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13 Chi-square- and F'- tests

13.1 Review of y’-distribution (P.389-390)

Definitions: If X is a standard normal random variable, the distribution
of U = X? is called the chi-square distribution with degree of freedom
1.

If Uy, Us, ..., U, are independent chi-square random variables with degree
1, the distribution of V- = Uy + Uy + ... + U, is called the chi-square
distribution with degree of freedom (df) n, and is denoted by V' ~ 2.

Density function of x? is

1
_ n/2—1_-—x/2 > 0.
f(z) 2”/2F(n/2)$ © o t=

with mean n and variance 2n.

Lor
0.8:
0.6:
oaf

02/

0.0 :
0 2 4 6 8

The density function of x? with different degrees of freedom.

For df > 3, the density funtions are right-skewed.
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13.2 Review of F-distribution (P.391-394)

Definitions: Let U and V' be independent chi-squared variables with m
and n degrees of freedom respectively. The distribution of

U/m
W= /"
V/n
is called the F-distribution with m and n degrees of freedom and is
denoted by W' ~ F,, ,,.
The density function of F'-distribution is

['((m+n)/2) (@

_ m/2,m/2-1(1 M\ (m+n)/2 >
1@ = st ) ) =
on? — 2
with mean and variance — (m+n—2) . n > 0.
n—2 m(n — 2)%(n — 4)
~ — d1=1, d2=1
o | - d1=2, d2=1
- di=5, d2=2
d1=100, d2=1
g - \ d1=100, d2=100
o S——
S 7 I I I I I I
0 1 2 3 4 5

The density function of F’ with different degrees of freedom.

The R codes to calculate the values related to x2, i.e. Pr(x2 < q) =p
and F, ,, i.e. Pr(F,, < q) =p are

dchisq(x,n), pchisq(q,n), qchisq(p,n), zrchisq(v,n);
df (x,m,n), pf(q,m,n), qf (p,m,n), rf(v,m,n).

where d gives density function f(x), p gives lower area, q gives quantile
and r gives a vector of values stored in v that follows the distribution.
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Note that |
Fm,n —d Fn,m .

The sign ‘=;" means ‘equal in distribution’. Hence we have that, for any
x > 0,

Pr(F,., > ) =DPr ([‘J///Z“ > x> = Pr ((‘]///; < _) = 1-Pi(F,,, > 1/3).

That means in taking reciprocal of a ratio, one should swap the dfs and
change the tailed area (from lower to upper or upper to lower).
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13.3 Distributions derived from normal

Let X; be iid random variables with X; ~ N (u, 0?). The sample mean
and sample variance are

r - \
X _
1. LN (0,1), a standard normal random variable.
N
X —p

~ tn,—1, @ Student ¢ variable with n — 1 df.

Ny —\ 2
3. (ny —1)S2/c? = (@) ~ Xa _1, a chi-squared variable
i=1
with n, — 1 df.

J

Ny D% 2 Ny X% 2
Note: > (%) ~ x; but Y ( = ) ~ X2 _; loses 1 df because
i=1 i=1

 is estimated by X

Let Y;, 1 <7 < ny, be iid normal random variables and Y; ~ N (p,, 05)
independent of X;,1 <1 < n,. Writing

V== ¥ and 2= —— 3 (v - V),
ny “— ny, — 1 P
S (e NS lotne 1) _ /=)
— ~ Lp,—1n,—1-
Syfoy  (ny = 1)S}/log(ny =] x5, 1/(ny — 1) ’

Note: in comparing two scales (0%; Hy : 0° = oj or Hy : 0% = 05), one
: : 272 o <22
takes a ratio of sample variances, i.e. s°/oj or s3/s:,
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while in comparing two locations (1), one takes a difference of sample
means, 1.e. T — g Or T — Y.
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13.4 One sample Chi-square test for variance (P.410-418)

Example: (Variance of diameter) A company claims that the variance
of the diameter of its machined engine parts is less than 0.0002 (measured
in inches). A random sample of 10 parts gave a sample variance of
0.00018. Can we accept the company’s claim?

Solution: Let X be the measured diameter. If the measured diameters
are normally distributed, i.e., X ~ A(u, %), then the question becomes
to test:

Hy: 0> =0.0002 vs H;:o?<0.0002.

Suppose X1, Xs, ..., X, is the sample and the mean g and variance o

are both unknown. The five steps test on the variance is

g : 2 _ 2 20 2 2_ .2 2.4 2
1. Hypothesis: Hy: 0 =o§vs H, : 0°>0(, 0°<o0§, 0°F0]

2. Test statistic: 2= (n —1)s%/03.
3. Assumption: X; ~ N(u,07). Then x2 ~ x2_; under Hy and
should be close to n — 1.
4. P-value: Pr(x2_; > x3) for Hy : 0% > 03,
Pr(x*_; < x3) for Hy : 0% < 03,
2min {Pr(x;;_; > x5), Pr(xi_1 < xg)} for Hy : 0*#0;

5. Decision: reject H if p-value < a. )

Note: Y3 > n — 1 and x2 < n — 1 argue against Hy in favor of
Hy : 0% > 0% and H; : 0% < 0§ respectively.
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13.5 Rejection region and confidence interval

Since the x? distribution in the upper and lower sides are
X%_M_a >n—1 and Xfl_m < n — 1 respectively,

the ratios in the upper and lower sides are

%
n_l’f < 1 respectively.

2
M>>1 and
n—1 n —

Hence given a significance level «, the rejection region for the sample

variance s in which we should reject Hy and accepted Hj is
( 9 )
Xn—1,1-a 2 2
§* > of ¢ for Hy : 0 > of;
n—1
X; 1
n—1,«
s* < of for Hy : 0% < 03;
n—1
2 2
Xn—1,a/2 Xn—1,1-0/2
s* < 08—’/ or s* > 08’—/ for Hy : 0% # o},
L n—1 n—1 )

where Pr(x?_; < x2) = a.

2 2

2 2
Test on xj Xn—-1,1-a Xn—1,0/2 Xn—1,1-a/2
2 2 2 2
TeSt on s 0_2an1,1*01 2Xn71,a/2 Qanl,lfa/Q
0 no1 0 n-1 90 -1
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Moreover the confidence intervals for testing of are
4 N\
o n—1 2 2
$° — , 00 for Hy : 0% > of;
Xn—l,l—a
n—1
0, s 5 for Hy : 0% < 0f;
Xn—l,a
n—1 n—1
522—, 322— for Hy : 0% # 7.
Xn—1,1-a/2 Xn—1,a/2
. J
. .on—1
Note that the reciprocal of ratio ———— 1s used.
Xn—l,l—a
If o2 lies in the CI, we accept Hy. Otherwise, we reject H.
In summary,
accept Hy reject Hy  reject Hy accept H
2 2 o2 o2
. 2 2 [ S\ \ } 0 N [ /0 \
Hy: o° > 0j [ \ ) } )
Xo—11-a n— 2
0 nill O-(% X?Lfl,lfozs o0
reject Hy accept H accept Hy reject Hy
o2 $2 Ui ol
.2 2 N\ ¥ N
: ( \ ( \
Hy: o° <oj 2 [ ) ( /1
— 2
Xgilia O-g o0 0 ngl,a 5
accept Hy reject H reject Hy accept H
2 2 2 2
NS N,
Hiiot#a ) : |
Xn1.a Xo—1.1-a _n-l 2 n—1_ .2
ni,1/203 ;11 /20(2) X?z—l,l—a/QS X?L—l,a/28

Using acceptance region Using (17 — )% Cl
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Example: (Variance of diameter) The Chi-square test for the variance
of the measurements is

1. Hypothesis: Hy: o? =0.0002 vs H;:o0? < 0.0002.

2. Test statistic: xj = (-1)s” _ DS = 8.1
o .

3. Assumption: X; ~ N (u,0.0002) under Hy. Then x3 ~ x2_;.
4. P-value: p-value = Pr(y2 < 8.1) = 0.4759.

5. Decision: Since the p-value > 0.05, the data is consistent with H|
that the variance is 0.0002.

P-value=0.476

The median and mean are 8.3428 and 9 respectively.

