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ABSTRACT. We study the spectral stability of travelling and stationary front and
pulse solutions in a class of degenerate reaction—diffusion systems. We characterise
the essential spectrum of the linearised operator in full generality and identify
conditions under which it lies entirely in the left half-plane. For a number of
special cases we obtain analytical results, including explicit Evans functions and
complete spectral descriptions for certain stationary waves. In regimes where
analytical methods are not available, we compute the point spectrum numerically
using a Riccati-Evans function approach. Our results show that stable travelling
fronts can occur, while travelling pulses are generically unstable.
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1. INTRODUCTION

In this paper we will consider a system of reaction-diffusion equations of the form

(1 1) Ut = umx+g(uav>
' Ut:DUx:c_g(u7U)>

Equations of this type are degenerate in the sense that the reaction terms are lin-
early dependent and so the only requirement for homogeneous steady states is a
single equation g(u,v) = 0 for two quantities. Such models arise very naturally
for systems that have the property that the reaction terms simply move popula-
tions from one category to another without either creating or destroying the local
total population. That is, any local increase in v due to the reaction terms must
necessarily be accompanied by a subsequent local decrease in v.



R. MARANGELL, J.J. WYLIE, AND B.H. BRADSHAW-HAJEK

This type of degeneracy is found in a number of important applications. Perhaps
the best-known example is the SIS model of infection [EKO05] in which the total
population is assumed to be one of two classes: infected or susceptible. The SIS
model neglects births and deaths, and moves individuals between the susceptible and
infected classes via infection and recovery processes. It therefore locally conserves
the total population. In fact, equations of this type are extremely widespread, and
important examples can be found across a diverse range of applications including
biology [KMM™97, SMGAQL, MJEKOS, VP09, HWMII], chemistry [SS84, IMN89,
BN91l, MNS93|, and physics [HLZ07, HYS08, WHMO09).

Another application in which degenerate reaction terms of a slightly more general
type naturally arise is in the Tuckwell-Miura (TM) equations that model the ionic
transport believed to be responsible for a neurological phenomenon that is associated
with migraine [TM7§]. The TM model tracks the intra-cellular and extra-cellular ion
concentrations of potassium and calcium ions and therefore contains four equations.
Each of the ion types can be transported from the intra-cellular and extra-cellular
regions via various cellular processes that neither create nor destroy ions. Therefore,
the TM model contains two similar degeneracies to . Moreover, the diffusion
coefficient for the intra-cellular ions is assumed to be zero since intra-cellar ions are
constrained by the boundaries of the cell. Consequently, intra-cellular ions can only
be transported spatially by first being transported into the extra-cellular space and
then diffusing there. So, the TM model has the additional property that D = 0. In
fact, there are numerous models involving ion transport that share similar properties
[YHMI11, HMYT11, YHMI8]. Another simple example in which D = 0 is the limit of
the SIS model for which infected individuals are so badly affected by the illness that
they are assumed to have no mobility [EK05]. The case of D = 0 was also considered
in the context of bacterial pattern formation by Satnoianu et al. [SMGAOQI]

Despite the physical importance and prevalence of systems similar to , it is
extremely surprising that there has been relatively little previous work and much of
the pioneering work has been restricted to relatively simple reaction terms. How-
ever, Wylie and Miura [WMO06a] considered a general type of nonlinear reaction
term and determined conditions for the existence of travelling fronts. They also
examined the types of localised perturbation to a stable rest state that can trigger a
traveling front. Bradshaw-Hajek and Wylie [BHW19] derived explicit conditions on
the reaction term to guarantee the existence of travelling and stationary pulse and
front solutions. This allowed them to obtain numerous examples of reaction terms
for which analytical pulse and front solutions can be found. This had important
consequences for the TM model which was previously believed to be the minimal
model of this degenerate form that could exhibit travelling pulse solutions. How-
ever, although travelling pulse solutions were shown to exist, the stability of such
solutions has not been studied and therefore the minimality of the TM model is still
an open question. One of the main aims of this paper is to address this question.
Bradshaw-Hajek and Wylie [BHW19] also showed that the case D = 0 is singular
and that infinite families of stationary piecewise constant solutions can occur. This
is in direct contrast with the D # 0 case for which all stationary solutions must be
continuous.

In this paper we will consider the spectral stability of travelling and stationary
front and pulse solutions of , by determining the spectrum of the operator
linearised around such solutions, which we will denote by ¢(£). For most of our
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examples of interest, the essential spectrum will be in the left half plane, typically
touching the origin with a (generic) quadratic tangency, and thus will not contribute
to instability. What will determine the stability in most cases is the point spectrum.
Owing to our assumptions, we have that the point spectrum will consist of a discrete
set of eigenvalues of finite (algebraic) multiplicity [KP13]. In the cases where we
cannot make analytical progress, we will numerically compute the point spectrum
using the Fvans function or, more likely, the Riccati Evans function.

The term Evans function was coined by Jones in [Jon84] to describe the Wronskian-
like determinant used to locate eigenvalues via a shooting argument. The idea is for
values of the spectral parameter away from the essential spectrum of L, we evolve
a spanning set of the stable subspaces of the equivalent, far-field linearised systems
and then take the determinant of the matrix with such evolved subspaces evaluated
at a common point zy. When this determinant vanishes, we have a common element
which decays at both ends, and so we have an eigenvalue.

In this paper we will consider the spectral stability of travelling and stationary
front and pulse solutions of (L.I). For D = 0, the only non-trivial stationary solu-
tions are composed of piecewise constants. We show that the eigenvalues associated
with these solutions can be obtained analytically. For D = 0 the stability of trav-
elling waves must be determined numerically and we use an efficient, robust and
accurate method to do so. We use this to determine the stability of all known ana-
lytical solutions and will hence show that linearly stable travelling fronts can exist.
However, all of the travelling pulses that we examine prove to be linearly unstable.
This shows that even though the TM model is not the minimal model for the ex-
istence of travelling pulses, it may indeed be the minimal model for the existence
of stable travelling pulses. For the case D = 1 we find stationary fronts for which
we obtain an analytical expression for the Evans function and the entire spectrum.
Hence we prove that such solutions can be spectrally, linearly and nonlinearly stable.
However, we do find stable stationary pulses. For D # 0,1, all stability results must
be determined numerically. In this case we show that the most unstable eigenvalues
can be complex. We again use our numerical scheme to test the stability of all
known analytical solutions.

2. FORMULATION OF THE PROBLEM

Since we will be interested in travelling waves, we define z = x — ct, 7 =t as the
travelling wave coordinates, where ¢ is the constant wave speed. Equations (1.1]) are
then recast in terms of these travelling wave coordinates to obtain
(2 1) UT—CUZ:UZZ+Q(U,U),

' u, — cv, = Du,, — g(u,v) .
Steady travelling waves which maintain their shape over time satisfy u, = v, = 0.

