Monodromy Surfaces of g-Painlevé Equations

Introduction

The classical six Painlevé equations P}, ..., Py, were discovered around 1900 by Paul Painlevé and his
colleagues as the canonical nonlinear 2nd order ODEs in the complex domain whose local solutions
branch only at a fixed collection of points. For example, any solution of Py,
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branches only at the points t = 0, 1, 0o in the complex t-plane.

Each Painlevé equation Py : uyr = Ri(u, up, t), K =1,...VI, is integrable: it has an associated
linear system

Y, = Ak(z; u, us, t)Y,

such that, as t moves, the monodromy data of the linear system is preserved.
The monodromy data form a complete set of first integrals of the corresponding Painlevé equation,
which gives rise to a one-to-one correspondence between solutions and monodromy data,

{solutions of Py} <+ {monodromy data}.

Monodromy manifold

The collection of monodromy data
M = {monodromy data}

is known as the monodromy manifold.
For the classical Painlevé equations, the monodromy manifolds can be identified with explicit affine
cubic surfaces. For example, the affine cubic surface for Painlevé VI reads

{peC: prpops + p% T p% + /0:2; + wyp1 + wopp + w3p3 + wy = 0F,

where the coefficients wy, 1 < k < 4, are related to the parameters «, 5,7, . So, for (generic) fixed
parameter values, solutions of Painlevé VI are in one-to-one correspondence with points on this cubic
surface.

Questions

During the 90ties, many discrete Painlevé equations were derived and ultimately classified by Sakai [7]
in 2001. What do their monodromy manifolds look like? Can they be identified with algebraic
surfaces?

In [5] we derive an explicit algebraic surface for the monodromy manifold of g-Painlevé VI. The results
of this paper are presented in this poster. We also mention the corresponding result in [4] for
g-Painlevé V.

g-Painlevé VI
Let g € C with 0 < |g| < 1. The g-Painlevé VI equation is given by
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mf=f(t), f=Ff(qt), g = g(t) for t in a domain T C C* with qT = T.

m k= (Ko, Kt, K1, Koo) € C* are nonzero complex parameters.
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Here, we consider the class of solutions with domain given by a discrete g-spiral,

7 42, 41 1, 9
teT, T=q"tg={...,9 “tg,q "to,ty,q "to,q “to,...},

for some tg € C*. We call (f, g) a solution of gPy(~, tp).

We assume non-resonance conditions,
Ko K KT ae & @70 (Rem1) ™ (me/k1) ™ ¢ tog™
and non-splitting conditions
R g R RS ¢ q”, Ko ke ¢ tog”,
where ¢; € {£1}, j =0,t,1, 00.
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The Jimbo-Sakai linear system

The associated Jimbo-Sakai linear system [2] is given by
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mAy=H 1. | H =, for some H(t) € GLy(C),
0 Ky't
with coordinates {f, g, w} defined by
Ap(z,t) = kg w(z — f),
Ago(f,t) = q(f — k1)(f — k7 .

This system is Fuchsian and, due to Birkhoff's classical treatment [1] of such Fuchsian systems, the
corresponding monodromy is encapsulated by a single connection matrix which relates the following
convergent series solutions respectively near z = 0 and z = o0,

Yo(z, t) = zlogq(t)\lfo(z, t)zlogq(’{‘))%, Vo(z, t) Z

Yoo(z, t) = Zlogq(z)—leO(L t)Z|qu(/foo)03, = Z

where o3 = diag(1, —1) is the standard third Pauli spin matrix.
We define the matrix functions

P(z,t) = Yo(z,t) tYoolz, t), C(z,t) = Vo(z, t) TWeo(z, 1),

and call C(z, t) the connection matrix or monodromy of the linear system.

Substitute a solution (f, g) of gPy, into the linear system and let w satisfy the auxiliary equation

W:q/foog—l

w g8 — Koo

then P(z,t) and C(z, t), satisfy
P(z,tm) = P(z,ty), C(z,tm)=2"C(z,ty), (tm=q"ty),

i.e. monodromy is preserved as t — qt [2].

The monodromy manifold

The connection matrix Cy(z) := C(z, tg) satisfies
Co(z) is analytic on C*.
— |l
oo e (5.)
Co(z)| = constant x Oq(r7 2/ t9)0q(k; *2/t0)04(r7 1 2)0q(k] 1 2).
We define the monodromy manifold M (k, ty) as the space of matrices Cpy(z) satisfying (1)-(3),
quotiented by arbitrary left and right-multiplication by diagonal matrices.

The monodromy manifold M (k, ty) was the object of an extensive recent study by Ohyama et al. [6].

Amongst other things, they showed that M (k, tg) is an algebraic surface and conjectured that it is
smooth. This conjecture follows from the third theorem below.

Results
Theorem [5]
The monodromy mapping

{solutions of qPy(k, tg)} — M(k, tg),

maps the solution space of qPy(k, ty) bijectively onto the monodromy manifold.

For any 2 x 2 matrix R # 0, with |R| = 0, define
7(R) e CP': Ry =n(R)Ry,, R =(Ry,Ry).
We define coordinates p = (p1, p2, p3, p4) on the monodromy manifold through
o= m(Col)) (1< K< 4), (030, x3,58) 1= (seto, iz o, i, i )
These coordinates p lie in (CPH)*/C*.

Theorem [5]

The coordinates p yield an embedding of the monodromy surface into (CP1)*/C*. The image of this
embedding is given by the surface S*(k, ty) in (CP1)*/C*, defined as the zero set

T1op1p2 + T13p1p3 + T1ap1pa + To3paps + Toapaps + T3ap3p4 = 0, (1)

where
T1p = 04 (HL%, /1%) Oq (/@0/1 1t0 Ko 1/1001t0) /%O,
T34 = 04 (/{%, /1%) Oq (lioliooto, K()_lliooto) :
T13 = —0q (/itlil_lto, lit_llilt()) Oq (litlillio_lligol, liolitlilligol) /%O,

1, 1 1
Tog = —0q (l{tlil ty, K¢ Iilto) Oq (lio/{tlillioo, KtK1Kookyq ) :

—1 -1 —1 -1 —1 2
To3 = 0 (/ﬁ:tlilto,lit iy to) Oq (litlioolio Ky~ KORtKooky )/11,

-1 -1 -1 -1 —1 2
T14 = 0 (/{t/ilto,lit K to) Oq (/431/{00/430 Ki ~, KOK1Kook+t )/{t,

minus a closed curve X’ defined by the intersection of (1) as xq varies over C*.
In particular,

M(k, ty) — S*(k, tg), where [Co] — [p],

Is a bijection.

Corollary

The general solution of qPy(k, tg) can be parametrised by

f(t) = f(t; 5, to, p),
g(t) = g(t; 5, to, p),
with p varying in S*(k, tg).

Theorem [5]

The monodromy manifold M(k, tg), or equivalently the surface S*(k, ty), is a smooth and affine
algebraic surface.

g-Painlevé 1V [4]

Joshi and Nakazono [3] derived a linear system for g-Painlevé IV which is Fuchsian. Similarly to the
above, we identified the corresponding monodromy manifold with an algebraic surface in (CP1)3,
defined through
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