EQUIVARIANT POINCARÉ POLYNOMIALS AND COUNTING POINTS OVER FINITE FIELDS.

M. Kisin and G.I. Lehrer

School of Mathematics and Statistics University of Sydney N.S.W. 2006, Australia Email: g.lehrer@maths.usyd.edu.au

Abstract. Suppose a finite group acts as a group of automorphisms of a smooth complex algebraic variety which is defined over a number field. We show how, in certain circumstances, an equivariant comparison theorem in l-adic cohomology may be used to convert the computation of the graded character of the induced action on cohomology into questions about numbers of rational points of varieties over finite fields. This is carried through in three applications: firstly, for the symmetric group acting on the moduli space of n points on a genus zero curve, secondly, for a unitary reflection group acting on the complement of its reflecting hyperplanes and thirdly for the symmetric group action on the space of configurations of points in any smooth variety which satisfies certain strong purity conditions.

Key words and phrases. l-adic cohomology, smooth scheme, group action, comparison. The authors thank the Australian Research Council for support during the preparation of this work.

Typeset by AMS-TEX 1

EQUIVARIANT POINCARÉ POLYNOMIALS AND COUNTING POINTS OVER FINITE FIELDS.

M. Kisin and G.I. Lehrer School of Mathematics and Statistics University of Sydney N.S.W. 2006, Australia Email: g.lehrer@maths.usyd.edu.au

§0. Introduction.

Let X be a smooth complex algebraic variety which is defined over a number field K, and suppose that the finite group G acts as a group of K-endomorphisms of X. In this paper we give a general method for calculation of the action of G on the (singular or de Rham) cohomology of X, by reducing X modulo finite primes. The technique applies in particular when X satisfies certain strong purity conditions, and gives rather explicit formulae provided we can compute the zeta function of X modulo these primes, and this can be done in many interesting cases (cf. [L2], [DL]).

To explain the method, we “spread out” X together with its G-action by noting that for some integer n ≥ 1, they are defined over a finite Z[1/n]-algebra R whose field of fractions is K. Fix a map R → F_q → F_q for some prime power q. Let F denote the geometric Frobenius in Gal(F̄_q/F_q) acting on the l-adic cohomology

Key words and phrases. l-adic cohomology, smooth scheme, group action, comparison. The authors thank the Australian Research Council for support during the preparation of this work.

Typeset by AMS-TEX 2

H^∗_c (X ⊗F_q, Q_l)). Since the action of g ∈ G on this cohomology commutes with that of F, its character can be easily determined in terms of those of F and gF. However the latter two characters can be computed using the Grothendieck-Lefschetz fixed point formula. For gF this works because it is the Frobenius with respect to a “twisted” F_q-structure on X. Finally, we can switch back to the Betti cohomology of X, provided we have the comparison trace(g, H^i_c((X ⊗ C)^{an}, C)) = trace(g, H^i_c(X ⊗ F_q, Q_l)), (A) In §1 we show how (A) may be deduced for almost all characteristics, from some standard facts concerning the comparison of Betti and l-adic cohomology of schemes.

We give three applications of the technique sketched above. First, we give an explicit determination of the action of the symmetric group Sym_n on the cohomology of the moduli space M_{0,n} of n (ordered) distinct points on a Riemann surface of genus zero (cf. the work of Getzler [G]). In this case our results are a little more explicit than those of [loc. cit.]. In particular we show that the quotient of M_{0,n} by the symmetric group has the cohomology of a point, and that the alternating representation does not appear in the cohomology of M_{0,n}. We also show that the top cohomology is an extension to Sym_n of the (n − 2)! dimensional representation of Sym_{n−1} which arises in the top cohomology of the configuration space of n − 1 complex points, or in the Lie operad at level n − 1. We understand that the existence of such an extension was first observed by Kontsevich.

Secondly, for a finite group G, acting by (pseudo)reflections on a finite dimensional complex vector space V, we explain how to compute the action of G on the cohomology of M_G, the complement of the reflecting hyperplanes in V. For real reflection groups, this was done in [L2] by a different method.

Finally, for a variety X which is assumed to satisfy a cohomological purity condition, we determine explicitly the action of the group Sym_n on the cohomology of the configuration space C_n(X) of n distinct ordered points of X in terms of the zeta function of X. 3

§1 Comparison of l-adic and Betti Cohomology (1.1) The purpose of this section is to recall some standard facts about comparison of Betti and l-adic cohomology. Suppose that R is a strictly henselian, discrete valuation ring with residue field k. Fix an embedding R → C. For any finite type R-scheme X, we write X_k = X ⊗_R k and X(C) = X_C = X ⊗_R C.

