space. The positive roots of sos,, are given by e; £ e;, ¢ < j, which sum
to 2p = >, (2m — 2i)e;. The highest weight of the natural module is Ag = e, and
IT = {#£e;|1 <7 < m}. By dimension, these are all the weights.

Now 7/5;{0 = Py = {2e1,e1 4 €2,0}. Clearly x2,(C) and xe,4e,(C) are both
different from xo(C) = 0, and xae, (C) — Xey4e, (C) = (31 +e2+4p, e —e2) > 0. O

We shall also need explicit knowledge of the root system of s0s,,,1. The positive
roots are e; £ e, © < j, and e;. The sum of the positive roots is given by 2p =
Yo (2m 41— 20)e;.

For both n = 2m and 2m + 1, V has highest weight e;, and

(4.6) VRV = Ly, &Ly® Lej e,
The eigenvalues of the Casimir operator C' on these irreducible modules are
Xe, (C) = (e1+2p,e1) =n—1,
X2e, (C) = (2e1 + 2p,2e1) = 2n,
Xeytes(C) (e1+ €2+ 2p,e1 + e3) =2(n — 2),
xo(C) = 0,
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and the eigenvalues of the endomorphism ¢t on V ® V' are

C261 (t) = 17 C€1+62(t> = _1, Co(t) =1-—n.

The projection operators mapping V' ® V' onto the irreducible submodules are re-
spectively given by

(a(t) + 1) (a(t) — 1 +n)

Phal = 2n ’
Pler+es] = — (¢a(t) — ;zsﬁi(;)) — 14 n)’
P[0] (12(t) ;(711)(_1/);515) + 1)'

The permutation operator in the present case can be expressed as

(2(t) — 1)(h2(t) + 1).

n—2

(47) S = P[Z@l] =+ P[O] — P[61 + 62] = ¢2<t> +

Example 4.7. The natural representation of sp,,,

The positive roots of sp,,, are e; £ e, 1 < j, 2e, and 2p = 23" (m — i+ 1)e;.
The natural module V' has highest weight e;, and

V & V — L261 D L€1+62 D LU-
The relevant eigenvalues of C' and ¢ are

Xe, (C) = (e1+2p,e1) =1+ 2m,

X2e, (C) = (2e1 + 2p,2¢1) =4m + 4,
Xertes (C) = (e1+ea+2p,e1 +e3) = 4m,
xo(C) = 0,
Coey (1) = 1, Corren(t) = =1, (o(t) = =1 —2m.

The projection operators are given by

(V2(t) + 1) (¢(t) + 1+ 2m)

P[261] = 2(2m - 2) ’
Pley ey = —2)= 1)(12{(;) + 14 2m)
(¥a(t) — 1)(Wa(t) +1)
PO} = m@m )

The permutation operator is given by
s = P[2€1] —P[€1+€2] —P[O]
(v2(t) = D(¢a(t) +1)
Yalt) + 2m + 2

Note that in accord with Theorem 4.4, the projection operators have the same form
as those in the so,, case with ¢ replaced by —t and 2m by —n, since the sign €(0) is
different in the two cases.
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5. PROOF OF THEOREM 3.13 AND THEOREM 3.15

In this section we give the proofs of Theorems 3.13 and 3.15. The proof will be
case by case, using our classification of smf modules.

5.1. The Classical Lie groups. We first consider the natural modules of the clas-
sical Lie groups G Ly, SLy, O, and Spag.

5.1.1. The linear groups GLy and SLy. It is a celebrated result of classical invari-
ant theory known as Schur-Weyl duality (see [W] or [Hos]) that Endgr, ) (V")
is the group algebra of the symmetric group Sym, in the representation ¢,. If
SLi(C) is regarded as a subgroup of GLx(C), then GL,(C) is generated by SL(C)
and scalars. Since the scalars in GLg(C) act on V¥ as multiplication by con-
stants, Homgy, () (V®", V®") and Homgp, o) (V®", V¥") coincide. By Remark 3.16,
it follows that Homgy ) (V®", V®") and Homg, ) (V®", V®") are also both equal to
¢r(CSymy). In view of Theorem 4.1 this completes the proof of Theorems 3.15 and
3.13 for these cases.

5.1.2. The symplectic group Sper(C). It is a classical result of Brauer ([Br]) that
Homgp,, ) (V®", V®") is the image of the Brauer algebra described in Theorem 4.4.
Since Spox(C) is connected, it follows from Proposition 3.14 that the corresponding
centraliser algebra in the Lie algebra case sp,;,(C) is the same. Thus Theorem 4.4
implies both Theorems 3.15 and 3.13 in this case.

5.1.3. The orthogonal groups O(C). Brauer proved in op. cit. that Endo,c)(V*")
is the homomorphic image of the Brauer algebra described in Theorem 4.4. Hence,
bearing in mind Theorem 4.4, we have, writing V' for the natural Oy (C)-module,

(5.1) A(r) = Endo, ) (V®") € Endso,c)(V®") = Endg, ) (VE"),

where the last equality follows from Proposition 3.14. If k£ = 2m + 1, then O, is
generated by —idy and SOy, and since —idy acts on V®" as a scalar, the inequality
of (5.1) is an equality. Thus in the odd orthogonal case, both Theorems 3.15 and
3.13 follow.

Theorem 3.15 for the case of Os,,(C) also follows from the above discussion.

5.2. The case of GG3. We now consider Theorem 3.13 and Theorem 3.15 in the case
of Gy and its Lie algebra. Since the group G(C) is simply connected, in view of
Proposition 3.14 and Remark 3.16, it suffices to consider the Lie group case.

5.2.1. Invariant theory for G5. The GGy endomorphism algebras of tensor powers of
the seven dimensional irreducible module V' are nothing other than G5 invariants
in tensor powers of V since V' is self dual. We therefore recall the invariant theory
for Gy developed by Schwarz [S]. Let us first describe the 7-dimensional irreducible
representation of G5. We note that another approach to Gy may be found in the
interesting paper of Kuperberg [Kup].

Denote by a; and as the simple roots of G5, with a; being the shorter one. We
take the bilinear form (, ) to be normalised so that (ay,a;) = 2. The set of positive
roots is given by

Ry ={a, a0, 0 + a; g + 2005 g + 3aq; 200 + 3aq };
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and the fundamental weights are
)\1 = 2011 + Qo )\2 = 3&1 + 20&2.

Note that both A; and Ay are positive roots, with \; being short and Ay long. In
fact Ay is the maximal root, hence the module L), is isomorphic to the Lie algebra
itself, which is 14 dimensional. Let V' denote the 7 dimensional irreducible module
Ly, , which is strongly multiplicity free by Theorem 3.4. The set of weights of V' is
IT = {0, taq, £(as + ay), (s + 2a;)}. We have

V&V = Loy @ Ly, Ly @ Lo,

where the dimension of Loy, is 27. The appearance of the trivial 1-dimensional
submodule Ly in V ® V implies that V is self-dual, that is, V' and its dual V* are
isomorphic. Moreover since Ly, =V, it follows that each tensor power of V' contains
Ly.