We will denote such solutions with hats so that
0"+ et + g(u,0) =0,
(2-2) 11 N (A A)
Do + ¢t" — g(a,0) =0,
where " means d%.
We define a front to be a solution for which the constant state far ahead of the
wave (ly, 0y ) = lim, o (1(2),0(2)) is different from the constant state far behind

the wave (4_,0_) = lim,,_(u(2),?(z)). We consider a pulse to be a solution for

3
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which the constant states far ahead and far behind the waves are the same, that is,
(Uy,v4) = (4—,0-). (Note this includes, so-called multi-pulses.) We define a wave
to be stationary (pulses or fronts) if ¢ = 0 and nonstationary if ¢ # 0.

In order to determine the stability of solutions to equations of type , we
consider the spectrum of the relevant linearised operators. Starting with (appropri-
ate) solutions «(z) and v(z), we consider solutions to equations of the form
u(z,t) = 4(z) + eeMp(z) and v(x,t) = 9(2) + ceMq(z). Substituting into equations
, and keeping the leading (first order in €) terms we are led to the linear system
of non-autonomous ordinary differential equations,

Ap =" +ep' + gu(i(2), 0(2))p + go(0(2),0(2))q
A= Dq" + cq' — gu((2),9(2))p — gu((2),0(2))q.

From here onward, for notational brevity, we will not explicitly write the dependence
of g, and g, on 4(z) and 0(z) when it is clear.

(2.3)

2.1. Essential spectra. In order to study the essential spectra of the operator,
we need to consider the behaviour of solutions of the system at z — +oo.
Since this is a linear fourth-order system, there will be four linearly independent
solutions. In order to determine the behaviour of the solutions as z — +oo we take
the limit of and obtain a fourth-order system with constant coefficients. We
can thus determine the behaviour by examining the characteristic equation obtained
by considering solutions of the form "% where the & superscript indicates the limits
as z — £o0o. This gives

(24) D'+ c(D+1)(F)P+ [ = (95 — Dgy) — MD +1)] (v*)?
—clgf —gf+2NvE+ A [gF — g+ 7] =0,
where

T N A T A ~
(2.5) g = lim _gu(a(2),0(2))  and g7 = lim g, (a(2),0(2)).

z

Since we require that the eigenfunctions are bounded at z — +o0o we must set
the coefficients of any of the four linearly independent solutions to zero for which
either R(v*) > 0 or R(r~) < 0. This means that each value of v with R(v*) > 0
or £(r~) < 0 provides a homogeneous constraint on the coefficients of the four
linearly independent solutions. The mismatch (including potentially none) between
the number of v with ®(v™) > 0 versus the number of v~ with R(v~) > 0 is called
the Fredholm index. In the cases considered here, we have four constraints and for v
with large enough real part the only solution will be to set all of the coefficients to
be zero. Having four constraints for four coefficients corresponds to the Fredholm
index being zero. However, we may be able to find isolated values of A for which
non-trivial solutions exist. Such solutions correspond to the point spectra of the
operator. If we have more or fewer than four constraints (i.e. the Fredholm index
is non-zero) then the operator is not invertible and such values of A are part of the
essential spectrum. The Fredholm borders are typically defined to be the part of the
essential spectrum for which at least one value of v is purely imaginary.

In order to determine the essential spectrum we need to determine the number of
roots of with R(v) > 0 as A varies across the whole complex plane. In order
to do this we first note that is invariant under the symmetry ¢ — —c and
v — —v. This symmetry is associated with reflection in . There is also another
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symmetry D — 1/D, v — DY?v, ¢ — D™V2c, g — —¢F and g — —g*. This
symmetry is associated with scaling x to make the diffusion in the v equation equal
to unity and relabelling the two species v and v. Given these two symmetries, we
need only to consider the behaviour for ¢ > 0 and 0 < D < 1.

We begin by considering the Fredholm borders — those values v for which one of
the roots of is purely imaginary. Setting v = ik where k is real into (2.4) and
grouping terms we obtain

(2.6) (A —ike)® + [(D+ 1)K+ g5 — §F] (A — ike) + K> [DE* + §F — DgE] = 0,

which is a quadratic in (A — ikc) with real coefficients. Stability of the Fredholm
borders requires that R(\) < 0 for all values of k. This implies that (D+1)k?+ g —
Gt > 0 and DE*+ g — DgF > 0 for all k. Hence, this part of the essential spectrum
will be stable if g > ¢F and g& > DgF. On the one hand, if §& < g, then the
uniform solution corresponding to the far field behaviour of w and v is unstable
to a direct instability with zero wavenumber being the most unstable mode. On
the other hand, if g < DgF, then the uniform solution is unstable to a Turing
instability whose most unstable mode occurs at a non-zero wavenumber.
We can readily solve to obtain an expression for A given by

_ 2ike— (D+ 1)k? — g+ g £ VA

2.

(2.7) A 5

where

(2.8) A=[(D+ 1)K+ g5 — ] — 4k* [DE* + §F — Dg]

N N 2 A A
=[(D-DE+ g, + g, — 495 6,

We immediately see that if D =1 or if gF¢F < 0 then A > 0. Furthermore, noting
that we only need to consider 0 < D < 1 because of symmetry and observing that
A can be written in the form A = [(D — 1)k +2(5F 4 ) [(D — 1)k2] + (4 — )2
we see that if & < 0 and §& < 0 then A > 0. Hence, A can only be negative for
O§D§1ifb0th§]ff>0and§ff>0.

If A >0, then

—~(D+ 1Dk —gF+ -+ VA
; .

In this case, if ¢ = 0, then the Fredholm borders will be purely real and given by
A\ € (—oo,max{0, g — gF}]. This means that all temporal modes in the essential
spectrum will be non-oscillatory for stationary waves for g= < 0 or g& < 0. For
¢ # 0 there is a one-to-one correspondence between the wavenumber k& and ().
Therefore, each of the two roots given in will have the property that the J(\)
must be a single-valued function of (). This can be observed in Figure [Th—d.
One can readily see that () is symmetric in k& and so there must be a stationary
point at (A) = 0. However, there can be other values of k for which R(\) has a
local extremum. After some straightforward algebra we obtain an expression for the
possible values of k for which stationary points can occur

At At Gt ot
gy +3 1+D /grg
2.10 k=0 k2 =2 v 4 vIu
(2.10) or 1-D ~1-DV ™ D

>

(2.9) S(N) =ke and R(\) =
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Hence, there will be no stationary points with k # 0 for gXg= < 0. For 0 < D < 1,
g <0, and g < 0 the expression for k? can be factorised as

(VD y=5E + =3F| [V=3F + VDV=5F|
(1-DWVD |

One of the values of k? is necessarily negative but the other value will be positive if
DgE > gF > ¢F/D. The condition Dg > gF means that the continuous spectrum
is unstable to a Turing instability and one can readily show that this stationary
point corresponds to a local maximum of R(\) that is positive (see Figure [1b and
d).

