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Statistical Formulae

Hypothesis testing

Sam. mean & variance x̄ =
1

n

n∑
i=1

xi and s2 =
1

n− 1

 n∑
i=1

x2i −
1

n

(
n∑
i=1

xi

)2


Accept region & CI (all area in α refer to lower area)

H1 : µ > µ0 x̄ ∈ (−∞, µ0 + tn−1,1−α
s√
n
) or µ0 ∈ (x̄− tn−1,1−α s√

n
,∞)

H1 : µ < µ0 x̄ ∈ (µ0 − tn−1,1−α s√
n
,∞) or µ0 ∈ (−∞, x̄+ tn−1,1−α

s√
n
)

H1 : µ 6= µ0 x̄ ∈ (µ0 − tn−1,1−α
2

s√
n
, µ0 + tn−1,1−α

2

s√
n
) or µ0 ∈ (x̄− tn−1,1−α

2

s√
n
, x̄+ tn−1,1−α

2

s√
n
)

Rejection region

H1 : µ > µ0 x̄ ≥ µ0 + tn−1,1−α
s√
n

H1 : µ < µ0 x̄ ≤ µ0 − tn−1,1−α s√
n

H1 : µ 6= µ0 x̄ ≤ µ0 − tn−1,1−α
2

s√
n

or x̄ ≥ µ0 + tn−1,1−α
2

s√
n

Note: Above applies if σ2 is unknown. If σ2 is known, replace s by σ and tn−1 by z.

Type I error α = Pr(reject H0| H0 is true.) = Pr(z0 ≥ zα| µ = µ0)

Type II error βα(µ1) = Pr(accept H0| H0 is false and µ = µ1) = Pr(z0 < zα| µ = µ1 ≥ µ0)

Power Power(µ1) = Pr(reject H0| H0 is false and µ = µ1) = Pr(z0 ≥ zα| µ = µ1 ≥ µ0)

Note: Above applies only if σ2 is known and H1 : µ > µ0.

Random variable

Binomial rv: If X ∼ B(n, p), P (X = x) =

(
n
x

)
px(1− p)n−x, E(X) = np & V ar(X) = np(1− p).

Normal rv: If Xi ∼ N (µi, σ
2
i ), P (Xi < x) = P (Z <

x− µi
σi

) & aX1 + bX2 ∼ N (aµ1 + bµ2, a
2σ2

1 + b2σ2
2).

Central limit t.: If Xi ∼ any D(µ, σ2) indept., X ∼ N (µ,
σ2

n
) &

n∑
i=1

Xi ∼ N (nµ, nσ2) if n > 25.

Assumptions Confidence Interval for one sample (for two-, upper- and lower-sided H1 resp.)

normal; σ2 known For µ: (x̄− z1−α
2

σ√
n
, x̄+ z1−α

2

σ√
n
), (x̄− z1−α σ√

n
, ∞); (−∞, x̄+ z1−α

σ√
n
)

normal; σ2 unknown For µ: (x̄− t1−α
2
,n−1

s√
n
, x̄+ t1−α

2
,n−1

s√
n
), (x̄− t1−α,n−1 s√

n
, ∞); (−∞, x̄+ t1−α,n−1

s√
n
)

normal For σ2: ( (n−1)s2
χ2
n−1,1−α/2

, (n−1)s2
χ2
n−1,α/2

), ( (n−1)s2
χ2
n−1,1−α

, ∞), (0, (n−1)s2
χ2
n−1,α

)

Assumptions Confidence Interval for two samples (for two-, upper- and lower-sided H1 resp.)

normal; σ2
1 , σ

2
2 known For µ1 − µ2: (x̄1 − x̄2 − z1−α

2

√
σ2
1

n1
+

σ2
2

n2
, x̄1 − x̄2 + z1−α

2

√
σ2
1

n1
+

σ2
2

n2
),

(x̄1 − x̄2 − z1−α
√

σ2
1

n1
+

σ2
2

n2
, ∞); (−∞, x̄1 − x̄2 + z1−α

√
σ2
1

n1
+

σ2
2

n2
)