The eigenvalues of the quadratic Casimir in these irreducible modules are respec-
tively given by

X1 (C) = 127 X/\Q(O) = 247 X2 (O) = 287 XO(C) =0.

Let Plu], 1t = 2A1, Ao, A1, 0, be the respective projections mapping V' ® V' onto the
irreducibles. Then the permutation map s: V® V — V ® V can be expressed as

s = P[2\] + P[0] — P[X\s] — P[\1].

This shows that the symmetric and exterior squares of V are given by S*(V) =
L2)\1 S¥) Lo and /\2(V) = L,\2 S>, L/\l.

As is well known (see, e.g., [S]), the Cayley algebra over C is the unique (up to
isomorphism) 8-dimensional non-commutative, non-associative alternative algebra,
which can be constructed in the following way. Let Ar denote the set of ordered
pairs of quaternions with component wise addition and the following multiplication:

(a;b)(c;d) = (ac — db; da + be),

where a is the usual conjugation of quaternions. Then Ag is a central simple non-
associative, non-commutative alternative algebra of dimension 8 over R. If x =
(a;b) € Ag, we define the trace of x by tr(z) = Re(a), the real part of a. The
complexification Ac¢ := A of Ay is the Cayley algebra; it retains the complex valued
linear form tr. The connected component of the automorphism group of A is the
complex exceptional group Go. The 7-dimensional Go-module V' is now realised as
the subspace of A consisting of elements of trace zero.

For any non-negative integer m, let V™ be the direct sum of m copies of V. Let
(1, ,xy) be an arbitrary element in V™. Following [S], we define three series of
Go-invariant polynomial functions in the coordinate ring C[V™]. First define A, B
and C in C[V?],C[V3] and C[V*] respectively by
(5.2)

A(z,y) = —tr(zy); Blz,y,u) = —tr(z(y(u)); C(r,y,u,v) = skew(tr(z(y(u(v))),

for z,y,u,v € V, where skew denotes skew symmetrisation over Sym,. For any
sequence 1 < 4; < -+ < 4, < n owrite Py, : V™ — VP for the projection
Vit — Vi, @ --- @V, define ay; € C[V™] by a;; = Ao Py. Similarly, define
ﬁz‘jk =Bo Pijk and Yijkl = Co Pijkl-
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Theorem 5.1. [S] The algebra C[V™]2 of Gy-invariant polynomials on V™ is gen-
erated by the polynomials cvj, Bijr and ijk -

Now C[V™] may be identified with the symmetric algebra S ((V"™)*) on the dual
space (V™)* of V™. Since S((V™)*) = S((V*)™) =2 S(V*)®™ this algebra is
Z™-graded (since S(V*) is Z-graded, with the non-zero components all having
non-negative degree), and for any m-tuple d = (dy,...,d,,) of integers, we de-
note by S ((V™)*) the subspace of polynomials of multi-degree (di, ..., d,,). Then
S((Vm™)*) = ®qSe ((V™)*) is a Gy-invariant direct decomposition of S ((V™)*).

the grading, Theorem 5.1 inter alia provides an explicit description of the invariant
*\@m G2

subspace ((V*)®m)™2,

Remark 5.2. The map A of (5.2) is a Gy-invariant, non-degenerate pairing : V xV —

C. Hence A provides a canonical isomorphism of Ga-modules V—=V*. We shall

therefore consider the Go-modules V' and V* as canonically identified in this way.

In particular, with this identification, Theorem 5.1 is interpreted as an explicit
description of the space (V)2

Using the identification described in Remark 5.2, the Gs-invariant maps A, B and
C of (5.2) give rise to G5 equivariant maps among the tensor powers of V' as follows.
First, the maps A, B and C themselves provide

(5.3) A:V®2 5C, B:V® 5C, C:V® - C.

It is useful to note that while A is symmetric, both B and C' are skew symmetric.
Now A € (V)" = (V*)®?) which by Remark 5.2 is canonically identified with
V2 Thus we have the Gy-equivariant map

P:C—-VRV, c—cA

Similarly, we obtain from B the maps

BV -V, V.:V-V# 0:C— VP,
and from C' the maps

CVHE SV, O VSV 9V SV 0:C— VEL

The maps A, B, C and their relatives described above are the contraction and
expansion operators of [HZ]. As shown in [S, HZ] (proof of Proposition 3.22 in
[S] and Lemma 5.1. (c) in [HZ]), C” restricts to an isomorphism on A?V thus
C" = aP[\] + bP[)g] with a,b # 0. We further note that a # b.

Now by Remark 5.2, we have, for any integer n, an isomorphism of G5 modules
(V*)®2n o (V)& @ Ve = Home (VO™ V®"). Taking Gs-invariants, one obtains
(5.4) ((V)#)“? = Homg, (VEn, VOn),
which leads to the following easy application of Theorem 5.1.

Lemma 5.3. [HZ] The algebra Homg, (V" V") is generated by the place per-

mutations in ¢n(Sym,,) together with the contraction and expansion maps defined
above.
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Some clarification is required as to how Homg, (V®", V®") is generated by the
given elements. Let © : V® — C be any map constructed by tensoring the maps
AB,C(eg, Q=A@ B*»C®A®C%?), and let U : C — V® be constructed
by tensoring ®, ¥, 0 (e.g., U = " @ O @ & ® U® ® ©%3); by composition one
obtains U o Q : V&k — V@ Next, let X : V¥ — V®4 be constructed by tensoring
B, C' ¥ O, C" and id (e.g., X = (B)®? ®id @ C" @ (¥/)®3 . y®I0  yell)
Finally, define the map (U 0 Q) ® X : V&F+P)  y®U+a) When k+p=1+q =n,
we can compose (U o Q) ® X with permutations o1, 03 in ¢, (Sym,,) to obtain

F=0y0((U0Q)® X)oo;.
Then Homg, (V" V®™) is spanned by maps of the form F'.

5.2.2. Proof of Theorem 3.15 for G5. By Theorem 4.1, the permutations are in A(n),
whence we only need show that all maps of the form (U oQ)® X are in A(n). This
will be done in a series of reductions.

(1). Assume that there is a factor C' in Q. Note that C' = (A® A) o (id® C" ®id).

Let € be the map obtained by replacing this €' in Q by A® A. Then (UoQ)® X =
((U o) ® X) o (id*" ® C” ®id®*) for some integers s and r. As C” belongs to

A(n) by the case n = 2, which is known to be true, our task reduces to showing
that (U o Q) ® X € A(r) if © contains no factor C. A similar argument using
O=>1d®C"®id) o (? ® ®) shows that we may also assume that U has no factor
O.

