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Abstract

2. The Mathematical Model

vThe Nonlinear Schrödinger (NLS) equation: pulse/beam
propagation in optic fiber & waveguides [1].

vThe Gross-Pitaevskii (GP) equation: properties of Bose–Einstein
condensates (BECs) at ultra low temperatures [2].

vGeneration of different localized waves are possible [1-15].

vWhat happens when the medium is inhomogeneous? [1-9]
vDynamics of beam propagation in an inhomogeneous Kerr-like

nonlinear optical medium.
vFeshbach resonance mechanism with a non-uniform magnetic field

in (i) binary & (ii) spinor BECs.
vSolitons in a dispersion managed erbium doped inhomogeneous

fiber with gain/loss.
vDispersion managed solitons in fibers with random birefringence.
vLight bullets in strongly modified by dispersion and nonlinearities.
vNon-autonomous solitons in planar grating waveguides.
vDissipative managed solitons in graded-index waveguides &

optical fiber systems.
vSelf-similar optical waves in graded-index layered media.
vThe non-autonomous nonlinear waves in 1D NLS type systems

and in HD models with modulated dispersion and nonlinearities
with gain/loss and higher-order effects.

vMulti-component optical systems such as multi-mode fibers.

vThe general nonlinear Schrödinger model: Dynamics of beam
propagation temporally inhomogeneous optical fiber [1,2,10-13].

vThe inhomogeneous coherently coupled nonlinear Schrödinger
(ICCNLS) equation consisting of temporally varying (self-phase &
cross-phase modulations and four-wave mixing) nonlinearities.

(1a)

(1b)

vTwo optical modes 𝐴"(𝑧, 𝑥) and 𝐴((𝑧, 𝑥).
v𝛿: constant	dispersion	
v𝜎11 & 𝜎22: Self-phase modulation nonlinearity coefficient
v𝜎12 & 𝜎21: Cross-phase modulation coefficient
v𝛿1 & 𝛿2: Four-wave mixing coefficient
vRefractive index in inhomogeneous media [4-9].

n(𝑧, 𝑥)=n0+n1 𝑣(𝑧, 𝑥) +n2𝛾 𝑧 I(𝑧, 𝑥)
vTemporally varying nonlinearities 𝛾 𝑧 .
vLinear variation in refractive index 𝑣 𝑧, 𝑥 = 𝐹 𝑧 𝑥2/2.

v2-CCNLS systems with positive coherent coupling:

v2-CCNLS systems with negative coherent coupling:

v2-CCNLS system with mixed coherent coupling:

vEffects of temporally-varying nonlinearities 𝛾 𝑧 	𝒊𝒏 the dynamics
of solitons, breathers & rogue waves?

ØA simple mathematical tool with wide applicability and show rich
characteristics [1,2,10-13].

ØConstant-coefficient CCNLS equations: (Homogeneous System)
(2a)

(2b)
ØSimilarity Transformation [15]:

(3a)
ØRelationship among parameters:

(3b)

(3c)

(3d)

(3e)
ØWith a relation between external potential and nonlinearity 

coefficient: Riccati equation

(3f)

ØThe dynamics of nonlinear waves associated with inhomogeneous
model (1) can be explored using the known solutions of associated
homogeneous model (2) through similarity transformation (3)!

The coupled nonlinear Schrödinger type equations with varying dispersion and (self-phase & cross-phase
modulations and four-wave mixing) nonlinearities, which govern the dynamics of beam propagation inhomogeneous
optical media, are exciting objects of study. We discuss similarity transformation, an efficient yet simplest tool to explore
such models for bringing out the dynamical characteristics of their underlying nonlinear waves. In this demonstration, we
investigate the role of modulated nonlinearities in the dynamics of vector optical solitons, Akhmediev/Ma breathers, and
rogue waves with the help of the explicit analytical solution. We highlight the possibility of controlling these nonlinear
waves possessing different characteristics.
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refractive index profile arising in the context of polarized light beam propagation in low birefringent
nonlinear optical media. Here the relative phase factors of the co-propagating electric fields lead to the
onset of four–wave mixing e↵ects. This coupling arises naturally in weakly anisotropic or birefringent
media. The following system of coherently coupled nonlinear Schrödinger (CCNLS) equations (in
dimensionless form) [1, 38] describes such type of beam propagation in Kerr-like nonlinear medium:
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where Aj ( j = 1, 2) are the slowly varying envelopes of the electric fields associated with two or-
thogonally polarized components. In Eq. (1), x and z are the transverse and longitudinal coordinates,
respectively, while the asterisk (⇤) denotes the complex conjugation and � represents the group veloc-
ity dispersion coe�cient [39]. Further, �(z) is the variable nonlinear parameter, the z-dependence of
which stems from the inhomogeneity of the optical medium [5, 7] and �(x, z) is the graded refractive
index profile in the form [40]. Eq. (1) contains phase-independent incoherent nonlinearities given by
�i j, i, j = 1, 2, where �11 and �22 represent the strengths of self-phase modulation (SPM), while �12

and �21 denote the strengths of cross-phase modulation (XPM). Additionally, the four-wave mixing
(FWM) nonlinearity strength is represented by the coe�cients �1 and �2 arising due to the phase-
dependent coherent coupling. Here one can have a di↵erent consideration with varying dispersion
e↵ect or dispersion management �(z) as well as spatio-temporal modulated nonlinearities �(x, z) in the
CCNLS system (1), which deserve a separate intensive investigation and shall be reported separately.
For a special set of parameters (�12 = �21 = � j = 0) along with constant nonlinearities and in the
absence of graded refractive index, the system (1) reduces to the standard scalar NLS equation for the
two independent modes A1 and A2, namely iA j,t +�Aj,xx+�|Aj|2Aj = 0, j = 1, 2, whose various nonlin-
ear wave solutions including solitons, breathers, rogue waves, periodic waves under di↵erent physical
situations have been extensively studied. Further, when the FWM nonlinearity is absent, the soliton
dynamics for focusing and mixed type nonlinear Schrödinger modles were investigated with explicit
soliton solutions and asymptotic analysis exploring the energy-sharing and elastic collisions of bright
solitons [41–45].

Moreover, it is important to mention that Eq. (1) is a general version of inhomogeneous CCNLS
system. Interestingly, it results into six di↵erent models for appropriate choices of dispersion and
nonlinearity coe�cients. The inhomogeneous model (1) with constant nonlinearities and refractive
index describes beam propagation in uniform/homogeneous Kerr-like nonlinear medium reads as
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The above Eq. (2) is non-integrable in general and shall pass the integrability test only for certain
choices of coe�cients [46]. As mentioned earlier, the above generalized two-component CCNLS
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equation shall take di↵erent versions for various choices of nonlinearity and dispersion coe�cients, as
given below.

Model (i) [47]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (3)

Model (ii) [48]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = 1, (4)

Model (iii) [50]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = �1, (5)

Model (iv) [49]: � = 1,�11 = ��22 = 1,�12 = ��21 = �2, �1 = ��2 = 1, (6)

Model (v) [51]: � = 1, �11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (7)

Model (vi) [51]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = �1. (8)

Among the above six versions, models (v) and (vi) correspond to the choices (7) and (8) are equivalent
to (3) when x ! ix and z ! �z, respectively, while the model (iii) arising for the choice (5) can be
reduced to model (ii) resulting for (4) when z ! �z. Further, based on the impact of nonlinearities,
models resulting for the choices (3), (7) and (8) shall be defined as CCNLS systems with positive co-
herent coupling, while that of the choices (4) and (5) are referred to as CCNLS systems with negative
coherent coupling, and the choice (6) is designated to the CCNLS system with mixed type nonlineari-
ties. Thus, e↵ectively there exist only three distinct models (3), (4), and (6) representing the coherent
propagation of two orthogonally polarized modes featuring di↵erent SPM, XPM, and FWM nonlinear-
ities. The exact bright soliton solutions of these models (3), (4), and (6) were constructed by employing
a non-standard way of Hirota’s bilinearization method in Refs. [47], [48], and [49], respectively, along
with a detailed study on the propagation and collision dynamics of these solitons. Particularly, the
solitons were classified as coherently coupled solitons and incoherently coupled solitons based on the
presence and absence of the phase-dependent (four-wave mixing) nonlinearity, respectively, exhibit-
ing single-hump, double-hump and flat-top profiles. Further, an interesting energy-switching collision
of bright coherent-incoherent solitons was investigated in addition to their energy-sharing and elastic
collisions [47–49].