Let l be a prime number which is invertible in R. We can consider the l-adic cohomology H^i(X_k, Q̄_l) with coefficients in an algebraic closure Q̄_l of Q_l as well as the cohomology with compact supports H^i_c(X_k, Q̄_l).

If X^{an}_C denotes the complex analytic space attached to X_C, then we also have the analogous Betti cohomologies H^i(X^{an}_C , C), and H^i_c(X^{an}_C , C).

In the sequel we fix once and for all an isomorphism Q̄_l^∼−→ C. Proposition (1.2). Let X be an open dense subscheme of a proper smooth Rscheme X̄, and suppose that the complement X̄\X is a normal crossings divisor relative to R. Then there exist isomorphisms

H^i(X_k, Q̄_l)^∼−→ H^i(X^{an}_C , C), (1.2.1) and H^i_c(X_k, Q̄_l)^∼−→ H^i_c(X^{an}_C , C), (1.2.2) These isomorphisms are functorial for maps of smooth R-schemes f : Y → X which have compactifications Y → Ȳ X → X̄ as above. Note that we do not assume f extends to a map of compactifications.

In particular if G is a group acting on the R-scheme X, then (1.2.1) and (1.2.2) are equivariant with respect to the group action induced on cohomology. Proof. Let K be the fraction field of R, and denote by K̄ the integral closure of K in C. Write X¯_K = X ⊗_R K̄. Let Λ be any finite ring whose order is invertible in R. Since X is smooth, the complex of nearby cycles RΨΛ is equal to Λ, and [SGA 7, XIII 2.1.8] yields canonical maps

H^i(X¯_K , Λ) → H^i(X_k, Λ) (1.2.3) 4

and H^i_c(X_k, Λ) → H^i_c(X¯_K , Λ) (1.2.4)

This holds even if we do not assume that X has a compactification X̄ of the type described above. Assuming the existence of X̄, these maps are isomorphisms by [SGA 7, XIII, 2.1.9].

Next by [SGA 4, XVI 1.6] and [SGA 4, XVII 5.2.6] respectively. we have isomorphisms H^i(X¯_K , Λ)^∼−→ H^i(X_C, Λ) (1.2.5) and H^i_c(X¯_K , Λ)^∼−→ H^i_c(X_C, Λ) (1.2.6)

Finally by [SGA 4, XVI 4.1] and [SGA 4, XVII 5.3.5] respectively, we have isomorphisms H^i(X_C, Λ)^∼−→ H^i(X^{an}_C , Λ) (1.2.7) and H^i_c(X_C, Λ)^∼−→ H^i_c(X^{an}_C , Λ) (1.2.8)

Combining (1.2.3), (1.2.5) and (1.2.7) (resp. (1.2.4), (1.2.6) and (1.2.8)) yields canonical (i.e functorial in X/SpecR) isomorphisms

H^i(X_k, Λ)^∼−→ H^i(X^{an}_C , Λ) (1.2.9) and H^i_c(X_k, Λ)^∼−→ H^i_c(X^{an}_C , Λ) (1.2.10)

Now let E ⊂ Q̄_l be a subfield, which is finite over Q_l, and denote by O_E its ring of integers. Then setting Λ = O_E /l^n for n = 1, 2, . . . and applying (1.2.9) we have

H^i(X_k, O_E ) = lim_← H^i(X_k, O_E /l^nO_E ) ∼−→ lim_← H^i(X^{an}_C , O_E /l^nO_E )^∼−→ H^i(X^{an}_C , O_E ) (1.2.11) where the first isomorphism in (1.2.11) is simply the definition of H^i(X_k, O_E ) and the final isomorphism follows, for example, from the universal coefficient theorem. Similarly, we obtain an isomorphism

H^i_c(X_k, O_E )^∼−→ H^i_c(X^{an}_C , O_E ) (1.2.12)

Passing to the limit in (1.2.11) and (1.2.12) over all subfields E ⊂ Q̄_l which are finite over Q_l, and tensoring by ⊗_{Zl} Q_l, we get the analogous isomorphisms but with Q̄_l in place of O_E . Finally using the chosen isomorphism Q̄_l^∼−→ C yields the proposition. □

Corollary (1.3). Let O be the ring of integers of a number field K and n a positive integer divisible by l. Assume that X̄ is a smooth, proper scheme over O[1/n] and that X ⊂ X̄ is a dense open subscheme, such that X̄\X is a normal crossings divisor relative to O[1/n]. Fix a prime p of O[1/n] and an embedding O[1/n] → C. If k(p) denotes the residue field of p and k̄(p) denotes an algebraic closure of k(p), then there are canonical isomorphisms

H^i(X¯_{k(p)}, Q̄_l)^∼−→ H^i(X^{an}_C , C) (1.3.1) and H^i_c(X¯_{k(p)}, Q̄_l)^∼−→ H^i_c(X^{an}_C , C) (1.3.2)

In particular, if a group G acts on X, then these isomorphisms are G-equivariant, without assuming that the action of G extends to X̄.