(2). Consider (U o Q) ® X with Q containing B factors, and U containing ¥
factors. Applying permutations if necessary, we may assume that all the B’s are at
the end of €2, and the ¥’s at the end of U. Now

VoB:V® s

is the projection which maps V®3 onto its unique 1-dimensional submodule. It can
be constructed from the triple co-product of the quadratic Casimir element of Gs,
and hence is contained in A(3). Therefore, we are further reduced to the case where
(U o) ® X does not simultaneously contain factors B and W.

Assume that we are in the situation where ) contains k factors B, but U contains
no V. The other case is similar. We may replace each factor B in Q by Ao (id® B’).
In this way, (U o Q) ® X can be expressed as a composition of maps of the form
090 (Z ® X')ooy where Z is constructed from A and ® only, while X’ is constructed
from B, ¥/, C’', C”, © and id.

(3). Consider a map X of the form of X’ above. If X has a factor C” acting

on the i-th and i 4+ 1-th factors in V®", then (U o Q) ® X = <(UoQ) ®X> o

(id®0Y @ ¢ @ id®"Y) | where X is obtained from X by replacing C” by the
identity map on the tensor product V @ V. As C” belongs to A(2), we only need to
show (U o Q) ® X € A(n) when X contains no C”.

The relation C" = (id ® A) o (C” ®id) and the previous paragraph show that any
factor C" may be eliminated from X, and so is also €' in a similar way. Hence we
are reduced to showing that Z ® X € A(n), where Z is constructed from A and ¢
only, while X is constructed from B’, ¥’ and id only.
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(4). It is important to observe that the total number of factors B’ and ¥’ in X
must be even. Thus modulo permutations, X may be assumed to be either of the
form (B’ @ ¥')** @ (B")®? @ id®*? or (B’ @ ¥')** @ (¥')%% ©id*P,

Note that B’ @ V' = (B’ ®@ V') o (P[\] ®id). As V ® V is multiplicity free, we
can always express B’ @ W' as T o (P[\] ® id), where T is a linear combination
of the projection operators P[u], 1 = 2X1,0, A, Ao, described in Proposition 3.11.
Thus (B’ @ ¥')®* belongs to A(3k). Therefore, we now only need to show that all
Z® X € A(n) when X = (B")®* @id*? or (V)% © id®?.

Since these two cases are almost identical, we shall examine the first one only. In
order for Z ® X to be in Homg, (V®", V®"), Z should be the tensor product of ®*!
with an appropriate tensor power of P[0]. Note that B'® B’ = (id® A)o(B' @V’ ®id).
Thus Z ® X can be expressed as a composition F'o H, where F' is the image in A(n)
of an element of the Brauer algebra in the representation described in Theorem 4.4,
and H is an element of A(n) constructed from B’ ® U’ and id. Obviously F o H
belongs to A(n). This completes the proof of Theorem 3.13 for the case Gs.

5.3. The higher dimensional representations of gl, and sl,. Let V be the
(I + 1)-dimensional irreducible gl,-module. We realise V®" as follows. Denote by
C[X] the algebra of polynomials in the indeterminates 2¥, p = 1,2 and i = 1,2,...,7.
If M; is the subalgebra C[z}, 22] of C[X], then C[X] & M;®- - -®@M,. Let e/ := 2?2,
(p,q = 1,2). If g** (p,q = 1,2) denotes the usual basis of gl,, the map ¢P? — efb
defines an action of gl, on M; for each index ¢. If U; denotes the universal enveloping
algebra of gl,, then the operators {e? | p,q=1,2; i =1,...,r} generate an action
of U on C[X] in the obvious way. With these identifications, observe that A (gP?)
acts as e”? ;= Y1 P =37 x¥:% on C[X] (for each p, q).

Now each subalgebra M; is N—grz;ded by degree, whence C[X] is N"-graded. Let
M, 4 be the homogeneous subspace of M; of degree d. If d = (dy,...,d,) € N", then
CXla = My4, @ -+ ® M, 4, denotes the degree d subspace of C[X]. The above
action of gl, leaves invariant the subspaces M, 4 for each 7, d, and hence we have the

US"-module decomposition

(5.5) C[X] = ®gen-C[X]gq.

Clearly V' = M;, for each i, and so V® may (and will) be identified with
CIX] ... A generating set for the algebra A(r) of endomorphisms of the Us-
module C[X] (or any of the submodules C[X]q) is provided by the images of the
elements C; of (2.2). Since (g', "%, ¢*, ¢*) and (¢!, ¢**, g'?, g**) are dual bases of
gly, we have

Remark 5.4. The operators {A;; = > ,ef%ef” | 1 < i < j < r} generate
the associative algebra A(r) of Us-endomorphisms of C[X]q for any degree d =
(dy,...,d,).

We wish to show that for d = (I,...,[) this is the whole endomorphism algebra
£. In fact we shall prove the stronger result

Theorem 5.5. For any degree d = (dy,...,d,), the endomorphism algebra & of
C[X]a regarded as a Us-module (or gly-module, or sly-module), coincides with the
algebra A(r) of Remark 5.4.
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Our strategy for proving Theorem 5.5 will be to use Howe duality to obtain a
characterisation of £, and from that to identify a generating set for £ using a result
of Millson and Toledano Laredo, whose elements will be shown to lie in A(r).

Proof of Theorem 5.5. Define linear operators E;; on C[X] by

2
a
Eij_zxfa—x?, i,j=1,2,...r

p=1

Let {Ui; | 1 <i,j < r} be the usual basis of gl,. The map U;; — E;; defines an
action of gl,, and hence its universal enveloping algebra U,., on C[X], and the actions
of Uy and U, commute. In fact (gl,, gl,) forms a dual reductive pair on C[X] in the
sense of [Ho] or [Hos|. This implies that as a module for Uy ®U,., C[X] is multiplicity
free, and from [Hos, Theorem 2.1.2] it follows that as Us ® U,-module,

(5.6) C[X] = @rer, L & LY,

where Ay is the set of all partitions with two parts, and if A = (A\; > Ag), then
L¥2 (vesp. L) is the irreducible Up-module (resp. U,-module) with highest weight
(A1, A2) (resp. (A, A2,0,...,0), where there are r — 2 zeros).

The basis elements Uy, ¢ = 1,...,r form a basis of a Cartan subalgebra b of
gl,. They act on C[X] via the Ej;, and if f € C[X] has degree d = (dy,...,d,),
then E;f = d;f. Hence if H is the (commutative) subalgebra of U, generated by
the U;; (i = 1,...,7) then C[X] = ®4C[X]q is the decomposition of C[X] into H-
invariant subspaces; that is, the decomposition (5.5) of C[X] by degree is precisely
its decomposition into weight spaces with respect to H as a representation of U,.
Since the action of U, preserves degree, this implies that the decompositions (5.5)
and (5.6) are related as follows (using the notation above).