On the other hand, equations similar to (3-8) can also arise in the context of BECs governing the dy-
namics of spinor condensates where the spin-mixing nonlinearity (equivalent to FWM nonlinearity in
optics) plays a crucial role. For example, soliton solutions and their interactions of an autonomous and
non-autonomous spin-1 condensate system usually referred as three-coupled Gross-Pitaevskii equa-
tions were obtained in Refs. [52–57] and have been classified as interesting ferromagenetic and polar
solitons, based on the e↵ect of spin-mixing nonlinearity. This three-component system reduces to the
two-component CCNLS type system when we consider pseudo-spinors and is referred as degener-
ate CCNLS system [51]. A variant degenerate coherently coupled spin system similar to Eq. (7-8)
has been discussed in autonomous and non-autonomous settings [51]. The study unraveled various
coherent structures through linear superposition and by varying nonlinearities and external potential.

Motivated by the propagation and collision dynamics of solitons in homogeneous optical media
[47–49] as well as the investigation of non-autonomous solitons in BECs [57], in this work, we fo-
cus our investigation on the generalized CCNLS system (1) with varying nonlinearity and refractive
index profile. The objectives are to construct exact soliton solutions with inhomogeneity and vary-

4

equation shall take di↵erent versions for various choices of nonlinearity and dispersion coe�cients, as
given below.

Model (i) [47]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (3)

Model (ii) [48]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = 1, (4)

Model (iii) [50]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = �1, (5)

Model (iv) [49]: � = 1,�11 = ��22 = 1,�12 = ��21 = �2, �1 = ��2 = 1, (6)

Model (v) [51]: � = 1, �11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (7)

Model (vi) [51]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = �1. (8)

Among the above six versions, models (v) and (vi) correspond to the choices (7) and (8) are equivalent
to (3) when x ! ix and z ! �z, respectively, while the model (iii) arising for the choice (5) can be
reduced to model (ii) resulting for (4) when z ! �z. Further, based on the impact of nonlinearities,
models resulting for the choices (3), (7) and (8) shall be defined as CCNLS systems with positive co-
herent coupling, while that of the choices (4) and (5) are referred to as CCNLS systems with negative
coherent coupling, and the choice (6) is designated to the CCNLS system with mixed type nonlineari-
ties. Thus, e↵ectively there exist only three distinct models (3), (4), and (6) representing the coherent
propagation of two orthogonally polarized modes featuring di↵erent SPM, XPM, and FWM nonlinear-
ities. The exact bright soliton solutions of these models (3), (4), and (6) were constructed by employing
a non-standard way of Hirota’s bilinearization method in Refs. [47], [48], and [49], respectively, along
with a detailed study on the propagation and collision dynamics of these solitons. Particularly, the
solitons were classified as coherently coupled solitons and incoherently coupled solitons based on the
presence and absence of the phase-dependent (four-wave mixing) nonlinearity, respectively, exhibit-
ing single-hump, double-hump and flat-top profiles. Further, an interesting energy-switching collision
of bright coherent-incoherent solitons was investigated in addition to their energy-sharing and elastic
collisions [47–49].

On the other hand, equations similar to (3-8) can also arise in the context of BECs governing the dy-
namics of spinor condensates where the spin-mixing nonlinearity (equivalent to FWM nonlinearity in
optics) plays a crucial role. For example, soliton solutions and their interactions of an autonomous and
non-autonomous spin-1 condensate system usually referred as three-coupled Gross-Pitaevskii equa-
tions were obtained in Refs. [52–57] and have been classified as interesting ferromagenetic and polar
solitons, based on the e↵ect of spin-mixing nonlinearity. This three-component system reduces to the
two-component CCNLS type system when we consider pseudo-spinors and is referred as degener-
ate CCNLS system [51]. A variant degenerate coherently coupled spin system similar to Eq. (7-8)
has been discussed in autonomous and non-autonomous settings [51]. The study unraveled various
coherent structures through linear superposition and by varying nonlinearities and external potential.

Motivated by the propagation and collision dynamics of solitons in homogeneous optical media
[47–49] as well as the investigation of non-autonomous solitons in BECs [57], in this work, we fo-
cus our investigation on the generalized CCNLS system (1) with varying nonlinearity and refractive
index profile. The objectives are to construct exact soliton solutions with inhomogeneity and vary-

4

equation shall take di↵erent versions for various choices of nonlinearity and dispersion coe�cients, as
given below.

Model (i) [47]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (3)

Model (ii) [48]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = 1, (4)

Model (iii) [50]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = �1, (5)

Model (iv) [49]: � = 1,�11 = ��22 = 1,�12 = ��21 = �2, �1 = ��2 = 1, (6)

Model (v) [51]: � = 1, �11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (7)

Model (vi) [51]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = �1. (8)

Among the above six versions, models (v) and (vi) correspond to the choices (7) and (8) are equivalent
to (3) when x ! ix and z ! �z, respectively, while the model (iii) arising for the choice (5) can be
reduced to model (ii) resulting for (4) when z ! �z. Further, based on the impact of nonlinearities,
models resulting for the choices (3), (7) and (8) shall be defined as CCNLS systems with positive co-
herent coupling, while that of the choices (4) and (5) are referred to as CCNLS systems with negative
coherent coupling, and the choice (6) is designated to the CCNLS system with mixed type nonlineari-
ties. Thus, e↵ectively there exist only three distinct models (3), (4), and (6) representing the coherent
propagation of two orthogonally polarized modes featuring di↵erent SPM, XPM, and FWM nonlinear-
ities. The exact bright soliton solutions of these models (3), (4), and (6) were constructed by employing
a non-standard way of Hirota’s bilinearization method in Refs. [47], [48], and [49], respectively, along
with a detailed study on the propagation and collision dynamics of these solitons. Particularly, the
solitons were classified as coherently coupled solitons and incoherently coupled solitons based on the
presence and absence of the phase-dependent (four-wave mixing) nonlinearity, respectively, exhibit-
ing single-hump, double-hump and flat-top profiles. Further, an interesting energy-switching collision
of bright coherent-incoherent solitons was investigated in addition to their energy-sharing and elastic
collisions [47–49].

On the other hand, equations similar to (3-8) can also arise in the context of BECs governing the dy-
namics of spinor condensates where the spin-mixing nonlinearity (equivalent to FWM nonlinearity in
optics) plays a crucial role. For example, soliton solutions and their interactions of an autonomous and
non-autonomous spin-1 condensate system usually referred as three-coupled Gross-Pitaevskii equa-
tions were obtained in Refs. [52–57] and have been classified as interesting ferromagenetic and polar
solitons, based on the e↵ect of spin-mixing nonlinearity. This three-component system reduces to the
two-component CCNLS type system when we consider pseudo-spinors and is referred as degener-
ate CCNLS system [51]. A variant degenerate coherently coupled spin system similar to Eq. (7-8)
has been discussed in autonomous and non-autonomous settings [51]. The study unraveled various
coherent structures through linear superposition and by varying nonlinearities and external potential.

Motivated by the propagation and collision dynamics of solitons in homogeneous optical media
[47–49] as well as the investigation of non-autonomous solitons in BECs [57], in this work, we fo-
cus our investigation on the generalized CCNLS system (1) with varying nonlinearity and refractive
index profile. The objectives are to construct exact soliton solutions with inhomogeneity and vary-

4

equation shall take di↵erent versions for various choices of nonlinearity and dispersion coe�cients, as
given below.