Proof. Let R be a strict henselisation of O at p. Fix an embedding R → C extending O[1/n] → C, and an identification of k̄(p) with the residue field of R. The corollary now follows by applying the Proposition (1.2) to X ⊗_{O[1/n]} R. □

Remark (1.4) The above corollary will be applied to compute the traces of automorphisms of X acting on the Betti cohomology of X^{an}_C . For this, the precise ring O[1/n] over which X is defined is not crucial. In other words, it is usually 6

harmless if we increase the integer n, or equivalently have the statement of Corollary (1.3) only for all but finitely many p. If we are willing to make this concession, then one has the following result, which obviates the need to check the existence of X̄.

Proposition (1.5). With the notation of (1.3), suppose that X is a smooth O[1/n] scheme (We do not assume the existence of X̄). Then for all but finitely many primes p of O[1/n] we have canonical isomorphisms

H^i(X¯_{k(p)}, Q̄_l)^∼−→ H^i(X^{an}_C , C) (1.5.1) and H^i_c(X¯_{k(p)}, Q̄_l)^∼−→ H^i_c(X^{an}_C , C) (1.5.2)

As usual, these are equivariant for any group acting on X over SpecO[1/n]. Proof. Write X_η = X ⊗_{OK} K. By Nagata’s theorem [Na] there exists a proper K-scheme X̄_η which admits X_η as a dense open subscheme. By resolution of singularities (see [Hi] or [BM]), we may assume that X̄_η is smooth, and that X̄_η\X_η is a normal crossings divisor. Now a standard limit argument shows that there exists a positive integer m which is divisible by n, a proper O[1/m]-scheme X̄ which admits X_m = X ⊗_{O[1/n]} O[1/m] as a dense open subset, and such that X̄\X_m is a normal crossings divisor relative to O[1/m]. The result now follows by applying Corollary (1.3) to X_m. □

§2 The symmetric group acting on the moduli space M_{0,n}. (2.1) In order to apply our method, we shall give a relative, i.e. scheme theoretic, definition of configuration spaces. Fix a map of schemes, X → S and a positive integer n. We define the configuration space functor C_n(X) from the category Sch/S of S-schemes to sets by putting, for an S-scheme T , C_n(X)(T ) equal to the set of ordered n-tuples (z_1, z_2, . . . , z_n), of pairwise disjoint sections z_i ∈ X_T (T ). Here X_T is the fibre product X ×_S T , which we regard both as a scheme over T 7

and by (common) abuse of notation, as the functor from T -schemes to sets defined by stipulating that for a T -scheme Y , X_T (Y ) = Hom_T (Y, X_T ) = Hom_S (Y, X). The z_i are therefore sections of the morphism X ×_S T −→ T . Two such sections are said to be disjoint if their images in X ×_S T are.

It is easy to see that the functor C_n(X) is representable by an open subset of the fibre product X ×_S X ×_S · · · ×_S X, where there are n terms in the product. We therefore regard this open subscheme as the scheme theoretic version of the configuration space.

(2.2) Consider now the moduli space M_{0,n} of genus zero curves with n distinct labelled points. This is the functor which assigns to a Z-scheme T the set of ordered n-tuples of disjoint sections (z_1, . . . , z_n) ∈ P^1_T up to isomorphism.

We obtain an action of the Z-group scheme G = P GL_2 on C_n(P^1) by letting g ∈ G(T ) = G_T (T ) act diagonally on n-tuples in P^1_T (T ). The space M_{0,n} can be regarded as the quotient of C_n(P^1) by this action.

M_{0,n} is represented by a finite type Z-scheme. One way to see this is via the following lemma, which will in any case be needed later. For the rest of this section we assume that n ≥ 3.

Lemma (2.3). There is a canonical isomorphism

H : C_{n−3}(A^1 − {0, 1})^∼−→ M_{0,n}.

Proof. Let T be a scheme. If (z_4, . . . , z_n) ∈ C_{n−3}(A^1 − {0, 1})(T ), we define H(z_4, . . . , z_n) to be the equivalence class of (0, 1, ∞, z_4, . . . , z_n).