For any degree d = (dy,...,d,), we have

(5.7) CX]a = ®rea, LY @ (L5 )a,

where (L5")q is the d-weight space of the U, module L4
The decomposition (5.7) is precisely the decomposition of C[X]q, regarded as a
Us-module into isotypic components. It is therefore clear that

(5.8) Endy, (C[X]4) = @ren, Ende((L¥)a).

By the argument of Corollary 3.12, the projections to all isotypic components
of C[X]q lie in A(r), so for the proof of the Theorem, it suffices to show that all
endomorphisms of the multiplicity spaces (LY")q are induced by A(r).

To prove the latter assertion, we introduce, following [MT, §1] the Casimir sub-
algebra C, of U,. This is defined as the subalgebra of U, generated by the elements
{U;jU;i+U;;Ui5, Ui | i, j = 1, ..., r}. Note that the generators of C, preserve degree,
whence C, acts on C[X]q4, and hence on the summands of the decomposition (5.7).
Moreover it follows from [MT, Remark 6.2, after Theorem 6.1] that C, acts irre-
ducibly on (L47)q4, and hence that its generators induce the whole of Ende((LY")q).
It therefore suffices to show that the generators of C, induce endomorphisms of
C[X]q which lie in A(r).

To see this, note first that U;; acts on C[X]|q as Ej;, i.e. as the scalar d;. Thus
certainly the endomorphisms induced by the U;; are in A(r). Next, U;;Uj; acts on
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C[X]a as E;;Ej;, and it will clearly suffice to show that the latter lie in A(r). But,
for any i # j,

0 0
Eybi= ) #lpmym
p,q=1,2 J ?
0 0?
— Z z? 5pq8 7 +x§axf?ax?>
p,q=1,2 J ?
0 0?
_ p P4
o le ﬁ + Z Ly 0xPoxd
P topg=12
0 0
p q
_E“—F Z xzﬂx_j@
p,q=1,2 ¢ J
=E;+ »  elle?
p,q=1,2
=FE; + Ay
Since E;; acts as a scalar, it follows that E;; E;; € A(r), which completes the proof
of Theorem 5.5. 0

This completes the proof of Theorem 3.15 for g = gl, and V' as above. The case
of sly is implied by the result on gl,. By Remark 3.16, this also proves the relevant
statement of Theorem 3.15.

6. QUANTISED UNIVERSAL ENVELOPING ALGEBRAS AND REPRESENTATIONS OF
THE BRAID GROUP

6.1. Quantised universal enveloping algebras. Let g be a simple Lie algebra
of rank rk(g), and let b and b respectively denote a Borel subalgebra and a Cartan
subalgebra of g. Assume the bilinear form ( , ) on h* is normalised so that any
short root « satisfies (a, ) = 2 for all algebras except that in the case of s09,,11,
(a, ) = 1. If {ey;} is the set of simple roots of g, the Cartan matrix A = (a;;) of g
is defined by a;; = 20309 {0t | be the exponent of the weight lattice of g modulo

(ciy5)
the root lattice. Let z be an indeterminate over C and set ¢ = 2t (ee)/2

any short root. Note that the exponent of z is an integer.

In this work, the Jimbo version [D, J] of the quantised universal enveloping
algebra U,(g) is defined to be the unital associative algebra over the field C(z)
of rational functions of the indeterminate z, generated by elements k', E;, Fj,
i=1,2,...,rk(g), subject to the following relations:

kik; = kjk;, k:ik‘i_l =1,
kiBiky ' = q 0By, kiFkT = gm0 ) E,

[Eia E]] — 5ij Icisz'l’

qi—q;

(6,1) lfaij(_l)t |:1 —taz‘j:| (Ei)tEj(Ei)lfaijft =0, i 7& 7,

where « is

t=0

i

—aij 1— Q5 —Qaij— y 1
e R I T R A
q

i
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where {i] = % denotes the Gauss polynomial in z, with [m],! = [[},[k]..

m

T
" —x”

and [m], = =" and where for any simple root a;, ¢; = ¢\* */2.
Recall that U,(g) has the structure of a Hopf algebra. Denote its comultiplication
by A, and its antipode by S; then explicitly,
Alk)=ki®k, AE)=E®k+1®E, AF)=F®l+k'®F,

We shall also consider the quantised universal enveloping algebra U,(gl;) of gl,.
In place of the k;, we have generators K,, 1 < a < k, and the first three sets of
relations in (6.1) are replaced by

KK, = KK, K,K;'=1,

KanK;1 _ q(ea,aj)Ej’ KaF}K(;l _ qf(ea,aj)ijj

—1 -1
[Ei7 ij] _ 5inlKi+l Kz KH-l’
q—4q

while the Serre relations remain the same. The comultiplication and antipode for
U,(gl,) are similar to the case when g is simple. In the remainder of the paper, g
will either be a simple Lie algebra or g, for some k.

We shall consider only finite dimensional U,(g)-modules which are direct sums of
weight spaces, i.e., simultaneous eigenspaces of the elements k;; further we confine
ourselves to “type-(1,...,1) modules”; this means that corresponding to each weight

2(p,04)

vector w, there exists a y € h* such that kw = ¢/*"*w, for all i. For U,(gl,) this
condition is replaced by K,w = ¢®*w, for all a. We shall refer to u as the weight
of w. In particular, the weight of a highest weight vector of an irreducible module
will be called the highest weight of the module. The advantage of our convention
is that this notion of weights coincides with that of the case of Lie algebras. We
shall denote by C,(g) the category of such U,(g)-modules, which is known to be
semisimple [L2]. Furthermore, C,(g) forms a braided tensor category [Ka].

As in the classical case, define A=Y : U, (g)—U,(g)®" recursively by Al
(id®"? @ A) o A2, This makes any tensor product of Ug,(g)-modules into a
U,(g)-module, and we shall be interested in the decomposition of such modules into
irreducibles.

The category C,(g) has a braiding, conveniently described by adapting to the
present situation Drinfel’d’s theory [D] of the universal R-matrix in the context
where U,(g) is defined over a power series ring C[[h]]. Let © be the quasi-R matrix
[L2], which belongs to an appropriate completion of U,(g) ® U,(g). Let Uy be the
subalgebra of U,(g) generated by the elements E; (resp. F;). Then by [KR] there
exist elements {E,} of U, and {F} of U_ respectively, which may be used to express
the quasi R-matrix as

(6.2) ©=101+(¢-q¢")> E,&F,

r—1) _

Given any two modules V; and V5 in C,(g), define the map
(6.3) Ty, : Vi@ Ve— Vi ® Va, wi ® wy = q¥Hwy @ wy,
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where w; and w, have weights 1 and o respectively. This defines a U -endomorphism
of V1 ® V5 for any pair of U,(g) modules V1, V5, and we speak of T as a “functorial
endomorphism”, whose evaluation at (Vi,V3) is Ty, v,. Now let

(6.4) R=0OT.

