TITLE PAGE

THE TWO-STEP NILPOTENT REPRESENTATIONS OF THE EXTENDED AFFINE HECKE ALGEBRA OF TYPE A DRAFT 18.07.00

J.J.Graham and G.I. Lehrer

School of Mathematics and Statistics The University of Birmingham Birmingham B15 2TT, United Kingdom

School of Mathematics and Statistics University of Sydney N.S.W. 2006, Australia

address for correspondence:

gusl@maths.usyd.edu.au Fax: +61 2 9351 4534

Abstract. We define a set of “cell modules” for the extended affine Hecke algebra of type A which are parametrised by SL_n(C)-conjugacy classes of pairs (s, N), where s ∈ SL_n(C) is semisimple and N is a nilpotent element of the Lie algebra which has at most two Jordan blocks and satisfies Ad(s) · N = q^2N. Each of these has irreducible head, and the irreducible representations of the affine Hecke algebra so obtained are precisely those which factor through its Temperley-Lieb quotient. Using our work on the cellular nature of those quotients, we are able to obtain complete information on the decomposition of the cell modules, even when q is a root of unity. They turn out to be multiplicity free, and the composition factors may be precisely described in terms of a partial order on the pairs (s, N). These results give explicit formulae for the dimensions of the irreducibles. Assuming our modules are identified with the “standard modules” earlier defined by Bernstein-Zelevinski, Kazhdan-Lusztig and others, these results may be interpreted as the determination of certain Kazhdan-Lusztig polynomials.

Typeset by AMS-TEX 1

THE TWO-STEP NILPOTENT REPRESENTATIONS OF THE EXTENDED AFFINE HECKE ALGEBRA OF TYPE A

J.J.Graham and G.I. Lehrer

School of Mathematics and Statistics The University of Birmingham Birmingham B15 2TT, United Kingdom

School of Mathematics and Statistics University of Sydney N.S.W. 2006, Australia

Abstract. We define a set of “cell modules” for the extended affine Hecke algebra of type A which are parametrised by SL_n(C)-conjugacy classes of pairs (s, N), where s ∈ SL_n(C) is semisimple and N is a nilpotent element of the Lie algebra which has at most two Jordan blocks and satisfies Ad(s) · N = q^2N. Each of these has irreducible head, and the irreducible representations of the affine Hecke algebra so obtained are precisely those which factor through its Temperley-Lieb quotient. Using our work on the cellular nature of those quotients, we are able to obtain complete information on the decomposition of the cell modules, even when q is a root of unity. They turn out to be multiplicity free, and the composition factors may be precisely described in terms of a partial order on the pairs (s, N). These results give explicit formulae for the dimensions of the irreducibles. Assuming our modules are identified with the “standard modules” earlier defined by Bernstein-Zelevinski, Kazhdan-Lusztig and others, these results may be interpreted as the determination of certain Kazhdan-Lusztig polynomials.

0. Introduction.

The extended affine Hecke algebra ~H^a_n(q) of type A has a quotient which is analogous to the Temperley-Lieb algebra, in that it is obtained from ~H^a_n(q) by taking the quotient by the principal ideal generated by the central idempotent in any Hecke subalgebra of type A_2 (which is 6-dimensional) which corresponds to the trivial representation of that subalgebra. Denote this quotient by �T L^a_n(q) (the “extended affine Temperley-Lieb algebra”). The results of [GL2] may be applied to classify

The second author thanks the Australian Research Council and the Alexander von Humboldt Stiftung for support and the Universität Bielefeld for hospitality during the preparation of this work.

Typeset by AMS-TEX 2

all irreducible representations of �T L^a_n(q), for arbitrary values of the parameter q, including arbitrary roots of unity. This provides a class of irreducible representations for ~H^a_n(q), and for these, we are able to give explicit dimension formulae, as well as decomposition numbers for the “cell modules” which are involved in their construction. Although it is not proved here, there is strong evidence that our cell modules coincide with the “standard modules” defined earlier by several authors (see below).

Our parametrisation of both the cell modules and the irreducibles may be stated (see Theorem (5.5) below) in terms of semisimple-nilpotent pairs (s, N) associated with SL_n(C), just as in the general “standard module” theory of Lusztig, Ginzburg and Kazhdan-Lusztig (see [CG],[KL] or [X]) or of Bernstein-Zelevinsky (cf. [R], [BZ], [Z2]), except that we deal only with the case where N is a two-step nilpotent matrix (i.e. it has just 1 or 2 Jordan blocks). If we assume that our cell modules coincide with either of the standard modules above, then given the results of [Z2] and [R] or [G], our results also give explicit computations of some Kazhdan-Lusztig polynomials.

One of the results we prove in this work is that in the Grothendieck ring of finite dimensional representations of the algebras T^a(n) of [GL2], each irreducible representation is a linear combination of the “cell modules” (analogous to Weyl modules), in which the non-zero coefficients are ±1, extending the results of [GL, §5]. We also discuss consequences of this result for the algebras ~H^a_n(q). 1. Dramatis personae; various algebras of “type A”.

Let R be a commutative ring and let q be an invertible element of R. The affine Hecke algebra of type A_{n−1} over R, denoted H^a_n(q), has generators T_1, · · · , T_n, which generate H^a_n(q) as associative algebra subject to the relations

(1.1) � T_iT_j = T_j T_i if |i − j| ≥ 2 and {i, j} ≠ {1, n} T_iT_{i+1}T_i = T_{i+1}T_iT_{i+1} and (1.2) (T_i − q)(T_i + q^{−1}) = 0,

where in (1.1) the indices are taken mod n.

The algebra H^a_n(q) corresponds to the affine Weyl group W^a of type Ã_{n−1}, which is a Coxeter group; it has an R-basis consisting of elements {T_w, w ∈ W^a}, where if w = r_{i1} · · · r_{iℓ} is a reduced expression for w ∈ W^a (the simple reflections in W^a being denoted r_i, · · · , r_n), T_w = T_{i1} · · · T_{iℓ} .

The extended affine Hecke algebra (cf. [X]), which we denote ~H^a_n(q) may be defined by

(1.3) ~H^a_n(q) = R[Ω] ⊗_R H^a_n(q)

where Ω is the cyclic group of order n, thought of as the group of automorphisms of H^a_n(q) which permute the T_i cyclically, and the tensor product is “twisted” in the sense that if ω_1, ω_2 ∈ Ω and h_1, h_2 ∈ H^a_n(q), we have

(1.4) ω_1 ⊗ h_1 · ω_2 ⊗ h_2 = ω_1ω_2 ⊗ w^{−1}_2 (h_1)h_2. 3

The algebra ~H^a_n(q) corresponds to the extension of the finite Weyl group by the lattice of weights in the same sense that H^a_n(q) corresponds to W^a. Clearly H^a_n(q) is a subalgebra of ~H^a_n(q). Let W (i) be the subgroup of W^a which is generated by the simple reflections r_i and r_{i+1}(i = 1, 2, · · · , n). Then W (i) ∼= Sym_3 (the symmetric group of degree 3, which has order 6), and in ~H^a_n(q) we have elements

(1.5) E_i = � w∈W (i)

q^{ℓ(w)}T_w (i = 1), · · · n − 1)

where ℓ(w) is the length function in the Coxeter group W^a. These satisfy

E^2_i = (1 − q^2)(1 − q^4)E_i

As in [GL2], we define the Temperley-Lieb quotient of H^a_n(q) as

(1.6) T L^a_n(q) := H^a_n(q)/I^a_n(q)

where I^a_n(q) is the ideal of H^a_n(q) generated by E_1, · · · , E_n (of course only one E_i is needed, since they are conjugate in H^a_n(q)).

We refer to the extended analogue �T L^a_n(q) of T L^a_n(q) as the extended affine Temperley-Lieb algebra of type Ã_{n−1}. It is defined as

(1.7) �T L^a_n(q) = ~H^a_n(q)/~I^a_n(q)

where ~I^a_n(q) is the ideal of ~H^a_n(q) generated by E_1, · · · , E_n. (1.8) Lemma. We have

�T La_n(q) ∼= R[Ω] ⊗_R T L^a_n(q)

Proof. First, observe that since I^a_n(q) is stable under Ω (it is generated by an Ωstable set), it follows that ~I^a_n(q) = R[Ω] ⊗_R I^a_n(q). Since the right side is an ideal, it contains I^a_n(q) and it is clearly the smallest ideal satisfying this condition. The lemma follows. □ It follows from (1.8) that if we write σ = ω ⊗ 1 ∈ �T L^a_n(q), where ω is a (fixed) generator of Ω, then �T L^a_n(q) is generated by T L^a_n(q) together with σ. But T L^a_n(q) has the following presentation described in [GL2, (2.9)]:

(1.9) T L^a_n(q) = � � � < f_1, · · · , f_n|f_if_j = f_jf_i if |k − j| ≥ 2 and (i, j) ≠ (1, n) f_if_{i+1}f_i − f_i = f_{i+1} − f_{i+1} = 0 (i = 1, · · · , n) f^2_i = δf_i >

where δ = −(q + q^{−1}) and the indices in the second relation are taken modulo n.

The element σ above defies an automorphism of T L^a_n(q) : 4

(1.10) σf_iσ^{−1} = f_{i+1} (i = 1, · · · , n)

where the index i is again taken mod n.