In the above paragraph we have shown that A > 0 if gfg= <0 or if both gt <0
and g < 0. However, it is possible that A may be negative 1f gf > 0and g gu > O In

(2.11) k= —

this case we can factor A = [( GE+ /9 —-(1— D)kQ] [(\/ﬁ \/I ICQ]

So, A < 0 if

(2.12) W9 — Vil Vo VG

| T VicD Vi-D
that represents two symmetric ranges of k£ that are bounded away from £ = 0. In
these two ranges of k we get
2kc + v/ —A —(D+1Dk? —gF+gF
i v—a and R(\) = (D+1) Yy Jfgu‘

2 2

If ¢ = 0, we obtain two parts of the essential spectrum. The first part comes from
the range of k for which A > 0 and is given by A € (—oo, max{0, = — g=}]. This is

the same as the case in which g= < 0 or g& < 0. The second part comes from the
range of k for which A < 0 and gives an ellipse in the complex plane given by

(2.14) [R(N) — g5 — DGE]" + (D +1)°3(\)? = gFa.

This means that if g~ > 0 and g > 0, then the essential spectrum contains tempo-
ral? oscillatory modes for stationary waves that do not occur if g= < 0 or g= < 0.

For ¢ # 0 and gF > gF > 0 we plot the typical behaviour of the Fredholm
borders in Figure [Ie. The Fredholm borders visually appear as five intersecting
curves. There is a closed curve that passes through the origin and (—g¢* + ¢=,0).
This curve corresponds to |k| < |[\/9F — 1/9Z|/v/1 — D for which A > 0. There
are two symmetric closed curves that intersect the first closed curve perpendicularly
and correspond to the range of k given in for which A < 0. Finally, there are
two symmetric open curves in the left part of the complex plane that correspond to
Values of k| > (\/9F + /gF)/v1— D for which A > 0. The case for ¢ # 0 and
Gf > gF > 0 is shown in Figure[l] The basic structure of the Fredholm borders is
similar but the right-most closed curve extends into the right half of the complex
plane.

Having determined the structure of the Fredholm borders in the different cases,
we now turn our attention to the number of roots of (2.4)) with ®(») > 0 for different
values of . Clearly, as A varies, number of roots of (2.4) with ®(v) > 0 can only
change at values of v that are purely imaginary. This corresponds to values of A that
are part of the Fredholm borders that we analysed above. The Fredholm borders
will divide the complex plane into different regions and we simply need to determine

< |k| <

(2.13) I(\) =

6



R. MARANGELL, J.J. WYLIE, AND B.H. BRADSHAW-HAJEK

the number of roots with R(») > 0 in each of the regions. To achieve this, we begin
by considering large values of |\|.

On the one hand, if D > 0 the asymptotic form of the four roots of is
independent of g and ¢ and is given by

(215)  v=EN2-Z4007)  and  v=tim - o+ 0.

So, if arg(\) # , then we will always get two solutions for v with positive real part
and two with negative real part. Alternatively, if arg(\) = 7, then we will get four
solutions with positive real part and zero solutions with negative real part if ¢ < 0,
and four solutions with negative real part and zero solutions with positive real part
if ¢ > 0.

On the other hand, if D = 0 and ¢ # 0, has only three roots and their
asymptotic form is given by

_ 12 € ~1/2 A 9y ~1

(2.16) v==+\ —§+O()\ ) and V_E+?+O(>\ ).

So, if ¢ > 0 and R(\) > 0 we will have two solutions for v with positive real part and
one with negative real part. If ¢ > 0 and R(\) < 0 with arg(\) # 7, then we have
two solutions for v with negative real part and one with positive real part. If ¢ > 0
and arg(A) # 7 all three solutions will have negative real part. The case of ¢ < 0
follows from the symmetry ¢ — —c, v — —v. In the case D = 0 and ¢ = 0,
has only two roots and their asymptotic form is given by v = £A"/2 + O(A71/2).

A particularly simple case is for D = 1. Then can be factored and we obtain

(2.17) V+eawr—A=0 or v+ —A—(§5—3g,)=0.

The Fredholm borders in the case D = 1 are given by two parabolas in the complex
plane A\ = —k? + ikc and A = —k? + ikc — (g5 — ¢F). In light of the behaviour
for large |A| we see that if ¢ > 0, the regions in the complex plane to the right, in
between, and to the left of the two parabolas will have two, one, and zero values
of v with positive real part, respectively. For ¢ < 0, the symmetry mentioned
above means that we will have two, three, and four values of v with positive real
part. For ¢ = 0, the parabolas collapse onto the part of the real axis for which
A € (—oo,max{0, g — gF}]. On this line the roots for v will be purely imaginary
and in the rest of the complex plane there are two values of v with positive real
part.

For D < 1 and ¢F < 0 or g < 0 (see Figures [lh-d) the two curves divide the
complex plane into three regions in which the right side of the complex plane has
two positive roots, the region between the two curves has one positive root and the
region to the left has no positive roots. For D < 1 and g > 0 and g > 0 (see
Figures ff) the situation is slightly more complicated. The region to the right of
all of the curves has two positive roots. Regions enclosed by only one of the curves
have one positive root. Regions enclosed by more than one of the closed curves have
two positive roots. Regions enclosed by one of the closed curves and the open curves
have no positive roots.

Above we showed that for ¢ = 0, the Fredholm borders are particularly simple
and always contain the part of the real axis A € (—oo, max{0, §= — g*}]. However,
if gF > 0 and g > 0, the Fredholm border also contains the ellipse (2.14). We
now consider how the number of positive roots for v behaves in the limit as ¢ — 0.

7
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If g5 < 0or g& < 0 the behaviour as ¢ — 0 is straightforward and is shown in
Figure[2] As ¢ — 0 the two curves simply collapse onto A € (—oo, max{0, §X — ¢}
and so there will be two positive roots for the rest of the complex plane. For g > 0
and g= > 0 the situation is more complicated and is shown in Figure . Asc—0
the rightmost closed curve and the two leftmost open curves collapse onto the real
axis while the other two closed curves both collapse onto the ellipse . The net
result of this is that all of the complex plane except for the continuous spectrum
will have two positive roots.

In order to determine if a given value of A is of part of the essential spectrum we
need to consider its Fredholm index. This is determined by the difference between
the number of roots of ([2.4)), ¥ with positive real part for z — co and z — —co. For
pulses, the two end states are identical and so the away from the Fredholm borders
the Fredholm index is necessarily zero. This implies that the essential spectrum
for pulses consists only of these curves. This is a generic feature of all reaction-
diffusion systems and is not particular for the degenerate-type systems that we are
considering here.

We now consider the structure of the essential spectrum for travelling fronts. For
¢ = 0, we have shown that there will be there will be two roots with positive real part
for v for all values of A away from the Fredholm borders. This result is independent of
the form of g(u,v). The consequence of this is that the Fredholm index is necessarily
zero and the essential spectrum for stationary pulses consists only of the Fredholm
borders. However, for travelling front solutions the behaviour is more complicated
and if g # g, or g # g there will generically be portions of the complex plane
in which the Fredholm index will be non-zero and so the essential spectrum will
not only consist of the essential spectrum. This is illustrated in Figure {4 where
we consider a case in which a travelling wave connects two asymptotic states. The
asymptotic states far behind and far in front of the travelling wave are taken to be
Figures and c. The plot shows the regions of the complex plane for which the
Fredholm index is not zero and is hence contained in the essential spectrum.