On the other hand consider an n-tuple (z_1, . . . , z_n) of disjoint sections of P^1_T . There exists a unique element g ∈ G(T ) such that (gz_1, gz_2, gz_3) = (0, 1, ∞). Thus an element of M_{0,n}(T ) is represented by a unique n-tuple of the form (0, 1, ∞, z_4, . . . , z_n). □

(2.4) For a variety X defined over a finite field F_q, we denote by F the endomorphism of X ⊗ F_q obtained by raising local co-ordinates to their q^{th} powers. 8

There is a natural action of Gal(F_q/F_q) on H^i_c(X ⊗ F_q, Q_l). We will denote by F the endomorphism of H^i_c(X ⊗ F_q, Q_l) induced by the inverse of the arithmetic Frobenius (x → x^q) in Gal(F_q/F_q).

Lemma (2.5). The Frobenius endomorphism F acts on the l-adic cohomology space H^i_c(M_{0,n} ⊗ F_q, Q_l) with all eigenvalues equal to q^{i−n+3}.

Proof. From Lemma (2.3), we see that M_{0,n} ⊗F_q is isomorphic to the complement in an affine space of dimension n − 3 of a finite set of affine linear hyperplanes. The map of (2.3) respects Frobenius, which fixes all the hyperplanes. The result now follows from [L2, Proposition 2.4]. □

Corollary (2.6). Assume n ≥ 4 and that t is an indeterminate. For any permutation w ∈ Sym_n, write

P (w, t) = � i trace(w, H^i(M_{0,n}(C)^{an}, C))t^i

for the Poincaré polynomial. Then for infinitely many prime powers q, we have

P (w, −q^{−1}) = q^{3−n}|M_{0,n}(F_q)^{wF} | (2.6.1)

Proof. First observe that since M_{0,n}(C)^{an} is smooth of (complex) dimension n−3, we have

H^i_c(M_{0,n}(C)^{an}, C) ∼= H^{2n−6−i}(M_{0,n}(C)^{an}, C).

We want to apply Grothendieck’s fixed point theorem to wF acting on M_{0,n} ⊗ F_q. We can do this once we note that there is a (unique) F_q-scheme M^w such that M^w ⊗_{Fq} F_q^∼−→ M_{0,n} ⊗ F_q and wF becomes the relative Frobenius endomorphism of M_{0,n} induced by this F_q-structure on M_{0,n}. Thus for almost all q, we have 9

|M_{0,n}(F_q)^{wF} | = � i (−1)^itrace(wF, H^i_c(M_{0,n} ⊗ F_q, Q_l)) = � i (−1)^itrace(w, H^i_c(M_{0,n} ⊗ F_q, Q_l))q^{i−n+3} by (2.5) = � i (−1)^itrace(w, H^i_c(M_{0,n}(C)^{an}, C))q^{i−n+3} by (1.3) = � i (−q^{−1})^{2n−6−i}trace(w, H^{2n−6−i}(M_{0,n}(C)^{an}, C))q^{n−3}, and the result follows. □

The explicit computation of the equivariant Poincaré polynomials of (2.6) is possible because of the next Proposition (2.7). Maintain the above notation. Then

|M_{0,n}(F_q)^{wF} | = |C_n(P^1(F_q))^{wF} ||G(F_q)^F |^{−1} =

|C_n(P^1(F_q))^{wF} | q(q^2 − 1) Proof. For x ∈ C_n(P^1(F_q)), the orbit G(F_q) · x ∈ M_{0,n}(F_q)^{wF} if and only if wF (x) = g · x for some g ∈ G(F_q). But by Lang’s theorem g = F (h^{−1})h for some h ∈ G(F_q), since G is connected. Thus h · x ∈ C_n(P^1(F_q))^{wF} . Hence G(F_q) · x ∈ M_{0,n}(F_q)^{wF} if and only if the orbit contains a wF -stable point. But since G(F_q) acts freely on M_{0,n}(F_q), two wF -stable points of C_n(P^1(F_q)) are in the same G(F_q) orbit if and only if they are transforms of each other under G(F_q)^F . □ The explicit values of the polynomials |M_{0,n}(F_q)^{wF} | are given by Lemma (2.8). Define the polynomials c_i(q) (i = 1, 2, ...) by c_1(q) =q + 1 c_i(q) = � d|i μ( i d )q^d for i > 1.

For positive integers i, m write C^{(m)}_i (q) = c_i(q)(c_i(q) − i)(c_i(q) − 2i)...(c_i(q) − (m − 1)i). 10

If w ∈ Sym_n has cycle decomposition (i^{mi} ) (that is, m_i cycles of length i), then

|M_{0,n}(F_q)^{wF} | = � i C^{(mi)}_i (q) q(q^2 − 1) .