We shall also consider RT = ©TT, where ©T =1® 1+ (¢ — ¢ ') > . F, ® E,.
The following results of Drinfel’d are well-known.

Theorem 6.1. Let W;, i = 1,2,3 be finite dimensional U,(g)-modules. Then

(a) For all x € Uy(g), RA(z) = A'(x)R, where A is the opposite comultiplica-
tion.

(b) R acts on (W7 @ Wa) @ W3 by Ri3Ra3, and on W1 ® (We ® W3) by Ri3R1s.

(c) Part (b) implies the Yang-Bazter equation

(6.5) RioRi3Ro3 = RozRi3Ra.

Next let @w be the functorial endomorphism, which attaches to any U,(g)-module
W the endomorphism wyy : W — W, defined by @y : w — ¢~ “*w, where p is the
weight of w. Let K be a product of the k! in U,(g) such that Kw = ¢***)w for
any weight vector w of weight u, where p is the half sum of the positive roots of g.
We have the following well-known result (see, e.g. [KS]).

Theorem 6.2. Define the functorial endomorphism

(6.6) vi= K (1 +@—a ") S(Ft)Et) w.

Then v has the following properties:

(a) The evaluation of v at any U,(g)-module is invertible, and its inverse v—" acts
on an irreducible U,(g)-module Ly with highest weight \ as multiplication by
the scalar ¢A 2PN

(b) For any pair Wy and Wy of Uy(g)-modules in Cy(g), v™" acts on W1 @ Wy as
(v '@ v Y)RTR.

1

Note that the evaluations of v~ are the quantum analogues of the classical qua-

dratic Casimir.

6.2. Representations of the braid group. Let B, denote the braid group on r
strings. It is generated by elements b;, ¢ = 1,2,...,r — 1, with relations

(67) bzszrlbz == bi+1bibi+1, blb] - bjbi> |Z - j’ > 1

Given a representation of U,(g), for any integer r, the universal R-matrix of U,(g)
provides a representation of the r-string braid group B, on a tensor space. To see
this, fix a U,(g)-module (7, V), and define the linear maps

s: V@V, -V, 0V, weuw —uveuw,
R=soR:V, @V, - V,®V,
Then it respectively follows from parts (a) and (b) of Theorem 6.1 that R is a
U,(g)-module automorphism,

(6.8) Rir @ m)A(x) = (r @ 7)A(x)R, Vo € Uyg),
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and satisfies the following form of the Yang-Baxter equation
(6.9) (R®@idy,)(idy, ® R)(R®idy,) = (idy, ® R)(R®idy,)(idy, ® R).
The following result is well-known (see, e.g., [R]).
Theorem 6.3. For any U,(g)-module V,, there is a representation
by« B GL(V)
of the r-string braid group B, with generators by,...,b,_1 on Vq®’", defined by
Ue(b) =id V@ Reidi" Y, =12, - 1.
This is clear from the Yang-Baxter equation (6.9).
Denote the image C(z),.(B,.) by B(r).
Lemma 6.4. B(r) is a subalgebra of Endy, ) (V,*").
Proof. We have AU~ = (id®D @ A @ id®"""Y)AC=2) for any i < r because of
the co-associativity of A. By (6.8),
[Riir1, AU D(2)] =0, Ve Ulg).
Therefore, 1;(b;) € Endy, (g (V,*") for all i. O

We wish to identify B(r), in particular to determine when it is the whole com-
muting algebra Endy, ) (V;®"). Consider the action of v™' on V,*" for r > 2. By
repeatedly applying part (b) of Theorem 6.2, we obtain

A(T_l) (U_l) = Sv_l R R U_l) R121?12 . R23R12R12323

/

'R34R23R12R12R23R34 e
'RT—ITRT—ZT—I e R23R12R12R23 e Rr—2r—1Rr—1'r'

In terms of v,.(b;), this equation can be rewritten as

o A D™ = (@ @) (b)Y (by) - Uy (b2)1by (b1)1hr (by )1y (b2)

~

g

%“(bSWT(b?)wr(51)%(61)%(52)%(53) T
b (by— 1)y (Br—s) + + - Uy (b)) (br) + - - Uy (by—2 )by By ).

Assume that V is the irreducible U,(g)-module L, with highest weight Ay. Then
v™! acts on V, as the scalar qPo+20:00) by part (a) of Theorem 6.2. Thus in this case
79" (A=Y (v71)) belongs to B(r). Also note that 7% (A®D(v71)) @ z'd%q(r_k) €
B(r) for all k < r, and these operators commute with one another.

Observe that R? and RT R are equal, regarded as maps on Vy ® V,. Assume that
V, ® V, is multiplicity free, and write P[u| for the projection to the irreducible
component with highest weight . Then by part (b) of Theorem 6.2, we have the
following formulae (cf. [R])

(6.10) R?= Z OO pl) R= Z E(M)q%(Xu(C)*%(AO(C))P[M]’

,uGPX'O ue?’j{o
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where the €(u) = £1 are the eigenvalues of the permutation s in the classical limit
q— 1.

Example 6.5. The natural U,(gl,,)-module and a representation of the Hecke alge-
bra.

Let V, be the natural U,(gl,)-module. Then V, ® V, decomposes as the direct
sum of Lo, and L, 1.,. Denote by P[2e;] and Ple; + es] respectively the projections
onto these irreducible components. The calculations of eigenvalues of the Casimir
in Section 3 immediately give R = qP|[2¢1] — ¢ ' Pe; + €], which leads to

(R=q)(R+q")=0.
Thus as maps on V,*", (¢.(b;) — q)(¥r(b;) + ¢~') = 0 for all i. This fact together
with (6.7) imply (cf. [J]) that B(r) is a homomorphic image of the Hecke algebra

H(r). The statement that B(r) is the whole endomorphism algebra in this case is
usually referred to as Schur-Jimbo duality:

(611) HOIan (gl,,) (V®r V®T) = B(T), Vr Z 2.
Example 6.6. The natural modules for Uy(so,) and U,(sp,,,) and representations

of the Birman-Wenzl algebra.
The natural U,(g)-module V; has highest weight e;. As in the classical case,

‘/q ® ‘/q - L2€1 D L61+62 S Lo,

where Ly is the trivial module. Let P[A], A = 2e1,e; + €2, 0 be the projections onto
Ly. Then using the eigenvalues of the quadratic Casimir operator in the relevant
irreducible representations computed in Section 3, we have

R = qP[2e1] — ¢ "Pley + 3] + ¢ "PJ0],  for soy,

(6.12) R = qP[2e1] — ¢7' Ples + ea] — ¢ > P[0], for sps,,.