It follows that �T L^a_n(q) is generated by {σ, f_1, · · · , f_n} subject to the relations (1.9), (1.10) and σ^n = 1

Now in addition to the algebras �T L^a_n(q) and T L^a_n(q), we shall require the algebra T^a(n) which was defined in [GL2, (2.7)] and referred to there (loc. cit.) as “the affine Temperley-Lieb algebra”. This is defined as an algebra of diagrams or, more accurately, as the algebra of morphisms: n −→ n in the category T^a (see [GL2, (2.5)]) and T L^a_n(q) is identified [GL2, (2.9)] as the subalgebra of T^a(n) spanned by the “non-monic diagrams : n −→ n of even rank”, together with the identity. We shall need to make some use of the diagrammatic description in this work; details may be found in [GL2], but a good approximation to the picture is obtained if one thinks of affine diagrams as arcs drawn on the surface of a cylinder joining 2n marked points, n on each circle component of the boundary, in pairs. The arcs must not intersect, and diagrams are multiplied by concatenation in the usual way. These diagrams are represented by periodic diagrams drawn between two horizontal lines, each diagram being determined by the “fundamental rectangle”, from which the cylinder is obtained by identifying vertical edges. In this interpretation, the generators f_i of T L^a_n(q) are represented by the diagrams shown below.

• • • •

• •

• • • •

• • • • • • 1 n

1 2 n − 1 n

2 n − 1 i i + 1

i i + 1 f_n : n → n f_i : n → n, 1 ≤ i ≤ n − 1 . . . . . . . .

. . . . . . . . ........... .. . ........... .. . ........... .. . ........... .. . .......... ............... ..

. . . . . . . .

. . . . . . . .

... ....................... .

The rank of such a diagram is the smallest number of intersections of arcs with the left vertical edge.

Now T^a(n) contains the “twist” τ = τ_n, which has rank 1, and T^a(n) is generated by {T L^a_n(q), τ}; however it is not true that T^a(n) ∼= R[< τ >] ⊗ T L^a_n(q). Instead we have

(1.11) Proposition. Let A be the augmentation ideal (i.e. the ideal generated by f_1, f_2, · · · , f_n) of T L^a_n(q) ⊆ T^a(n), so that T L^a_n(q) = R1⊕A. Then τ^2A = Aτ^2 = A and we have T^a(n) = R[< τ >] ⊕ A ⊕ Aτ.

Proof. This depends on [GL2, (2.9)], which in turn depends on the result of [FG] referred to in [loc. cit.]. Since T^a(n) is generated as associative algebra by T L^a_n(q) and τ, the result follows easily if we know that Aτ^2 = τ^2A = A. To see this latter fact, observe that

f_1τ^2 = τ^2f_{n−1} = f_1f_2 · · · f_{n−1} ∈ A .

Conjugating this relation by τ, we see that f_iτ^2 and τ^2f_i are both in A for any i, whence Aτ^2 ⊆ A, τ^2A ⊆ A. Similarly, τ^{−2}A ⊆ A and Aτ^{−2}A (use the mirror image of the above relation : τ^{−2}f_i = f_{n−1}τ^{−2} = f_{n−1}f_{n−2} · · · f_1). 5

Thus A = (τ^{−2}A)τ^2 ⊆ Aτ^2, whence we have equality in each case. □

(1.12) Corollary. We have T^a(n) ∼= T L^a_n(q) ⊕ I where I = ⊕_{i≠0}Rτ^i ⊕ Aτ.

This is immediate from (1.10).

The algebra �T L^a_n(q) is not a quotient of T^a(n), but the representation theory of �T L^a_n(q) may be discussed via that of T L^a_n(q), which in turn comes from that of T^a(n), whose representations are completely described in[GL2]. Note also that there is an obvious surjective homomorphism ϕ : �T L^a_n(q) → T L^a_n(q), defined by ω ⊗ μ → τ_nμ (for ω ∈ Ω and μ ∈ T L^a_n(q)).

2. Representations.

We shall determine all irreducible representations of �T L^a_n(q) using the classification of those of T L^a_n(q) determined in [GL2]. In this section, we assume that R is an algebraically closed field.

To discuss the representations of �T L^a_n(q) ∼= C[Ω] ⊗ T L^a_n(q), let us first recall the description given in [GL2, (2.9.1)] of the representations of T L^a_n(q). As was recalled above, T L^a_n(q) may be realised as an algebra spanned by diagrams on the surface of a cylinder or “affine diagrams α : n −→ n” (see [GL2, (1.3), (1.4), (2.5)]). In general an affine diagram α : t −→ n(t, n ∈ Z_{≥0}) is depicted by its restriction to the fundamental rectangle, which has t marked points on the bottom edge, n on the top, and distinct points joined in pairs by non-intersecting arcs (after the vertical edges are identified). If α has no “through arcs”, i.e. if top (resp. bottom) vertices are joined to top (resp. bottom) vertices, then α may also have a certain number, y(α) say, of arcs which wrap around the cylinder. This description of T L^a_n(q) realises T L^a_n(q) as a subalgebra of T^a(n), whose representation theory is discussed in [GL2]. The irreducible representations of T L^a_n(q) turn out to be largely restrictions of those of T^a(n).

We recall the definition of the cell modules for T^a(n), which by restriction are also modules for T L^a_n(q) (cf. [GL2, (2.6)]). Let t ∈ Z_{≥0}, 0 ≤ t ≤ n, with t ≡ n (mod 2) and let z be any invertible element of R. Let W^′_{t,z}(n) be the R-module with basis all monic diagrams (see [GL2, (1.6)]) this means all t arcs from the bottom vertices are through arcs), then W_{t,z}(n)0 = W^′_{t,z}(n)/U, where U is the subspace generated by elements of the form ατ_t − zα (t > 0) or ατ_t − (z + z^{−1})α (t = 0), where τ_t is the “t-twist” depicted below

• • • •

• • • •

1 2 3 t

1 2 t − 1 t τ_t : t → t τ_0 : 0 → 0

....

....

.... ...

....

....

....

....

....

....

.... ..

....

....

....

....

....

....

.... ..

....

....

....

....

....

....

.... .. ....

.... .... ... ...........

........................................................ ...........

........................................................ .

It is then easily seen that

(2.1) dim W_{t,z}(n) = � n_{n−t} 2 � . 6

The space W_{t,z}(n) is a T^a(n) - module, with the algebra acting by concatenating diagrams t −→ n (∈ W_{t,z}(n)) with α : n −→ n(∈ T L^a_n(q)) according to the description in [GL2, (2.1), (2.6)]. We write α ∗ μ for this action. There is a bilinear map ϕ_{t,z} : W_{t,z}(n) × W_{t,z}−1 (n)−→R which ([GL2, (2.7)]) is invariant in the sense that ϕ_{t,z}(α ∗ μ, ν) = ϕ_{t,z}(μ, α^∗ ∗ ν)(μ, ν ∈ W_{t,z}(n), α ∈ T^a(n)) where α^∗ denotes the reflection of α in a horizontal line. Note that α → α^∗ is an anti-automorphism of T^a(n), which preserves T L^a_n(q). If R is a field, the irreducible T^a(n)-modules have a simple description ([GL2, (2.8)]). In order to give it, we shall require a certain set of parameters. For convenience, we collect its definition, as well as some others which we shall require, here.

(2.2) Definition. Let Λ^a(n)^+ be the set

Λ^a(n)^+ = {(t, z) | t ∈ Z_{≥0}, 0 ≤ t ≤ n, n − t ∈ 2Z; z ∈ R^∗}.

Define Λ^a(n) by

(2.2.1) Λ^a(n) = � Λ^a(n)^+ if q^2 ≠ −1 Λ^a(n)^+ \ {(0, ±q)} if q^2 = −1.

Define the equivalence relation ≈ on Λ^a(n)^+ as that which identifies (0, z) and (0, z^{−1}) for all z ∈ R^∗, and write

(2.2.2) Λ^a(n)^{+0} = Λ^a(n)^+/ ≈ and Λ^a(n)^0 = Λ^a(n)/ ≈ .

Next, let Λ^a(n)^′ be the set

Λ^a(n)^′ = � {(t, z) ∈ Λ^a(n) | z^2 ≠ −1 if t = 0} ∐ {(0, i)^+, (0, i)^−} if q^2 ≠ −1 {(t, z) ∈ Λ^a(n) | z^2 ≠ −1 if t = 0} if q^2 = −1

where i denotes a fixed element of R such that i^2 = −1. Define the equivalence relation ∼ on Λ^a(n)^′ by (t, z) ∼ (t^′, z^′), if and only if t = t^′ = n or t = t^′ and z^′ = ±z or (t, z) ≈ (t^′, z^′). Define

(2.2.3) Λ^a(n) = Λ^a(n)^′/ ∼ .

Let ≡ be the equivalence relation on Λ^a(n) which is given by (t, z) ≡ (t^′, z^′), if and only if (t, z) ≈ (t^′, z^′) or t = t^′ = n or t = t^′ and z^′ = ±z. Define

(2.2.4) ~Λ^a(n) = Λ^a(n)/ ≡ .

We denote the elements of this set by ~(t, z), where (t, z) ∈ Λ^a(n).

It is clear that ~Λ^a(n) is in natural bijection with the quotient of Λ^a(n) obtained by identifying (0, i)^+ and (0, i)^−.

(2.2A) Remark. We shall see shortly that the sets Λ^a(n)^0 and Λ^a(n) respectively parametrise the isomorphism classes of irreducible modules for the algebras T L^a_n(q) and T^a(n). We often abuse notation by lifting the parameters to Λ^a(n), assuming the appropriate identifications.

Theorem ([GL2, (2.8)]). Let R be an algebraically closed field and maintain the above notation. For (t, z) ∈ Λ^a(n)^0, L_{t,z}(n) := W_{t,z}(n)/rad ϕ_{t,z} is an irreducible T^a(n) module. All irreducible T^a(n) modules are realised thus, and if (t_1, z_1) ≉ (t_2, z_2), then L_{t1,z1} (n) ≁= L_{t2,z2} (n)

The main facts concerning the restrictions of the above modules to T L^a_n(q) are as follows.

(2.3) Theorem. Assume that R is an algebraically closed field.

(i) As T L^a_n(q)-modules, W_{t,z}(n) ∼= W_{t,y}(n) if t = n (any y, z) or if y + z = 0 (any t).