normal; σ2
1 , σ

2
2 unknown For µ1 − µ2: (x̄1 − x̄2 − tn1+n2−2,1−α2 sp

√
1
n1

+ 1
n2
, x̄1 − x̄2 + tn1+n2−2,1−α2 sp

√
1
n1

+ 1
n2

),

(x̄1 − x̄2 − tn1+n2−2,1−αsp
√

1
n1

+ 1
n2
, ∞); (−∞, x̄1 − x̄2 + tn1+n2,1−αsp

√
1
n1

+ 1
n2

)

normal For
σ2
1

σ2
2

(σ2
1 > σ2

2): (
s21
s22
F−1n1−1,n2−1,1−α2

,
s21
s22
F−1n1−1,n2−1,α2

), (
s21
s22
F−1n1−1,n2−1,1−α, ∞)
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One and two sample parametric test
Ha Test statistics RR p-value Assumption

One sample: H0 : µ = µ0 or H0 : σ2 = σ2
0

µ > µ0 z0 ≥ z1−α P (Z ≥ z0) normality, σ2 known;

µ < µ0 z0 =
y − µ0

σ/
√
n

or σ̂ = s z0 ≤ −z1−α P (Z ≤ z0) or large n, σ2 unknown

µ 6= µ0 |z0| ≥ z1−α/2 2(Z ≥ |z0|)

µ > µ0 t0 ≥ t1−α,n−1 P (tn−1 ≥ t0) n small; normality

µ < µ0 t0 =
y − µ0

s/
√
n

t0 ≤ −t1−α,n−1 P (tn−1 ≤ t0) σ2 unknown

µ 6= µ0 |t0| ≥ t1−α/2,n−1 2P (tn−1 ≥ |t0|)

σ2 > σ2
0 χ2

0 ≥ χ2
1−α,n−1 P (χ2

n−1 ≥ χ2
0) n large or normality;

σ2 < σ2
0 χ2

0 =
(n− 1)s2

σ2
0

χ2
0 ≤ χ2

α,n−1 P (χ2
n−1 ≤ χ2

0) σ2 unknown

σ2 6= σ2
0 χ2

0 ≥ χ2
1−α/2,n−1 or 2 min[P (χ2

n−1 ≥ χ2
0),

χ2
0 ≤ χ2

α/2,n−1 P (χ2
n−1 ≤ χ2

0)]

Two samples: H0 : µ1 − µ2 = d0 or H0 : σ2
1 = σ2

2

µ1 − µ2 > d0 z0 ≥ z1−α P (Z ≥ z0) normality

µ1 − µ2 < d0 z0 =
(y1 − y2)− d0√

σ2
1

n1
+

σ2
2

n2

z0 ≤ −z1−α P (Z ≤ z0) σ2
1 , σ2

2 known;

µ1 − µ2 6= d0 |z0| ≥ z1−α/2 2(1− Φ(|z0|)) independence

µ1 − µ2 > d0 t0 =
(y1 − y2)− d0√

s21
n1

+
s22
n2

t0 ≥ t1−α,df P (tdf ≥ t0) n1, n2 large; normality,

µ1 − µ2 < d0 t0 ≤ −t1−α P (tdf ≤ t0) σ2
1 , σ2

2 unknown;

µ1 − µ2 6= d0 df =
[s21/n1+s

2
2/n2]

2

(s21/n1)2

n1−1 +
(s22/n2)2

n2−1

|t0| ≥ t1−α/2 2P (tdf ≥ |t0|) independence

µ1 − µ2 > d0 t0 =
(y1 − y2)− d0
sp

√
1
n1

+ 1
n2

t0 ≥ t1−α,n1+n2−2 P (tn1+n2−2 ≥ t0) n1, n2 small; normality;

µ1 − µ2 < d0 t0 ≤ −t1−α,n1+n2−2 P (tn1+n2−2 ≤ t0) independence; σ2
1 , σ2

2

µ1 − µ2 6= d0 s
2
p =

(n1−1)s21+(n2−1)s22
n1+n2−2 |t0| ≥ t1−α2 ,n1+n2−2 2P (tn1+n2−2 ≥ |t0|) unknown but equal