Lemma 6.7. Maintaining the above notation, we have
(PI0] © idy, ) (idy, ® PIO))(PI0] © idh,) = gy PIO) @ i,
(idy, ® P[0])(P[0] ® idy,)(idy, ® P[0]) = mzdvq ® P[0],
(P(0] & idy,)(idy, ® R)(P[0] ® idy,) = BTV P[0] @ idy,,

(idy, ® P[0])(R © idy,)(idy, ® P0) = $ridy, @ P[0],

where dim, V, = try, (K) is the quantum dimension of V.

Proof. The proof is analogous to that of Lemma 4.3; we sketch a proof of the first
relation. Recall [Ja, 5.3, p.71] that for any finite dimensional U,(g)-module W
and ¢ € Endc(W), the quantum trace trow(¢) = trw(¢K) is a Uy(g)-module
homomorphism to the trivial U,(g)-module.

The left side of the first relation is a U,(g)-module map from Ly ® V to itself.
But Ly ® V, ~ V; is irreducible, hence the map must be of the form ¢ idp[()]@idvq,
where c is a scalar.

To determine the scalar ¢, we take the quantum trace of both sides, following
the method of [ZGB] (cf. Lemma 4.3 above). For any pair W; and W5 of finite
dimensional modules over Uy(g) define T;/IVQ,W1 : Ende(W; ® Wy)—EndcW; by
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Ty, Q2 h @ 1) i= 3 trgw,(h)h. Then Ty, . is a homomorphism of Ug(g)-
modules, and since A(K) = K ® K, in analogy with the classical case, we have for

f S End(c(Wl & Wg),

trgwy (T, w, () = trgmew, (f)-
If T, is irreducible and f € Endy, (W) ® W5), then by Schur’s Lemma, Ty, v, f =

b idy, for some constant b, and using the trace relation above, b = %
q
. . . . q o 1 .
USlng thlS, it is clear that TVq,Vq (P[O]) = mldvq.
The argument now proceeds exactly as that in Lemma 4.3.

To prove the last two relations, one also requires the relation
(idy, @ try,){(idy, ® K) o R} = ¢*1Didy,,
which may be found in [ZGB|. O
Now define the following endomorphisms of V"
7 =id®0Y @ ¢(0)P[0] @ id® Y i =1,2,--r — 1,

where €(0) is equal to 1 for so,, and —1 for sp,,,. Then in analogy with Theorem
4.4, (6.12) and Lemma 6.7 imply the well-known fact that

Proposition 6.8. The ¢,.(b;) and T; together generate a representation of the Birman-
Wenzl-Murakami algebra (see, e.g., [BW]) on V2.

7. STRONGLY MULTIPLICITY FREE MODULES FOR QUANTUM GROUPS

The notion of strongly multiplicity free irreducible modules extends to quantised
enveloping algebras in the obvious way. Let (7, V) be an irreducible U,(g)-module
with highest weight Ay. To remove the trivial case, we assume dim Ly, > 1. Recall
the notion of weights from Section 6.1, and we denote by II the set of the weights
of V.

Definition 7.1. The irreducible U,(g)-module V is called strongly multiplicity free
if for any distinct elements p and v in IT, p — v € NR, U (—NR,).

The strongly multiplicity free U,(g)-modules are closely related to the strongly
multiplicity free modules of the corresponding Lie algebra g. This connection follows
from the result of [L.1, Theorem 4.12] which states that when z (and therefore q) is
specialised to 1, a suitable lattice in the irreducible U,(g)-module L) with highest
weight A specialises to the irreducible U(g)-module with the same highest weight.
We describe this specialisation here. Now L, is generated by a highest weight vector
w™. Take any basis E consisting of elements of the form F;, F}, - - - F;, w*. Let C(z),
be the subring of elements of C(z) with no pole at z = 1. Then (L))" := C(2), F is

stable under the action of all the generators Ej;, F;, k™' and ’;:—:: of Uy(g). Define

an action of C(z); on C with 2z acting as 1. Then (L))" ®c(.), C is isomorphic to
the irreducible U(g)-module with highest weight A ([L1], loc. cit.).

In view of Theorem 3.4 and the above remarks, the following lemma provides a
classification of the strongly multiplicity free modules.
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Lemma 7.2. An irreducible U,(g)-module is strongly multiplicity free if and only
if the irreducible U(g)-module with the same highest weight is strongly multiplicity
free.

The quantum analogue of part (i) of Lemma 3.1 is evidently true. Thus the
tensor product Ly ® V, of a multiplicity free module V, with any irreducible module
(ma, L) is multiplicity free. Write Ly ®@ V, = @ rept Ly, where the definition of P}

is the same as in the classical case of Lie algebras.

Lemma 7.3. Assume that V, is strongly multiplicity free. Then v™' acts on the
irreducible submodules of Ly ® V, as multiplication by scalars, which are distinct for
distinct submodules.

Proof. The eigenvalues of v~! on the irreducible submodule Ly is ¢**(©). The asser-
tion now follows from Lemma 3.6. OJ

If Ly ® V, is multiplicity free, v™! acts on Ly ® V, by
(mem@™) = ¢ P
HEPY

As in the classical case, when v~! has distinct eigenvalues on the irreducible
submodules of Ly ® V,, the projections can be reconstructed from (my @ 7)(v™1)
through the formula

_ (ma @ m)(v") — (@ .
(7.1) P = ] O e AEPL
(F#A) 4 1

The following result may be proved in the same way as Proposition 3.11, so we
omit the details.

Lemma 7.4. Assume that V, is a strongly multiplicity free U,(g)-module.

(1) For each integer r > 0 there is a decomposition Vq®’" = @,;L] of Vq@T into ir-
reducibles which is canonical in the sense that, up to ordering the summands,
it depends only on V,

(2) The projections P} : VF'—Lj, regarded as endomorphisms of V2" (i.e.

T ‘
Res{‘% P = biyidyy) lie in B(r).
J
The second formula in (6.10) and (7.1) together provide a more transparent expla-
nation of Lemma 6.4 in the case when V is strongly multiplicity free. The converse
of Lemma 6.4 is also true in this case:

Theorem 7.5. If V, is strongly multiplicity free, then for any integer r > 2,
Enqu(g)(V;]@T) = B(T‘)

In the next section we shall in fact prove a stronger version (Theorem 8.5) of
the theorem, which includes the quantised universal enveloping algebra of the even
dimensional orthogonal Lie algebras. The proof proceeds essentially by reducing to
the classical case.