3. ANALYTICAL RESULTS

A number of special cases arise in system . Looking at the second equation,
we see that if D = 0, the second derivative no longer appears, reducing the system
from fourth order to third order. Consequently, the case when the v does not
diffuse must be treated separately. The system is doubly singular if D = 0 and the
wavespeed, ¢ = 0, so that the problem reduces to a second order alegebro-differential
equation.

In order to investigate the stability of solutions to models of type (2.2)) we now
have three cases to consider: the case of nonstationary or stationary waves (fronts
and pulses) when v is diffusing, that is, D # 0; the case of nonstationary waves
when v is not diffusing, that is D = 0, ¢ # 0; and the case of stationary waves when
v is not diffusing, that is D = ¢ = 0. There is a fourth, less obvious case that must
be carefully considered. As explained in [BHW19|, the case of equal diffusivities,
D =1, can also be reduced to a second order problem (see below for more detail).
Example solutions in these four cases were outlined in [BHW19]. Straightforward
examination of the linearised equations reveals that the stability problem can
be separated into the same four cases.
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F1GURE 1. The six types of typical Fredholm borders and the number
of roots with positive real part for v are shown for various values of
g= and gF. The results are shown for ¢ > 0 and 0 < D < 1. Results
for ¢ < 0 and D > 1 can be obtained using symmetry considerations.

For the cases D = 1 and D = ¢ = 0 we present some analytical results below.
The final two cases (D =0, ¢# 0 and D # 0,1) must be analysed numerically.

3.1. Equal diffusivity, D = 1. By adding equations (2.1)) with D = 1, we find
that the quantity w = u 4+ v must obey

Wy = Wy + CWy,

while the second equation becomes
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F1GURE 2. The behaviour as ¢ — 0 of the Fredholm boundaries and
the number of roots with positive real part for v are shown for a
typical case in which g < 0 or g& < 0. The value of ¢ decreases from
the upper subfigure to the lower subfigure. As ¢ — 0 the Fredholm
borders collapse onto a portion of the real axis.

(3.1) Uy = U,y + cv, — g(w — v, v).

Equation (3.1]) is impossible to solve in general, unless we have additional infor-
mation about w. Since we are interested in travelling waves, set w, = 0. In this
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F1GURE 3. The behaviour as ¢ — 0 of the Fredholm boundaries and
the number of roots with positive real part for v are shown for a
typical case in which g= > 0 and ¢ 0. The value of ¢ decreases from
the upper subfigure to the lower subfigure. As ¢ — 0 the Fredholm
borders collapse onto a portion of the real axis and an ellipse.
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FIGURE 4. The essential spectrum for a travelling front solution
whose asymptotic states far behind and far in front of the wave cor-
respond to Figures [lh and c .

case, without loss of generality, we assume that one of the far-field rest states is

(u,v)=(0,0) and follow [WMOGD, BHWT9] to integrate the first equation and apply
the boundary conditions to obtain

(3.2) w, + cw =0,
whence we get that w = 0 and so u = —v. The second equation then becomes
V., + cv, — g(—v,v) = 0.

Several example reaction terms, g(—wv,v), and solutions were given in [WMOG6b)
BHWI9]. In particular, if we have a function g that produces a pair of solutions

u,v = —u the linearised equations ([2.3)) can be written as
An=n,, +cn,,

(3.3) PSR o

>‘q = Q.. +Cq. — gu(uv ’U)(?’L - Q) - gv(uv U)Qa

where n = p+ ¢q. The key observation here is that if we choose A away from the line
—k? 4 ick (in particular if ) is in the right half plane), then in order for n € L?(R)
we must have n = 0. The second equation in equation (3.3 then reduces to the
linearisation of a nonlinear equation. Letting G(v) := g(—wv,v), if n = 0, the second
equation in (3.3 is then

)‘q = (., +Cq. — G/(ij\)q
which is the eigenvalue problem for the linearisation of the nonlinear planar ODE
(3.4) V., +cv, — G(v) =0.

We can then use phase plane analysis to describe qualitative results about solutions
as well as their stability. For example, homoclinic orbits are only possible if ¢ = 0.
To see this we multiply (3.4) by v, and integrate with respect to z. Setting H(v) =

12
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Jy G(v) dv, we have

0 v? c [, 0
=~z el =
az2d2+2/v dz o (v)dz
(3.5) 2 |+00 +00
— = +E/UQdZ—H(U) =0
2 Z2=—00 2 z=—00

For homoclinic orbits of (3.4)), the boundary conditions cause the integrated terms
vanish and we have

(3.6) 2/02 dz=0
2 Jr

whence we see that ¢ = 0. That is, no nonstationary pulses exist in the case of equal
diffusivities.
To analyse stability, we know that ¢ = 7'(z) will solve

So, if we have © € H'(R) for instance, then A = 0 will be an eigenvalue of the lin-
earised problem with eigenfunction v'(z). Thus, by Sturm-Liouville theory [KP13],
the number of zeros of ¥'(z) indicates the number of eigenvalues greater than or equal
to 0. The consequence of this is that stationary pulses will be unstable, while fronts
(stationary or otherwise) will be stable if and only if they are monotone [KP13].
In certain special cases, we can even compute the eigenvalues and we provide two
examples below.

Ezxample 1: Stationary pulse. If g(u,v) = —u(4 — 6v) in equations (|1.1)), [BHWI9]
found solutions

(3.8) i = —Dsech®(z + 3) = —sech?(z + 3), ¥ = sech®(z + f3)

for a fixed shift § (below we set 5 = 0, but the analysis is the same for S # 0). Note
that here we will set D = 1 but these solutions are also valid for D # 1 as we shall
see later. The second equation in ([3.3)) becomes

(3.9) A\g = q.. + 12sech®(2)q — 4q.

In the far field this equation becomes A\q = g., — 4¢ since sech? z — 0 as z — +o0.
The continuous spectrum from the n and ¢ equations respectively is (—oo, —4] U
(—00,0] = (—00,0]. There is no point spectrum coming from the first equation,
and indeed, again, any element of the point spectrum of £ must have n = 0. The
point spectrum of equation (3.9)) can be obtained using ladder operator techniques
and is given by A = —3,0,5 (it is the spectrum of the sech?(z) profile shifted by 4;
see for example [CDB09]), and since A = 0 and A = —3 will be in the continuous
spectrum, we have a single eigenvalue of the linearised operator at A = 5. Since we
have one eigenvalue in the right half plane, this stationary pulse is unstable. The
Evans function in this case can be computed explicitly as the Jost solutions [Yaf92]
are known in each of the cases and we find[|

F\) =4\ =52\ +3)VA +4.

ITraditionally D() is used to denote the Evans function, but as our diffusion parameter is
called D, we use this alternate notation.

13
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We note that, as far as we are aware, there are very few examples for which explicit,
exact Evans functions are known. Such exact expressions can be invaluable for
validating numerical methods.