µd > d0 t0 ≥ t1−α,n−1 P (tn−1 ≥ t0) n small; n pairs and

µd < d0 t0 =
(y1 − y2)− d0

sd/
√
n

t0 ≤ −t1−α,n−1 P (tn−1 ≤ t0) dependence; normality

µd 6= d0 |t0| ≥ t1−α/2,n−1 2P (tn−1 ≥ |t0|) for di; σ
2
d unknown

σ2
1 > σ2

2 f0 =
s21
s22

f0 ≥ F1−α,n1−1,n2−1 P (Fn1−1,n2−1 ≥ f0) normality

σ2
1 6= σ2

2 f0 ≥ F1−α2 ,n1−1,n2−1 or 2 min[P (Fn1−1,n2−1 ≥ f0), σ2
1 , σ2

2 unknown
(s21 ≥ s22) f0 ≤ Fα

2 ,n1−1,n2−1, i.e. P (Fn2−1,n1−1 ≥ 1
f0

)]

f−10 ≥ F1−α2 ,n2−1,n1−1

2



Nonparametric test
Ha Test statistics RR p-value Assumption

One sample or match-pair sample: H0 : p = p0 or H0 : µ = µ0

p > p0 Binomial test: NA P (Bn,p0≥ x0)=
n∑

i=x0

(
n
i

)
pi0(1− p0)n−i x0 ∼ B(n, p0)

p < p0 x0 = #success P (Bn,p0≤ x0)=
x0∑
i=0

(
n
i

)
pi0(1− p0)n−i x0 ∼ N(np0, np0(1− p0))

p 6= p0 2min[P (Bn,p0 ≥ x0), if n large

P (Bn,p0 ≤ x0)]

µ > µ0 Sign test: NA P (Bn, 12≥ x0) = 1
2n

n∑
i=x0

(
n
i

)
Symmetric dist. for yi

µ < µ0 x0 = #(di > 0) P (Bn, 12≤ x0) = 1
2n

x0∑
i=0

(
n
i

)
x0 ∼ B(n, 12 )

µ 6= µ0 di = yi − µ0 2min[P (Bn, 12 ≥ x0), P (Bn, 12 ≤ x0)] x0 ∼ N(n2 ,
n
4 ) if n large

Discard di = 0 & revise n

µ > µ0 Wilcoxon sign rank test NA P (Wn ≤ n(n+1)
2 − w+

0 ) or Symmetric dist. for yi

w0 = min(w+
0 , w

−
0 ) P (Z ≥w

+
0 −E(w+)√
V (w+)

) if ties w+ ∼ N(E(w+), V (w+))

µ < µ0 w+
0 =

∑
i,di>0

ri, w−0 =
∑

i,di<0

ri P (Wn ≤ w+
0 ) or P (Z ≤w

+
0 −E(w+)√
V (w+)

) E(w+) = n(n+1)
4

µ 6= µ0 Discard di = 0 & revise n 2P (Wn≤w0) or 2P (Z≥ |w
+
0 −E(w+)|√
V (w+)

) V (w+) = 1
4

∑
i,di 6=0

r2i if ties

Two samples: H0 : µ1 = µ2

µ1 > µ2 Wilcoxon rank-sum test NA P (Wn1,n2
≤ n1(N + 1)− w0) or Same dist. for each group

w0 =
n1∑
i=1

ry1,i P (Z ≥w0−E(w)√
V (w)

) if ties w ∼ N(E(w), V (w))

µ1 < µ2 ry1,i: rank for y1i, P (Wn1,n2
≤ w0) or P (Z ≤w0−E(w)√

V (w)
) E(w) = n1

2 (N + 1)

µ1 6= µ2 n1 ≤ n2 2P (Wn1,n2 ≤ w0) if w0 ≤ E(w) V (w) =
n1n2

N(N − 1)

or 2P (Wn1,n2
≤ n1(N + 1)− w0)