In R,

n=10

sigma20=0.0002
s2=0.00018
chi20=(n-1)*s2/sigma20

> chi20

[1] 8.1

> p.value=pchisq(chi20,n-1)
> p.value

V V V V
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[1] 0.4758991

> alp=0.05

> infty=9999999 #represent infinity

> CI.upper=c((n-1)*s2/qchisq(l-alp,n-1),infty) #H1: sigma~2>sigma0~2
> CI.upper

[1] 9.575047e-05 9.999999e+06

> CI.lower=c(0, (n-1)*s2/qchisq(alp,n-1)) #H1: sig~2<sig0~2, this example
> CI.lower

[1] 0.000000 4.872015e-04

> CI.2sided=c((n-1)*s2/qchisq(1-alp/2,n-1), (n-1)*s2/qchisq(alp/2,n-1))
> CI.2sided

[1] 8.516111e-05 5.999135e-04

Since the lower 95% CI (0, 0.000487) includes the hypothesized variance
of 0.0002, the data are consistent with Hy : o? = 0.0002.
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13.6 Two samples F-test on variances (P.471-476)

Suppose that the samples X, Xo, ..., X,,, and Y3, Y, ..., Y}, are from two
distinct normal populations with unknown variances o and ay? respec-
tively. We want to test the hypothesis:

Hy:0:=0. vs Hy: 0> >0

2 4 2
” >0, or o,#0,

The sample variances S? and Sg are estimates of o2 and O'Z respectively.
If Hy holds, then S?/ S§ should be close to 1. Then the variable

Si/os

~ F,
Sz/o:

follows a F- distribution with mean (n, — 1)/(n, — 3) > 1 and degrees
of freedom n, — 1 and n, — 1.

The five steps for the F-test are

4 )

1. Hypotheses: H: o2 = 05 vs Hy : o2 > 05 or o2 # 05

2. Test statistic: fy=s2/s; if s, > s

3. Assumption: X; ~ N(u,,03), Yi ~ N(py, 0;) and X; &Y
are independent. Then fo ~ F, 1 ,,-1 under Hy and should be
close to 1.

4. P-value: Pr(F,, 1,,-1> fo) for Hy : 02 > 0'5

2 Pr(an—l,ny—l 2 f()) for Hl - O'g 7é 0'5

5. Decision: Reject H if p-value < a.

J

Note: fy > 1or fy < 1 argue against Hy in favor of H; : 02 > 0,3 and
Hy:02 < 03 respectively.

SydU STAT2012 (2015) Second semester Dr. J. Chan 130



THE UNIVERSITY OF

oy SYDNEY .
STAT2012 Statistical Tests L13 Chi-square & F-test

13.7 Rejection region and confidence interval (P.483-484,
486-487)

Given significant level «, the rejection regions for the ratio of sample
variances s2/ 35 in which we should reject Hy and accepted H; are

2 /.2 .2 2
sx/sy > By 1y-1,1-0 for Hy: oy > o
2 /.2 2 /.2 5 2
83/8y < Fhy—1ny—1.0/2 OF 83/8, = Fy 1, —11-a)2 for Hy: 05 # 0y,

where Pr(F,, 1,1 < Fu) =«

an—l ny—1

Test on fy =

t:wlaw

Fo, 10,11« Foin,—11-a/2  Fup—1n,-11-a/2

The (1 — a)% CIs for the ratio of true variances o} /0 are

(m/8> Ny 1ny—11 @ O9) for H13U:%>0§$

((s x/s ) F nz—l ny—1,1—0/2) (s x/s ) F, 1ny 1.a/2) for Hy : 0 # ‘757

accept Hy reject Hy reject Hy accept Hy
2.2 2/.2 2/, 2 2,2

58, S3/Sy oy/o, =1 oi/o, =1
N 7 N

H 2>02 g ( \
150> 0y ) PR )
0 an—l,ny—l,l—a _anx—l ny—1,1—a o0

accept Hy reject Hy reject Hy accept Hy

s2/5% 3'3/52 orfor =1 o3/or =1
o2 4o N N \
T n 2o )

na—1,ny—1,0/2 ng—1lmny—1,1-a/2 % —1,n,—1,1— a/2 52 ng—1,n,—1,a/2

Using acceptance region Using (1 — a)% ClI

SydU STAT2012 (2015) Second semester Dr. J. Chan 131



THE UNIVERSITY OF

ag SYDNEY

- STAT2012 Statistical Tests L13 Chi-square & F-test

Example: (Height comparison) A fourth grade class has 10 girls and
13 boys. The children’s heights are recorded on their 10th birthday as

follows:

Boys: 135.3, 137.0, 136.0, 139.7, 136.5, 137.2, 138.8,

139.6, 140.0, 137.7, 135.5, 134.9, 139.5
Girls: 140.3, 139.8, 138.6, 137.1, 140.0, 136.2,
138.7, 138.5, 134.9, 141.0

Do the data provide sufficient evidence to indicate a difference in the

variability of heights for boys and girls?

Solution: We have n, = 13 and n, = 10. Assume that the boys’ height

Xi ~ N (s, 07) and the girls” height Y; ~ N(j,, 07). The F test is
vs Hy : o; # 0,

3.7432
2. Test statistic: f, = 53/3?; T 1.1114.

1. Hypotheses: H;: o2 = 02

3. Assumption: X; ~ N(p,,07), Y; ~ N(p,, o)) and X; & Y are

independent. Then fo ~ F,,—1,—1 under Hj.
4. P-value:

2 Pr(Fy 15 > 1.1114) or 2 Pr(Flae < 1/1.1114)
— 9Pr(Fypp > 1.1114)
— 2(0.4224) = 0.8448  (from R)
> 2(0.1) =0.2 (from F table, Fyi909 = 2.21)

5. Decision: The data is consistent with Hy. There is no evidence to

indicate a difference in the variability of heights for boys and girls.

In R,

SydU STAT2012 (2015) Second semester Dr. J. Chan

132



THE UNIVERSITY OF

o’y SYDNEY o
STAT2012 Statistical Tests L13 Chi-square & F-test

> x=c(135.3,137.0,136.0,139.7,136.5,137.2,138.8,139.6,140.0,137.7,135.5,
134.9,139.5)

> y=c(140.3,139.8,138.6,137.1,140.0,136.2,138.7,138.5,134.9,141.0)

> var.test(y,x)

F test to compare two variances

data: y and x
F =1.1114, num df = 9, denom df = 12, p-value = 0.8448
alternative hypothesis: true ratio of variances is not equal to 1
95 percent confidence interval:

0.323467 4.299073

sample estimates:
ratio of variances

1.111383

> nl=length(y) #checking only
> n2=length(x)
> c(var(y),var(x),nl,n2)
[1] 3.743222 3.368077 10.000000 13.000000
> fO=var (y) /var(x)
> £01=1/£0
> p.value=2*(1-pf(f0,n1-1,n2-1)) #or p.val=2*xpf(f0,nl1-1,n2-1,lower.tail=F)
> p.valuel=2%pf(1/£0,n2-1,n1-1)
> c(f£0,f01,p.value,p.valuel) #same p-value
[1] 1.1113826 0.8997801 0.8447837 0.8447837
> alp=0.05
> infty=9999999
> CI.upper=c(var(y)/(var(x)*qf(1-alp,nl-1,n2-1)),infty) #H1: sigy~2>sigx~2
> CI.upper
[1] 3.974368e-01 9.999999e+06
> CI.2sided=c(var(y)/(var(x)*qf (1-alp/2,n1-1,n2-1)),
var(y)/(var(x)*qf (alp/2,n1-1,n2-1)))
> CI.2sided
[1] 0.323467 4.299073
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F2 9

Fo 12 P-value=0.422
P—-value=0.422 a=0.025
o =0.025

Median of F(9,12) = 0.98 and median of F(12,9) = 1.0194.

Notes: These tests depend very strongly on assumptions of normality—
unlike tests for mean.
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14 Experimental design (P.619-621)

In a two-sample test, how should we design the experiments to obtain a
more effective test?

14.1 Factors affecting the power

Consider the large sample z-test at a significant level a for the hypothe-
ses:

Hy: p=ypy vs Hy: p# po,
we accept Hy if g lies inside the 100(1 — «)% confidence interval (CI)
X - Zoz/2S/\/ﬁa X+ Za/zs/\/ﬁ]o
The power of the test for p; in Hy is
Power (1) = Pr(Reject Ho| i1 = p1) = Pr(pg lies outside the CI).