(ii) If t ≠ 0, the module L_{t,z}(n) := W_{t,z}(n)/ rad ϕ_{t,z} is an irreducible T L^a_n(q) module.

(iii) If t = 0 and z^2 ≠ −1, then L_{0,z}(n) (defined as above) is irreducible as T L^a_n(q) module.

(iv) If t = 0 and z^2 = −1, then W_{0,z}(n) is the direct sum of two submodules W^+_{0,z}(n) and W^−_{0,z}(n) which are spanned respectively by diagrams of even and odd rank.

(v) If t = 0, z^2 = −1 and q^2 ≠ −1 then W^±_{0,z}(n) have non-isomorphic irreducible heads L^±_{0,z}(n).

(vi) The set Λ^a(n) defined in (2.2.3) parameterizes the irreducible T L^a_n(q)-modules, with each one occurring once.

Proof. First observe that W_{n,z}(n) is 1-dimensional, spanned by the identity diagram n → n. It’s structure as T^a(n) module is therefore clearly independent of n (all f_i act trivially). Next, since T L^a_n(q) is spanned by certain diagrams of even rank, it follows that for any diagram α ∈ T L^a_n(q) and standard diagram μ : t−→n, we have (by [GL2, (1.5) (4)])

(2.3.1) rank (α ∘ μ) ≡ rank (μ) (mod 2).

Consider the linear transformation U : W_{t,z}(n)−→W_{t,z}(n) defined by U(μ) = (−1)^{rank (μ)}μ for any standard diagram μ : t−→n. We shall show that for α ∈ T L^a_n(q), we have

(2.3.2) α ·_{(z)} U(μ) = U(α ·_{(−z)} μ)

where ·_{(y)} denotes the action of α on the module W_{t,y}(n) (any y ∈ R^∗). This will show that U intertwines the actions of T L^a_n(q) on W_{t,z}(n) and W_{t,−z}(n). Assume first that t ≠ 0.

To prove (2.3.2), observe that both sides are 0 unless α ∘ μ is monic, in which case α ∘ μ = μ^′ ∘ τ^k_t for some k ∈ Z. It follows that the left side of (2.3.2) is equal to (−1)^{rank μ}z^kμ^′. The right side is U((−z)^kμ^′) = (−z)^k(−1)^{rank μ′} μ^′. But by (2.3.1) we have rank(u^′) + k ∼= rank μ (mod 2), whence the result.

If t = 0, the proof is the same, with z replaced by z + z^{−1}. Notice that the proof is valid even if z + z^{−1} = 0 (i.e. z^2 = 1). This proves (i).

The proofs of (ii) and (iii) follow the arguments of [GL1, (2.6)]. For (iv) note that if t = 0 and z^2 = −1 the splitting of W_{0,z} takes place because z + z^{−1} = 0, so that non-standard monic diagrams μ : 0−→n are all zero. Hence operation by T L^a_n(q) never effects a parity change in the rank. The rest of the proof is a straightforward adaptation of [GL2, (2.8), (2.9.1)]. □

(2.4) Proposition. Let ω be the automorphism of T L^a_n(q) defined by ω(f_i) = f_{i+1} (i = 1, 2, ..., n), where the index i is taken mod n. For any representation ρ of T L^a_n(q) define the representation ρ^ω by ρ^ω = ρ∘ω. Then for any pair (t, z) ∈ Λ^a(n), we have an isomorphism of T L^a_n(q) modules W_{t,z}(n)^ω ∼= W_{t,z}(n).

Proof. The vector space W_{t,z}(n) is a module for the algebra T^a(n) ⊃ T L^a_n(q). But τ_n ∈ T^a(n) satisfies τ_nf_iτ^{−1}_n = f_{i+1} (all i). Hence the linear transformation of W_{t,z}(n) which is defined by the action of τ_n on the T^a(n) module W_{t,z}(n) intertwines the T L^a_n(q) modules W_{t,z}(n) and W_{t,z}(n). □

We henceforth take R to be an algebraically closed field.

(2.5) Corollary.

(i) All irreducible T L^a_n(q)-modules M satisfy M^ω ∼= M, except if q^2 ≠ −1 and M ∼= L^±_{0,i}(n).

(ii) The automorphism ω interchanges the irreducible modules L^±_{0,i}(n).

Proof. (i) In this case M ∼= L_{t,z}(n) for some (t, z) ∈ Λ^a(n) \ {(0, ±i)}. Since W_{t,z}(n) is invariant (up to isomorphism) under ω and L_{t,z}(n) is its head, the result is immediate.

(ii)The map μ → τ_n ∘ μ clearly interchanges the modules W^±_{0,i}, and hence interchanges their heads, which are the irreducible modules L^±_{0,i}(n). □

The next result is required to complete the classification of the irreducible �T L^a_n(q) modules. The authors wish to thank R.B. Howlett for discussions concerning its proof.

(2.6) Theorem. Let B be an associative algebra with identity over the algebraically closed field R. Suppose σ is an automorphism of B of finite oder n, and let A be the associative algebra A = R[< σ >] ⊗ B, where < σ > is the cyclic group generated by σ and the tensor product is “twisted” in the sense of (1.4). Let M be a finite dimensional irreducible A module and let M_1 ⊂ M be an irreducible (B-) submodule of the restriction of M from A to B. Let r be the smallest positive integer such that the twist M^{σr}_1 ∼= M_1 as B module; clearly r divides n. Then

M ∼= M_1 ⊕ σM_1 ⊕ ... ⊕ σ^{r−1}M_1

where σ is identified with the element σ ⊗ 1 ∈ A.

Proof. Write ρ : A → End_R(M) and ρ_i : B → End_R(M^{σi−1}_1 ) (i = 1, 2, ..., r) for the representations associated with the corresponding modules. We shall soon identify these with matrix representations. Observe first that there is a positive integer k such that

(2.6.1) M ∼= M_1 ⊕ σM_1 ⊕ ... ⊕ σ^{k−1}M_1.

This is because if the sum M_1 + σM_1 + ... + σ^iM_1 is direct (this is trivial for i = 0) then σ^{i+1}M_1 ∩ (M_1 + σM_1 + ... + σ^iM_1) is either 0 or σ^{i+1}M_1, since σ^{i+1}M_1 is an irreducible B module. In the latter case, (2.6.1) follows immediately, while in the former, we repeat the argument replacing i by i + 1, proving (2.6.1) by induction. 9

Clearly, since M_1, σM_1, ..., σ^{r−1}M_1 is a complete list of non-isomorphic σ-twists of the B module M_1, and M is invariant under σ, r divides k, so that we may write

(2.6.2) k = hr

for some positive integer h. It follows that

(2.6.3) M ∼= M_1 ⊕ M_1 ⊕ ... ⊕ M_1 ⊕ σM_1 ⊕ ... ⊕ σM_1 ⊕ ... ⊕ σ^{r−1}M_1

where the multiplicity of each summand σ^{i−1}M_1 is h.

We shall consider the matrix representation of A on M with respect to a basis adapted to the decomposition (2.6.3). Note first that one obtains a basis of σ^iM_1 by applying σ to a basis of σ^{i−1}M_1, for i = 1, 2, ..., r − 1. Hence we may assume that for any element b ∈ B, we have

(2.6.4) ρ_{i+1}(b) = ρ_i(σbσ^{−1}) (b ∈ B, i = 1, 2, ..., r − 1)

Moreover since M^{σr}_1 ∼= M_1 as B module, there is an element U ∈ End_R(M_1), unique up to multiplication by a scalar, such that

(2.6.5) ρ_1(σ^rbσ^{−r})U = Uρ_1(b) for all b ∈ B.

It follows that ρ(b) acts on M with matrix of block diagonal form as depicted below. (2.6.6)

ρ(b) =

� � � � � � � � � � � � � � � � � ρ_1(b) ρ_1(b) . . . ρ_1(b) ρ_2(b) . .

ρ_r(b)

� � � � � � � � � � � � � � � � �

where the number of blocks ρ_j(b), each of which is square of size m =dim M_1, is h (for each j = 1, ..., r).

We now consider the shape of the block matrix ρ(σ) = [ρ_{ij} (σ)] (1 ≤ i, j ≤ k = hr). In view of the decomposition (2.6.3), we shall consider larger submatrices, consisting of h^2 of the blocks ρ_{ij} (σ) of size m. These will generally be denoted D_{pq} (1 ≤ p, q ≤ r); they are square of size hm. In order to describe them, for any positive integer i such that 1 ≤ i ≤ k, write

(2.6.7) i = q(i)h + r(i), where 0 ≤ r(i) < h, 0 ≤ q(i) ≤ r − 1 10

Since ρ(σbσ^{−1}) = ρ(σ)ρ(b)ρ(σ^{−1}) for any element b ∈ B, we may use (2.6.6), (2.6.4) and (2.6.5) to deduce the shape of ρ(σ). In terms of the block decomposition of ρ(σ) as explained above, the result is, in the notation of (2.6.7)

(2.6.7) ρ_{q(i)+2}(b)ρ_{ij}(σ) = ρ_{ij}(σ)ρ_{q(j)+1}(b) for 1 ≤ i, j ≤ k,

where ρ_{r+1}(b) = ρ_r(σbσ^{−1}) = Uρ_1(b)U^{−1}, U being the intertwining matrix of (2.6.5).

It follows by Schur’s Lemma that ρ_{ij} (σ) = 0 unless either (a) q(i) + 2 = q(j) + 1, or (b) q(j) = 0 and q(i) = r − 1.