Model (i) [47]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (3)

Model (ii) [48]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = 1, (4)

Model (iii) [50]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = �1, (5)

Model (iv) [49]: � = 1,�11 = ��22 = 1,�12 = ��21 = �2, �1 = ��2 = 1, (6)

Model (v) [51]: � = 1, �11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (7)

Model (vi) [51]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = �1. (8)

Among the above six versions, models (v) and (vi) correspond to the choices (7) and (8) are equivalent
to (3) when x ! ix and z ! �z, respectively, while the model (iii) arising for the choice (5) can be
reduced to model (ii) resulting for (4) when z ! �z. Further, based on the impact of nonlinearities,
models resulting for the choices (3), (7) and (8) shall be defined as CCNLS systems with positive co-
herent coupling, while that of the choices (4) and (5) are referred to as CCNLS systems with negative
coherent coupling, and the choice (6) is designated to the CCNLS system with mixed type nonlineari-
ties. Thus, e↵ectively there exist only three distinct models (3), (4), and (6) representing the coherent
propagation of two orthogonally polarized modes featuring di↵erent SPM, XPM, and FWM nonlinear-
ities. The exact bright soliton solutions of these models (3), (4), and (6) were constructed by employing
a non-standard way of Hirota’s bilinearization method in Refs. [47], [48], and [49], respectively, along
with a detailed study on the propagation and collision dynamics of these solitons. Particularly, the
solitons were classified as coherently coupled solitons and incoherently coupled solitons based on the
presence and absence of the phase-dependent (four-wave mixing) nonlinearity, respectively, exhibit-
ing single-hump, double-hump and flat-top profiles. Further, an interesting energy-switching collision
of bright coherent-incoherent solitons was investigated in addition to their energy-sharing and elastic
collisions [47–49].

On the other hand, equations similar to (3-8) can also arise in the context of BECs governing the dy-
namics of spinor condensates where the spin-mixing nonlinearity (equivalent to FWM nonlinearity in
optics) plays a crucial role. For example, soliton solutions and their interactions of an autonomous and
non-autonomous spin-1 condensate system usually referred as three-coupled Gross-Pitaevskii equa-
tions were obtained in Refs. [52–57] and have been classified as interesting ferromagenetic and polar
solitons, based on the e↵ect of spin-mixing nonlinearity. This three-component system reduces to the
two-component CCNLS type system when we consider pseudo-spinors and is referred as degener-
ate CCNLS system [51]. A variant degenerate coherently coupled spin system similar to Eq. (7-8)
has been discussed in autonomous and non-autonomous settings [51]. The study unraveled various
coherent structures through linear superposition and by varying nonlinearities and external potential.

Motivated by the propagation and collision dynamics of solitons in homogeneous optical media
[47–49] as well as the investigation of non-autonomous solitons in BECs [57], in this work, we fo-
cus our investigation on the generalized CCNLS system (1) with varying nonlinearity and refractive
index profile. The objectives are to construct exact soliton solutions with inhomogeneity and vary-

4

equation shall take di↵erent versions for various choices of nonlinearity and dispersion coe�cients, as
given below.

Model (i) [47]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (3)

Model (ii) [48]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = 1, (4)

Model (iii) [50]: � = �1,�11 = �22 = �1,�12 = �21 = �2, �1 = �2 = �1, (5)

Model (iv) [49]: � = 1,�11 = ��22 = 1,�12 = ��21 = �2, �1 = ��2 = 1, (6)

Model (v) [51]: � = 1, �11 = �22 = �1,�12 = �21 = �2, �1 = �2 = 1, (7)

Model (vi) [51]: � = 1, �11 = �22 = 1,�12 = �21 = 2, �1 = �2 = �1. (8)

Among the above six versions, models (v) and (vi) correspond to the choices (7) and (8) are equivalent
to (3) when x ! ix and z ! �z, respectively, while the model (iii) arising for the choice (5) can be
reduced to model (ii) resulting for (4) when z ! �z. Further, based on the impact of nonlinearities,
models resulting for the choices (3), (7) and (8) shall be defined as CCNLS systems with positive co-
herent coupling, while that of the choices (4) and (5) are referred to as CCNLS systems with negative
coherent coupling, and the choice (6) is designated to the CCNLS system with mixed type nonlineari-
ties. Thus, e↵ectively there exist only three distinct models (3), (4), and (6) representing the coherent
propagation of two orthogonally polarized modes featuring di↵erent SPM, XPM, and FWM nonlinear-
ities. The exact bright soliton solutions of these models (3), (4), and (6) were constructed by employing
a non-standard way of Hirota’s bilinearization method in Refs. [47], [48], and [49], respectively, along
with a detailed study on the propagation and collision dynamics of these solitons. Particularly, the
solitons were classified as coherently coupled solitons and incoherently coupled solitons based on the
presence and absence of the phase-dependent (four-wave mixing) nonlinearity, respectively, exhibit-
ing single-hump, double-hump and flat-top profiles. Further, an interesting energy-switching collision
of bright coherent-incoherent solitons was investigated in addition to their energy-sharing and elastic
collisions [47–49].

On the other hand, equations similar to (3-8) can also arise in the context of BECs governing the dy-
namics of spinor condensates where the spin-mixing nonlinearity (equivalent to FWM nonlinearity in
optics) plays a crucial role. For example, soliton solutions and their interactions of an autonomous and
non-autonomous spin-1 condensate system usually referred as three-coupled Gross-Pitaevskii equa-
tions were obtained in Refs. [52–57] and have been classified as interesting ferromagenetic and polar
solitons, based on the e↵ect of spin-mixing nonlinearity. This three-component system reduces to the
two-component CCNLS type system when we consider pseudo-spinors and is referred as degener-
ate CCNLS system [51]. A variant degenerate coherently coupled spin system similar to Eq. (7-8)
has been discussed in autonomous and non-autonomous settings [51]. The study unraveled various
coherent structures through linear superposition and by varying nonlinearities and external potential.

Motivated by the propagation and collision dynamics of solitons in homogeneous optical media
[47–49] as well as the investigation of non-autonomous solitons in BECs [57], in this work, we fo-
cus our investigation on the generalized CCNLS system (1) with varying nonlinearity and refractive
index profile. The objectives are to construct exact soliton solutions with inhomogeneity and vary-

4

ing nonlinearity coe�cients, which can be implemented through an appropriate similarity or lens type
transformation. Further, the propagation as well as collision dynamics of such inhomogeneous solitons
will be studied extensively with appropriate analysis and graphical demonstrations.

The remaining part of this work is arranged in the following manner: The conversion of inho-
mogeneous 2-CCNLS system (1) into a homogeneous version (2) with a similarity transformation
is given in Sec. 2. along with the importance of considered varying nonlinearities. Section 3 con-
sists of the construction of explicit solution and analysis on the propagation dynamics of inhomoge-
neous solitons which enacts the manipulation mechanism of optical solitons through nonlinear optical
fibers/communication systems. Further, various types of inhomogeneous soliton collisions are pre-
sented in Sec. 4 with categorical analysis. Additionally, the possibility and occurrence of inhomoge-
neous soliton bound states are discussed in Sec. 5. The final section 6 is devoted to summarize the
important results along with certain future perspectives.

2. Transformation to the Integrable Homogeneous CCNLS Model

Solving inhomogeneous nonlinear models is comparatively di�cult, but quite possible, than that
of their homogeneous (constant parameter) counterparts. However, we require explicit solutions for
a complete understanding of the considered inhomogeneous system (1). This can be accomplished
by two broad routes: (a) directly solving the equations by retaining the variable coe�cients and (b)
transforming the equation into a convenient model that can be exactly solved with various analytical
methods.

In this section, we adopt the second route by implementing a similarity transformation to extract
explicit solutions for Eq. (1). For this purpose, we apply the following similarity transformation to
Eq. (1):

Aj(x, z) = ⇢(z) Qj(X(x, z),Z(z)) exp[i⇣(x, z)], j = 1, 2, (9)

where ⇢(z) is the amplitude, while ⇣(x, z) is the phase and X(x, z) and Z(z) are the similarity variables,
the explicit form of all these variables has to be determined. The above transformation (9) reduces Eq.
(1) into the following homogeneous CCNLS equation:

iQ1,Z + �Q1,XX + (�11|Q1|2 + �12|Q2|2)Q1 � �1Q2
2Q⇤1 = 0, (10a)

iQ2,Z + �Q2,XX + (�21|Q1|2 + �22|Q2|2)Q2 � �2Q2
1Q⇤2 = 0. (10b)

The only di↵erence between Eqs. (2) and (10) is that the constant nonlinearity coe�cient � takes a
fixed value of � = 1 in the latter, while it stays arbitrary in the former. To determine the unknown
functions of (9), we substitute it into (1) from which we obtain a set of partial di↵erential equations
(PDEs) for these unknown functions as given below.