This is a straightforward computation, given (2.7). Assembling all the above information, we obtain

Theorem (2.9). The Poincaré polynomial P (w, t) of a permutation w of cycle type (i^{mi} ) acting on the cohomology of the moduli space M_{0,n}(C) is given by

P (w, t) = � i Q^{(mi)}_i (t) 1 − t^2

where, for any pair i, m of positive integers,

Q^{(m)}_i (t) = p_i(t)(p_i(t) − i(−t)^i)(p_i(t) − 2i(−t)^i)...(p_i(t) − (m − 1)i(−t)^i),

and p_i(t) = � � � 1 − t if i = 1 � d|i μ( i d )(−t)^{i−d} if i > 1

This follows easily from (2.6) and (2.8). As an immediate consequence we recover a result of Getzler [G, 5.5(8)].

Corollary (2.10). The Poincaré polynomial of M_{0,n}(C) is (1 + 2t)(1 + 3t)...(1 + (n − 2)t). In particular the dimension of H^∗(M_{0,n}(C), C) = ⊕_iH^i(M_{0,n}(C), C) is (n − 1)! 2 . We shall apply our character formula to deduce properties of the representation of Sym_n on H^∗(M_{0,n}(C)) and on the top cohomology, in analogy with the results of [L1]. To determine character values, the following result will be useful.

Lemma (2.11). (i) Q^{(m)}_1 (t) is divisible by t^2 − 1 if m ≥ 3.

(ii) Q^{(m)}_2 (t) is divisible by t^2 − 1 for m ≥ 2. 11

(iii) (i) If i > 2, p_i(t) is divisible by t^2 − 1 in Z[t]. Write q_i(t) = p_i(t) 1 − t^2

. then q_i(1) is a positive integer, and if ℓ_1, ℓ_2, ..., ℓ_k are the distinct prime divisors of i, q_i(1) is explicitly given by the formula

q_i(1) =

� � � � �

1 2 i � j � 1 − 1 ℓ_j � if i ≢ 2(mod 4) 3 2 i � j � 1 − 1 ℓ_j � if i ≡ 2(mod 4)

Proof. The assertions (i) and (ii) are easily checked. We turn to the proof of (iii). By the defining property of the Möbius function μ, p_i(−1) = 0 for i > 2, so p_i(t) is divisible by t + 1. But by [L1, Prop. 4.11], we also have p_i(1) = 0 for i > 2, whence the first assertion of (iii) follows. To prove the explicit formula, first take i to be square free and use de l’Hôpital’s rule. The general case follows by substitution. □

Corollary (2.12). Let χ^∗ be the character of Sym_n on H^∗(M_{0,n}(C), C), i.e. on the total cohomology space = ⊕_iH^i(M_{0,n}(C), C). Then for w ∈ Sym_n, χ^∗(w) = 0 unless w has cycle type

(i) w ∼ (i^m) for some i ≥ 1, or (ii) w ∼ (2, i^m) for some i ≠ 2.

For w of type (i) or (ii), the value of χ^∗(w) may be read off from (2.9) and (2.11).

Proof. It follows from Lemma (2.11) (i) and (iii) and the fact that p_1(1) = 0 that χ^∗(w) = 0 if (a) w has two cycles of distinct lengths i, j, both > 2 or (b) w has one cycle of length i > 2 and either a fixed point or two 2-cycles, or (c) w has two 2-cycles and a fixed point. The elements w of type (i) and (ii) are the ones which remain when those of type (a), (b) or (c) are excluded. □

We shall now prove 12

Theorem (2.13). The multiplicity of the trivial character of Sym_n in χ^∗ is 1. Thus the quotient ~M_{0,n}(C) of M_{0,n}(C) by the symmetric group has the (rational or complex) cohomology of a point.

Proof. Straightforward application of the character formula (2.9) to the two cases of (2.12) gives the following formula for the multiplicity

(χ^∗, 1)_{Symn} = (n!)^{−1} � w∈Sym_n

χ^∗(w) :

(χ^∗, 1)_{Symn} = 1 2n + 1 2n − 2 + 1 n � im=n,i≥3

q_i(1)(−1)^{(i−1)(m−1)} + 1 n − 2 � im=n−2,i≥3

q_i(1)(−1)^{(i−1)(m−1)}

+ (−1)^{n2} 3 n(n − 2)

(2.13.1)

where the last summand ((−1)^{n2} 3 n(n − 2)

) is omitted if n is odd. We shall require

Lemma (2.14). Let i = k� j=1 p^{nj}_j be a positive integer, where the p_j are distinct primes. Define r(i) = i � j � 1 − 1 p_j � .