In case (a), i.e. q(i) + 1 = q(j), we have ρ_{ij} (σ) = λ_{ij} I_m, where λ_{ij} ∈ C and I_m is the identity matrix of size m. In case (b), i.e. when q(j) = 0 and q(i) = r − 1, we have ρ_{ij} (σ) = λ_{ij} U. Hence the block decomposition of ρ(σ) is of the form

(2.6.8) ρ(σ) =

� � � � � � � �

0 D_1 0 0 D_2 . . . 0 D_{r−1} UD_r 0 . . . . 0

� � � � � � � �

where D_i is a block matrix each of whose blocks is of the form λI_m (λ ∈ C) for i ≤ r, and U is the block diagonal matrix each of whose (diagonal) blocks is equal to U.

We next show that there is a matrix

(2.6.9) T =

� � � � � � � �

T_1

T_2 . . . T_{r−1} T_r

� � � � � � � �

such that the submatrices T_i are block matrices whose blocks are of the form λI_m (λ ∈ C) and such that for i = 1, 2, ..., r − 1, T_iD_iT^{−1}_{i+1} is diagonal, as is T_rD_rT^{−1}_1 .

To see that such a matrix T exists, observe that by taking powers of the matrix (2.6.8), one sees that (D_1D_2...D_r)^{nr} = I_{hm}, whence D_1D_2...D_r is diagonalisable by a matrix T_1 of the required form. Then take T_2 = T_1D_1, T_3 = T_2D_2,..., T_r = T_{r−1}D_{r−1}. It is then easily verified that T satisfies the stated conditions.

Now the linear transformation T of M commutes with ρ(b) for each b ∈ B and Tρ(σ)T^{−1} is of the form (2.6.8) with each block D_i diagonal. It follows that if M^′ is the subspace of M consisting of the sum of the first, (h + 1)st, (2h + 1)st,...,((r − 1)h + 1)st summands of the decomposition (2.6.3) of M, then the subspace T.M^′ is invariant under ρ(B) and ρ(σ). Since A is generated by B and σ, T.M^′ is invariant under ρ(A), whence by irreducibility, M = M^′, which proves (2.6). □

(2.7) Corollary. Suppose B, A, σ and M are as in the statement of (2.6). If the restriction of M from A to B contains a σ-invariant irreducible B submodule M_1, then M = M_1. Conversely, every σ-invariant irreducible B module M_1 extends to an irreducible A module.

Proof. The first statement is just the case r = 1 of (2.6). For the converse, observe that since M^σ_1 ∼= M_1, there is a transformation τ ∈ End_R(M_1) such that for all elements b ∈ B, ρ_1(σbσ^{−1}) = τρ_1(b)τ^{−1}, where ρ_1 is the representation of B on M_1. If we take ρ(σ) = λτ where λ ∈ C is such that (λτ)^n = id_{M1} , this defines a representation ρ of A on M_1, which extends ρ_1. □

Using (2.6), the classification of the distinct irreducible �T L^a_n(q) modules is now straightforward.

(2.8) Theorem. Assume that R is algebraically closed. The distinct irreducible �T La_n(q)-modules are classified as follows. For each element (t, z) ∈ ~Λa(n) (see (2.2.4)) and each element ζ ∈ R such that ζ^n = z^{−t} there is an irreducible �T L^a_n(q)- module L_{(t,z)}(ζ). As a space, L_{(t,z)}(ζ) is L_{t,z}(n); the subalgebra T L^a_n(q) acts as in (2.3), while σ = ω ⊗ 1 (see (1.8)) acts as τ_nζ.

The only isomorphisms among the simple �T L^a_n(q) modules L_{(t,z)}(ζ) are as follows: L_{(n,z)}(ζ) ∼= L_{(n,y)}(ζyz^{−1}) for any z, y ∈ R^∗, L_{(t,z)}(ζ) ∼= L_{(t,−z)}(−ζ) for any (t, z) ∈ Λ^a(n), L_{(0,z)}(ζ) ∼= L_{(0,z}−1_)(ζ) for any z ∈ R^∗, and when q^2 ≠ −1, L_{(0,i)}(ζ) ∼= L_{(0,i)}(−ζ)(∼= L_{(0,−i)}(−ζ)) for all ζ ∈ R satisfying ζ^n = 1.

Proof. Let M be an irreducible �T L^a_n(q) module. Theorem (2.6) clearly applies, with A = �T L^a_n(q) and B = T L^a_n(q). Suppose first that the restriction of M to T L^a_n(q) contains an irreducible T L^a_n(q)-module M_1 ∼= L_{t,z}(n) with (t, z) ≠ (0, ±i) as a submodule. Then by (2.5)(i), M^σ_1 ∼= M_1 and we may apply (2.7) to deduce that M is an extension of M_1 to A. By Schur’s Lemma, σ = ω ⊗ 1 must act on L_{t,z} as a scalar multiple ζτ_n of τ_n. But τ^n_n acts on W_{t,z} as the scalar z^t, since for any diagram μ : t → n we have τ^n_n μτ^{−t}_t = μ by periodicity. Since σ^n = 1, we must have ζ^nz^t = 1 as stated. Thus M is the �T L^a_n(q) module L_{(t,z)}(ζ) of the statement.

To determine the coincidences among these modules, note that the restriction of L_{~(t,z)}(ζ) to T L^a_n(q) is the irreducible T L^a_n(q)-module L_{t,z}(n). By (2.3)(vi), this

implies that the equivalence class (t, z) of (t, z) in ~Λ^a(n) is determined by M. If θ is an intertwining map for L_{(t,z)}(ζ) and L_{(t}′_{,z}′_)(ζ^′), then since θ intertwines the T L^a_n(q) actions, we have (t, z) = (t^′, z^′). Moreover by irreducibility, θ must be a scalar multiple of the map described in the proof of (2.3). If t = n, τ_n acts on L_{(n,z)}(n) as multiplication by z. Hence the equation θ(σ · μ) = σ · θ(μ) shows that ζz = ζ^′z^′. If t < n, then t = 0 or t = t^′ and z^′ = −z. Consider the latter case first. Then θ(σ · μ) = θ(ζτ_n · μ) = ζ(−1)^{rk(μ)+1}τ_n · μ = σ · θ(μ) = ζ^′(−1)^{rk(μ)}τ_n · μ, whence ζ^′ = −ζ. If t = 0, W_{0,z}(n) = W_{0,z}−1 (n), so L_{0,z}(ζ) = W_{0,z}−1 (ζ).

The remaining case is when M contains a T L^a_n(q) submodule L^+ isomorphic to L_{(0,i)}+ , which occurs only when q^2 ≠ −1. In this case, M also has a T L^a_n(q) submodule isomorphic to L_{(0,i)}− , viz. σ · L^+, and σ^2 · L^+ ∼= L^+. Hence we are in the situation of (2.6) with r = 2. Application of (2.6) yields that σ acts on M ∼= L_{(0,i)}+ ⊕ L_{(0,i)}− via the matrix � 0 λ_1τ_n λ_2τ_n 0 � 12

for some scalars λ_1, λ_2 ∈ R.

The condition σ^n = 1 implies that (λ_1λ_2)^{n2} = 1. Write M = L_{(0,i)}(λ_1, λ_2) for this module. We shall show

(2.8.1). The modules L_{(0,i)}(λ_1, λ_2) and L_{(0,i)}(λ^′_1, λ^′_2) are isomorphic as �T L^a_n(q) modules if and only if λ_1λ_2 = λ^′_1λ^′_2.

To see how the theorem follows from (2.8.1), observe that each isomorphism class of modules L_{(0,i)}(λ_1, λ_2) contains a module L_{(0,i)}(ζ, ζ), with ζ^n = 1, because since R is algebraically closed, there is an element ζ ∈ R such that ζ^2 = λ_1λ_2. In the notation of the statement, L_{(0,i)}(ζ, ζ) = L_{(0,i)}(ζ), and by (2.8.1), L_{(0,i)}(ζ) ∼= L_{~(0,i)}(−ζ) and there are no other coincidences among the L_{(0,i)}(ζ).

It therefore remains only to prove (2.8.1). First suppose that θ : L_{(0,i)}(λ_1, λ_2) → L_{(0,i)}(λ^′_1, λ^′_2) is an intertwining map. Then as above, since θ(σ^2 · μ) = σ^2 · θ(μ) for μ ∈ L_{(0,i)}(n) and since σ^2 acts on L_{(0,i)}(λ_1, λ_2) as λ_1λ_2τ_n, we have λ_1λ_2 = λ^′_1λ^′_2.

Conversely, suppose this condition holds. Write κ = λ_1 λ^′_1 = λ^′_2 λ_2

. Let θ : L_{(0,i)}(n) → L_{(0,i)}(n) have matrix description analogous to those above given by θ = � I 0 0 κI � , where I denotes the identity matrix. It is then easily checked that θ intertwines L_{(0,i)}(λ_1, λ_2) and L_{(0,i)}(λ^′_1, λ^′_2). This proves (2.8.1) and completes the proof of the theorem. □

(2.9) Definition. Define the sets Δ^a(n)^+ and Δ^a(n) by

Δ^a(n)^+ = {[(t, z), ζ] ∈ Λ^a(n)^+ × R^∗ | ζ^n = z^{−t}} Δ^a(n) = {[(t, z), ζ] ∈ Λ^a(n) × R^∗ | ζ^n = z^{−t}}.

Let ≈ be the equivalence relation on Δ^a(n)^+ defined by

[(n, z), ζ] ≈ [(n, y), ζzy^{−1}] (i) [(t, z), ζ] ≈ [(t, −z), −ζ] (ii) [(0, z), ζ] ≈ [(0, z^{−1}), ζ] (iii) [(0, i), ζ] ≈ [(0, i), −ζ] (iv).

Define the quotient sets Δ^a(n)^{+0} and Δ^a(n)^0 by Δ^a(n)^{+0} = Δ^a(n)^+/ ≈ and Δ^a(n)^0 = Δ^a(n)/ ≈.

Notice that in (2.9), the relation (iv) is a consequence of (ii) and (iii), since if z = i, z^{−1} = −z. Also, if t = n, (ii) follows from (i). We shall write (t, z, ζ) for the ≈ class of [(t, z), ζ].