Xxx = 0, Xz + 2�Xx⇣x = 0, �⇣2
x + ⇣z �

1
2

F(z)x2 = 0, (11a)

Zz � ⇢2(z)�(z) = 0, ⇢z + �⇢(z)⇣xx = 0, X2
x � ⇢2(z)�(z) = 0. (11b)
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Solving the above PDEs successively, we find the following expressions with auxiliary real arbitrary
constants ✏1 and ✏2:

⇣(x, z) = � 1
4�

d
dz

(ln �)x2 + ✏21✏2�x � �✏22✏41
Z
�2dz, (12a)

X(x, z) = ✏1
 
�x � 2�✏2✏21

Z
�2dz

!
, (12b)

Z(z) = ✏21

Z
�2dz, (12c)

⇢(z) = ✏1
p
�(z), (12d)

F(z) =
1
�

 
�2

z

�2 �
�zz

2�

!
. (12e)

Note that the external potential and nonlinearity shall not be independent, either one can be arbitrary
function of z, while the other admits suitable form through Eq. (12e). This condition can also be
rewritten in a more convenient form of Riccati equation Yz � Y2 + �F(z) = 0, where Y = �z/�. Now,
with the identified explicit similarity transformation (9) and corresponding variables (12), one can
easily construct exact nonlinear wave solutions of inhomogeneous model (1) when we are able to
provide the respective solutions for constant parameter CCNLS equation (10).

The above mentioned similarity transformation and the varying nonlinearities can be adopted for
any inhomogeneous nonlinear systems, in the present case for all versions of the CCNLS models (3-
8). Hereafter, we explore their impact in the propagation and collision dynamics of bright solitons of
these CCNLS systems by constructing their explicit solutions obtained by using a non-standard type
of Hirota’s bilinearization method. We refrain from presenting the detailed procedure here and one can
refer to [47–49] for the systematic construction as well as the analysis on homogeneous solitons.

3. Inhomogeneous bright one-soliton

In order to achieve the first objective, understanding the role of varying nonlinearities on soliton
propagation, we construct explicit soliton solutions by adopting the Hirota’s bilinearization method
with an auxiliary function to homogeneous form (10) [47–49] and deduce solutions of the inhomo-
geneous equations (1) under investigation, using (9). First of all, the bilinearizing transformation and
generalized bilinear forms of CCNLS equation (10) can be written as,

Bilinear transformation) Q1 =
G
F
, Q2 =

H
F
, (13a)

Bilinear equations ) (iDZ + �D2
X)G · F = �S G⇤, (13b)

(iDZ + �D2
X)H · F = �2S H⇤, (13c)

D2
XF · F = 2(|G|2 + �2|H|2), (13d)

S · F = G2 + �H2, (13e)

where G, H and S are complex functions, while F is a real function and D represents the standard
Hirota derivative [58] of the respective independent variables Z and X. The above bilinear forms are
applicable to the general CCNLS model (1) which includes all versions given by (3-8) for respective
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ing nonlinearity coe�cients, which can be implemented through an appropriate similarity or lens type
transformation. Further, the propagation as well as collision dynamics of such inhomogeneous solitons
will be studied extensively with appropriate analysis and graphical demonstrations.

The remaining part of this work is arranged in the following manner: The conversion of inho-
mogeneous 2-CCNLS system (1) into a homogeneous version (2) with a similarity transformation
is given in Sec. 2. along with the importance of considered varying nonlinearities. Section 3 con-
sists of the construction of explicit solution and analysis on the propagation dynamics of inhomoge-
neous solitons which enacts the manipulation mechanism of optical solitons through nonlinear optical
fibers/communication systems. Further, various types of inhomogeneous soliton collisions are pre-
sented in Sec. 4 with categorical analysis. Additionally, the possibility and occurrence of inhomoge-
neous soliton bound states are discussed in Sec. 5. The final section 6 is devoted to summarize the
important results along with certain future perspectives.

2. Transformation to the Integrable Homogeneous CCNLS Model

Solving inhomogeneous nonlinear models is comparatively di�cult, but quite possible, than that
of their homogeneous (constant parameter) counterparts. However, we require explicit solutions for
a complete understanding of the considered inhomogeneous system (1). This can be accomplished
by two broad routes: (a) directly solving the equations by retaining the variable coe�cients and (b)
transforming the equation into a convenient model that can be exactly solved with various analytical
methods.

In this section, we adopt the second route by implementing a similarity transformation to extract
explicit solutions for Eq. (1). For this purpose, we apply the following similarity transformation to
Eq. (1):

Aj(x, z) = ⇢(z) Qj(X(x, z),Z(z)) exp[i⇣(x, z)], j = 1, 2, (9)
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4. Nature of Inhomogeneities
ØDifferent types of nonlinearities are possible based on the nature of 

medium.
ØPeriodic modulation: 𝛾(z)=a1+a2 sin(a3z+a4)  or   𝛾(z)=a1+a2 cos(a3z+a4)

ØLocalized modulation: 𝛾(z)=a1+a2 sech2(a3z+a4)

ØKink-like modulation: 𝛾(z)=a1+a2 tanh(a3z+a4)

ØExponential (growth/decay) modulation: 𝛾(z)=a1+a2 exp(a3z+a4)

ØInhomogeneities enforce characteristic changes in the dynamics of
the associated system (waves propagating through the medium).

ØEspecially, variation in the Amplitude, velocity (position), 
interaction nature, etc. 

Nature of nonlinearities 𝛾(z) Nature of form F(z)      

Nature of potential function v(z,x)

v(z,x)

z

-5 0 5
0

1

2

z

γ(z)

-5 0 5

-0.2

0

0.2

0.4

z

F(z)

v Periodically oscillating
inhomogeneous incoherently
coupled solitons (IICSs)
having single-hump profile
with ‘sine’ and ‘cosine’
nonlinearities [15].

� = �0 + �1sn(z, 0) � = �0 + �1cn(z, 0)

Figure 2: Propagation of single-hump IICSs with periodically oscillating intensity and position/velocity with ‘sine’ and
‘cosine’ type nonlinearities resulting for m = 0. Both are symmetric to each other except a small shift along ’z’. Here the
parameters are chosen as � = 1, ✏1 = 0.5, and ✏2 = 0.12, �0 = 2.0, �1 = 1.05, k1 = 1 + 0.5i, ↵(1)

1 = 1.5, and ↵(2)
1 = 1.5i.

Figure 3: Propagation of double-hump and flat-top ICCSs with periodically oscillating intensity and position/velocity with
varying nonlinearity � = �0 + �1sn(z, 0) for ↵(2)

1 = 2.1i, while the other parameters as same as in Fig. 2.
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v Amplification accompanied
by compression in intensity
of double-hump & flat-top
inhomogeneous coherently
coupled solitons (ICCSs)
with deflection in direction
(velocity) due to kink-line
nonlinearity.

Figure 4: Controlled amplification and suppression of the intensity associated with pulse compression and widening of
single-hump IICSs soliton for � = �0 + �1tanh(z) with �1 = 1.05 (left) and �1 = �1.05 (right), respectively, while the other
parameters are � = 1, ✏1 = 0.5, ✏2 = 0.12, �0 = 2.0, k1 = 1 + 0.5i, ↵(1)

1 = 1.5, and ↵(2)
1 = 1.5i.

Figure 5: Controlled amplification of the intensity associated with pulse compression of double-hump and flat-top ICCSs
with � = �0 + �1tanh(z) for the same choice of parameters given in Fig. 4 except for �1 = 1.05 and ↵(2)

1 = 2.1i.