Then for any positive integer n, � i|n r(i) = n

To see (2.14), observe that r(i) is just the Euler ϕ-function evaluated at i, and the assertion is one of its standard properties.

To prove Theorem (2.13), we shall show that the right side of (2.13.1) is less than 2. Since 1_{Symn} obviously occurs in H^0(M_{0,n}(C), C), this will suffice. For this purpose we use Lemma (2.15). (i) If n is odd, � i|n,i≥3

q_i(1) = 1 2 (n − 1). 13

(ii) If n is even, � i|n,i≥3

q_i(1) ≤ n − 2.

Proof of (2.15). It follows from (2.11)(iii) that q_i(1) = 1 2 r(i) if i ≢ 2(mod 4), while q_i(1) = 3 2 r(i) if i ≡ 2(mod 4). The statement (i) now follows by direct calculation

from Lemma (2.14). Suppose now that n = k� j=1 p^{nj}_j is even, and that p_1 = 2. The divisor i of n satisfies i ≡ 2(mod 4) if and only if i is of the form i = 2p^{m2}_2 ...p^{mk}_k , and for such i, r(i) = r( i 2 ). Hence if we write n_0 = p^{n2}_2 ...p^{nk}_k , we have � i|n,i≥3

q_i(1) = 1 2 � i|n,i≥3

r(i) + � i_0|n_0,i_0≥3

r(i_0)

= 1 2 (n − 2) + (n_0 − 1) (2.15.1) ≤n − 2, which proves (ii). □

We now complete the proof of (2.13). Taking absolute values on the right side of (2.13.1), we see that (χ^∗, 1)_{Symn} ≤ n − 1 n(n − 2) + n − 2 n + n − 4 n − 2 = 2n^2 − 7n + 3

n(n − 2) <2 if n ≥ 3, which completes the proof of (2.13) by the above remarks. □ Proposition (2.16). The alternating character ϵ of Sym_n does not occur in the total cohomology character χ^∗.

Proof. We compare the multiplicity (χ^∗, ϵ)_{Symn} with (χ^∗, 1)_{Symn} . Again, straightforward application of the character formula (2.9) to the two cases of (2.12) gives the following formula for the multiplicity (χ^∗, ϵ)_{Symn} = (n!)^{−1} � w∈Sym_n

χ^∗(w)ϵ(w) : 14

(χ^∗, ϵ)_{Symn} = 1 2n − 1 2n − 2 + 1 n � im=n,i ge3

q_i(1)(−1)^{(i−1)} − 1 n − 2 � im=n−2,i≥3

q_i(1)(−1)^{(i−1)} + 3 n(n − 2)

(2.16.1)

where the last summand ( 3 n(n − 2)

) is omitted if n is odd.

If n is odd, each summand of the right side of (2.13.1) is positive, while some of those in (2.16.1) are negative, whence (χ^∗, ϵ)_{Symn} is an integer satisfying 0 ≤ (χ^∗, ϵ)_{Symn} < (χ^∗, 1)_{Symn} = 1, whence (χ^∗, ϵ)_{Symn} = 0.

Suppose n is even. We shall use Lemma (2.17). If n is even, � i|n,i≥3

q_i(1)(−1)^i = 1 2 (n − 2).

Proof of (2.17). A similar argument to that of (2.15) shows that in the notation of (2.15.1), � i|n,i≥3,i odd

q_i(1) = 1 2 (n_0 − 1).

Combining this with (2.15.1) immediately yields the Lemma. □ Two simple applications of (2.17) now make the explicit evaluation of the right side of (2.16.1) possible, confirming that (χ^∗, ϵ)_{Symn} = 0 as stated. □ We conclude this section with a description of the top cohomology (cf. [G, 3.10, 3.12).

Proposition 2.18. Let χ^{top} be the character of Sym_n on H^{n−3}(M_{0,n}(C), C), the top cohomology. Then

(i) For w ∈ Sym_n, χ^{top}(w) = 0 unless w has cycle type (i^m) (any i) or (1, i^m) (i > 1). Thus χ^{top} is supported on the elements of Sym_n which are regular in the sense of Springer [Sp].

(ii) The restriction of χ^{top} to Sym_{n−1} is the character induced from a faithful character of the cyclic group generated by a Coxeter element of Sym_{n−1}, tensored with the sign character. 15

(iii) The restriction of χ^{top} to Sym_{n−2} is the regular character of Sym_{n−2}.

Proof. (i) It is evident that degree(Q^{(m)}_i (t)) ≤ mi − 1, except when i = m = 1. Since n = � i m_ii, (i) follows immediately.

(ii) The value of χ^{top} on elements of the form (1, i^m) may be read off from (2.9): it is (−1)^{(i−1)(m−1)}μ(i)i^{m−1}(m − 1)!. This proves the assertion (cf. [L2, §5]).