It is clear that in analogy with the irreducible modules L_{t,z}(ζ) defined in the statement of (2.8), we may define, for any triple [(t, z), ζ] ∈ Δ^a(n)^+, the cell module (or “standard module”) W_{t,z}(ζ) for the algebra �T L^a_n(q) by stipulating that as space W_{t,z}(ζ) = W_{t,z}, the cell module for T^a(n), while σ acts as ζτ_n. 13

(2.10) Corollary. The set Δ^a(n)^0 defined in (2.9) parametrises the isomorphism classes of those cell modules for �T L^a_n(q) on which the canonical invariant bilinear form (cf. [GL2, Definition (2.6)(2), p. 188.]) does not vanish, and hence parametrises the irreducible modules . Moreover, for elements [(t, z), ζ] and [(t^′, z^′), ζ^′] ∈ Δ^a(n)^+,

W_{t,z}(ζ) ∼= W_t′_{,z}′ (ζ^′) ⇐⇒ L_{t,z}(ζ) ∼= L_t′_{,z}′ (ζ^′) ⇐⇒ [(t, z), ζ] ≈ [(t^′, z^′), ζ^′]

Proof. For [(t, z), ζ] ∈ Δ^a(n), W_{t,z}(ζ) is the �T L^a_n(q) module which is the extension of the T L^a_n(q) module W_{t,z}(n) to �T L^a_n(q), on which σ acts as ζτ_n. This is the “cell module” corresponding to [(t, z), ζ], and the top quotient L_{t,z}(ζ) is the corresponding irreducible. It is non-zero if and only if [(t, z), ζ] ∈ Δ^a(n). All the statements of the corollary follow from (2.8). □

3. Multiplicities and decomposition numbers.

The irreducible �T L^a_n(q)-modules classified in (2.8) are all quotients of the spaces W_{t,z}(n) by the radical of the form ϕ_{t,z}, with σ = ω ⊗ 1 acting as a scalar multiple of τ_n. In this section we begin our discussion of the composition factors of the cell modules.

As in (2.10), Denote by W_{t,z}(ζ) the �T L^a_n(q) module in which σ acts as described in (2.8) (for the irreducibles) i.e. as ζτ_n. These are the “cell modules” for �T L^a_n(q). We remark that for convenience, we shall take the triples [(t, z), ζ] to be in Δ^a(n)^+ rather than in the quotient set Δ^a(n)^{+0}. This means that there are isomorphisms among the modules W_{t,z}(ζ) which induce the isomorphisms among the irreducible �T La_n(q) modules which are referred to in the statement (2.8). In particular, we have isomorphisms for each of the cases of the equivalence relation defined in (2.9).

W_{t,z}(ζ) ∼= W_{t,−z}(−ζ) for all z ∈ R^∗

W_{n,z}(ζ) ∼= W_{n,y}(ζzy^{−1}) for all y, z ∈ R^∗ W_{0,z}(ζ) ∼= W_{0,z}−1 (ζ) for all z ∈ R^∗ W_{0,i}(ζ) ∼= W_{0,i}(−ζ) for any ζ with ζ^n = 1

and similarly for the irreducible heads of these modules.

As above, for any pair t, z ∈ Λ^a(n)^+ we denote by ~(t, z) its equivalence class in ~ Λ^a(n).

The dimensions of the W_{t,z}(n) are known (see (2.1) above), so the problem of determining the dimensions of the irreducible modules is equivalent to that of determining the multiplicities of the irreducibles in the “cell modules” W_{t,z}(ζ). We address this question now. In rough terms, we shall show that with few exceptions, the expression for L_{t,z}(ζ) as a linear combination of cell modules in the Grothendieck group Γ( �T L^a_n(q)) is similar to that for L_{t,z}(n) as a linear combination of the W_{s,y}(n) in Γ(T^a(n)).

As in [GL2], the key is the existence of certain homomorphisms between cell modules. 14

(3.1) Proposition. Let (t, z) and (s, y) be elements of Λ^a(n) which satisfy the conditions of [GL2, (3.4)]; i.e. s = t + 2k (k ≥ 0), z^2 = q^s, y = zq^{−k} (so that y^2 = q^t). Assume that (t, z) ≠ (0, ±i). Let θ : W_{s,y}(n)−→W_{t,z}(n) be the T^a(n)- homomorphism defined in [GL2, loc. cit.]. Then θ is a homomorphism of �T L^a_n(q) modules : W_{s,y}(ζ)−→W_{t,z}(ζ) for any ζ which satisfies ζ^n = z^{−t} [note that the assumptions imply that z^{−t} = y^{−s}].

Proof. By the construction in [GL2, (3.5)], θ intertwines the T^a(n) actions on W_{s,y}(n) and W_{t,z}(n). Hence for μ ∈ W_{s,y}(n), we have

θ(τ_n · μ) = τ_n · θ(μ).

Multiplying both sides by ζ, we see that θ intertwines the action of σ on W_{s,y}(ζ) and on W_{t,z}(ζ). Since �T L^a_n(q) is generated by σ and T L^a_n(q), the result follows. □

(3.2) Theorem. Let (t, z) ∈ Λ^a(n)^0. Suppose that in the Grothendieck group Γ(T^a(n)), we have

(3.2.1) W_{t,z}(n) = � (s,y)∈Λ^a(n)^0

m^{s,y}_{t,z} L_{s,y}(n).

Then for any ζ satisfying ζ^n = z^{−t}, we have, in Γ( �T L^a_n(q))

(3.2.2) W_{(t,z)}(ζ) = � (s,y)∈Λ^a(n)^0

m^{s,y}_{t,z} L_{(s,y)}(ζ) .

Proof. Given (3.2.1), there is a composition series of W_{t,z}(n) as T^a(n)-module, with the irreducible T^a(n) module L_{s,y}(n) occurring m^{s,y}_{t,z} times. But by (2.8), the enveloping algebra of �T L^a_n(q) acting on W_{t,z}(ζ) is precisely T^a(n). It follows from this and (3.1) that the composition series of W_{t,z}(n) as T^a(n)-module is also a composition series for W_{t,z}(ζ) as �T L^a_n(q) - module, for any ζ with ζ^n = z^{−t}; moreover the subquotient L_{s,y}(n) is isomorphic to L_{s,y}(ζ) as �T L^a_n(q) module. The result follows. □

We shall discuss the multiplicities m^{s,y}_{t,z} in the next section, but to make use of our knowledge of these, we prove

(3.3) Lemma. Let [(t, z), ζ] ∈ Δ^a(n)^+. Then [(t^′, z^′), ζ] ∈ Δ^a(n)^+ satisfies [(t, z), ζ] ≈ [(t^′, z^′), ζ] if and only if (t, z) ≈ (t^′, z^′) in Λ^a(n)^+. That is, for any (appropriate) ζ, [(t, z), ζ] ≈ [(t^′, z^′), ζ] in Δ^a(n)^+ if and only if (t, z) ≈ (t^′, z^′) in Λ^a(n)^+

Proof. Suppose [(t, z), ζ] ≈ [(t^′, z^′), ζ]. Then clearly t = t^′. If t = n, then using the relation (2.9)(i), we see immediately that z = z^′. If 0 < t < n, then z^′ = ±z. But if z^′ = −z, then ζ = −ζ, i.e. R has characteristic 2. But in that case, z^′ = z. If t = 0 and z^2 ≠ −1, then z^′ = z^{±1}, so that (t, z) ≈ (t^′, z^′). Finally, if t = 0 and z = ±i, we again have z^′ = ±i, which completes the proof. □

4. Multiplicities, dimension formulae and combinatorics. 15

In this section we take R to be an algebraically closed field of characteristic zero, with q an invertible element of R. We begin by reviewing the results of [GL2] concerning the multiplicities of irreducible T^a(n)-modules in the cell modules.

Recall (2.2.1) that Λ^a(n)^{+0} = Λ^a(n)^+/ ≈ where (t, z) ≈ (t^′, z^′) if and only if t = 0 and z^′ = z^{±1}, and similarly for Λ^a(n)^0. Then Λ^a(n)^{+0} parameterizes the cell modules W_{t,z}(n) and Λ^a(n)^0 parametrizes the distinct (isomorphism classes of) irreducible T^a(n) modules L_{t,z}(n), which corespond to those cell modules on which the canonical form does not vanish.

Let ⪯ be the partial order on Λ^a(n) which is generated by the preorder^∘≺ which stipulates that (t, z)^∘≺ (s, y) if

(4.1a) 0 ≤ t ≤ s ≤ n, s = t + 2k (k ∈ Z, k > 0) and

(4.1b) z^2 = q^{ϵ(s,z)s} and y = zq^{−ϵ(s,z)k} for ϵ(s, z) = ±1

Note that (4.1) implies that

(4.2a) y^2 = q^{ϵ(s,z)t} and z^t = y^s and (4.2b) (t, z) ⪯ (t^′, z^′) =⇒ z^t = (z^′)^{t′} .

It suffices to verify (4.2b) when (t, z)^∘≺ (t^′, z^′), in which case it follows easily from (4.1).

We note also that

(4.3) Lemma. The partial order ⪯ on Λ^a(n) induces a partial order, also denoted ⪯ on the set Λ^a(n)^0 = Λ^a(n)/ ≈.

Proof. We must show that if (t, z) ≈ (t^′, z^′) in Λ^a(n) and (t, z)^∘≺ (s, y), then (t^′, z^′)^∘≺ (s, y). It clearly suffices to take (t, z) = (0, z) and (t^′, z^′) = (0, z^{−1}). Then (s, y) = (2k, ±1) in the notation of (4.1a and 4.1b) and an easy calculation using (4.1a and 4.1b) shows that ϵ(s, z^{−1}) = −ϵ(s, z). □

The following result is proved in [GL2, Theorem 5.1].