Figure 6: Soliton tunneling and cross-over accompanied by phase-shift through the barrier given by the varying nonlinearity
� = �0 + �1sech(z) for �1 = 1.05 and �1 = �1.05, respectively, with � = 1, ✏1 = 0.5, ✏2 = 0.12, �0 = 1.0, k1 = 1 + 0.5i,
↵(1)

1 = 1.5, and ↵(2)
1 = 1.5i.
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1 = 1.5i.
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v Tunneling through a localized
barrier and cross-over a well
in the intensity of single-
hump ICCSs with narrowing
& broadening due to localized
sech-type nonlinearities.
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Figure 6: Soliton tunneling and cross-over accompanied by phase-shift through the barrier given by the varying nonlinearity
� = �0 + �1sech(z) for �1 = 1.05 and �1 = �1.05, respectively, with � = 1, ✏1 = 0.5, ✏2 = 0.12, �0 = 1.0, k1 = 1 + 0.5i,
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1 = 1.5, and ↵(2)
1 = 1.5i.
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5. Modulated Vector Optical Solitons

(a) (b) (c)

Figure 9: Exponential growth of (a) single-hump IICS and (b-c) ICCSs having double-hump and flat-top profiles associated
with compression for exponential (top panel) � = �0 + �1exp(�2z) and combined (bottom panel) � = �0sechz + �1exp(�2z)
nonlinearities. The choice of parameters are k1 = 1 + 0.5i, ↵(1)

1 = 1.5, with ↵(2)
1 = 1.5i for IICS and ↵(2)

1 = 2.1i for ICCS.
The other parameters are � = 1, ✏1 = 0.5, ✏2 = 0.2, �0 = 2.0, �1 = 1.05, and �2 = 0.12.

observe a strange behaviour of soliton generation from nowhere (for example before z < �15) and
the intensity picking up when it approaches the barrier and increase exponentially thereafter. Another
striking feature is that the width of the solitons are greatly a↵ected by this combined nonlinearity func-
tion. A wider (single-hump or double-hump or flat-top) soliton is getting localized when it reaches the
barrier and cross-over it, then grow with a very narrow width.

Here, we wish to remark the integrability and stability of our considered general inhomogeneous
model (1). From the obtained similarity transformation (9), equation (1) is turned to become condi-
tionally integrable in the form of equation (10) via Riccati equation (12e). As these inhomogeneous
equations are integrable, their solutions also stable. To ensure this, one can follow the stability analysis
as presented in Refs. [64,65] which demonstrated how one can identify whether a given solution is sta-
ble or unstable on satisfying the conjectured criterion dP/dv > 0 and dP/dv < 0, respectively, where
P is the normalized momentum and v is the normalized velocity. Proceeding along this direction, we
found that the obtained solution fulfils the condition for stability dP/dv > 0 and becomes stable.

4. Inhomogeneous Two-soliton Solution and their Collisions

Being motivated by the e↵ects of inhomogeneous nonlinearities in the one-soliton propagation,
here we proceed further to explore their significance in all possible bright soliton collisions of general
system (1). For this purpose, first we wish to construct explicit two-soliton solution by following the
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v Exponential growth of single-hump IICSs and double-hump & flat-top ICCSs
with central excitations for exp-type nonlinearities[15].

v Bound soliton molecule formation through a transition from collision and their
modulation due to periodic, localized, kink, and exp-type nonlinearities [16].

(a) (b) (c)

Figure 12: Elastic collisions of two double-hump ICCSs in A1 and collision of single-hump–flat-top ICCSs in A2 compo-
nents under (a) constant nonlinearity and periodic nonlinearities with (b) �(z) = �0+�1sn(z, 0) and (c) �(z) = �0+�1cn(z, 0).
Here the parameters are chosen as k1 = 1 + 0.5i, k2 = 1.25 � 0.5i, ↵(1)

1 = 0.75, ↵(2)
1 = 1.9, ↵(1)

2 = 1.5, ↵(2)
2 = 2.1i, � = 1,

✏1 = 0.5, ✏2 = 0.25, �0 = 2.0, and �1 = 1.0.

(a) (b) (c)

Figure 13: Collisions of two ICCSs with double-hump, flat-top and single-hump structures under (a) kink-like nonlinearity
�(z) = �0+�1sn(z, 1) for �0 = 2.0, and �1 = 1.0, (b) bell-type nonlinearity �(z) = �0+�1cn(z, 1) for �0 = 1.5, and �1 = �0.5,
and (c) exponential nonlinearity �(z) = �0+�1 exp(�2z) for �0 = 1.5, �1 = 0.5 and �2 = 0.1with other parameters are chosen
as in Fig. 12. The kink-like and exponential nonlinearities change the nature of soliton collision from elastic to inelastic
collision (a) and (c).
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v Transition of energy (intensity) switching collision of ICCS with IICSs with
periodic, kink, localized, and exp-type nonlinearities[15].

(a) (b) (c)

Figure 14: Energy-switching collision of left-moving ICCS due to elastically reappearing right-moving IICS under (a)
constant nonlinearity and periodic nonlinearities with (b) �(z) = �0 + �1sn(z, 0) and (c) �(z) = �0 + �1cn(z, 0). Here the
parameters are chosen as k1 = 1 + 0.5i, k2 = 1.2 � 0.5i, ↵(1)

1 = 0.75i, ↵(2)
1 = 0.75, ↵(1)

2 = 0.75, ↵(2)
2 = 1.54, � = 1, ✏1 = 0.25,

✏2 = 0.2, �0 = 2.0, and �1 = 1.0.

where the first is assumed to be right-moving while the second is left-moving one. The detailed asymp-
totic analysis reveals the amplitude variation due to collision as B+j =

(k1�k2)(k2+k⇤1)
(k⇤1�k⇤2)(k⇤2+k1) B�j for right-moving

IICS-1 and C+j =
✓

(k⇤1�k⇤2)(k2+k⇤1)|(↵( j)
1 22�↵( j)

2 12)+↵( j)⇤
2 (↵(1)

1 ↵
(1)
2 +↵

(2)
1 ↵

(2)
2 )/(k1�k2)|2

(k⇤1�k⇤2)(k⇤2+k1)222 |↵
( j)
2 |2

◆1/2
C�j for left-moving ICCS-2. This

amplitude alteration results into the case |B+j |2 = |B�j |2 representing the unaltered intensities (elastic col-
lision) of IICS. However, |C+j |2 , |C�j |2, which accounts the important reason for inelastic collision of
ICCS. Thus in both components, IICS reappears without any change in their intensity, while the ICCS
undergoes a change in its intensities in opposite sense in both components. For example, an increase in
A1 is accompanied by a commensurate decrease in A2 which conserves its intensity as well as the total
energy of the system. Thus, it can be inferred that the IICS induces the switching of intensity from
one component to another component through ICCS, which leads to the name energy-switching col-
lision. Note that these intensity variations are purely dependent on the wave vectors and polarization
parameters, not on the nonlinearity of the system. Such an energy-switching collision between IICS
and ICCS with constant nonlinearity is shown in Fig. 14(a), where a single-hump right-moving IICS
is undergoing elastic collision in both components and the intensity of left-moving ICCS with flat-top
profile decreases to a single-hump in A1, while its intensity is increasing in A2 along with a profile
change from double-hump to single-hump. This shows that the extra energy of ICCS after collision in
A2 is taken/switched from A1, see Fig. 14(a).

Next, we consider the situation where the nonlinearity is temporally modulated and look for the
change in the collision scenario. As discussed earlier, here also, these varying nonlinearities modulate
the amplitudes, velocity and width of the participating solitons substantially. The energy-switching
nature of ICCS does not change for any choice of considered inhomogeneous nonlinearity, while the
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6. Modulated Optical Solitons

and flat-top profiles [12] that results due to the contribution from four-wave mixing nonlinearity of
the system (1). However, the present soliton solution can be considered as a special case of that one
[12] with the same dynamics on both components, namely a degeneracy state (q1 and q2 are identical
or simply q1 = q2). For completeness, we have depicted such stable degenerate solitons in Fig. 2(a).
Thus, in some sense, the present switching parameter s can be associated/equivalent with/to the auxil-
iary function given in Ref. [12]. Here, the entire spectrum of wave structures and their dynamics can
be controlled by a single parameter ‘s’ (relative to ‘a’ ). Based on the dynamics, it can be associated
with phase-dependent coherent nonlinearity of the system which shows promising energy-switching
behaviour [12]. For a more detailed understanding of the general bright solitons and their collisions,
one can refer [12]. Importantly, the ramifications of varying nonlinearities in such solitons and their
collisions shall also be the next immediate assignment along this direction.