STRONGLY MULTIPLICITY FREE MODULES 29

8. PROOF OF THEOREM 7.5

When Vj is the natural module for U,(gl;,), Theorem 7.5 is the celebrated Schur-
Jimbo duality stated in (6.11). When U,(sly) is regarded as a Hopf subalgebra of
U,(gl},), we have

Hoqu(g[k)(qu, Vq®7") = Hoqu(ﬁrk)(Vq@, Vf’”).

This proves Theorem 7.5 in these cases.
Now in all the remaining cases of Theorem 7.5, the modules involved are self dual.
Therefore, as finite dimensional vector spaces, Homuy, g (V,*", V,*") = (Vq@’z”)Uq(g).

We shall complete the proof of the theorem by showing that the dimension of B(r)

is equal to the dimension of (Vq®2’”)Uq(g) by reducing to the classical case following

the approach of [L1]. Note that [LR, Corollary 5.22] shows that Theorem 7.5 is true
for the natural modules of U,(§02,,41) and U, (sp,,, ).

8.1. Preliminaries. We recall some facts required for the proof of the theorem.

8.1.1. The 7-dimensional irreducible U,(Gz)-module. Denote by V, the 7- dimen-
sional irreducible module over U,(G3). Exactly as in the classical case, we have

Vo ® Vg = Loy, @ Lo ® Ly, ® Ly,

In terms of the projections onto these irreducible submodules, the R-matrix can be
expressed as

R = ¢*P[2\] + ¢~ "*P[0] — ¢ °P[M] = P[As].

The existence of the the trivial 1-dimensional submodule Lj in V, ® V, shows that
Vg is self dual.

8.1.2. The algebras U,(0,). We introduce extra generators o*! to enlarge U,(s0,,)
obtaining a new algebra, which we denote by U,(0,,). Here *! are mutual inverses,
and have the following properties: If n is odd, ¢ commutes with all the generators of
U,(s0,,). When n = 2m, we label the last two simple roots of g as @,—1 = €m—1 —€m
and o, = €,,_1 + €,,. Then

-1 __ -1 _
ob, 107" = E,, obn,o " =FE, 1,
—1 —1
oFpn 107 = Fma oF,o = m—1,
O-kmflo'i1 = km; O-kmo'i1 = kmflu

while all the other generators commute with 0. Then U,(o,) is the associative
algebra generated by U,(s0,) and o*!. We extend the comultiplication and antipode
of U,(s0,) to U,(0,) by letting A(s) = 0®0, and S(o) = o~ . Then U,(0,,) acquires
the structure of a Hopf algebra. Now o acts as an automorphism on U,(s0,) by
conjugation. The R-matrix of Uy(so,) is invariant under the automorphism, i.e.,
A(o) commutes with the R-matrix.

We extend the natural U,(so,,)-module V; to a Uy(0,)-module by requiring that

(i) For odd n, o acts on the highest weight vector of V, by —1;
(ii) For even n, o acts on the highest weight vector of V,, by 1.
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Then U,(0,) also acts on tensor powers of V, through the comultiplication. A
U, (0,)-module will be a sum of submodules of V., r > 0.

Every irreducible U,(502,11)-submodule of V,*" lifts to an irreducible Ug(02m41) -
module, but isomorphic irreducible U, (§02,,41)-modules may become non-isomorphic
U, (09pm41)-modules. Consider the joint kernel of the maps id®*™" ® (R — ¢)(R —
¢ ® jq®@m+1=1=0) 4y Vq®(2m+1), 1= 1,2,...,2m + 1, which is a 1-dimensional
U, (021m41)-submodule of Vq®(2m+1). Let det, be a generator of this module, which
is an U,(509,+1)-invariant, but o acts as —1. Therefore, isomorphic U, (802,,+1)-
modules L) and det, ® L are non-isomorphic as U,(02,,+1)-modules.

Let A € )" | Ze; be a dominant s0y,, weight. If [, := (A, e,,) = 0, the irreducible
U, (502, )-module L, lifts to an is irreducible U,(09,,)-module. If [, # 0, let X' =
A — 2lyen. Then Ly & Ly lifts to an irreducible module over U,(0,,). There also
exists a 1-dimensional U,(02,,)-module C(z) det, which is defined similarly as in the
case of Uy(02,41). On this module, o acts as —1.

8.2. Completion of the proof of Theorem 7.5. Henceforth V, will denote the
natural U,(g)-module for g = oy or sp,;,, the 7-dimensional irreducible module for
U,(G2), and the irreducible [+ 1-dimensional module for U,(sl3). Denote the highest
weight of V, by A as before. Recall that V, is multiplicity free and self dual, and
that the irreducible submodules of V, ® V, have distinct v~ '-eigenvalues.

We have defined a C(z);-lattice (L) for any irreducible U,(g)-module L, in
Section 7. Let (V,2")™ := (V)" ®c(z), - - - ®c(z), (Vo). This C(2); module is clearly

.1
stable under the action of the generators FE;, F}, k:;tl, ];Z__];_il , and also the generator o

if g is 04. Specialising z to 1in (V,*")"*, we obtain the U(Zg)—module (V2 9®c(z), C.
Here U(g) denotes the universal enveloping algebra of g if g # o0y, and U(soy)
augmented by an automorphism corresponding to o if g = ox. If V = (V) ®c(.), C,
then V& = (V#)" ®¢(), C.

Proposition 8.1. Let V,, be any irreducible U,(g)-module. For any positive integer
T?

(8.1) dimg(.) Homy, () (C(2), V") = dime Homy(g) (C, V"),

where V' is the specialisation of V, at z = 1. (Note that for this result only, V, may
be any irreducible U, (g)-module).

Proof. The projection which maps Vq®’” onto the isotypic component of the trivial
U,(g)-module is given by

%(A(T_l)(a) +1) Hﬂe@T\o A(Till)(_v;;)@gww) if g = oy,
Q= AC=D) (p=1)_gxu(©) I

Hye&\o 1—gxn(©) otherwise,

where O, denotes the set of the highest weights of the isotypic components of V,*".
Now the numerator of each factor of () vanishes at the specialisation z = 1 (cf.