Example 2: Stationary front. In the case when g(u,v) = 2u(1 — v?), the following
stationary front solutions were found by [BHW19|: @ = —D tanh z = — tanh z and
v = tanh z (here we set D = 1 but this solution is valid for D # 1). The second
linearised equation in then becomes

A\ = q.. + 6sech?(2)q — 4q.

The first equation in contributes the half line (—o0,0] to the essential spec-
trum. Again, there is no point spectrum coming from the first equation. The point
spectrum of the second equation is the spectrum {1,4} shifted by 4, or {—3,0} and
so our wave for D = 1 is spectrally, linearly and nonlinearly stable.

3.2. Stationary waves, v does not diffuse, D = ¢ = 0. In the case of stationary
waves when v does not diffuse, that is D = 0, we see that the second equation in
(2.1) requires that g(a(z),0(z)) = 0. Substituting this into the first equation of
(2.1) with ¢ = 0, we see that u,, = 0, so that the only solution to satisfy the far
field boundary conditions is if u(z) is a constant function. Applying the left far-field
boundary condition we obtain @(z) = u_. We then require that g(u_,0(z)) = 0, so
that any constant v, that satisfies g(u_, v,.) = 0 is a solution. Generically, there will
be a finite set of such values of v,. We note that the set must be non-empty because
v, = v_ is a solution. If there is more than one value of v,, then a nontrivial solution
of can be constructed by setting & = u_ and choosing v to be any piecewise
constant solution in which each of the piecewise constants is chosen from the set of
v,. Clearly, both pulse and front solutions can be constructed by choosing v_ = v
and v_ # v, respectively.
Our linearised operator reduces to a second order algebro-differential equation

Ap =p"+ gup + G4,

3.10
(3.10) A= —GuP — 9uq -

Here, g, = gu(u_,0(2)) and g, = g,(u_,0(z)) are given by piecewise constant func-
tions since v(z) is a piecewise constant.

We note that if A = —g, then from ([3.10])(b) we immediately see that p = 0 on
the corresponding piecewise region. Then from (3.10)(a) we also see that ¢ = 0 on
that region as long as g, # 0. However, p and p’ must be continuous at the edges
of the piecewise regions and so p must also be identically zero on the neighbouring
regions and hence on the entire domain. The case in which g, = A = 0 also cannot
yield eigenfunctions. Therefore, we conclude that A # —g,. We can therefore make
the substitution

g=—""p
go+ A
and rewrite equation (3.10)) as
GuGv
3.11 "+ gy — —A|p=0.
(3.11) AN v p

14
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We now suppose that p(z) is an eigenfunction and multiply (3.11)) by the complex

conjugate p* and integrate from z = —o0 to z = 0o to obtain

3.12 *”dz+/ (u_#_)\) *ndz = 0.

(3.12) / o I v pp

Integrating by parts and applying the boundary conditions at infinity we obtain
> = GuGo >

3.13 - ’de+/ (u— —)\) dz = 0.

(3.13) /_Oolpl b v p|

Taking the imaginary component and recalling that g, and g, are piecewise constants
we obtain

o~ GuGv 2 _
(314) SN2 (5ot , [Pldz =0,

where the sum is over all of the piecewise regions I, that compose the stationary
wave solution. We immediately see that if either g,g, < 0 or g,g, > 0 on every one
of the piecewise regions then J(A) = 0 and the eigenvalues must be real. We note
that a similar result was obtained by [BBR19).

Likewise, the Fredholm borders of the essential spectrum of the pencil will be the
A such that the far-field matrices

0 1
A:(N) = lIm ((A - Guad) g, 0)
have a purely imaginary eigenvalue. These will be the borders of the set where
the asymptotic matrices will have distinct numbers of eigenvalues with positive real

parts, i.e, where the Fredholm index of the pencil is non-zero. We will again refer to
this set as the essential spectrum of the operator (and of the pencil).

FExample 3: Piecewise constant stationary pulse. As described above, piecewise con-
stant solutions exist in the case when D = ¢ = 0. To illustrate a piecewise constant
standing pulse, we choose [BHW19]

g(u,v) =v(v—7)(v—1)—u=:g(v) —u, where 0<~vy<I.

In order to make our analysis explicit we begin by choosing a © which is a ‘standing
pulse’ in the sense that it is 0 outside of some interval [—L, L] and 1 inside it. That
is,

O for|z|>L
1 for |z| < L.

Noting that g, = —1 and ¢, = §'(v), our linearised operator is the matrix pencil
g'()

3.15 "—p+ (5= A p=0.

(3.15) PPt @ p

We can then follow a modified proof of the first part of Theorem 3.1 from [BBR19)
to show that if ) is such that there is an H' solution to equation (3.15)), then it must
be real. Defining the operator pencil from equation (3.15)) as M (A), suppose that

we had a A with a bounded p € H'(R) such that M(\)p = 0, then taking the (L?)
inner product with p we have that the function h(\) given by

h(X) = —(p, M(\)p)
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is a so-called Herglotz function in the sense that if Im (A\) > 0, Im (h(\)) > 0. Thus
the roots are necessarily real [BBR19, [Sim05]. To see this note that because v is
piecewise constant, the function §'(v) is also a real, piecewise constant function.
Thus the inner product will be the sum of three Herglotz functions (and hence
Herglotz).

Next we note that the essential spectrum of the linearised operator is also real. In-
deed we have that the Fredholm borders for this specific piecewise constant ‘standing
pulse’ ¥ will consist of the set

(3.16) A€ (—o0,—1 —~]U[—~,0].

Then, for A\ ¢ 0.5 we can compute the characteristic (Evans) function of the operator
by matching the decaying solutions at 00 across the part where © = 1. This gives

Fu):vﬁ[¢1+X%;4~¢1+X:%t?¢mm(Vim/L+XI%j;>}

Note that for A = w? > 0, F(\) has no roots since the argument of the tanh
function in this expression is positive in this case. Consequently, there are no positive
eigenvalues \ for this specific (@, v) pair. We thus have spectral stability in this case.
This is in agreement with the solutions shown in [BHW19] where they numerically
demonstrate the stability of a similar standing wave.

Example 4: Piecewise constant stationary front. The reaction function from Ex-
ample 3 can also be used to produce a standing piecewise front connecting 0 to

L,
ﬁ_{o itz <0
1 ifz>0
The essential spectrum will be the union of the set in equation with
(3.17) A€ (=00, =2+~ U[=1+~,0].

In this case, determining the Evans function requires finding a C! function that
matches the values and the derivatives of the unstable solution at —oo and the
stable one at +o00. In this instance we have

1 1
F(\) =\ + .
() ()\—I—l—y )\—1—7)

As usual, the roots of this function indicate an eigenvalue, and we find

2
A—0 142 R,

two of which are negative for 0 < v < 1. Consequently, the linearised operator has
no spectrum in the right-half plane and we have spectral stability. Note that in this
case, for all 4 # 1/2 there will be no eigenvalues in the gaps of continuous spectrum,
but rather we have a pair of embedded eigenvalues for all . When v = 1/2, there
is a pair of embedded eigenvalues at the edges of the continuous spectrum.