As the main objective of this work is on the inhomogeneity, we come back to the general solution
(7) and consider the modulated nonlinearities given in Eq. (5). The periodic nonlinearity modulation
�1(z) transforms the stable soliton into a breather, which oscillates in the amplitude and along the
z direction. However, there is no significant change along t, which can be visualized from Fig.
2(b). This can be viewed as Ma type breather oscillating along propagation direction but with zero
background in contrary to the standard Ma breathers, which usually appear on a non-zero constant
background. In addition to a, ✏1 and ✏2 values, one can control the amplitude, width and velocity of
these breathing solitons by tuning the arbitrary parameters b0, b1, b2, and b3.

(a) (b) (c) (d)

Figure 2: Dynamics of stationary solitons in inhomogeneous optical fiber for s = 0 and a = 1.0 with (a) constant, (b)
periodic �1, (c) kink-like �2, and (d) bell-type �3 nonlinearities given in (5), showing the (a) stable soliton, (b) periodic
breather, (c) amplification with compression, and (d) rogue-wave type exciton, respectively. Here the nonlinearity param-
eters are chosen as (a) b0 = 2.0, b1 = b2 = 0.0, (b) b0 = 1.5, b1 = 0.75, b2 = 1.2, (c) b0 = 1.5, b1 = 0.75, b2 = 1.2, and
(d) b0 = 0.0, b1 = 0.75, b2 = 1.2 with other values fixed as ✏1 = 0.25, ✏2 = 0.05, and b3 = 0.02.

Moving further to the case of step-like nonlinearity �2 = b0 + b1 tanh(b2z + b3) (5b), we observe
an interesting phenomenon called amplification accompanied with a compression which can also
be visualized as selective amplification through cascaded compression. This is a single-step steady
increase (decrease) in the amplitude (width) of the soliton, see Fig. 2(c). A reverse transition can
also be achieved by suppressing the energy/intensity of a pulse/beam along with a suitable increase
in bandwidth when b1 < 0. Also, by controlling the nonlinear phase factor b3 we can shift the critical
transition point along ‘z’ based on the requirement.

The bell type (‘sech’) nonlinearity �3(z) induces a localized change in the available wave of any
characteristics. This can be broadly of two types; the first one has localized excitation or exciton for-
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v 𝐴" 𝑧, 𝑥 → 𝑞" 𝑧, 𝑡 ; 𝐴( 𝑧, 𝑥 → 𝑞( 𝑧, 𝑡
v Transition of stable bright optical soliton to a breather, amplified soliton, and

localized lump formation due to periodic, kink, and sech-type nonlinearities [14].

7. Modulated Optical Breathers
v Dynamics of bright-dark Akhmediev breathers with (a) constant nonlinearity

and their transformation due to (b) periodic, (c) kink-like, and (d) localized
well-type nonlinearities revealing (b) localization-broken doubly-periodic
breathers, (c) escalated background amplitude time-periodic breathers, and (d)
localization retaining centrally symmetric breathers [14].

v Dynamics of Kuznetsov-Ma breathers with (a) constant nonlinearity and their
modulation due to (b) periodic, (c) kink-like, and (d) well-type nonlinearities
depicting (b) localization-broken, (c) localization-sustaining escalated
amplitude, and (d) localization-preserving centrally excited breathers [14].

(a) (b) (c) (d)

Figure 3: Dynamics of bright-dark Akhmediev breathers for s = 1 and a = �0.75 with (a) constant nonlinearity and their
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b3 = 0.02 with other values fixed as ✏1 = 0.25, and ✏2 = 0.05.

alter/break the localization. Still, the modulation preserves the localization in z with a centrally-
symmetric deformation and their background energies are uniformly escalated like a step function in
both components. Also, unlike in the case of solitons, here the kink nonlinearity does not induce any
amplification or compression of the localized excitations, and we have shown such a kink modulated
breather in Fig. 3(c).

Another kind of hyperbolic nonlinearity �3 = b0 + b1 sech(b2z + b3) having bell-type localized
form also not a↵ect the localization of the Akhmediev breather in the present system. However, it
alters the nature of periodic structures from uniform breathing to a centrosymmetric double-peaked
breather, as shown in Fig. 3(d) for one class of nonlinearity parameters bj , 0. For a di↵erent
set of parameters (b0 = 0) one can witness the algebraically localized rogue-wave-type excitons
with sustaining side-band tails along z. Additionally, the single-hump and double-dip nature of the
Akhmediev breathers are substantially preserved.

4.3. Inhomogeneous Ma Breathers

Opposite to the Akhmediev breathers given in the previous part, On the other hand, for ⌧2 > 0, one
can have another form of breathing structure from the general wave solution (6). They are periodic
along the propagation direction z and localized in the transverse coordinate t and are usually referred
as Ma breather or Kuznetsov-Ma soliton. In a mathematical sense for this choice, Eq. (6) reduces to
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the following simple form:

q1 = ✏1
p
�

(s2 � a2) cos[4ab Z] + iab sin[4ab Z]
s cos[4ab Z] � a cosh[2b T ]

ei(⇠�2s2Z), (9a)

q2 = ✏1
p
�

sa cosh[2b T ] � a2 cos[4ab Z] + iab sin[4ab Z]
s cos[4ab Z] � a cosh[2b T ]

ei(⇠�2s2Z), (9b)

where the form of ⇠, T , and Z are as defined in Eq. (4) while b2 = |a2� s2|. Similar to the Akhmediev
breathers, the Ma breathers also exhibit both bright-dark and dark-dark type single-hump/single-well
and double-well localized structures for appropriate choices of s and a as shown in Table 1. Still,
the localization and periodic directions get exchanged here. For illustrative purposes, we portray
bright-dark Ma breathers in Fig. 4(a) for the constant nonlinearity �(z) = 2..

The above given Ma breathers can also be tailored by every type of varying nonlinearities given
in 5. To start with, the periodic nonlinearity �1 = b0 + b1 sin(b2z + b3) modulates the background of
the breathers by introducing oscillations and redistributes their peak intensity. The newly developed
background oscillations continuously decrease and will vanish away as t ! ±1 in the q1 component.
However, in the q2 component, those background oscillations are stable and sustain even when t !
±1 due to the non-zero initial intensity in dark or gray breathers as evidenced from Fig. 4(b). Another
feature is that the peak intensity oscillations repeat periodically along the propagation direction z. As
usual, the arbitrary parameters b0, b1, b2, b3, ✏1 and ✏2 do help in manipulating the obtained Ma
breathers.

(a) (b) (c) (d)

Figure 4: Dynamics of modulated Ma breathers for s = 0.75 and a = 1.0 with (a) constant, (b) periodic, (c) kink-
like, and (d) bell-type nonlinearities projecting (b) localization-broken, (c) localization-sustaining escalated amplitude,
and (d) localization-preserving centrally excited breathers, respectively. The parameters are chosen as (a) b0 = 2.0,
b1 = b2 = b3 = 0.0, (b) b0 = 0.5, b1 = 0.75, b2 = 0.75 & b3 = 0.02; (c) b0 = 0.5, b1 = 0.75, b2 = 0.75 & b3 = 0.02, and
(d) b0 = 0.95, b1 = 0.75, b2 = 0.5, & b3 = 0.02 with other values fixed as ✏1 = 0.25, and ✏2 = 0.05.

Next, the kink-like nonlinearity acts as a simple intensity amplifier with cascaded compression
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8. Modulated Rogue Waves
v Dynamics of (a-b) bright-dark rogue waves and (c-d) dark-dark rogue waves

for constant nonlinearity [14].

v Transition of bright-dark rogue waves to (a) A-shaped & M-shaped periodic
wave trains, (b) localized amplification with compression, (c) tunneling
through a barrier, (d) exciton with side band formation due to modulated (a)
periodic, (b) kink-like, (c) bell-type and (d) well-type modulated nonlinearities.

W-shape becomes a constant amplitude and then periodic stable waves as shown in Fig. 6(a). In one
way, this may be similar to a periodic modulation of the Ma breathers, but in the earlier case, it is
periodically repeating, and here it is not so. Further, by tuning the parameters a, s, bj, and ✏ j, the
periodicity, amplitude, and width shall be manipulated appropriately.