(6.6)). Since z — 1 has multiplicity 1 in the denominator of each factor, it follows
that the C(z);-module (V*")" is stable under the action of Q. Let

((V('I@)r)reg)o — Q(Vq®r)reg’ ((V;l@r)reg)J- — (1 _ Q)(V(;XW)T@Q.
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Then C(z) ((V,2)*9)° 2 Homy, ) (C(2), VE").
Clearly V®" is spanned by ((Vq@””)’”eg)o ®c(z), C and ((V;,@”’)?"eg)l ®c(z), C. Since
the quadratic Casimir operator of U(g) annihilates ((‘Q@T)’"eg)o ®c(z), C and acts on

((v@ryrea )L ®c(z), C as an automorphism, we have the decomposition

T T\Te. 0 T\T€e 1
VE = (V7)) @ce, CED ((K7)™)” @ €
of V¥ as U(g)-module. The proposition follows. O

Lemma 8.2. Let P[\|, A € P/J(O, be the projections which map V, ® V, onto its
irreducible components. Then PNV, ® V)™ C (Vg ® Vy)™ for all X. Thus every
P[)] specialises to the projection P[A]® which maps (V, @ V)™ ®c(»), C onto the
irreducible U(g)-submodule with highest weight X\. More precisely, for all w € (V, ®
‘/q)reg7

(PNw) ®cz), 1 = PN (w e, 1)

Remark 8.3. The projections P[A]® were denoted by P[)] in Sections 3-5. Here we
add the superscript 0 to differentiate from the quantum case.

Proof of Lemma 8.2. 1t is clear from (6.6) and (7.1) that the projection P[A| has
neither a zero nor pole at z = 1. The first statement is immediate.

Define (Ly)reg = P[A(V, ® V)", A vector w € (L)), specialises to 0 only if it
belongs to (z — 1)(La)reg- In that case, there exists a vector w’ in (Ly),e, but not
in (z — 1)(Lx)reg such that w = (z — 1)%w’ for some positive integer a. Hence there
exist highest weight vectors of (L)), which do not vanish when z is specialised to
1. Thus (Ly)reg ®c(z), C is a non-trivial indecomposable U(g)-module, which must
be irreducible [L1] by complete reducibility of finite dimensional U(g)-modules. It
follows that V& = (V, ® V)™ ®c(.), C decomposes as

V®2 — @ (L)\)reg®(C(z)1
XePY,

into irreducible U(g)-submodules. If P[A]® are the projections which map V®?% onto
these irreducible components, we have

PN’ (w®1) = (PNw)®1, Ywe (V,®V,),
as stated. O

Remark 8.4. Lemma 8.2 can also be proved by explicitly constructing the lattice
(L)\>reg-

Proof of Theorem 7.5. Define endomorphisms of Vq®7" as follows.
PN =id Ve PN @idy" Y, xePli=12... r—1,

and denote by P the set of monomials in the projections P[\];. Then P spans B(r)
over C(z). Similarly, define their classical analogues on V" as follows.

PN =idi" Ve PN @idi" Y Ae P, i=1,2,...,r — 1.
Clearly the P;[A\]" generate the algebra A(r).
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For any element Q = P, [M] - P, [M] € P, let Q° = P, [M]°--- By, [Me]® be its
classical specialisation. It follows from Lemma 8.2 by induction on k that

(Qu) ®c), 1= Q"(w B¢, 1), Vw € (V).

If a set of elements Q1,...,Qx of P is C(z)-linearly dependent, then there exist
c1(2), ..., cu(2) € C(2)1, not all in (2 — 1)C(z);, such that ) . ¢;(2)Q; = 0 as an
element of B(r). Hence >, ¢;(1)Q? = 0 is a non-trivial linear relation in A(r). Since
A(r) is spanned by monomials in the elements P;[A]°, dimc(,) B(r) > dimc A(r).
Further, dim¢ A(r) = dime Homyg)(C, V¥?") by Theorem 3.15. It follows that

(8.2)  dimg(,) Homy,(g)(C(2), V,**") > dimey.) B(r) > dimg Homy g (C, VE*").

But by Proposition 8.1, the two inequalities in (8.2) are equalities. This completes
the proof of Theorem 7.5. 0

It is clear that Homuy, (ay,..1) (V2" Vi2") = Homuy,(soymsn) (V,E", V27) as o acts on
VE by (=1)". Also Homuy, g,y (V,Z", V") = Homuy,(s1,)(V;?", V7). Thus we have
proved the following theorem, which strengthens Theorem 7.5.

Theorem 8.5. Let Uy(g) be Uy(gl,), Uy(sly), Ug(or), Uy(s02m+1) Uy(spy,), or
U,(Gs). Let V,, denote the natural module over Uy(g) if g is gly, sly (K > 2),
Ok, 5Py, the T-dimensional irreducible module if g is the Lie algebra of G5, and the
l-th symmetric power of the natural module if g is gl or sly. Then

Homy, (g (V;™", V™) = B(r)-

Remark 8.6. The arguments above may be adapted to prove the following quantum
analogue of Theorem 5.5. Let Vi, ---,V,, be arbitrary irreducible modules for
U,(slz). Then the endomorphism algebra of V; ,®- - -®V, , is generated by operators

of the form 1 ® --- ® 1 ® A® (1’71——11>®1®...®1'

q

APPENDIX A. PROOF OF THEOREM 2.2

We shall prove Theorem 2.2 by showing that the T,-module (1), V®") is unitaris-
able. To do this, we need to recall some notions on *-algebras and their unitarisable
modules. A complex associative algebra A is called a x-algebra if it has an anti-linear
anti-involution w : A—A (called a *-structure). An .A-module (¢, W) is called uni-
tarisable if there exists a positive definite Hermitian form ( | ) : W x W—C such
that

(wlp(a)u) = (p(w(a))v|u), Vae Av,uecW.

Let A’ be another x-algebra with a s-structure o', and let (¢', W’) be a unitarisable
A" module with the positive definite Hermitian form ( | ) : W/ x W'—C. Now
A® A’ is a x-algebra with the x-structure w ® &', and (¢ ® ¢/, W ® W') forms a
unitarisable A4 ® A’-module with a positive definite hermitian form (( | )) : (W ®
W) x (W @ W')—C defined by ({(u ® u'|[v ® v')) = (ulv)(u/|[v')".

Now the algebra T, admits a *-structure defined by

(Al) w:T, — Tr7 tij — tija Vi < g
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Let g denote either gl; or a finite dimensional semisimple Lie algebra. Then the
universal enveloping algebra U(g) is a *-algebra with the #-structure defined by

(A.2) 0:U(g) — U(g), Xo— X Va,

where { X, } and {X*} are bases of g dual with respect to the non-degenerate bilinear
form on g. Furthermore, all finite dimensional U(g)-modules are unitarisable.

Proof of Theorem 2.2. Clearly every unitarisable module over a x-algebra is semisim-
ple, and so the theorem will follow if we show that (¢, Ver+D) is a unitarisable
T,-module.

From the above discussion of x-algebras it is clear that U(g)®" forms a x-algebra
with the #-structure 6°", where 0 is defined by (A.2). But clearly 6% (C;;) = Cij,
Vi < j. Thus the map ¢ : T, — U(g)®" preserves the #-structures of the algebras in
the sense that 6 o ¢) = 1) o w. Therefore, every unitarisable U(g)®"-module has the
structure of a unitarisable 7T,-module, and the theorem follows. O
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