Hence the higher the power of the z test, the shorter should be the CI.
This happens when

1. the data have less variation, measured by S and

2. the sample size n increases.

If it is not possible to increase the sample size (like experiments very
costly in money or time), the accuracy of a test may still be improved by
scientific design (data collection) that reduces the variation of data.

In a two-sample test, two questions raise in the data collection:

1. For the totally n observations, what should the allocation to each
sample be? If n = 10, should we select n, = n, =5 or n, = 4 and
n, = 67

2. For a two-sample test, should we select paired samples or indepen-
dent samples?
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14.2 Allocation to increase accuracy

Example: Let X, Xy, ..., X, be a random sample from a population

X with mean p, and variance Jg, and Y7, Y5, ..., Yo, be a random sample

2

from another population ¥ with mean (1, and variance o

If n, +n, = n, then

- 2. o2
Var(X =Y) = To g £,
Ny Ny

which 1s minimized at
O oy
N, = W, Ty = n.
Oy + Oy Oy + Oy

In particular, if 02 = 05, then n, =n, =n/2.

Proof. Recall that if X and Y are independent, then

Var(aX +bY) = a*Var(X) + b*Var(Y).

Hence,
_ _ _ _ 0'2 02
Var(X —Y)=Var(X)+ Var(Y) = £ 4+ -2
Ny Ny

Let b be the proportion of the n observations assigned to the sample from
population X; that is, n, = nb and n, = (1 — b)n. Then,

_ _ 0'323 0'5
VCLT(X—Y):%—FO_—[))”.

To find the proportion b that minimizes this variance, we set the first
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derivative, with respect to b, equal to zero. This process yields

o2 1 o2 1
T = 4+ Y 1) =0 f(b) vs b
(1) + ) (D) _
= % —O—g’:> oy _Z= s i
(1—=02 b ~(1-b) b s i
= bo, = (1 —0b)o, = blo, +0,)) =0, Q:L
o p= " o -
O-gj—l_o—y I | | | | I
00 02 04 06 08 1.0
b
dx™ d(1 —b)1 dil1—0b)"1 d(1-0b
since;—x:mxm_l and ( db) = 51(1_2)) X (db ) Hence
we obtain - -
b= ° and 1 —0b6= L
Op + Oy Oy + Oy

Thus, Var(X —Y) is minimized when

O, oy

n and ny = n

Ny =
Oy + Oy Oy + Oy

such that more information (higher sample size) is needed when the
population has higher variability (higher o).

In particular, if o2 = 05, then n/2 observations should be taken from
each population.
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Example: Suppose that you wish to compare the means for two popu-
lations with variances o2 = 9 and 05 = 25 respectively.

Find the smallest sample size and the corresponding sample allocation
that will yield a 95% confidence interval for p, — p,, that is two units or
less in length.

Solution: We obtain that n, = %n = %” and n, = %n = 8 :

n is the combined sample size. Since the true o2 and o2
95% confidence interval for p, — p, is given by

where

, are given, the

_ _ 0'12; 0‘2 -~ B O.:% 0-2
(X =Y) = 200054 = + =, (X =Y) + 200054 — + —
Ny Ny Ny Ny
where z( 025 = 1.96 and it is denoted by: (., ).

We choose the sample size n such that the width of the CI is 2, i.e.

/ 2 24 4
2 % 1.96 %+5—S:2x1.96\/—+—02
= e n n
:>196\/ o w/ = 1.96

= n= 1.962 X 64 = 245.9 ~ 246

This implies that
3
Ny = §(246) = 92.25 =~ 93,
5
n, = §(246) = 153.73 ~ 154.

Note that the sample sizes are rounded up in order to ensure that CT is
not more than 2 units in length.
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14.3 Paired sample or independent sample? (P.649-652)

Suppose we want to compare two competing medications (A and B). An
experiment can be designed in different ways for comparison.

For the completely randomized design, we recruit n individuals and
randomly split them into two groups who are given medication A and B
respectively. This leads to tndependent samples.

Alternatively, for the match paired (block) design, we recruit pairs of
individuals of similar weight and age and same gender. One individual
from each pair is randomly selected to receive medication A whereas the
other receives medication B. This leads to paired samples.

Which experiment is better for the purpose of comparison?

Match paired sample gives more precise estimate because paired sam-
ples decrease the variability of data:

_ o 1 1 o
Var,(D)=Var(X =Y) = E(Ui + 05 — 2p0,0,) < ﬁ(af; + 05) = Var; (X -Y),

when the correlation coefficient is positive (p > 0).  Hence if it is
reasonable to believe that the pairs (X;,Y;) will tend to increase or
decrease together in values (p > 0), use match paired sample.

For the model assumptions,

two independent samples test requires normality and equality of vari-
ance assumptions for both populations when the sample sizes are small

whereas

matched paired test requires only normality for the differences and
hence is less restrictive wn distribution assumptions. Moreover the
matched pairs reduce the inherent variability in the paired difference.

However, it is more restrictive on recruiting matched-pair subjects
than to recruit subjects for two independent samples.
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15 One way ANOVA test I

What if we want to compare 3 or more means?

15.1 Introduction (P.430-455, 595-599)

The test is performed on the collection of samples taken independently
from each of the g populations. The data are

Treatment 1 2 . g Grand total
Yoo (Y3) |Ya o (Y5) Yo o (Y)
Yio (V) |V (V3) Yo o (V)
Vi, (V) [You, (Y3,) Yy, (Y2)

Column total| Yi. (52, Y2)| Yo (5,8)]+| ¥y (5,¥2) V- (5, ¥2)

Sample size | ng N9 na N
Sample mean| Y, Y, e 79 Y
Sample var. | S? S3 | 52 52

To compare the g > 2 population means, we test the hypotheses:

H()Z M1 = p2 = ... = g VS
H, : Not all means equal.

Example 1: Same total sum of squares SSTp from the same set of y;;
to split into g = 3 groups:

Treatment Means Are Significantly Different

yr P Y2 Ys Same SSTy (same data)
P P_P PSS SS oS AA AA A Larger SST (clear gp or more diff. ;)
40 45 50 55 60 65 70 75 Smaller SSR (less spread or smaller s?)
h T g " Larger F (sign. diff.)

Treatment Means Are Not Significantly Different

P Y1 Y2 Ys Same SSTj (same data)
A P _P PSS SS S AA AP A Smaller SST (merge gp or less diff. ;)
40 45 50 55 60 65 70 75 larger SSR (wide spread or larger s?)
- E— Smaller F' (no diff.)
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In the one-way Analysis of Variance (ANOVA) test, we compare two
sources of variance to make decision on whether the population means
are equal. The following example illustrates the idea.

Example 2: Same sum of squares for treatments SST': same group means

Small M SR: variation within gp Large M SR: variation within gp

Large F = %—% & reject H Small F = ]]‘é—gg & accept H,
Groups Groups
10 15 20 1 19 5)
10 16 20 12 31 33
11 14 20 20 4 20
10 16 20 10 9 12
9 14 20 7 12 30
y1=10 =15 y3=20 y1=10 gy =15 yz = 20
Reject Hj of equal means and Accept H of equal means and
Conclude the means are not all equal. Conclude the means are all equal.
35 35 -
30 F 30 L
25 - 25 -
20~ sssee F?sjzt@?, 20 |- . . "7?3]’:?/_3
5] % Vy=p=15 20 15| e Vymp=15
10 - o +— Vi =g =10 10 :H}Aflﬂ:él:lo .
5 5 -
A B c A B c

Data with categorical X and conts. Y: no regression line drawn
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15.2 ANOVA model

Let Y;; denote the rv with observed value y;; for i = 1,2,..,g and j =
1,2,...,n;. Foreachi=1,2,.., g, we may write

Yij = Wi + €5, J=1,2,...,n,,

where the expected E(Y;;) = p; and the error terms €; = vy;; —
which are differences between observed values and their corresponding
population means are independent normal rv with

€ij NN«)?UZ)
fore=1,2,..,gand 5 =1,2,...,n;.
This implies Y;; ~ N(pi,0%) and Y;; ~ N(u,0%) under Hy : py =
o0 — Mg.