(a) (b) (c) (d)

Figure 6: Dynamics (a) A-shaped & M-shaped periodic wave trains, (b) localized amplification with compression, (c)
tunneling, (d) exciton with side band formation of bright-dark rogue waves due to modulated (a) periodic, (b) kink-like,
and (c-d) bell-type nonlinearities for s = 0.75 and a = 0.7501. Other parameters are chosen as (a) b0 = 0.5, b1 = 0.75,
& b2 = 0.5; (b) b0 = 0.75, b1 = 0.5, & b2 = 0.25; (c) b0 = 0.75, b1 = 0.25, & b2 = 0.5, and (d) b0 = 0.0, b1 = 0.5, &
b2 = 0.5 with b3 = 0.02, ✏1 = 0.25 and ✏2 = 0.05.

The kink-like nonlinearity �2 = b0 + b1 tanh(b2z + b3) given by Eq. (5b) leads to initial widen-
ing of the doubly-localized rogue waves with lesser amplitude and focuses it around the switch-
ing/amplification regime leading to enhanced intensity in both components. Then both localized
wave intensity as well as the background energy got increased and remain stable throughout without
any emergence of periodic structures, as portrayed in Fig. 6(b). It is very clear that the localiza-
tion is preserved after the amplification of both bright and dark rogue waves. Compared to this kink
nonlinearity, the bell-type nonlinearity shows more promising evolution which includes the already
introduced tunneling Fig. 6(c) and exciton formation Fig. 6(d) in addition to the cross-over e↵ect. As
these e↵ects are well described in the previous cases, here we refrain from repeating the same discus-
sion. In a general picture, it seems that the modulation due to nonlinearities in the Ma breathers and
the rogue waves similar. However, more careful analysis brings out the di↵erences between them.
Especially, the nature of modulated waveforms is di↵erent in both cases except for the respective
localization preservation. Further, these two localized waves show a completely di↵erent pattern of
modulations compared to that of the Akhmediev breathers.

4.5. Importance of the Similarity Parameters

The above discussions have provided a deeper insight into the role of various modulated nonlin-
earities and their significance on the nonlinear coherent structures in the system (1). To be specific,
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Figure 3: Dynamics of bright-dark Akhmediev breathers for s = 1 and a = �0.75 with (a) constant nonlinearity and their
transformation due to (b) periodic, (c) kink-like, and (d) bell-type nonlinearities revealing (b) localization-broken doubly-
periodic breathers, (c) escalated background amplitude time-periodic breathers, and (d) localization retaining centrally
symmetric breathers, respectively. The parameters are chosen as (a) b0 = 2.0, b1 = b2 = b3 = 0.0, (b) b0 = 0.4, b1 = 0.5,
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alter/break the localization. Still, the modulation preserves the localization in z with a centrally-
symmetric deformation and their background energies are uniformly escalated like a step function in
both components. Also, unlike in the case of solitons, here the kink nonlinearity does not induce any
amplification or compression of the localized excitations, and we have shown such a kink modulated
breather in Fig. 3(c).

Another kind of hyperbolic nonlinearity �3 = b0 + b1 sech(b2z + b3) having bell-type localized
form also not a↵ect the localization of the Akhmediev breather in the present system. However, it
alters the nature of periodic structures from uniform breathing to a centrosymmetric double-peaked
breather, as shown in Fig. 3(d) for one class of nonlinearity parameters bj , 0. For a di↵erent
set of parameters (b0 = 0) one can witness the algebraically localized rogue-wave-type excitons
with sustaining side-band tails along z. Additionally, the single-hump and double-dip nature of the
Akhmediev breathers are substantially preserved.

4.3. Inhomogeneous Ma Breathers

Opposite to the Akhmediev breathers given in the previous part, On the other hand, for ⌧2 > 0, one
can have another form of breathing structure from the general wave solution (6). They are periodic
along the propagation direction z and localized in the transverse coordinate t and are usually referred
as Ma breather or Kuznetsov-Ma soliton. In a mathematical sense for this choice, Eq. (6) reduces to
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in Ma breathers and is likely to be similar to the behaviour observed in inhomogeneous solitons
(7). Here the breathing structures reemerge after a step-amplification from an initial stable profile
without any change in their localization t and retain their periodic oscillation of intensity along z
in both components for bright as well as dark Ma breathers, refer Fig. 4(c). Here the period of
breathing oscillations and amplitude of peaks/dips get modulated and they can be tuned by using bj,
and ✏ j parameters. The third type of nonlinearity, bell-type �3, displays all the three e↵ects in the
Ma breathers as well starting from the tunneling (b1 > 0), cross-over (b1 < 0) and localized exci-
ton formation (b0 = 0) based on the bj, j = 0, 1, 2, 3 parameters. For the demonstration, we have
shown the tunneling e↵ect in Fig. 4(d), which preserves the uniform breathing patterns with a mod-
ified/increased period of oscillations. It induces a localized maximum intensity at the barrier in both
components, while it generates long-lasting sideband tails only in the dark q2 mode. Similarly, the
cross-over and exciton formation can also be observed, which also preserves the nature of breathers
with a substantial change in the amplitudes.

4.4. Inhomogeneous Rogue Waves

Rogue waves are doubly-localized (both in space and time or both in propagation and transverse
directions) structures with extreme amplitudes over a continuous/constant background. It is evident
from solution (6) that the present CCNLS system (1) with modulated nonlinearity admits both bright
and dark rogue waves of single-hump/single-dip and double-dip profiles for a particular choice of
parameters ‘|s| ⇡ |a|’ as shown in the Table 1 and as demonstrated in Fig. 5. One can deduce an
explicit mathematical form for rogue waves from either Akhmediev breathers (8) or Ma breathers (9)
with a condition that ⌧ ! 0 (and subsequently b ! 0). One main di↵erence in the present solution
is that the rogue waves do not have side-band tails, which makes it look like standard lumps/wells.
Also, the amplitude/depth of the bright/dark rogue wave shall be controlled by the parameter s.

(a) (b) (c) (d)

Figure 5: Dynamics of (a-b) bright-dark rogue waves for s = 0.75 and (c-d) dark-dark rogue waves for s = �0.75 for
constant nonlinearity � = 2 with a = 0.751.

As the name suggests, the periodically varying nonlinearity of the form �1 = b0 + b1 sin(b2z+ b3)
breaks the doubly localized rogue waves into periodic one akin to breathers. Especially, the zero-
background bright rogue wave admits a train of peaks with high amplitude in the center and decreases
in either direction along z. Along the t direction, initially, there appear small-amplitude tails which
further decrease and finally vanish away. Instead of a single-hump, the nonlinearity modulates it to
exhibit multi-periodic A-shaped humps and vanishing thereafter. On the other hand, in dark rogue
wave (q2 component), it induces periodic W-shaped structures around the center. As z increases, the
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alter/break the localization. Still, the modulation preserves the localization in z with a centrally-
symmetric deformation and their background energies are uniformly escalated like a step function in
both components. Also, unlike in the case of solitons, here the kink nonlinearity does not induce any
amplification or compression of the localized excitations, and we have shown such a kink modulated
breather in Fig. 3(c).

Another kind of hyperbolic nonlinearity �3 = b0 + b1 sech(b2z + b3) having bell-type localized
form also not a↵ect the localization of the Akhmediev breather in the present system. However, it
alters the nature of periodic structures from uniform breathing to a centrosymmetric double-peaked
breather, as shown in Fig. 3(d) for one class of nonlinearity parameters bj , 0. For a di↵erent
set of parameters (b0 = 0) one can witness the algebraically localized rogue-wave-type excitons
with sustaining side-band tails along z. Additionally, the single-hump and double-dip nature of the
Akhmediev breathers are substantially preserved.