Remark. We remark here that these arguments can be applied to investigate sta-
bility for v with any number of real piecewise constant parts. The Evans functions
necessarily become more complicated the more jumps that occur, and depending on
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the far field values (i.e. §'(0) and §'(1)), the essential spectrum may be slightly dif-
ferent. The general form of the Fvans function is not amenable to deduce general
stability.

4. NUMERICAL RESULTS

In the case of nonstationary waves when v does not diffuse, and in the most
general case (D # 0,1), we resort to investigating the stability numerically using
the Ricatti-Evans function.

The Riccati-Evans function exploits the fact that we are solving a linear ODE
and as such we have a flow on the Grassmannian [HvHM™15]. We can thus evolve
subspaces themselves via a matrix Riccati equation [HvHM™20]. Then the appropri-
ately chosen far-field subspaces are evolved and compared, and the Evans function
determinant is converted to a function on elements in the Grassmannian and evalu-
ated. The Riccati-Evans function has the advantage that the exponential growth of
the spanning sets (which is different for different eigenvectors) is tempered by the
solutions themselves, but has the disadvantage that typically solutions will blow up
at finite values of the independent variable. This makes the Riccati-Evans function a
meromorphic one instead of analytic like the Evans function. We adopt the Ricatti-
Evans function rather than the ‘classical’ Evans function in this problem because
the latter is not numerically robust enough, see Ex. 7 for a comparison of the two.

This blow-up can be avoided by choosing a ‘chart’ on which to evolve the Riccati
flow on the Grassmannian. In particular, if we are interested in real eigenvalues,
then a complex chart has a good chance of not leading to a singularity for such A
(though there still may be other values of A’s which are poles of the Riccati-Evans
function). The precise details are in [HvHM™20).

4.1. Nonstationary waves, v does not diffuse, D = 0, ¢ > 0. When D = 0,
the second equation in (2.3 becomes

/

¢ =g+ (At g)a)

T
so that the third-order stability problem can be written as

!/

P —c 0 1 P D
(1) q) = = 2= o0 () =am (4
r A=Gu —G» O r r

where r = p’' + ¢p.

It is still true that in the case when D = 0, the linearised operator £ can be written
as Lo+ L1, with £, a constant coefficient operator representing the linearisation in
the far-field. In this case, we can still investigate the point spectrum of the operator
using the Evans function. Here we present numerical findings for the spectrum of
the linearised operator about two example solutions presented in [BHW19, WMO06h].

Example 5: Nonstationary pulse. The case where the reaction term is given by
(4.2) g(u,v) = 8u® — 6u* + *(u +v),

has nonstationary pulse solutions given by [BHW19)

1 —c2? 422 —c

and U=

4. u=
(43) Ry c(z2+1)2
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We want to investigate the possibility of a solution to (4.1)) with (4.2) and (4.3))
in the region where A € C is such that AL () is hyperbolic. In this case the limiting

matrices of as z — 00, AL()), are equal, so this condition is sufficient to begin
our search for an eigenvalue. The region where AL (\) is hyperbolic in particular
contains the positive real axis. Direct calculations show that the characteristic
polynomial of AL()) is

A A2
det(AL(\) — pul) = —p® + E'U2 + 2\ — -

The discriminant of this cubic in y is

2
33 (32 n )\(13CC4+ 4/\))
which is greater than zero when A > 0 and only vanishes for imaginary A. We thus
have three distinct real roots. Applying Descartes rule of signs we see that there is
one negative root and two positive roots for .

The essential spectrum for this operator is not confined to a left-opening cone in
the complex plane, so even though one can readily show that the essential spectrum
is stable for all parameter values, the standard results concerning nonlinear stability
do not apply [KP13]. We now turn our attention to the point spectrum for this
solution. Following [HvHM™15, HvHM™20] we choose a chart so that the Riccati

flow for o := 1% and (3 := 1% will only have imaginary poles. We note that this will

also hold for the Ricatti flows on Gr(2,3). Such a chart was found to be

i 0 1
(4.4) T:=10 —i 0
0 0 1

We note that det(7") = 1 so that there is no scaling of the Evans function. We then
solve the Riccati equation on Gr(1,3), namely the Grassmannian of lines in C3.
We want to solve the Riccati equation for y' = Apy, where Ar = TAT 1. Writing
(Ar)i; = a;; we have that a and /3 solve

o = ag1 + g0+ az38 — a(ayy + arpa + ay30)

B'=asy + aza00+ azsf — B (ars + a1p0 + a1 33) .

We then shoot backwards from the stable eigenvector of Ay () (written as (1, «, 5) ),
and compare it to the evolution of the unstable subspace. This is evolved according

to the following prescription. We write a pair of three vectors as a 2 X 2 matrix over
a 1 x 2 matrix. Then splitting the linear ODE appropriately we want to solve

(4.6) X2\’ _ (A22 Bap) (Xop
' Yio Cip Dii) \Yi2/)’
(where the subscripts indicate the size of the matrix). Inverting X, we have that
Wig = YLQXQ_Q1 solves
(4.7) Wio=Cio+ Dy 1Wig—WigAse — WioBy 1 Wi

We then shoot forwards from the unstable subspace at —oo and compare with our
evolution (in the Riccati coordinates) of the stable subspace. If we write Wy, =
(w1, ws), then the Riccati-Evans function in this case is

(4.8) E(N\) = —w1(20; \) — wa(z0; N)a(z0, N) + B(z0, N)

(4.5)
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FIGURE 5. Example 5: Nonstationary pulse, D = 0. Real (blue
online) and imaginary (gold) parts of the Riccati-Evans function, (4.8)
for the waves given in equation for various values of c. In all cases
for ¢ > 0 we have a positive eigenvalue, and hence point spectrum in
the right-half plane.

for an appropriately chosen zq (this will typically be zy = 0). These were numerically
evaluated for a series of wave speeds and a positive real root was found in each case.
We thus have a real positive eigenvalue for equation . Figure |5[ shows the real
(blue online) and imaginary (gold online) parts of the Riccati-Evans function for

this nonstationary, for A > 0.
For an additional example of the Riccati-Evans function in the case of a third

order ODE, see [LM23].