(iii) This is trivial from (i), which shows that the character of the restriction is supported on the unit element of Sym_{n−2}. □

§3 Unitary Reflection Groups.

A (pseudo)reflection in V = C^n is a semisimple linear transformation which fixes a hyperplane pointwise. A unitary reflection group is a finite group of linear transformations of C^n which is generated by reflections. Let G be such a group, let A be the set of fixed hyperplanes of the reflections in G and let M_G = V \ ∪_{H∈A}H be the corresponding hyperplane complement. The action of G (or more generally, the normaliser N_{GL(V )}(G)) on H^∗(M_G, C) is important for several representation theoretic applications (cf. [L3, L4, LSe]). In [L2] it was shown how this action could be computed using equivariant comparison of l-adic and Betti cohomology when G is real. In [L3],[BL] it is shown how the computation of the equivariant Poincaré polynomials

P_G(g, t) = � i≥0 trace(g, H^i(M_G, C))t^i (g ∈ N_{GL(V )}(G)) (3.1.1)

may be reduced to a small number of special cases. Here we generalise the results of [L2] to the unitary case. The generalisation provides a straightforward way of resolving the special cases.

Any unitary reflection group is defined over a cyclotomic ring R = Z[ζ], where ζ is a root of unity. This means that there is a finite free R-module V_R, equipped with a G-action, which induces the G-action on V via some embedding R → C. It is easy to see that after replacing R by R[1/m] for some integer m, we may 16

define a subcheme of the affine R-scheme associated to V_R, by removing the fixed R-hyperplanes of the reflections in G. We again denote this scheme by M_G.

For a (height 1) prime p of R we denote by k(p) its residue field, and by k̄(p) an algebraic closure of k(p).

Theorem (3.2). Let G be any finite unitary reflection group acting on V = C^n, let R be as in the preceding paragraph and assume that g ∈ N_{GL(V )}(G) is defined over R. Then for almost all primes p of R the Poincaré polynomial P_G(g, t) (see (3.1.1)) satisfies P_G(g, −q^{−1}) = q^{−n}|M_G(k̄(p))^{gF} | (3.2.1)

where q = |k(p)|, and F denotes the q-power Frobenius.

Proof. This is entirely analogous to the proof of (2.6) above. It follows from [L2, Prop. 2.4] that F acts on H^i_c(M_G ⊗_R k̄(p), Q_l) with all eigenvalues equal to q^{i−n}. A calculation like that in the proof of (2.6) now yields the result. □

The method implied by (3.2) has been applied to obtain some equivariant Poincaré polynomials in the case of the cyclotomic reflection groups in §8 of [BL].

§4 Application to Configuration Spaces.

Let Z be a scheme of the type in (1.5) above, over R = O[1/n] and suppose dim(Z) = n. For p a height 1 prime of R, set q = |k(p)|. Assume that for all but finitely many p, the q-power Frobenius (denoted F ) acts on H^i_c(Z¯_{k(p)}, Q̄_l) with all eigenvalues equal to q^{i−n} i.e., in the language of [DL], that Z is minimally pure (mp). Examples of such varieties include hyperplane complements, algebraic tori, complements of kernels of characters of tori, toric varieties etc (see [DL]). The symmetric group Sym_n acts by permutation of coordinates on the configuration R-scheme C_n(Z). It is then easy to compute the action of Sym_n on the cohomology of the analytic configuration space C_n(Z_C)^{an} using the above method. 17

For this purpose, define, for any positive integer m, Z^o_m = Z(F_q)^{F m} \ � k|m,k≠m

Z(F_q)^{F k} (4.1.1)

and further define polynomials a_m(t) and b_m(t) ∈ Z[t] by a_m(q) =|Z(F_q)^{F m} | b_m(q) =|Z^o_m|. (4.1.2) That these are polynomials follows from our assumption on the eigenvalues of F acting on the cohomology of Z, together with Grothendieck’s fixed point formula. Clearly we have Lemma (4.1). The polynomials of (4.1.2) satisfy the relations a_m(t) = � d|m b_d(t) , and (4.1.3)

b_m(t) = � d|m μ( m d )a_d(t). (4.1.4) Let X_n be the R-scheme C_n(Z), and let w ∈ Sym_n have cycle type (i^{mi} ). The next result is proved by a simple computation of exactly the same nature as that of §2 above.

Lemma (4.2). We have |X_n(F_q)^{wF} | = � i B^{(mi)}_i (q),

where B^{(m)}_i (q) = b_i(q)(b_i(q) − i)(b_i(q) − 2i)...(b_i(q) − (m − 1)i).