[
N∑
i=1

r2i −
N(N+1)2

4

]
or 2P (Z ≥ |w0−E(w)|√

V (w)
) if n1, n2 ≥ 10 or with ties

Three or more samples: H0 : µ1 = · · · = µc

At least 1 Kruskal-Wallis test k0 > χ2
1−α,c−1 P (χ2

c−1 ≥ k0) Same dist. for each group

equality k0 = (N − 1)× k0 =
12

N(N + 1)

c∑
j=1

njr
2
·j

not hold

c∑
j=1

njr
2
·j −Nr2

c∑
j=1

nj∑
i=1

r2ij −Nr2
−3(N + 1)

rij : rank over all samples if no ties

Two way data: H0 : β1 = · · · = βc

At least 1 Friedman test q0 > χ2
1−α,c−1 P (χ2

c−1 ≥ q0) q0 =
12r

c(c+ 1)

c∑
j=1

r2·j−

equality q0 = (rc− r)× −3r(c+ 1)

not hold

r
c∑
j=1

r2·j − rcr2

r∑
i=1

c∑
j=1

r2ij − rcr2
if no ties

rij : rank over row i
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One way ANOVA table for completely randomized design

Source df SS MS F

Groups c− 1 SST =
c∑
j=1

njy
2
j − ny2 MST = SST

c−1 F = MST
MSR

Residuals n− c SSR =
c∑
j=1

(nj − 1)s2j = SSTo − SST MSR = SSR
n−c = s2

Total n− 1 SSTo =
c∑
j=1

nj∑
i=1

y2ij − ny2

yj = 1
nj

nj∑
i=1

yij, n =
c∑
j=1

nj and y = 1
n

c∑
j=1

nj∑
i=1

yij.

Two way ANOVA table for randomized block design

Source df SS MS F

Treatments c− 1 SST = r
c∑
j=1

y2·j − ny2 MST = SST
c−1 Ft = MST

MSR

Blocks r − 1 SSB = c
r∑
i=1

y2i· − ny2 MSB = SSB
r−1 Fb = MSB

MSR

Residuals (r − 1)(c− 1) SSR = SSTo − SST − SSB MSR = SSR
(r−1)(c−1)

Total n− 1 SSTo =
r∑
i=1

c∑
j=1

y2ij − ny2

yi· =
1
c

c∑
j=1

yij, y·j = 1
r

r∑
i=1

yij, n = rc and y = 1
n

r∑
i=1

c∑
j=1

yij.

Two way ANOVA table for factorial design

Source df SS MS F

Treatments c− 1 SST = rm
c∑
j=1

y2·j· − ny2 MST = SST
c−1 Ft = MST

MSR

Blocks r − 1 SSB = cm
r∑
i=1

y2i·· − ny2 MSB = SSB
r−1 Fb = MSB

MSR

Interactions (r − 1)(c− 1) SSI = SSTo − SST − SSB − SSR MSI = SSI
(r−1)(c−1) Fi = MSI

MSR

Residuals rc(m− 1) SSR = (m− 1)
r∑
i=1

c∑
j=1

s2ij MSR = SSR
rc(m−1)

Total n− 1 SSTo =
r∑
i=1

c∑
j=1

m∑
k=1

y2ijk − ny2

yi·· =
1
cm

c∑
j=1

m∑
k=1

yijk, y·j· =
1
rm

r∑
j=1

m∑
k=1

yijk, n = rcm, y = 1
n

r∑
i=1

c∑
j=1

m∑
k=1

yijk and s2ij = 1
m−1(

m∑
k=1

y2ijk −my2ij·).

ANOVA table for regression

Source df SS MS F

Regression 1 SST = S2
xy/Sxx MST = SST F = MST

MSR

Residuals n− 2 SSR = Syy − S2
xy/Sxx MSR = SSR

n−2 = s2

Total n− 1 SSTo = Syy
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Ha Test statistic RR p-value Assumptions

One-way ANOVA table: H0 : µ1 = · · · = µc

At least 1 f0 =
MST

MSR
f0 > f1−α,c−1,n−c P (fα,c−1,n−c ≥ f0) yij ∼ N(µi, σ

2)

equality not hold

Pairwise comparison: H0 : µl = µk

µl 6= µk tl,k =
yl − yk√

MSR
√

1
nl

+ 1
nk

|tl,k| > t1−α/2,n−c 2P (tn−c ≥ |tl,k|) yij ∼ N(µi, σ
2)

Multiple comparison (Bonferroni): H0 : µ1 = · · · = µc

At least 1 t0 = max
l,k

yl − yk√
MSR

√
1
nl

+ 1
nk

|t0| > t1−α/r,n−c 2P (tn−c ≥ |t0|) yij ∼ N(µi, σ
2)

equality not hold r = c(c− 1)/2

Regression: H0 : β = β0 or H0 : ρ = 0

β > β0 t0 =
β̂ − β0
s/
√
Sxx

t0 > t1−α,n−2 P (tn−2 ≥ t0) ei ∼ N(0, σ2)