In regression analysis, both the dependent Y and independent X vari-
ables are continuous. For example, the data may be (1,2), (3.5,5), (5,9),
(6,10) etc.

However in ANOVA, being a generalization of the regression analysis,
while the dependent variable Y is still continuous, the X independent
varaible can be categorical (nominal or ordinal). For example, the data
may be (A2), (A)5), (B,9), (C,10) where X =A, B or C gives the label
of the group/sample.
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15.3 One-way ANOVA test (P.600-607)

The total variations in Y, i.e. S, = SST, is measured by the sum of all
squared deviation of each point from the overall mean. It is splited into
two sources:

1. Variation between treatment groups SST: the variation in Y ex-
plained by treatment groups,

2. Variation within treatment groups SSR: SST,— SST the variation
in Y remain unexplained by treatment groups.

Since Y;; — Y can be partitioned as

Yij =Y = (Yi=Y)+(Yy; - Y)

Corrected mean = Treatment effect + Residual,
g g g
22 Wy =Y =) nilYi- 2+ZZ
jzl 7=1 , J=1 \z 1 4=1 ,
ST, SST SSR

where

g n; g
SST, = total corrected sum of squares = Z Z(YU — 37)2 = Z Yg — NYZ2,
i=1 j=1 ‘
g o 9 )
SST = sum of squares between treatments = Z n;(Y; — Y)2 = Z nin — NY?,
i=1 i=1

g
SSR = sum of squares within treatments = Z (Vi — V) = Z(nZ —1)S%.
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Then we compare the two sources of variation using F' test statistic:

go= MST _ S5T/g—1) _ (2 mi(Yi =YY/ (g — 1)
MSR  SSR/(N —g) [Zgl(m Iy

_ Z 0/\/_ ]/( 1) ) X?,_l/(g—l) .
Xg: 2/(n1—1+ g — 1) Xx_y/ (N —g) g-1,N-yg

which is the ratio of mean squared errors due to treatment to that due
to residual with rejection region: fo > Fy,—1 N—g.a-

The five steps of the test are:

( )

1. Hypotheses: Hy: puy = ... = py Vs

H, : Not all means equal.

g
MST [;n@? — N7°l/(g — 1)

VSR S = 1/ — )

3. Assumption' Yi; ~ N(wi,0?) and Y;; & Yy are independent.
Then f() ~ g 1,N—g-

2. Test statistic: f) =

4. P-value: p-value = Pr(F,_y y_, > %gg)

5. Decision: Reject Hy if p-value is less than a.

The calculation for an analysis of variance is usually displayed in an

ANOVA table as follows.
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One way ANOVA table for completely randomized design

Source df SS MS F
g
Groups g¢g—1 SST =Y n;y? — Ny* MST = SSI; I= %gg

1=1

g
Residuals N — g SSR =" (n; — 1)s? = SST, — SST MSR = £38 = &2

1=1

Total —1 55T, = Z Z i, — Ny

1=1j=

n; g g
:%Z i, N=>"n;and 7=+ > > vy

i=1 i=1j=1

Remarks:

1. The average y; of observations in the 2-th sample and the overall

average y are

Yi = %iyzj,izl,---,g;
—
| I
oSS

i=1 j=1

When all the group means are equal, 1e. y; = -+ = y, = ¥,
SST = 0 and hence F' = M5L — ( and we will not reject H, of

MSR
equal means.

2. We predict Y;; by the group mean Y; of treatment group 1.

3. The correction for the mean is CM = N(y)* = % Z Z Yij)
1=17=
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4. Residual SS (SSR) is used to obtain a pooled estimator of the com-

mon variance 2.

5. For given SST', the smaller the SS R, the larger the F' and hence we
will reject Hy. On the other hand, the larger the SST, the stronger
is the evidence to indicate a difference between p;.

6. The test relies heavily on the assumptions that (a) the equality of
variances; (b) the normality of combined observations since under
Hy of equal means, they all come from the same population. We
check these assumptions by examining joint boxplots of the groups
and the normal qq-plot of the combined residuals.

7. The ANOVA test is a generalization of the two samples t-test. When
g = 2, the test statistic for the two sample t-test for p1; — s assuming

equal variance with Sg as its estimate is
(?1 - }72)2 _ n1n2(}71 - 572)2
SGrTa)  (mtng)S
ninz(ng + nq) (Y — Y3)?

= N2o2 since N = nq + no
— P

. {n [m(Y}v_ mr i {nlafjv_ mr} /52

T =

_ )% 5\ 2 _ )% 5\ 2
_ [nl(yl—nl 1]‘1\‘[712 2) —|—n2<Y2—n1 1]‘1\‘7712 2) /Si
_ (Y1 —Y)2 4+ ny(Y, — V)% /(2 - 1) since V — n1Y1 + noYs

~ SST/(g—1) MST
~ SSR/(N—g) MSR 9N

since g = 2

Le. Fiy o0 =1_, o2 and hence more extreme means 1,24 is
more positive and there is no negative F'!

For example,
t1 0025 = 12.706° = 161.4 = F 1 995 (=26 N =35t g-1=1&N—g=1);

t50005 = 43032 = 18.5 = Fl o005 (s=2& N=dst. g-1=1& N —g=2).
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16 One-way ANOVA II

16.1 Example

Example: (Teaching techniques) Four groups of students were sub-
jected to different teaching techniques and tested at the end of a speci-
fied period of time. As a result of dropouts from the experimental groups
(due to sickness, transfer, and so on), the number of students varied from
group to group.

Do the data shown in the following table present sufficient evidence to
indicate a difference in the mean achievement for the four teaching tech-

niques?
Marks

Groups 1 2 3 4

65 75 59 94
87 69 738 89
73 83 67 80
79 81 62 88
81 72 83 85
69 79 76

90

Solution: Let u;, 1 = 1,2,3,4, denote the mean mark of the i-th
group students (population) and {y;;,¢ = 1,2,3,4,5 = 1,..,n;} denote
the mark of jth student in the ¢th group or population.

Hy: py=po=p3=ps vs Hyp: Not all the y;’s are equal,

The summary of the four treatment groups are
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y; T75.67 7843 T0.83 8720 ¢ = T7.667
s? 66.67 50.62 91.77 26.70
ni 06 7 6 5 N=24, g=4

4 n;

Also Y Y yfj = 146736 and CM = Nj? = 24(77.667°) = 144770.7.
i=1j=1

The one-way ANOVA test for the difference in marks across the four

teaching techniques is

1. Hypotheses: Hy: 1 = ... = g Vs
H, : Not all means equal.

MST ( il niy%_NyQ)/(g_l)
2. Test statistic: [, = _ =
T S eni-g

| T762.65/(4—1)  254.22
©1202.68/(24 —4)  60.13

= 4.22.

g ny
SSTy = Y Yy — Ny = 146736 — 144770.7 = 1965.33
i=1 j=1

g
SST = > ni(y.)* — Ny’
1=1

— [6(75.67%) + 7(78.43%) + 6(70.83%) + 5(87.20%)] — 144770.7
— 762.65

SSR = SS8Ty— SST =1965.33 — 762.65 = 1202.68
g

=N "(ny — 1)s? = 5(66.67) + 6(50.62) + 5(91.77) + 4(26.70)
1=1
3. Assumption: Yj; ~ N(y;,0°) and Yi; & Yy are independent.
Then fo ~ Fg—l,N—g-

4. P-value: Pr(Fso0 > 4.22) € (0.01,0.025)
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(since F372070_975 = 386, Fg)go_/o_ggo = 494, 0.0182 from R)

5. Decision: Since p-value < 0.05, we reject Hy. There are strong evi-
dence in the data against Hy. The marks from groups using different
teaching techniques are not all equal.