This will be used in the same way as above.

Proposition (4.3). Let X_n(C) be the analytic space associated to C_n(Z). Then for almost all primes p of R, and any element w ∼ (i^{mi} ) ∈ Sym_n, the equivariant Poincaré polynomial P_{Xn} (w, t) = � i trace(w, H^i(X_n(C), C)t^i 18

satisfies

P_{Xn} (w, −q^{−1}) = q^{−n}|X_n(k̄(p))^{wF} | (4.3.1)

The proof of (4.3) is again analogous to that of (2.6). Together, (4.1),(4.2) and (4.3) give an explicit expression for the graded character of Sym_n on H^∗(X_n(C), C), given only the number of rational points |Z(k̄(p))^{F m} | for each m, or equivalently the zeta function of Z.

Example (4.4). Following Manin ([M]) we define, for Z as above, the generating function ϕ_Z (t, z) = � n≥1 P_{Xn} (1, t) z^n n! ∈ Q[t][[z]].

Then in the above notation, we have

ϕ_Z (t, z) = (1 − tz)^{b1 (−t−1)}. (4.4.1)

More generally, if x_1, x_2, ... is a set of commuting independent variables (cf [G, 5.1]) we define, for any class function λ_n on Sym_n the “characteristic”

ch_n(λ_n) = (n!)^{−1} � w∈Sym_n

λ_n(w)x^{m1}_1 x^{m2}_2 ...

where w has cycle type (i^{mi} ). For a sequence Λ = (λ_n) of class functions, define

ch(Λ) = � n≥1 ch_n(λ_n)z^n.

If we take λ_n(w) = P_{Xn} (w, t), we obtain the following formula for ch(Λ):

ch(Λ) = � i≥1 (1 − tx_iz)^{i−1bi(−t−1 )} . (4.4.2)

where b_i(t) is the polynomial defined in (4.1).

References

[BL] J. Blair and G.I. Lehrer, Cohomology actions and centralisers in unitary reflection groups., Preprint, University of Sydney, 2000.

[BM] E. Bierstone and P. Milman, Canonical desingularization in characteristic zero by blowing up the maximum strata of a local invariant., Invent Math. vol 128(2) (1997), 207- 302.

[CT] F.R. Cohen and L.R. Taylor, On the representation theory associated to the cohomology of configuration spaces, Algebraic topology (Oaxtepec, 1991), Contemp. Math. 146 (1993), Amer. Math. Soc., Providence, RI., 91–109.

[DL] A. Dimca and G.I. Lehrer, Purity and equivariant weight polynomials, Algebraic groups and Lie groups 9 (1997), Cambridge Univ. Press, Cambridge., 161–181.

[G] E. Getzler, Operads and moduli spaces of genus 0 Riemann surfaces, The moduli space of curves (Texel Island, 1994), Progr. Math., vol. 129, Birkhäuser Boston, Boston, MA., 1995, pp. 199–230.

[Hi] H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero. I, II, Ann. of Math. 79(2) (1964), 109-326.

[L1] G.I. Lehrer, On the Poincaré series associated with Coxeter group actions on complements of hyperplanes., J. London Math. Soc. (2) 36 (1987), 275–294.

[L2] G.I. Lehrer, The l-adic cohomology of hyperplane complements,, Bull. London Math.

Soc. 24 (1992), 76–82.

[L3] G.I. Lehrer, Poincaré polynomials for unitary reflection groups,, Invent. Math. 120 (1995), 411–425.

[L4] G.I. Lehrer, The cohomology of the regular semisimple variety., J. Algebra 199 (1998), 666–689.

[LSe] G.I. Lehrer and G.B. Segal, Homology stability for the classical regular semisimple varieties., Math. Z., to appear.

[M] Yu.I. Manin, Generating functions in algebraic geometry and sums over trees, The moduli space of curves (Texel Island, 1994), Progr. Math., vol. 129, Birkhäuser Boston, Boston, MA., 1995, pp. 401–417.

[Na] M. Nagata, Imbedding of an abstract variety in a complete variety., J. Math. Kyoto Univ. 2 (1962), 1-10.

[SGA 4] M. Artin, A. Grothendieck and J.L. Verdier, Théorie des topos et cohomologie étale des schémas III, Lecture notes in Mathematics, vol. 305, Springer, 1973.

[SGA 7] P. Deligne and N. Katz, Groupes de monodromie en géometrie algébrique. II, Lecture notes in Mathematics, vol. 340, Springer, 1973.

[Sp] T.A. Springer, Regular elements of finite reflection groups., Invent. Math. 25 (1974), 159–198.