(4.4) Theorem. We have, in the Grothendieck ring Γ(T^a(n)), for any (t, z) ∈ Λ^a(n)^+,

(4.4.1) W_{t,z}(n) = � (s,y)∈Λa (n)0

(t,z)⪯(s,y)

L_{s,y}(n)

Thus the matrix expressing the cell modules in terms of the irreducibles in Γ(T^a(n)) is upper unitriangular, and has entries 0 or 1. Now if (t, z) is confined to Λ^a(n), the relation (4.4.1) can clearly be inverted. The next result is a statement about the inverse of the matrix of the partial order on Λ^a(n)^0. It asserts that the inverse has all entries equal to 0 or ±1. We thank D. Kazhdan for the suggestion that Theorem (4.5) might hold in general. 16

(4.5) Theorem. We have, in the notation of (4.4),

L_{t,z}(n) = � (s,y)∈Λa (n)0

(t,z)⪯(s,y)

n^{s,y}_{t,z} W_{s,y}(n)

where n^{s,y}_{t,z} = 0 or ±1.

Proof. If L_{t,z}(n) = W_{t,z}(n) there is nothing to prove. If not, there is a map

θ : W_{s,y}(n)−→W_{t,z}(n)

for some (s, y) such that (t, z) ≺ (s, y) and we may assume (s, y) is minimal with respect to this property, i.e. that (t, z)^∘≺ (s, y). Then θ is injective (cf. [GL2,p. 214]) and the quotient Q = W_{t,z}(n)/im θ has head L_{t,z}(n). By the argument given in [GL2, pp214-215], the radical of Q (which is the radical of the form induced by ϕ_{t,z} on Q) is either 0 or equal to L_s′_{,y}′ (n), where (s^′, y^′) is the unique element of Λ^a(n)^0 such that (t, z) ≺ (s^′, y^′) and (s, y) ⊀ (s^′, y^′). Then in the Grothendieck ring Γ(T^a(n)), we have

(4.5.1) L_{t,z}(n) = W_{t,z}(n) − W_{s,y}(n) − L_s′_{,y}′ (n).

Now arguing by (downward) induction in Λ^a(n)^0, the result follows for L_{t,z}(n) from the corresponding equation for L_s′_{,y}′ (n), together with the properties of (s^′, y^′) ∈ Λ^a(n). □ (4.6) Corollary.

(i) Every maximal chain between two elements of the poset Λ^a(n)^0 has the same number of elements.

(ii) In the notation of (4.5), we have n^{s,y}_{t,z} = (−1)^i, where i is the number of links in a maximal chain between (t, z) and (s, y) ∈ Λ^a(n).

This is proved by an easy refinement of the argument in the proof of (4.5) above.

(4.7) Definition. We say that (t, z) and (t^′, z^′) ∈ Λ^a(n)^0 are in the same block if L_t′_{,z}′ (n) is a composition factor of W_{t,z}(n), or vice versa. Similarly for elements of Δ^a(n)^0.

Let us now interpret these results as they apply to the representation theory of the algebra �T L^a_n(q).

(4.8) Theorem. Let �T L^a_n(q) be the Temperley-Lieb quotient of the affine Hecke algebra of type ~A_{n−1} (see (1.8)). For any element (t, z, ζ) ∈ Δ^a(n)^0 (see (2.9)) we have

(4.8.1) W_{t,z}(ζ) = � (s,y)∈Λa (n)0

(t,z)⪯(s,y)

L_{s,y}(ζ)

in the Grothendieck ring Γ( �T L^a_n(q)) (see (2.8) and (2.10) for the definitions of these modules). 17

The irreducibles L_{s,y}(ζ) occurring on the right side of (4.8.1) are all distinct (i.e. pairwise non-isomorphic). Thus the multiplicity of any irreducible module in a cell module is 0 or 1.

Proof. Equation (4.8.1) follows immediately from (3.2) and (4.4). If L_{s,y}(ζ) ∼= L_s′_{,y}′ (ζ) then by (2.8), [(s, y), ζ] ≈ [(s^′, y^′), ζ]. But by (3.3), this implies that (s, y) = (s^′, y^′) in Λ^a(n)^0, which proves the statement. □

(4.9) Corollary. Two elements [(s, y), ζ] and [(s^′, y^′), ζ^′] of Δ^a(n)^0 are in the same block if and only if there is a triple [(t, z), ζ] such that [(s^′, y^′), ζ^′] ≈ [(t, z), ζ], and (t, z) is related to (s, y) under the partial order ⪯ on Λ^a(n)^0.

Combinining (4.5) and (4.6), we also have

(4.10) Theorem. Maintain the notation of (4.8). For any element [(t, z), ζ] ∈ Δ^a(n)^0 (see (2.9)) we have

(4.10.1) L_{t,z}(ζ) = � (s,y)∈Λa (n)0

(t,z)⪯(s,y)

n^{s,y}_{t,z} W_{s,y}(ζ)

in the Grothendieck ring Γ( �T L^a_n(q)), where n^{s,y}_{t,z} = (−1)^i if i is the length of a maximal chain in Λ^a(n)^0 from (t, z) to (s, y).

The last three results may also be formulated in terms of the order relation which ⪯ induces on Δ^a(n)^0.

(4.11) Theorem. Let ⪯ be the partial order on Δ^a(n)^0 induced by the preorder^∘≺ defined by (t, z, ζ)^∘≺ (t^′, z^′, ζ) ⇐⇒ (t, z)^∘≺ (t^′, z^′) in Λ^a(n)^+.

If (t, z, ζ) ⪯ (t^′, z^′, ζ^′), then there is an injective homomorphism of �T L^a_n(q) modules :W_t′_{,z}′ (ζ^′) −→ W_{t,z}(ζ). The multiplicity of the irreducible module L_t′_{,z}′ (ζ^′) in the cell module W_{t,z}(ζ) is one if (t, z, ζ) ⪯ (t^′, z^′, ζ^′) and zero otherwise.

This is simply a restatement of (4.8). Of course this and the preceding statements may be rephrased in terms of the representations of the extended affine Hecke algebra, but we leave this to the next section.

5. Description in terms of semisimple-nilpotent pairs.

Let G be the group SL_N (C) and let G be the Lie algebra of G. When R = C, the affine Hecke algebra may be realised as a convolution algebra (cf. [KL],[L1],[L2],[Gi],[CG] or [X]), and there is consequently a theory of “standard modules” for the algebra �T L^a_n(q) which classifies them by G-conjugacy classes of pairs (s, N) such that Ad(g) · N = q^2N, where s is a semisimple element of G and N is a nilpotent element of G (notice that our algebra is a quotient of the affine Hecke algebra which corresponds to the parameter q^2 in the usual notation). These modules “generically” have top quotients which constitute a complete set of irreducible modules for �T L^a_n(q). When q^2 is a root of unity, the picture is not so well understood (see, however [G] and [A]). We show how our results may be expressed in these terms; in particular our results give complete information on the irreducible modules and 18

decomposition numbers of the standard modules, for pairs (s, N), where N has at most two Jordan blocks. Write P^+ for the set of G-conjugacy classes of pairs (s, N) such that Ad(g) · N = q^2N as above.

(5.1) Proposition. There is a natural bijection between the set Δ^a(n)^{+0} of (2.9) and the set P^+ of semisimple-nilpotent pairs described above, in which N has at most two Jordan blocks.

Proof. Let t be any integer satisfying n = 2k + t, where k ∈ Z and 0 ≤ k ≤ n 2 . Let J_k denote the k × k (Jordan) matrix with zeros everywhere except on the superdiagonal, where all entries are 1. Then each pair (s, N) such that Ad(g) · N = q^2N and N has at most two Jordan blocks is G-conjugate to one where

(5.1.1) N = N_k = � J_{n−k} J_k �

and (5.1.2)

s =

� � � � � � � � � � � � � � � a_1 a_1q^{−2} a_1q^{−4} . . a_1q^{−2(n−k−1)} a_2 a_2q^{−2} a_2q^{−4} . . a_2q^{−2(k−1)}

� � � � � � � � � � � � � � �

where, since det s = 1, a_1, a_2 ∈ C satisfy

(5.1.3) a^{k+t}_1 a^k_2 = q^{{2k(k−1)+2kt+t(t−1)}}.

Denote the element s of (5.1.2) by s(a_1, a_2). It is easily verified that the ordered pair (a_1, a_2) is uniquely determined by the G conjugacy class of the pair (s, N), except if n = 2k, in which case a_1 and a_2 may be reversed; i.e. (s(a_1, a_2), N^n_2 ) is G conjugate to (s(a_2, a_1), N^n_2 ). Hence

(5.1)*. The set P^+ of the statement is in bijection with the set of pairs {(s(a_1, a_2), N_k)}, where 0 ≤ 2k ≤ n, and a_1, a_2 ∈ C satisfy (5.1.3), modulo the equivalence of (s(a_1, a_2), N^n_2 ) and (s(a_2, a_1), N^n_2 ).

Define variables A_1, A_2 by

A_1 = a_1a_2q^{−(n−2)}

A_2 = a_1q^{−(n−k−1)}.

(5.1.4)

With this change of variables, the equation (5.1.3) becomes

(5.1.5) A^k_1A^t_2 = 1.

We now have the following parametrisation of the relevant G-conjugacy classes of pairs (s, N) in terms of solutions of the equation (5.1.5). 19

(5.1.6) Lemma. For any t = n − 2k ≠ 0, n, the G-conjugacy classes of pairs (s, N) where N has Jordan blocks of size n − k, k, are in natural bijection with the solutions (A_1, A_2) of the equation (5.1.5). If t = n, the classes are in bijection with the solutions A_2 of the equation A^n_2 = 1, while if t = 0, the classes are in bijection with the solutions (A_1, A_2) of the equation (5.1.5), modulo the equivalence relation ≈, which stipulates that (A_1, A_2) ≈ (A_1, A_1A^{−1}_2 ).