Example 6: Nonstationary front. Wylie and Miura [WMOGh] found a nonstationary
front solution in the case when the reaction term is given by

(4.9) 9(u,v) = (u+v) = du(u +7)(u +1).

with § > 0 and 0 < v < 1. In this case, solutions to (2.2)) are given by
1 1 1

(4.10) u(z) = —3 + §tanh (\/(5/8,2) v(z) = _EUI(2> —u(z),

with

V(1 —29) 4+ /6(1 —27)2 +38
2v/2 '

The essential spectrum can be obtained by setting D = 0 in (2.7)) which yields
(4.12)

1
o= 5 (=2 = 0y £ /R 5 2k 4 67) (K% — 2k + 69) + 2ick)

A3 4 = % (—k:2 —0(1 =) £/ (k2 +2k+6(1 —~))(k2 =2k + (1 — 7)) + 2ick> ,

(4.11) c=
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FIGURE 6. Example 6: Nonstationary front, D = 0. The top two
figures show the number of unstable of eigenvalues of the far-field
matrices AL(A) for the nonstationary front given in equation equa-
tion (4.10) (A_(\) on the top left, A, (\) top right). A value of A for
which there is a mismatch indicates a non-zero Fredholm index and
hence A is an element of the essential spectrum of £ which is shown
in the bottom figure. The operator is not sectorial (as one expects
because the ODE is 3 x 3), but the real part of the essential spectrum
is bounded above. Moreover, we see that the essential spectrum is
contained in the left half plane. Here, v = % and B = 1.

so that the continuous spectrum is contained in the left-half plane. An example plot
of the continuous spectrum is shown in Figure [6]

Employing the same methods as described in Example 5, we search for point
spectrum in the right-half plane. For solutions , we tested a wide range of
parameters and found that the Riccati-Evans function has no zeros for real
A. In order to determine if there are complex eigenvalues with positive real part we
introduce the closed curve in the complex plane as shown in the upper left panel
of Figure m This curve consists of a large semi-circular arc (orange), a small semi-
circular arc (blue) going around the origin and two straight lines connecting the
two arcs (green and red). We then integrate along this curve to obtain the winding
number. The top right panel shows the phase of the Riccati-Evans function, E(\)
as we wind from red to orange to green to blue along the path shown in the top
left panel. The bottom panels show the image of F()\), illustrating that there is no
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FIGURE 7. Example 6: Nonstationary front, D = 0. Determination
of the point spectrum. Top right panel shows the phase of E()) (4.8))
as A moves along the path shown in the top left panel (for solutions
(4.10])). Bottom panels show the image of F(\), with the bottom right
zooming in at the origin. Here, v = ‘;—i and B = 1. The graph shows
no winding and thus we infer spectral stability of the fronts in (4.10)).

winding, corresponding to there being no change in phase in the top right panel.
Similar results were observed across a broad range of parameters, leading us to
conclude that the solutions (4.10) exhibit spectral stability.

4.2. Stationary waves, v diffuses, D > 0, ¢ = 0. Here we use the Riccati-Evans
function to investigate the stability of stationary pulse and front solutions when v
is diffusing.

Example 7: Stationary pulse. The stationary pulse solution described in Example 1
(3.8) is also valid in the case of unequal diffusivities. In this case, D # 1 and the
stability must be determined numerically. The stability problem ([2.3)) can be recast
as a system of four first order equations,

!/

P —c 0 1 0 P P
¢l [ 0 -5 0 5|a|_ ¢
(4.13) =g -0 0 0| =AN |,
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where r = p/ 4+ ¢p and D¢’ + cq = s. Both far field matrices are the same (since
pulse solutions have the same behaviour in both directions), and are given by

0 01 0\ /p

. 0o 00 L
A:(\) = lm AN =134 ¢ ¢ 0 ?
—4 XN 0 0 S

The characteristic polynomial of AL(A) is

A+ p? +4) (N + Dp?
det(Ai()\)_M):( +u+ A+ D)
D
The continuous spectrum can be found by setting pu = ik (equivalent to setting
p(2) ~ e** and q(z) ~ e™** in equations (2.3)) whence we see that the continuous

spectrum is the negative real axis, (—oo, 0]. The spatial eigenvalues are

A
f12 = £ D fza = VA +4,
so that, away from the continuous spectrum, A(A) is hyperbolic with two eigenvalues
with positive real part, and two with negative real part.
To complete the investigation of the stability of this solution, we must also find
the point spectrum. Using the chart given by

i 0 1 0
01 0 1
(4.14) T=1|0 o0 2 o
00 0 1

and following the technique described in Example 5, we computed the Evan’s func-
tion for a wide array of parameters and in all cases we found an eigenvalue on the
positive real axis. Some examples of the Evan’s function are shown in Figure [§
Since, in all cases the point spectrum lies on the positive real axis, we conclude that
solutions of this type are always unstable.

FExample 8: Stationary front. The stationary pulse solution described in Example
2 is also valid in the case of unequal diffusivities, D # 1. When D # 1, we can
determine the stability numerically using the Riccati-Evans functions as in the last
examples.

Despite the fact the far field behaviour is not the same in both directions, the far
field matrices are the same,

0 0 10

o o o0 3

(4.15) AN=| 1\ _ip o
0 4D+X 0 0

The characteristic equation in the case where p = ik is

(k2 + \)(\ + D(4 + k?))
D ;

det(A(N) — ik) =
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FIGURE 8. Example 7: Stationary pulse, D > 0. Real (blue online)
and imaginary (yellow) parts of the Riccati-Evans function for (3.8)).
When D = 1 there is a simple eigenvalue at A = 5, which moves to
the right as D is increased and to the left as D — 0. For D > 1, a
second eigenvalue occurs, bifurcating out of the essential spectrum.

and so the essential spectrum in this case is (—o0,0] again. The Riccati-Evans
function can be used to find any point spectrum. Using the chart

0 1

0

1
(4.16) T .= .
1

o = O

0
0
we find that there is a root at A = 0 for all values of D. We considered real
eigenvalues for a wide range of parameters and found that for D < 1 there is always
a single positive eigenvalue. On the other hand, for D > 1, we never observed
real positive eigenvalues. Thus, the stationary front in Example 8 is unstable when

D < 1. We show a representative sample of the real and imaginary parts of the
Riccati-Evans function in Figure [9

Remark. As with the pulse solution from Ezample 7, the front solution and stability
analysis in Example 8 is also wvalid in the case when D = 1 (see Section .
Example 2 showed analytically that the continuous spectrum is the negative half-line,
(—00,0], and that there was no point spectrum in the right-half plane, in agreement
with the numerical stability calculations here. This can be seen for Example 7 in the
bottom left panel of Figure|8§ which shows a simple eigenvalue at X = 5. For Example
8, the bottom left panel of Figure[q shows no real eigenvalues in the right-half plane.

In order to determine the spectral stability in the case when D > 1 we need
to investigate the possibility of complex eigenvalues with positive real part. This
can be determined by investigating the phase change of the Evans function and the
winding number of the Riccati-Evans function. Consider a large region K in the
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FIGURE 9. Example 8: stationary front, D > 0, ¢ = 0. A plot of the
real (yellow online) and imaginary (green) parts of the Riccati-Evans
function with the chart given in equation . When D < 1 there
is a simple eigenvalue, which moves to the left as D is increased and
to the right as D — 0. For D > 1, no real eigenvalues appear. The
blue (online) is the standard Evans function in this case — note that
it is numerically very unstable and does not produce reliable results
for A much larger than 5 in this case.

complex plane bounded by a large outer half disc, the imaginary axis and a small
inner half disc, as shown in the top left panel of Figure [I0] In this instance we
can compute the total phase change of E()\) as A is varied around the boundary
of K (top right panel). The phase change is seen to be —4m so that the winding
number is —2, suggesting (along with previous computations for D = 1) that there
are two poles and no roots inside K. The bottom panels of Figure [10| provide visual
confirmation that for D > 1, the winding number is —2. This means that there are
two more poles in K than there are roots. Since when D = 1 this is also the case,
and we did not find evidence of a root and pole pair entering the region K as we
varied D, we conclude numerical stability of the standing fronts when D > 1. We
numerically confirmed the existence of a pair of poles at complex conjugate points
(x +iy) =~ (0.092 & 1.4484).