ANOVA table
Source df SS MS F P-value

762.65 __ 254.22 __
Groups 3 76265 10205 —95490 BB _ 490 (182

Residuals 20 1202.68 228 =60.13

Total 23 1965.33
In R,

> mark=c(65,87,73,79,81,69,75,69,83,81,72,79,90,59,78,67,
62,83,76,94,89,80,88,85)
> factor=factor(rep(letters([1:4],c(6,7,6,5)))
> factor # a vector of factor to indicate the groups
[1] aaaaaabbbbbbbccccccddddd
Levels: a b c d
> aov.mark=aov(mark~factor)
> summary (aov.mark)
Df Sum Sq Mean Sq F value Pr(>F)
marks.f 3 762.65 254.22 4.2275 0.01812 =
Residuals 20 1202.68 60.13

Signif. codes: O ’**x’ 0.001 ’*x’ 0.01 ’x’> 0.05 .7 0.1 > ’ 1

par (mfrow=c(2,2))

boxplot(mark™mark.f) #boxplot for equality of var

title("boxplot for mean mark")

plot(aov.mark$fitted,aov.mark$resid) #residual plot for equality of var
abline (h=0)

title("Residual plot")
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> qgnorm(resid(aov.mark)) #check normality
> qqline(resid(aov.mark))
> m=mean (mark) #for checking
>nm
[1] 77.66667
> N=length(mark)
> N
[1] 24
> g=4
> CM=N*m~2
> CM
[1] 144770.7
> meani=tapply(mark,list(mark.f),mean) #mean by groups
> meani

a b c d
75.66667 78.42857 70.83333 87.20000
> ni=tapply(mark,list(mark.f),length) #length by groups
> ni
abcd
6 765
> SST=sum(ni*meani~2)-CM
> 88T
[1] 762.6524
> sumsq=sum(mark~2)
> sumsq
[1] 146736
> SSTo=sumsq-CM
> SSTo
[1] 1965.333
> vi=tapply(mark,list(mark.f),var) #var by groups
> vi

a b c d
66.66667 50.61905 91.76667 26.70000
> SSR=sum((ni-1)*vari)
> SSR
[1] 1202.681
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> £0=(SST/(g-1))/(SSR/(N-g))
> 0

[1] 4.227513

> p.value=1-pf(f0,g-1,N-g)

> p.value

[1] 0.01812315

boxplot for mean mark Residual plot
8 — -_ _:_ 8 _O © °
—_ o
7] - ﬁ 8 _8 o (o] °
o _] ' . 3 [¢]
© : < a 8
i E S) o
R - - S o °
4 @ o o 8 o
o T ]
© — I [o)
I I I I I
1 2 3 4 l 85
a v.mark$fitted
Normal Q-Q Plot 7o = 78.43

Sample Quantiles
0 10
L

-10
|
e

Theoretical Quantiles

Note:

1. Since the spreads of each group are quite similar in the boxplots and
restdual plot, the equality of variance assumption is approximately
satisfied.

2. Moreover since the points lie close to the straight line in the qg-plot,
the normality assumption is satisfied.

To show that one-way ANOVA test is a generalization of 2-independent
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sample t test when g = 2, we consider the first two groups in Marks:

> N.12=n1+n2 #2-indept sample t-test
> SSR.12=v1*(n1-1)+v2*(n2-1)
> MSR.12=SSR.12/(N.12-2)
> t0.12=(m1-m2) /sqrt (MSR.12%(1/n1+1/n2)) #t-test
> pvt.12=2x(1-pt (abs(t0.12),N.12-2)) #2-sided
>
> y.12=c(markl,mark?) #one-way ANOVA test
> f.12=factor(rep(letters[1:2],c(nl,n2)))
> summary (aov(y.127f.12))

Df Sum Sq Mean Sq F value Pr(>F)
£f.12 1 24.6 24.64 0.426 0.528
Residuals 11 637.0 57.91
>

> ¢(£0.1272,pvt.12)
[1] 0.4255437 0.5275803

Hence t3 = fy and the 2-sided p-value for t-test and the upper-sided
p-value for F-test also agree.
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16.2 Transformations for comparisons

What if the two or more groups we compare differ both in location and
scale and also show lack of symmetry?

Because the increase in spread with location is often caused by lack of
symmetry, it can be remedied by choosing an appropriate transformation
which will improve both symmetry within groups and remove differences
in spread across groups.

The following data gives retention rates for iron for 6 groups of 18 mice
treated with F'e?* and Fe3* at concentrations 10.2, 1.2 and 0.3 millimo-

lar.

View both iron.csv and iron_v. csv for the matrix and vector formats.

> iron=read.csv("data/iron.csv")
> attach(iron)

> iron
Fe3+.10.2 Fe3+.1.2 Fe3+.0.3 Fe2+.10.2 Fe2+.1.2 Fe2+.0.3
[1,] 0.71 2.20 2.25 2.20 4.04 2.71
[2,] 1.66 2.93 3.93 2.69 4.16 5.43
[17,] 8.15 18.30 22.82 11.65 23.89 21.60
[18,] 8.24 18.59 29.13 12.45 26.39 22.25

> summary=apply(iron,2,summary)  #summary across col(=2) (note: row=1)
> summary
Fe3.10.2 Fe3.1.2 Fe3.0.3 Fe2.10.2 Fe2.1.2 Fe2.0.3

Min. 0.710 2.200 2.250 2.200 4.040 2.71
1st Qu. 2.420 4.320 6.103 3.893 5.560 8.50
Median 3.475 5.965 9.980 5.750 7.015 10.35
Mean 3.699 8.204 11.750 5.937 9.632 12.64
3rd Qu. 4.473 11.180 16.000 6.970 9.768 18.16

Max. 8.240 18.590 29.130 12.450 26.390 22.25
> par (mfrow=c(1,2))
> boxplot(iron) #for matrix format with col
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> title("boxplot for iron")
> boxplot(log(iron))
> title("boxplot for log(iron)")
> ironv=as.matrix(iron) #for matrix format; change to vector
> ironv=as.vector(ironv)
> ironv

[1] 0.71 1.66 2.01 2.16 2.42 2.42 2.56 2.60 3.31 3.64 3.74 3.74
[13] 4.39 4.50 5.07 5.26 8.15 8.24 2.20 2.93 3.08 3.49 4.11 4.95
[25] 5.16 5.54 5.68 6.25 7.25 7.90 8.85 11.96 15.54 15.89 18.30 18.59

> factor=factor(rep(letters[1:6],c(18,18,18,18,18,18))) #for matrix format
> aov.iron=aov(ironv~factor)
> summary(aov.iron)
Df Sum Sq Mean Sq F value Pr (>F)
factor 5 1054.17 210.83 7.3191 6.758e-06 *x*x*
Residuals 102 2938.20 28.81
Signif. codes: O ’x%x’ 0.001 ’*x’ 0.01 ’%’ 0.05 >.” 0.1’ 7 1
> ironlog=log(ironv)
> aov.ironlog=aov(ironlog~factor)
> summary(aov.ironlog)
Df Sum Sq Mean Sq F value Pr (>F)
factor 5 18.473 3.695 10.677 2.872e-08 *x*x
Residuals 102 35.296  0.346

Signif. codes: O ’**x’ 0.001 ’*x’ 0.01 ’x’> 0.05 >.” 0.1 > ’ 1
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boxplot for iron boxplot for log(iron)
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Remarks

1. As the spreads of the transformed data are closer, the one way
ANOVA by using this transformed data is more reliable.

2. As the transformed data is from log(iron), the null hypothesis for
the one way ANOVA is

E(logY1) = E(logYs) = ... = E(log Ys).
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17 Individual comparison (P.608-611)

What if the null hypothesis Hy of the equality of means is rejected and
we would like to know which pairs of means differ?

17.1 Individual comparison

Suppose that groups [ and m is believed to have caused the rejection of
the null hypothesis:

H()Z H1 = (2 = ... = g,
and we want to test the sub-hypothesis:
Hy: w=pm vs Hi: p# .
This sub-hypothesis can be tested by the two samples t-test with test

statistic
fl. - a_jm.
bol.gm = 3
VMSR, [+ -
where

X, T, are sample means of groups [ and m,
the pooled variance estimate 522, is replaced by M SR and
the d.f. is N — g not n; + n,, — 2.

The corresponding p-value is given by

Pim = 2 Pr(tN_g > ‘tlmD
Also, we obtain a 100(1 — /)% confidence interval for p; — g, as

1
nm
Note that the M .S R using information from all groups will estimate the

2
p
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Example: (Teaching techniques) We reject the null hypothesis that the
mean marks for all groups are equal by using the ANOV A-test. From
the boxplot, the median marks between group 3 and group 4 are most
different and may cause the rejection.