Proof of (5.1.6). Given a solution (A_1, A_2) of (5.1.5), equations (5.1.4) determine unique values of a_1, a_2 which satisfy (5.1.3) and hence determine a class (s, N) of the required type. Conversely, the class of (s, N) determines (a_1, a_2) uniquely unless t = 0, in which case, (s, N) corresponds to both (a_1, a_2) and (a_2, a_1). Hence if t ≠ 0, both the class of (s, N) and (a_1, a_2) are determined by (A_1, A_2) which is arbitrary, subject to (5.1.5). If t ≠ 0, n, then distinct (a_1, a_2) determine distinct classes, proving the first statement. If t = n, a_2 is irrelevant to the class, which is determined by a_1, proving the second statement.

An easy calculation shows that in the bijective correspondence which is defined by (5.1.4) between solutions (a_1, a_2) of (5.1.3) and (A_1, A_2) of (5.1.5), if (a_1, a_2) corresponds to (A_1, A_2), then (a_2, a_1) corresponds to (A_1, A_1A^{−1}_2 q^{−t}). Hence if t = 0, the G-conjugacy of the pairs (s, N) corresponding to (a_1, a_2) and (a_2, a_1) is reflected in the equivalence (A_1, A_2) ≈ (A_1, A_1A^{−1}_2 ). □

We shall next give an analogous description of Δ^a(n)^{+0}. Recall (2.9) that Δ^a(n)^{+0} is a quotient of the set Δ^a(n)^+ of triples (t, z, ζ), where t = n − 2k for some integer k such that 0 ≤ k ≤ n 2 and z, ζ ∈ R are such that ζ^nz^t = 1.

Equivalently, if we write

B_1 = ζ^2 B_2 = ζz,

(5.1.7)

then

(5.1.8) B^k_1 B^t_2 = 1.

In analogy with (5.1.6) we shall prove

(5.1.9) Lemma. If t ≠ 0, n, the set Δ^a(n)^{+0} of equivalence classes under ≈ of triples (t, z, ζ) are in bijection with the solutions (B_1, B_2) of (5.1.8). If t = n the equivalence classes are in bijection with the solutions B_2 of B^n_2 = 1. If t = 0, the equivalence classes of triples are in bijection with the solutions (B_1, B_2) of the equations (5.1.7), modulo the equivalence relation ≈, which stipulates that (B_1, B_2) ≈ (B_1, B_1B^{−1}_2 ).

Proof of (5.1.8). If t ≠ 0, n, the only relation among the relevant triples is (2.9)(ii). It follows that the ≈ class of (t, z, ζ) is uniquely determined by (ζ^2, ζz), which may be arbitrary, subject to (5.1.8). The first statement follows. If t = n, the ≈ class of (n, z, ζ) depends only on B_2 = ζz, which satisfies B^n_2 = 1, which is the second statement.

If t = 0, the equivalence class of (0, z, ζ) consists of the four triples

{(0, z, ζ), (0, z^{−1}, ζ, (0, −z, −ζ), (0, −z^{−1}, ζ)}. 20

These all have the same value for B_1, while the (two) possible values for “B_2” are B_2 = ζz and B^′_2 = z^{−1}ζ = B_1B^{−1}_2 . This proves the third statement. □ The proof of (5.1) is now complete, since Lemmas (5.1.6) and (5.1.9) show that P^+ and Δ^a(n)^{+0} have the same parameter set. □ (5.1)^# Corollary. The above correspondence between the set P^+ of G-classes of pairs and the set Δ^a(n)^{+0} of ≈ classes of triples is realised as follows. The class of the pair (s(a_1, a_2), N_k) (see (5.1.1)) corresponds to the class of the triple (t, z, ζ) (see (2.9)) if t = n − 2k ζ^2 = a_1a_2q^{−(n−2)} ζz = a_1q^{−(n−k−1)}.

(5.1.10)

Using the identification (5.1)^#, we may describe the partial order ⪯ in terms of the pairs (s, N). First, let us agree to write M_{s,N} = M_{t,z}(ζ) for the cell module of �T La_n(q) if (s, N) and (t, z, ζ) correspond under the map defined in (5.1) or (5.1)^#. The irreducible �T L^a_n(q) modules are parametrised by the subset Δ^a(n)^0 of Δ^a(n)^{+0} (the two sets are equal unless q^2 = −1). The next result describes the corresponding subset of P^+.

(5.1A) Proposition. The subset P of P^+ which corresponds to Δ^a(n)^0 under the bijection (5.1)^# is given by P = � P^+ if q^2 ≠ −1 P^+ \ {(s(ξ, −ξ), N^n_2 ) | ξ^n = (−1)^{n2} } if q^2 = −1.

The proof is routine.

If (s, N) ∈ P corresponds to (t, z, ζ) ∈ Δ^a(n)^{+0}, we write L_{s,N} = L_{t,z}(ζ) for the corresponding irreducible �T L^a_n(q) module.

(5.2) Proposition. Suppose (s(a_1, a_2), N_k) is the semisimple-nilpotent pair defined in (5.1) (∈ P^+). The corresponding cell module, M_{s(a1,a2),Nk} , is irreducible unless there is a solution (ϵ, t^′) of the equations a_1a^{−1}_2 = q^{(t+ϵt′)} ϵ = ±1 t < t^′ ≤ n t ≡ t^′( mod 2) (5.2.1) If the equation (5.2.1) has a solution, then there is an injective homomorphism M_{s(a}′_{1,a}′_{2),Nk′} −→ M_{s(a1,a2),Nk} , where k^′ = 1 2 (n − t^′) a^′_1 = a_1q^{(1−ϵ)(k−k′ )} a^′_2 = a_2q^{−(1−ϵ)(k−k′ )}.

(5.2.2) 21

Proof. The statement is a translation into the language of semisimple-nilpotent pairs of the fact (cf. (4.11) above) that if (t, z, ζ) ⪯ (t^′, z^′, ζ^′) in Δ^a(n)^0, then there is an injective homomorphism between the corresponding cell modules of �T L^a_n(q), while if (t, z, ζ) is maximal, then the corresponding cell module is irreducible. But (5.1)^# shows that in the above correspondence between pairs and triples,

(5.2.3) z^2 = a_1a^{−1}_2 q^{−t}.

By (4.1), (t, z, ζ) is maximal unless there is a solution to the equation z^2 = q^{ϵt′} with ϵ, t^′ as in (5.2.1). If (t, z, ζ) is a triple corresponding to (s(a_1, a_2), N_k), then translating this using (5.2.3) yields the first statement.

Given a solution (ϵ, t^′) of (5.2.1) one uses (4.2) to determine the corresponding triple (t^′, z^′, ζ) such that (t, z, ζ)^∘≺ (t^′, z^′, ζ). The corresponding semisimplenilpotent pair (s(a^′_1, a^′_2), N_k′ ) may then be determined using the equations (5.1.10) and the equations (5.2.2) are the result. □

The partial order ⪯ may now be expressed in terms of the set P^+ of semisimplenilpotent pairs.

(5.3) Definition. Let P^+ = {(s(a_1, a_2), N_k)} be the set of semisimple-nilpotent pairs as described in (5.1). Define the partial order ⪯ on P^+ as that which is generated by the preorder^∘≺ which asserts that (s(a_1, a_2), N_k)^∘≺ (s(a^′_1, a^′_2), N_k′ ) if there exists ϵ = ±1 such that if t = n − 2k, t^′ = n − 2k^′,

k^′ < k

a_1a^{−1}_2 = q^{(t+ϵt′ )}

a^′_1 = a_1q^{(1−ϵ)(k−k′ )}

a^′_2 = a_2q^{−(1−ϵ)(k−k′ )}.

We may now express (4.11) in the language of pairs. As well as doing this, the next result gives some properties of the ordered set P^+. The statement (iv) of Proposition (5.4) is related to a result of Zelevinsky [Z1].

(5.4) Proposition. (i) Let (s, N) and (s^′, N^′) be two elements of P^+. The irreducible module L_s′_{,N} ′ is a composition factor of multiplicity one in the cell module M_{s,N} if (s, N) ⪯ (s^′, N^′) in P^+. Otherwise its multiplicity is zero.

(ii) In the equations (5.3), if ϵ = +1, then a^′_1 = a_1 and a^′_2 = a_2. If ϵ = −1, then a^′_1 = a_2 and a^′_2 = a_1. Thus in all cases, we have

a^′_1(a^′_2)^{−1} = q^{(t′ +ϵt)} = (a_1a^{−1}_2 )^ϵ.

(iii) If the equations (5.3) have a solution (ϵ, k^′), then a^n_1 = q^{n(n−1)−2kk′} if ϵ = +1, while a^n_1 = q^{n(n−1)−2k(n−k′ )} if ϵ = −1.

(iv) If q is not a root of unity, then each cell module has at most two composition factors.

Proof. The statement (i) is clear from (4.11). The assertions in (ii) are obtained by elementary manipulations of the equations in (5.3), while (iii) is a consequence of the equations (5.3), together with (5.1.3). 22

Now suppose q is not a root of unity, and that (s(a_1, a_2), N_k)^∘≺ (s(a^′_1, a^′_2), N_k′ ) as in (5.3). Then by (ii) above, a^′_1(a^′_2)^{−1} = q^{(t′+ϵt)} = (a_1a^{−1}_2 )^ϵ. Therefore if (s(a^′_1, a^′_2), N_k′ )^∘≺ (s(a^{′′}_1 , a^{′′}_2 ), N_k′′ ), we require k^{′′} < k^′ < k and a^′_1(a^′_2)^{−1} = q^{(t′+ϵ′ t′′)}. Since q is not a root of unity, this entails t^′ + ϵ^′t^{′′} = t^′ + ϵt, whence t^{′′} = t ≯ t^′, so that no solution exists. The result now follows from (i). □

We now summarise our results as they apply to the affine Hecke algebra.