4.3. Inhomogeneous Ma Breathers

Opposite to the Akhmediev breathers given in the previous part, On the other hand, for ⌧2 > 0, one
can have another form of breathing structure from the general wave solution (6). They are periodic
along the propagation direction z and localized in the transverse coordinate t and are usually referred
as Ma breather or Kuznetsov-Ma soliton. In a mathematical sense for this choice, Eq. (6) reduces to
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v Role of the similarity (ε1 and ε2) parameters: (a-b) Rotation (changing the
inclination) of single-hump bright and double-well dark rogue waves.
(c) Localization preserving gray-dark Akhmediev breathers.
(d) Localization broken gray-dark Ma breathers.

these modulated nonlinearities that can be tuned suitably by bj parameters influence the stationary
solitons as well as bright, dark/gray, bright/gray-dark/gray type Akhmediev breathers, Ma breathers,
and rogue waves. Still, some interesting hidden factors influencing these coherent structures are yet
to be addressed. An important point to be noted here is that the significance of the two arbitrary
parameters ✏1 and ✏2 available under the similarity transformation. Particularly, ✏2 provides the pos-
sibility of determining the inclination/angle of the localized structures without altering any of their
other identities. But, ✏1 parameter supports the change of inclination at a very small level compared
to that of ✏2. However, the change in ✏1 highly a↵ects the amplitude and helps in making the wave to
a desirable width, which is inversely proportional to the amplitude. So, one can readily transform the
rogue waves to a wider (or narrower) one with smaller (or larger) amplitude based on the requirement.
For illustrative purposes, we have shown the change in the inclination of bright-dark rogue waves in
Fig. 7(a-c). A similar property can be observed in the Akhmediev breathers, which remain localized
in z and induces inclination/angle of the single-hump/double-well structures, as evidenced from Fig.
7(d).

(a) (b) (c) (d)

Figure 7: Change in the inclination/angle of single-hump bright and double-well dark rogue waves for di↵erent ✏1 and ✏2
parameters. Their values are (a) ✏1 = 0.25 and ✏2 = �2.75, (b) ✏1 = 0.25 and ✏2 = 2.75, and (c) ✏1 = 0.35 and ✏2 = 2.75
while the remaining parameters are as given in Fig. 6. (d) Change in the angle of gray-dark Akhmediev breathers for
✏1 = 0.25 and ✏2 = �3.75 with other parameters as a = 1.0, s = �0.75, b0 = 2 and b j = 0, j = 1, 2, 3, but their localization
remain undisturbed.

Interestingly, by utilizing these ✏ j parameters, we can transform the stationary solitons to the trav-
eling (left or right moving) solitons with appropriate amplification of intensity accompanied by com-
pression/expansion and they influence the central position and velocity of the associated solitons too.
We have depicted such propagating degenerate solitons in Fig. 8 for further insight. Further, from the
t-localized Ma breathers, one can also obtain a set of generalized breathers that are neither localized
in propagation direction not transverse direction, and they propagate with specific velocity defined
by the parameters. To be precise, localization-breaking (t-localized to non-localized) breathers are
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achieved by ✏1 and ✏2 parameters, which we have demonstrated such breather phenomenon in Fig. 9
for a better understanding. Apart from the above, the explored features such as velocity-controlled
solitons and breathers, changing the angle of the peak/hole intensities rogue waves and Akhmediev
breathers, intensity as well as periodicity tailoring in solitons and Ma breathers, shall be e↵ectively
employed in the respective type of above discussed modulated nonlinearities by tuning ✏1 and ✏2.

(a) (b) (c)

Figure 8: Traveling degenerate bright solitons for di↵erent choices of ✏ j parameters with s = 0, a = 0.6, b0 = 2 and
b1 = b2 = b3 = 0. (a) Left moving solitons for ✏1 = 0.25 and ✏2 = 1.75, (b) Right moving solitons for ✏1 = 0.25 and
✏2 = �1.75, and (c) Intensity increasing and compressed soliton with velocity change for ✏1 = 0.35 with ✏2 = 1.75.

(a) (b) (c)

Figure 9: Transforming bright-dark type Ma breathers into traveling general (non-localized) breathers for di↵erent choices
of ✏ j parameters. (a) Left moving breathers for ✏2 = 0.25 and ✏2 = 1.75, and (b) Right moving breathers for ✏2 = 0.25
and ✏2 = �1.75, (c) Right moving general breathers with Intensity/oscillation increase and compression with a small
change in the velocity for ✏1 = 0.35 with ✏2 = �1.75. Other parameters are chosen as a = 0.75, s = 1.0, b0 = 2 and
b1 = b2 = b3 = 0.

As a future study, the present investigation shall be extended to general solitons and their col-
lisions with appropriate modulated nonlinearities which is reported recently [38]. Further, one can
also study the dynamics of various nonlinear coherent structures, their co-existence and dynamics in
dispersion as well as nonlinearity management in various systems, for example [39, 40], by incorpo-
rating gain/loss too. Possible outcomes will be reported separately with categorical analysis.

14

achieved by ✏1 and ✏2 parameters, which we have demonstrated such breather phenomenon in Fig. 9
for a better understanding. Apart from the above, the explored features such as velocity-controlled
solitons and breathers, changing the angle of the peak/hole intensities rogue waves and Akhmediev
breathers, intensity as well as periodicity tailoring in solitons and Ma breathers, shall be e↵ectively
employed in the respective type of above discussed modulated nonlinearities by tuning ✏1 and ✏2.

(a) (b) (c)

Figure 8: Traveling degenerate bright solitons for di↵erent choices of ✏ j parameters with s = 0, a = 0.6, b0 = 2 and
b1 = b2 = b3 = 0. (a) Left moving solitons for ✏1 = 0.25 and ✏2 = 1.75, (b) Right moving solitons for ✏1 = 0.25 and
✏2 = �1.75, and (c) Intensity increasing and compressed soliton with velocity change for ✏1 = 0.35 with ✏2 = 1.75.

(a) (b) (c)

Figure 9: Transforming bright-dark type Ma breathers into traveling general (non-localized) breathers for di↵erent choices
of ✏ j parameters. (a) Left moving breathers for ✏2 = 0.25 and ✏2 = 1.75, and (b) Right moving breathers for ✏2 = 0.25
and ✏2 = �1.75, (c) Right moving general breathers with Intensity/oscillation increase and compression with a small
change in the velocity for ✏1 = 0.35 with ✏2 = �1.75. Other parameters are chosen as a = 0.75, s = 1.0, b0 = 2 and
b1 = b2 = b3 = 0.

As a future study, the present investigation shall be extended to general solitons and their col-
lisions with appropriate modulated nonlinearities which is reported recently [38]. Further, one can
also study the dynamics of various nonlinear coherent structures, their co-existence and dynamics in
dispersion as well as nonlinearity management in various systems, for example [39, 40], by incorpo-
rating gain/loss too. Possible outcomes will be reported separately with categorical analysis.

14

(a) (b) (c) (d)

Figure 3: Dynamics of bright-dark Akhmediev breathers for s = 1 and a = �0.75 with (a) constant nonlinearity and their
transformation due to (b) periodic, (c) kink-like, and (d) bell-type nonlinearities revealing (b) localization-broken doubly-
periodic breathers, (c) escalated background amplitude time-periodic breathers, and (d) localization retaining centrally
symmetric breathers, respectively. The parameters are chosen as (a) b0 = 2.0, b1 = b2 = b3 = 0.0, (b) b0 = 0.4, b1 = 0.5,
b2 = 0.75 & b3 = 0.02; (c) b0 = 0.75, b1 = 0.75, b2 = 0.5 & b3 = 0.02, and (d) b0 = 0.75, b1 = �0.75, b2 = 0.5, &
b3 = 0.02 with other values fixed as ✏1 = 0.25, and ✏2 = 0.05.

alter/break the localization. Still, the modulation preserves the localization in z with a centrally-
symmetric deformation and their background energies are uniformly escalated like a step function in
both components. Also, unlike in the case of solitons, here the kink nonlinearity does not induce any
amplification or compression of the localized excitations, and we have shown such a kink modulated
breather in Fig. 3(c).

Another kind of hyperbolic nonlinearity �3 = b0 + b1 sech(b2z + b3) having bell-type localized
form also not a↵ect the localization of the Akhmediev breather in the present system. However, it
alters the nature of periodic structures from uniform breathing to a centrosymmetric double-peaked
breather, as shown in Fig. 3(d) for one class of nonlinearity parameters bj , 0. For a di↵erent
set of parameters (b0 = 0) one can witness the algebraically localized rogue-wave-type excitons
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along the propagation direction z and localized in the transverse coordinate t and are usually referred
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Ø Nonlinear waves in inhomogeneous media shows interesting dynamics.
Ø Possible to understand and manipulate the behaviour of waves.
Ø Studies on nonlinear waves in inhomogeneous media is continue to be worth

exploring due to their occurrence in various contexts and phenomena.
Ø Due to the availability of limited analytical tools, identification of new

methods needs further investigation.
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