We can check this by using individual comparison. We have
x3 = 70.83, x4 =87.20, MSR =60.13,

ng = 6 and ny = 5. Hence a observed value of the two-sample t-statistic
1s
/1 1
tgs.g1 = (70.83 — 87.20)/(v60.13 5 + 5) = —3.480,

and the corresponding p-value is given by
Pg3.g1 = 2 Pr(teg > 3.486) = 0.002329398  (from R).

Conclusion: There are very strong evidence that the mean marks be-
tween groups 3 and 4 are different.
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17.2 Multiple comparison: the Bonferroni method

What if we want to compare all pairs of means simultaneously?

The idea of the Bonferroni method is that if » null hypotheses are to be
tested, a desired overall type I error rate of at most o can be guaranteed
by testing each null hypothesis at level o = «a//r.

Let R; denote the event that the ¢th null hypothesis is rejected, and let
a denote the overall probability of type I error. Then

Pr(Ry or Ry or... or R,) < Pr(Ry) + Pr(Ry) + ... + Pr(R,) < ra” = 7’% = o

Thus, if each of the g null hypotheses is tested at level a/r, the overall
significance level is less than or equal to a.

With ¢ population means gy, o, ..f1g, we have r = (3) = g(g—1)/2 pos-
sible comparisons. To make overall level of significance for the collection
of all comparisons considered simultaneously to be less than or equal to
a, a test for all [, m is

Reject Hy : = po it prm < /7,
where p;,,, 1s the p-value.
Equivalently, we may give a test of the hypothesis:
Hy: py=po=..=py, vs Hyp:Notall the u;’s are equal
at the significance level a: by

Rejecting Hy  if r{linplym < afr.

SydU STAT2012 (2015) Second semester Dr. J. Chan 158



THE UNIVERSITY OF

' SYDNEY

¥

STAT2012 Statistical Tests ~ L17 Individual comparisons

Example: (Teaching techniques) The data contain N = 24 marks from
students under g = 4 teaching techniques.

Step 1: Test the equality of means using the ANOVA test: reject H
of equal means.

Step 2: Look at a boxplot and a normal qg-plot of residual: both
assumptions are approximately satisfied.

Step 3: Check differences of pairs of means from the matrix of mean

differences.

> ni.m=matrix(rep(ni,g),nr=g,byrow=T) #only for unequal group size

> ni.m

#size for col. ; length ni defined before

[,11 [,2]1 [,3] [,4]

[1,] 6 7 6 5
[2,] 6 7 6 5
[3,] 6 7 6 5
[(4,] 6 7 6 5
> nj.m=t(ni.m) #transpose, the size for row of the cell
> nj.m
[,11 [,2] [,3] [,4]

[1,] 6 6 6 6
[2,] o7 T 7
[3,] 6 6 6 6
[4,] 5 5 5 5
> meani.m=matrix(rep(meani,g),nr=g,byrow=T) #mean meani defined before
> meani.m #mean for col.

[,1] [,2] [,3] [,4]
[1,] 75.66667 78.42857 70.83333 87.2
[2,] 75.66667 78.42857 70.83333 87.2
[3,] 75.66667 78.42857 70.83333 87.2
[4,] 75.66667 78.42857 70.83333 87.2
> meanj.m=t(meani.m) #transpose, the mean for row of the cell
> meanj.m

[,1] [,2] [,3] [,4]
[1,] 75.66667 75.66667 75.66667 75.66667
[2,] 78.42857 78.42857 78.42857 78.42857
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[3,] 70.83333 70.83333 70.83333 70.83333
[4,] 87.20000 87.20000 87.20000 87.20000
> diff=meanj.m-meani.m #diff. betw. means for the col. & row
> diff # matrix of pairwise diff.
[,1] [,2] [,3] [,4]
[1,] 0.000000 -2.761905 4.833333 -11.533333
[2,] 2.761905 0.000000 7.595238 -8.771429
[3,] -4.833333 -7.595238 0.000000 -16.366667
[4,] 11.533333 8.771429 16.366667  0.000000

Step 4: Evaluate the observed value of the test statistics.

> RMSR=sqrt(sum((ni-1)*vi)/(N-g)) #var vi defined before
> RMSR
[1] 7.754615
> t0=diff/(RMSR*sqrt(1/ni.m+1/nj.m))
> round(t0,3)
[,1] [,21 [,3] [,4]
[1,] 0.000 -0.640 1.080 -2.456
[2,] 0.640 0.000 1.760 -1.932
[3,] -1.080 -1.760 0.000 -3.485
[4,] 2.456 1.932 3.485 0.000

Step 5: Evaluate p-value.

> p.value=2*(1-pt(abs(t0),N-g))  #round to 4 dec. place

> round(p.value,4)
[,1] [,2] [,3] [,4]

[1,] 1.0000 0.5294 0.2930 0.0233

[2,] 0.5294 1.0000 0.0937 0.0677

[3,] 0.2930 0.0937 1.0000 0.0023

[4,] 0.0233 0.0677 0.0023 1.0000

> r=gx(g-1)/2 #no. of pairs r=4%3/2=6

> c(r,0.05/r)

[1] 6.000000000 0.008333333

> p.value<0.05/r #result, whether to rej. HO
[,11 [,2] [,3] [,4]
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[1,] FALSE FALSE FALSE FALSE
[2,] FALSE FALSE FALSE FALSE
[3,] FALSE FALSE FALSE TRUE
[4,] FALSE FALSE TRUE FALSE

There are differences between means of marks using teaching techniques
3 and 4 only.
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Example: (Chemical tested) The data lab.csv contain 10 samples of
a chemical tested at 7 laboratories is given as follows:

Lab.1 Lab.2 Lab.3 Lab.4 Lab.5 Lab.6 Lab.7

4.13 3.86 4.00 3.88 4.02 4.02 4.00
4.0 3.85 4.02 3.88 3.95 3.86 4.02
4.04 4.08 4.01 3.91 4.02 3.96 4.03
4.07 4.11 4.01 3.95 3.89 3.97 4.04
4.0 4.08 4.04 3.92 3.91 4.00 4.10
4.04 4.01 3.99 3.97 4.01 3.82 3.81
4.02 4.02 4.03 3.92 3.89 3.98 3.91
4.06 4.04 3.97 3.90 3.89 3.99 3.96
4.10 3.97 3.98 3.97 3.99 4.02 4.05
4.04 3.95 3.98 3.90 4.00 3.93 4.06

We want to test whether there are differences in the means of the mea-
surements from the various labs and which pairs of means differ if the
differences in the means of the measurements from the various labs are
significant.

Solution:
Step 1: Test the equality of means using the ANOVA test.

Hy: py=po=...=py, vs Hyp:Notall the p;’s are equal,
where p; denotes the mean of the measurement in the jth lab.

lab=read.csv("lab.csv")

attach(lab)

labv=as.matrix(lab) #for matrix format; to create vector
labv=as.vector(labv) #for matrix format; to create vector

labv

[1] 4.13 4.07 4.04 4.07 4.05 4.04 4.02 4.06 4.10 4.04 3.86 3.85 4.08 4.11
[16] 4.01 4.02 4.04 3.97 3.95 4.00 4.02 4.01 4.01 4.04 3.99 4.03 3.97 3.98
> N=length(labv)

> n=length(lab[,1]) #no. of row is length of each col

> g=length(lab[1,]) #no. of col is length of each row

V V V V V
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> c(N,n,g)
[1] 70 10 7
> lab.f=factor(rep(letters[1:7],c(10,10,10,10,10,10,10))) #for matrix forma
> lab.f

[1] aaaaaaaaaabbbbbbbbbbccccccccccddddd
[39] ddeeeececececeecececeffffffffffgggegegeggeesg
Levels: abcdefg
> aov.lab=aov(labv~lab.f)
> summary(aov.lab)

Df Sum Sq Mean Sq F value Pr (>F)

lab.f 6 0.124737 0.020790 5.6601 9.453e-05 **x*
Residuals 63 0.231400 0.003673

Signif. codes: O ’**x’ 0.001 ’*x’ 0.01 ’*x’> 0.05 .7 0.1 > ’ 1

The p-value is very small. So there are very strong evidence that the
means of the measurements from the various labs are significantly differ-
ent.
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Step 2: Look at a boxplot and a normal qg-plot of residual.

par (mfrow=c(1,2))
boxplot(lab)
title("boxplot of 7 labs")
qqnorm(resid(aov.lab))
qqline(resid(aov.lab))

V V V V V

boxplot of 7 labs Normal Q-Q Plot
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These plots indicate that the variances are not similar and that the vari-
ables are approximately normal except for the first few points.
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Step 3: Check differences of pairs of means from the matrix of mean
differences.