(5.5) Theorem. . Let ~H^a_n(q) be the extended affine Hecke algebra of type Ã_{n−1} (see (1.3)) over an algebraically closed field R of characteristic zero. Let G = SL_n(R) and let P^+ be the set of G-conjugacy classes of pairs (s, N) with s ∈ G semisimple, N ∈ Lie(G) nilpotent with at most two Jordan blocks, and Ad(s) · N = q^2N. Let P be the subset of P^+ defined in Proposition (5.1A). Then ~H^a_n(q) has a set {M_{s,N} | (s, N) ∈ P^+} of “cell modules” which have the following properties.

(i) For each cell module M_{s(a1,a2),Nk} there is a canonical ~H^a_n(q) invariant bilinear pairing ϕ_{s(a1,a2),Nk} : M_{s(a1,a2),Nk} × M_{s(a}′_{1,a}′_{2),Nk} −→ R, where a^′_1 = a^{−1}_1 q^{2(n−k−1)} and a^′_2 = a^{−1}_2 q^{2k}, such that ϕ_{s(a1,a2),Nk} ≠ 0 if and only if (s(a_1, a_2), N_k) ∈ P.

(ii) If (s, N) ∈ P, M_{s,N} has a unique simple quotient L_{s,N} . This is the quotient of M_{s,N} by the radical of the form ϕ_{s,N}

(iii) The simple modules {L_{s,N} | (s, N) ∈ P} are pairwise non- isomorphic and form a complete set of irreducible ~H^a_n(q) modules which factor through the Temperley-Lieb quotient �T L^a_n(q) (see (1.7), (1.8) for the definition) (iv) Each cell module has all its composition factors among the simple modules in (i).

(v) Using the description of P in (5.1) and (5.1.6), the elements of P are repre-

sented by pairs (s(a_1, a_2), N_k). Then dim M_{s(a1,a2),Nk} = � n k � and the multiplicity

[M_{s(a1,a2),Nk} : L_{s(a}′_{1,a}′_{2),Nk′} ] is one if (s(a_1, a_2), N_k) ⪯ (s(a^′_1, a^′_2), N_k′ ) in the partial order defined in (5.3), and is zero otherwise.

(vi) In particular, M_{s(a1,a2),Nk} is irreducible unless a^n_1 and a^n_2 are powers of q. (vii) In the (unique) expression of the irreducible module L_{s,N} as a linear combination of the cell modules M_s′_{,N} ′ in the Grothendieck group Γ( ~H^a_n(q)), the coefficients occurring are all 0 or ±1.

The last statement is a reformulation of Theorem (4.5) above. All the other statements are clear from the foregoing discussion, and the results of [GL2].

To illustrate our results, we give firstly an explicit description of the subregular case (cf. [L2] for a K-theoretic description of this case for all classical groups) and then two examples, one where q is not a root of unity, but the cell module has two composition factors, the other where q is a root of unity and the cell module has n 4 composition factors.

(5.6) Example. Suppose N is subregular and that s corresponds to (a_1, a_2). Then t = n − 2 and k = 1 above, and if there were a solution to the equations in (5.3), we would have k^′ = 0, so that t^′ = n. A short computation shows that M_{s,N} is irreducible unless

(5.6.1) a^n_1 = q^{n(n−2+ϵ)} 23

for ϵ = ±1. If this equation has a solution, then M_{s,N} has a composition factor L_s′_{,N} ′ where N^′ is regular nilpotent and s^′ is semisimple with a^′_1 = a_1q^{(1−ϵ)}. The equation (5.6.1) has a solution for both ϵ = 1 and ϵ = −1 if and only if q^{2n} = 1. Hence if q^{2n} ≠ 1, then for the n values of a_1 which satisfy (5.6.1), M_{s,N} has two distinct composition factors, of dimension 1, n − 1. If q^{2n} = 1, then M_{s,N} has three distinct composition factors, of dimension 1, 1, n − 2, except if q^2 = 1 in which case there are again two.

(5.7) Examples.

(i) Suppose that q is not a root of unity. Take n = 2m to be even with m > 4 and let a_1 be one of the n solutions of a^n_1 = q^{2m2+10m−16}. Let a_2 = a_1q^{−12}. Then (s(a_1, a_2), N_{m−2}) ∈ P and a short computation using the equations in (5.3) shows that M_{s(a1,a2),Nm−2} has two composition factors, viz. L_{s(a1,a2),Nm−2} and L_{s(a1,a2),Nm−4} .

Similarly, if a_1 is one of the n solutions of a^n_1 = q^{2m2−6m+16}, and again a_2 = a_1q^{−12}, then M_{s(a1,a2),Nm−2} again has two composition factors, viz. L_{s(a1,a2),Nm−2} and L_{s(a1q}4_{,a2q}−4_{),Nm−4} . In both cases, the dimension of the irreducible module

L_{s(a1,a2),Nm−2} is � 2m m − 4 � 8m − 4 (m − 2)(m − 3)

, and the second composition factor co-

incides with its cell module.

(ii) Suppose that q^2 = −1 and that n = 4m is divisible by 4. Take a_1 = a_2 = a, with a^n = 1. Then the pair (s(a_1, a_2), N^n_2 ) lies in P. Consider the cell module M_{s(a,a),N2m} . It is straightforward to show that in this case, (s(a, a), N_{2m}) ≺ (s, N) if and only if (s(a, a), N_{2m})^∘≺ (s, N), and that the set of pairs (s, N) for which this is true is {(s(a, a)), N_{2m−2i}) | i = 0, 1, 2, ..., m}. Thus M_{s(a,a),N2m} has m + 1 composition factors.

We conclude with some remarks concerning the connection between our results and the more general ones of Grojnowski [G]. According to [G], the irreducible modules L_ϕ, as well as the “cell” or standard modules M_ϕ for ~H^a_n(q) correspond (in our case) to elements ϕ of a certain subset Φ^∘_q of the set of G-conjugacy classes of pairs (s, N) with Ad(s) · N = q^2N. It may be verified, using [G, Theorem 2], that our P is a subset of Φ^∘_q .

Moreover, although it speaks only of dimensions, [G, Theorem 1] implies that the multiplicity of the irreducible L_ψ (ψ ∼ (s^′, N^′)) in the cell module M_ϕ (ϕ ∼ (s, N)) is given by a “Kazhdan-Lusztig” type coefficient a_{ϕψ}, which is the multiplicity of the constant local system on Z_G(s) · N in the perverse extension of the corresponding local system on Z_G(s^′) · N^′ to its closure in the Lie algebra of G. Assuming this result, if we also assume that our cell modules coincide with those in [G], our results show that if N is a two-step (or regular) nilpotent element, the coefficients a_{ϕψ} are 0 or 1. Moreover the coefficients e_{ϕψ} of the inverse matrix are 0, ±1.

Similar remarks apply to the connection between our results and those concerning standard modules and their decomposition in [Z2] and [R].

References

[A] S. Ariki, On the decomposition numbers of the Hecke algebra of G(m, 1, n), J. Math. Kyoto Univ. 36 (1996), no. 4, 789–808.

[AK] S. Ariki and A. Mathas, The number of simple modules of the Hecke algebras of type G(r, 1, n), Math. Zeitschrift, to appear.

[BZ] I.N. Bernstein and A.V. Zelevinsky, Induced representations of reductive p-adic groups. Ann. Sci. École Norm. Sup. (4) 10 (1977), no. 4, 441–472.

[CG] N. Chriss and V. Ginzburg, Representation theory and complex geometry, Birkhuser Boston, Inc., Boston, MA, 1997. x+495 pp.

[FG] C. K. Fan and R. M. Green, On the affine Temperley-Lieb algebras, J. London Math. Soc. (2) 60 (1999), no. 2, 366–380.

[Gi] V. Ginzburg, Lagrangian construction of representations of Hecke algebras, Adv. in Math. 63 (1987), 100-112.

[G] I. Grojnowski, Representations of affine Hecke algebras (and affine quantum GL_n) at roots of unity. Internat. Math. Res. Notices 1994, no. 5, 215 ff., approx. 3pp.

[GL1] J.J. Graham and G.I. Lehrer, Cellular algebras. Invent. Math. 123 (1996), no. 1, 1–34.

[GL2] J.J. Graham and G.I. Lehrer, The representation theory of affine Temperley- Lieb algebras. Enseign. Math. (2) 44 (1998), no. 3-4, 173–218.

[KL] David Kazhdan and George Lusztig, Proof of the Deligne-Langlands conjecture for Hecke algebras. Invent. Math. 87 (1987), no. 1, 153–215.

[LLT] Alain Lascoux, Bernard Leclerc and Jean-Yves Thibon, Hecke algebras at roots of unity and crystal bases of quantum affine algebras. Comm. Math. Phys. 181 (1996), no. 1, 205–263.

[L1] George Lusztig, Some examples of square integrable representations of semisimple p-adic groups. Trans. Amer. Math. Soc. 277 (1983), no. 2, 623– 653 [L2] G. Lusztig, Notes on affine Hecke algebras, preprint, MIT, 2000. [R] J. D. Rogawski, On modules over the Hecke algebra of a p-adic group. Invent.

Math. 79 (1985), no. 3, 443–465.

[X] N. Xi, Representations of affine Hecke algebras. Lecture Notes in Mathematics 1587, Springer-Verlag, Berlin, 1994.

[Z1] A. V. Zelevinsky, Induced representations of reductive p-adic groups. II. On irreducible representations of GL(n). Ann. Sci. École Norm. Sup. (4) 13 (1980), no. 2, 165–210.

[Z2] A.V. Zelevinsky, The p-adic analogue of the Kazhdan Lusztig conjecture. (Russian) Funktsional. Anal. i Prilozhen. 15 (1981), no. 2, 9–21.