β < β0
β0=0
=

√
n− 2Sxy√

SxxSyy − S2
xy

t0 < −t1−α,n−2 P (tn−2 ≤ t0) Cov(ei, ej) = 0

β 6= β0 s2 = SSR
n−2 |t0| > t1−α/2,n−2 2P (tn−2 ≥ |t0|)

ρ > 0 t0 > t1−α,n−2 P (tn−2 ≥ t0) ei ∼ N(0, σ2)

ρ < 0 t0 =
r
√
n− 2√

1− r2
t0 < −t1−α,n−2 P (tn−2 ≤ t0) Cov(ei, ej) = 0

ρ 6= 0 |t0| > t1−α/2,n−2 2P (tn−2 ≥ |t0|)

Chi-square goodness-of-fit test: H0 : p1 = p10, . . . , pc = pc0

where pj0 may be calculated from normal or other dist.

At least 1 χ2
0 =

∑
i

(yi − npi0)2

npi0
χ2
0 > χ2

1−α,c−k−1 P (χ2
c−k−1 ≥ χ2

0) Ei ≥ 5 for all i

equality not hold k = no. of par.

Chi-square test for dependency: H0 : Factor i & factor j are independent

Dependent χ2
0 =

∑
i,j

(yij − yi·y·j
n

)2

yi·y·j
n

χ2
0 > χ2

1−α,(c−1)(r−1) P (χ2
(c−1)(r−1) ≥ χ2

0) Eij ≥ 5 for all i, j
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Linear Regression

Regression line ŷ = α̂ + β̂ x

Slope β̂ =
Sxy
Sxx

=

n∑
i=1

xiyi − nx̄ȳ
n∑
i=1

x2i − nx̄2
, β̂ ∼ N

(
β,

σ2

Sxx

)

y-intercept α̂ = ȳ − β̂ x̄, α̂ ∼ N
(
α, σ2

[
1

n
+

x̄2

Sxx

])

Correlation coeff. r =
Sxy√
Sxx · Syy

=

n∑
i=1

xiyi − nx̄ȳ√
[
n∑
i=1

x2i − nx̄2][
n∑
i=1

y2i − nȳ2]

Residual variance s2 =
SSR

n− 2
, SSR =

n∑
i=1

(yi − ŷi)2 = Syy − β̂Sxy

Coeff. of determination R2 =
SST

SSTo
= r2, SST =

n∑
i=1

(ŷi − ȳ)2 = β̂Sxy, SSTo =
n∑
i=1

(yi − ȳ)2 = Syy

Estimated mean E(Ŷ0) E(Ŷ0) = α̂ + β̂x0, E(Ŷ0) ∼ N
(
α + β x0, σ

2

[
1

n
+

(x0 − x̄)2

Sxx

])
Predicted point Ŷ0 Ŷ0 = α̂ + β̂x0, Ŷ0 ∼ N

(
α + β x0, σ

2

[
1 +

1

n
+

(x0 − x̄)2

Sxx

])

Conf. interval for β (β̂ − tn−2,1−α
2

s√
Sxx

, β̂ + tn−2,1−α
2

s√
Sxx
)

Conf. interval for α (α̂− tn−2,1−α
2
s

√
1

n
+

x̄2

Sxx
, α̂ + tn−2,1−α

2
s

√
1

n
+

x̄2

Sxx
)

Est. interval for E(Y0) (α̂ + β̂x0 − tn−2,1−α
2
s

√
1

n
+

(x0 − x̄)2

Sxx
, α̂ + β̂x0 + tn−2,1−α

2
s

√
1

n
+

(x0 − x̄)2

Sxx
)

Pred. interval for Y0 (α̂ + β̂x0 − tn−2,1−α
2
s

√
1 +

1

n
+

(x0 − x̄)2

Sxx
, α̂ + β̂x0 + tn−2,1−α

2
s

√
1 +

1

n
+

(x0 − x̄)2

Sxx
)
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