> g.mean=apply(lab,2,mean) #col or group mean
> g.mean
Lab.1 Lab.2 Lab.3 Lab.4 Lab.5 Lab.6 Lab.7
4.062 3.997 4.003 3.920 3.957 3.955 3.998
yi.bar=matrix(rep(g.mean,g) ,nr=g,byrow=T) #repeat by row
yj.bar=t(yi.bar)  #transpose of xi.bar, repeat by col
diff=yi.bar-yj.bar
diff

[,1] [,2] [,3] [,4] [,5] [,6] [,7]

>
>
>
>

[1,] 0.000 -0.065 -0.059 -0.142 -0.105 -0.107 -0.064
[2,] 0.065 0.000 0.006 -0.077 -0.040 -0.042 0.001
[3,] 0.059 -0.006 0.000 -0.083 -0.046 -0.048 -0.005
[4,] 0.142 0.077 0.083 0.000 0.037 0.035 0.078
[5,] 0.105 0.040 0.046 -0.037 0.000 -0.002 0.041
[6,] 0.107 0.042 0.048 -0.035 0.002 0.000 0.043
[7,] 0.064 -0.001 0.005 -0.078 -0.041 -0.043 0.000
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Step 4: Evaluate the observed value of the test statistics.

> g.var=apply(lab,2,var)
> round(g.var,5)

Lab.1

> RMSR
[1] 0.06060541

Lab.2

Lab.3

Lab.4
0.00106 0.00805 0.00053 0.00111 0.00327 0.00449 0.00720
> RMSR=sqrt((n-1)*sum(g.var)/(N-g)) #n-1=10-1=9, N-g=70-7=63

Lab.5

Lab.

6

Lab.7

> t0=diff/(RMSR*sqrt(2/n)) #No ni matrix as all ni same
> round(t0,3) #3 d.p.
[,11  (,21 [,31 [,4 [, [,6] [,7]
[1,] 0.000 -2.398 -2.177 -5.239 -3.874 -3.948 -2.361
[2,] 2.398 0.000 0.221 -2.841 -1.476 -1.550 0.037
[3,] 2.177 -0.221 0.000 -3.062 -1.697 -1.771 -0.184
[4,] 5.239 2.841 3.062 0.000 1.365 1.291 2.878
[5,] 3.874 1.476 1.697 -1.365 0.000 -0.074 1.513
[6,] 3.948 1.550 1.771 -1.291 0.074 0.000 1.587
[7,] 2.361 -0.037 0.184 -2.878 -1.513 -1.587 0.000
Note: the test statistic is tg = Ji— Y; — YT .
RMSRy/+++ RMSR,/2
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Step 5: Evaluate p-value.
> p.value=2*(1-pt(abs(t0), (N-g)))

> round(p.value,4) #to 4 dec. place

[,1] [,2] [,3] [,4] [,5] [,6] [,7]
[1,] 1.0000 0.0195 0.0332 0.0000 0.0003 0.0002 0.0213
[2,] 0.0195 1.0000 0.8258 0.0061 0.1449 0.1262 0.9706
[3,] 0.0332 0.8258 1.0000 0.0032 0.0946 0.0814 0.8546
[4,] 0.0000 0.0061 0.0032 1.0000 0.1771 0.2014 0.0055
[5,] 0.0003 0.1449 0.0946 0.1771 1.0000 0.9412 0.1353
[6,] 0.0002 0.1262 0.0814 0.2014 0.9412 1.0000 0.1175
[7,] 0.0213 0.9706 0.8546 0.0055 0.1353 0.1175 1.0000

> r=g*x(g-1)/2 r=7(7-1)/2=21
> round(c(r,0
[1] 21.000000

> p.value<0.1/r

# no. of pairs
.1/r,0.01/r ),6)
0.004762 0.000476

# alpha=0.10

[,1]
FALSE
FALSE
FALSE

TRUE
TRUE
TRUE
FALSE

[1,]
[2,]
[3,]
[4,]
[5,]
[6,]
[7,]

> p.value<O
[,1]
FALSE
FALSE
FALSE
TRUE
TRUE
TRUE
FALSE

[1,]
[2,]
[3,]
[4,]
[5,]
[6,]
[7,]

[,2]
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

.01/r

[,2]
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

[,3]
FALSE
FALSE
FALSE

TRUE
FALSE
FALSE
FALSE

[,4]
TRUE
FALSE
TRUE
FALSE
FALSE
FALSE
FALSE

[,5]

TRUE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

#alpha=0.01

[,3]
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

[,4]

TRUE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

There are differences between

(1,6).

[,5]

TRUE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

means from pairs of labs (1,4), (1,5) and

[,6]

TRUE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

[,6]

TRUE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

[,7]
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE

[,7]
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE
FALSE
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18 Kruskal-Wallis Test (P.677-681)

18.1 The test

If the data from ¢ populations are not well approximated by a normal
model or there are obvious differences between the variances of the pop-
ulations, a non-parametric test, the Kruskal-Wallis (KW) test may be
used.

The idea is to rank all the data from all groups together and then apply
one-way ANOVA to the ranks rather than to the original data.

Note: KW test is a generalisation of two sample Wilcoxon test in which
the observations are replaced by their ranks in the combined sample.

Let r;; be the ranks of y;;,¢ =1, ...,9,7 = 1,...,n;. The KW test is

7

1. Hypotheses: Hy: p1 = ... = g vs Hy : Not all p;’s are equal. )
2. Test statistic:

Z (7. — 7)? zg: nie — N2
) o=l

NV +1) &
Note: ko= ; <07_/\;l>2 ~ Xg-1, where 67 = i1 ;(r” 7)?/(N —1), as
~ ol NG,
oS [; (Y. y)]/(g 1) . [;(0/\/”7) [/(g—1)
MSR g ny 9 n; — 2
>0 (i yz)2] /(N=g) > ( 021)5’ /(N —g)
L i=1 j=1 i=1 y
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4 N )
1 L
T = Z r;; is the ith group rank mean,
j_
T = Z Z rij = (N +1)/2, is the overall rank, and
1=1 5=

N =n;+ ng + ... + ny is the overall sample size.

3. Assumption: Same distribution of Y;; in each group 7. We still
have ky ~ X§_1 under H.

4. P-value:  p-value = Pr(x> | > k)

5. Decision: reject H if p-value < a.

J
Remarks
1. If there are ties, the mid-ranks are used as in Wilcoxon tests.
2. In the case of no ties, the proof in Tutorial 7 Q2 shows that
g ny N
Y>> my o= Y i=N(N+1)/2,  F=(N+1)/2
i=1 j=1 i=1
g N ]
2 _ 2
ZZ% = Zz SN(N +1)(2N +1),
=1 j=1 i=1
g n; g n; 9
1 N+1
SN -m = Y- N = N e 1) - N
=1 j5=1 =1 j5=1
= N(N +1)(N—-1)/12
9 9
N(N +
_92 —2
n;r; — NT n;r;
kk = (N-1) ; | (N—l); !
0 N s N(N +1)(N -1
Z ij — NT 12
=1 j=1
= 12 zg: (7)) — 3(N + 1)
= NN 2 n; (7;
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Example: (Chemical tested) The data lab contain 10 samples of a
chemical tested at 7 laboratories is given as follows:

Lab.1 Lab.2 Lab.3 Lab.4 Lab.5 Lab.6 Lab.7

4.13 3.86 4.00 3.88 4.02 4.02 4.00
4.0 3.85 4.02 3.88 3.95 3.86 4.02
4.04 4.08 4.01 3.91 4.02 3.96 4.03
4.07 4.11 4.01 3.95 3.89 3.97 4.04
4.0 4.08 4.04 3.92 3.91 4.00 4.10
4.04 4.01 3.99 3.97 4.01 3.82 3.81
4.02 4.02 4.03 3.92 3.89 3.98 3.91
4.06 4.04 3.97 3.90 3.89 3.99 3.96
4.10 3.97 3.98 3.97 3.99 4.02 4.05
4.04 3.95 3.98 3.90 4.00 3.93 4.06

We want to test whether there are differences in the means of the mea-
surements from the various labs. The boxplots show that the variances
are quite different across the 7 labs.

Solution: To release the normality and equality-of-variance assump-
tions, we use the Kruskal-Wallis (KW) test. The summary of the data
18

T; = 59.85, 39.6, 39.0, 15.5, 26.4, 26.55, 41.6, Zf2—1004385

F = (70+1)/2=35.5, Z Z ri; = 116700.

1=1j=
The KW test for the equality of means of measurements from the 7 labs
13
1. Hypotheses: Hy: py=...=p, Vs
Hy : Not all the u,;’s are equal.

2. Test statistic:
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SST

- — g n
MSTh s~ sh 2 Nry(N - 1)

i=1j=1

10(1 85) — 52
_ 0(10043.85) 70(3553):::1160598
(116700 — 70(35.5%)] /69

g
S nir? — N72
1=1

3. Assumption: Same distribution for Yj; in each group 7. We still
have kg ~ X?;—l under H,.

4. P-value: p-value = Pr(xZ > 29.606) = 0.000047.

5. Decision: Since p-value < 0.05, we reject Hy. There are strong
evidence in the data against H, that the means of the measurements

from the 7 labs are equal. ,
X6

a=0.05
cv=12.592

(0] 29.6

In R, the function is  kruskal.test(x, groups) where x is a vector
of observations and groups is a factor of the same length as x.

lab=read.csv("lab.csv")

attach(lab)

labv=as.matrix(lab) #for matrix format; create vector
labv=as.vector(labv) #for matrix format; create vector

labv

[1] 4.13 4.07 4.04 4.07 4.05 4.04 4.02 4.06 4.10 4.04 3.86 3.85 4.08 4.11
[16] 4.01 4.02 4.04 3.97 3.95 4.00 4.02 4.01 4.01 4.04 3.99 4.03 3.97 3.98
[31] 3.88 3.88 3.91 3.95 3.92 3.97 3.92 3.90 3.97 3.90 4.02 3.95 4.02 3.89
[46] 4.01 3.89 3.89 3.99 4.00 4.02 3.86 3.96 3.97 4.00 3.82 3.98 3.99 4.02
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[61] 4.00 4.02 4.03 4.04 4.10 3.81 3.91 3.96 4.05 4.06

> lab.f=factor(rep(letters([1:7],c(10,10,10,10,10,10,10))) #for matrix forma

> lab.f

[1] aaaaaaaaaabbbbbbbbbbcccccccccec

dddddddd

[39] ddeeeeceececececeeceffffffffffgggeggegsegse
g g

Levels: abcdefg

> kruskal.test(labv,lab.f)

Kruskal-Wallis rank sum test

data: 1labv and lab.f
Kruskal-Wallis chi-squared = 29.606, df = 6, p-value = 4.67e-05

> rankv=rank(labv) #checking only

> rankm=matrix(rankv, nc=7)

> dimnames (rankm)=1ist (NULL,paste("Lab", 1:7))

> rankm

Lab 1 Lab 2 Lab 3 Lab 4 Lab 5 Lab 6 Lab 7

[1,] 70.0 4.5 36.5 6.5 46.5 46.5 36.5
[2,] 63.5 3.0 46.5 6.5 20.0 4.5 46.5
[3,] 55.5 65.5 40.5 14.0 46.5 22.5 51.5
[4,] 63.5 69.0 40.5 20.0 9.0 26.0 5b5.5
[6,] 59.5 65.5 55.5 16.5 14.0 36.5 67.5
[6,] 55.5 40.5 33.0 26.0 40.5 2.0 1.0
[7,] 46.5 46.5 51.5 16.5 9.0 30.0 14.0
[8,] 61.5 55.5 26.0 11.5 9.0 33.0 22.5
[9,] 67.5 26.0 30.0 26.0 33.0 46.5 59.5
[10,] 55.5 20.0 30.0 11.5 36.5 18.0 61.5

> mean.rank =apply(rankm, 2, mean) #group mean by col
> mean.rank

Lab 1 Lab 2 Lab 3 Lab 4 Lab 5 Lab 6 Lab 7

59.85 39.60 39.00 15.50 26.40 26.55 41.60

> N=length(rankv)
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> g=length(rankm[1,])

> ni=length(rankm[,1])

> c(N,g,ni)

[1] 70 7 10

> sumsq.mrank=sum(mean.rank”2)

> sumsq.rank=sum(rankv~2)

> barmean=mean(rankv)

> c(sumsq.mrank,sumsq.rank,barmean)

[1] 10043.85 116700.00 35.50

> k0=(N-1)*(ni*sumsq.mrank-N*barmean~2)/(sumsq.rank-N*barmean~2)
> p.value=1-pchisq(k0,g-1)

> c(k0,p.value)

[1] 2.960598e+01 4.670102e-05

> kOr=12/(N*(N+1) ) *ni*sum(mean.rank~2)-3*%(N+1) #only when no ties
> kOr

[1] 29.50757

Note that the discrepancy between k0 and kOr is due to the presence of ties.

Summary of test for equality of means,

Parametric Non-parametric
Assume same Normal data dist. Assume same data dist.
No. of groups across groups under Hy across groups under H
g=2 2-sample ¢ test WRS test
W—E(W
to ~ tnm—l—ny—? W or Ws = Va—r((VV)) ~ N(O, 1)
g>3 one way ANOVA test KW test
fo~ Fyay (= 8 when g =2) |y~ x2_, (= W7 when g = 2

The proofs of generalization of the 2-sample ¢ test and WRS test are
given in this lecture note and Q3, Tutorial 7 respectively.
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Note:

1. x? test and F test can be two-sided (ratio > 1 or < 1) when applied

to the testing of variances but ANOVA test and KW test, even
though still using I and x? dist., are always one (upper)-sided when
applied to the testing of several means because the test statistics use
sum of squares so that some diff. > 0 and others < 0 become all
> () after squared (upper sided).

. Ranking should be applied to the combined sample for WRS test

and KW test assuming same dist. under Hy but applied to within
each block for Friedman test (taught later) allowing block effect.

. ANOVA test assumes equality of variances for model assumption

but tests for equality of means.

4. WRS test and KW test assume same data dist. for Y;;, which may

not be normal, across groups but use normal approx. to the dist. of
test stat. W and hence kg = >, W2, ~ x5 _|.

To show that the KW test is a generalization of WRS test when g = 2,
we consider the first two groups of lab:

V V V V V V VvV V

lab=read.csv("lab.csv")

labil=1labl[, 1]

lab2=1lab[,2]

n=length(labl)

rank=rank(c(labl,lab2)) #WRS test

N=2%*n

rankA=rank(c(labl,lab2)) [1:n]

rankA

[1] 20.0 14.5 9.5 14.5 12.0 9.5 6.5 13.0 18.0 9.5

> rankB=rank(c(labl,lab2)) [(n+1) :N]
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> rankB

[1] 2.0 1.0 16.5 19.0 16.5 5.0 6.5 9.5 4.0 3.0
w=sum (rankA)

EW=n*(N+1)/2

sumsqrank=sum(rank~2)

g=Nx(N+1)~2/4

varW=n*n* (sumsqrank-g)/ (Nx(N-1))
z0=(w-EW) /sqrt (varW)
p.value=2*(1-pnorm(abs(z0))) #2-sided
c(z072,p.value)

[1] 2.79301443 0.09467598

V V V V V V VvV V

lab12v=c(labl,1lab2)
lab12.f=factor(rep(letters[1:2],c(10,10)))

V V V V V

kruskal.test(labl2v,labl12.f) #KW test
Kruskal-Wallis rank sum test

data: 1labl2v and labl2.f
Kruskal-Wallis chi-squared = 2.793, df = 1, p-value = 0.09468

Hence 22 = kg and the 2-sided p-value for WSR test and the upper-sided
p-value for KW test also agree
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