4.3. The general case: nonstationary waves, v diffuses, D > 0, ¢ # 0.
The stability of solutions in this most general case can be investigated using the
same techniques as used in earlier parts of this section, except that the calculations
become more complicated numerically. For a representative sample of parameters,
the Evans function was found to be numerically unreliable, so the conclusions in
this subsection rely on calculations of the Riccati-Evans function.
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FiGUrReE 10. Example 8: stationary front, D > 0, ¢ = 0. Top left
shows the region K in the complex plane over which we evaluate
E(X). Top right shows the change in phase of F(\) as the boundary
of K is traversed. Bottom panels show the image of the boundary of
K under E()) for D = 1.5, colours correspond to the first panel.

Ezxample 9: Nonstationary pulse. When the reaction terms in equations are
given by
(A —4)u+ (* —4D*)v
1—-D
with D # 0,1 and ¢ > 0, solutions were found to be [BHWT9]

_sechz(z)(2D tanh(z) — ¢) ) = sech®(z)(2tanh(z) — c)
c(1—-D) ’ c¢(1-D) '

The essential spectrum is stable for all parameters values and is given by a pair
of left-opening parabolas centred on the real axis, qualitatively like those shown
in Figure 2l The Fredholm index is zero everywhere and the Fredholm borders
are the essential spectrum. We determined the point spectrum for a wide range of
parameter values using the Riccati-Evans function and always found an eigenvalue

g(u,v) = 6(u® — D*v?) +

(417) a(z) =
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F1GURE 11. Top right is the plot of Evans function for the travelling
front for the region K in the top left. These parameter values have
stable essential spectrum (¢ = 0.3 = D). As seen in the bottom
figure, there is a root in the right half plane showing that the wave is
nevertheless unstable. The middle figure is the winding of the phase
of E()\)

in the right-half plane indicating that nonstationary pulses of this type are always

unstable.

Ezample 10: Nonstationary front. When the reaction terms in equations ([2.2) are
given by

g= ) (u+ v)(4Du2 + 4D*v% 4+ 8D?*uv — 2cu — 2¢D?v + 02) ,

nonstationary front solutions are [BHW19]

Dtanh?® 2z — ctanhz — D tanh?z — ctanhz — 1
4.18 () = o) —
(418)  a(z) o(D—1) @) o(D—1)

One can readily show that stability of the essential spectrum requires (¢ — 2)(C' —
2D) > 0 and (c¢+2)(C+2D) > 0. However, even when these conditions are satisfied
we have numerically determined the point spectra for a wide range of values of ¢
and D and in all cases a root with positive real part was found indicating that these
solutions are always unstable.
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5. SUMMARY OF RESULTS AND DISCUSSION

In this section, we summarize all of the various theoretical and numerical results
that we have obtained and discuss their importance in the context of applications.

We have determined the equations that govern the stability of travelling and sta-
tionary pulses and fronts for a system of reaction diffusion equations with degenerate
source terms given by . For D # 0 the stability is determined by a fourth-order
eigenvalue problem. However, for D = 0 the highest derivative term is absent and
for D = 0 and ¢ # 0 the system reduces to a third-order eigenvalue problem indi-
cating that D = 0 is a singular limit. Moreover, if D = ¢ = 0 then the two highest
derivative terms are absent and the system is doubly singular. Consequently, these
two cases must be treated separately. In fact, as we have shown, these singular
cases have completely different behaviour from the case D # 0. The case D = 1
is also special in the sense that it can be integrated twice and this reduces to a
second-order eigenvalue problem. This case also has very different stability results
from the generic case.

For the generic problem, we have determined the Fredholm borders and obtained
the large A asymptotics of the Fredholm index, and this has allowed us to determine
the form of the essential spectrum. In particular, we have obtained the necessary
and sufficient conditions for the essential spectrum to be stable. Moreover, the most
unstable mode of the essential spectrum can be either oscillatory or non-oscillatory,
and we have determined conditions that delineate these two cases. We have also
shown that for stationary waves (¢ = 0) the essential spectrum consists only of the
Fredholm borders.

We have also found a number of surprising theoretical results if D =0 or D = 1.
For D = 1 we have shown that pulses are very different from fronts. Firstly, station-
ary pulses are necessarily unstable while non-stationary pulses cannot exist. Sec-
ondly, stationary and non-stationary fronts are necessarily stable if they are mono-
tonic and unstable otherwise. Thirdly, we have constructed examples of stationary
pulses, stationary fronts, and non-stationary fronts for which we can explicitly de-
termine the Evan’s function and the entire point spectrum.

In the case of D = 0 we have shown that stationary pulses and fronts can only
be made up of piecewise constant solutions. Moreover, if any nontrivial piecewise
solution exists then there an infinite family of solutions must also exist. For any
solution we have derived a necessary condition for the point spectrum to be real.
We have also shown that both pulses and fronts can be stable or unstable. We have
constructed examples of pulses and fronts for which the Evan’s function and the
point spectrum can be computed explicitly. In fact, it is always possible to obtain
the Evan’s function explicitly but, in general, obtaining explicit expressions for the
spectrum will not be possible for solutions with more than two jumps. The main
theoretical results are summarized in Table 1.

In the remaining cases, one must make use of numerical methods to compute the
point spectrum. We used a numerical method that is based on the Riccati-Evan’s
function. This method proved to be much more robust and reliable than methods
that use the traditional Evan’s function approach and allowed us to examine a
very broad range of parameter values that would otherwise have been problematic.
We used our numerical method to determine the stability of the point spectrum
for all known explicit pulse and front solutions of (L.I). Our numerical results
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illustrated that all known pulse solutions are unstable. On the other hand, stable
non-stationary front solutions were found in the case D = 0 while stable stationary
fronts were found in the case D # 0,1. In addition, all known nonstationary front
solutions with D # 0,1 are unstable. These results are summarized in Table 2.

The results for D = 0 have a number of important consequences for the mod-
elling of ion transport in cellular matter using equations of the type first developed
by [TMT78]. There has been an ongoing discussion in the literature regarding the
minimal model required to generate nonstationary ionic waves in which the ionic
concentrations return to their initial values after the wave had passed. Waves of
this type are characteristic of many biological processes, including cortical spread-
ing depression [TM78]. Miura et al. [MHWO7] presented an intuitive argument
that suggested that to obtain non-stationary pulse solutions, the minimal model
with degenerate source terms must have at least two ionic species (corresponding
to four equations) and that pulse solutions could not exist for systems with a single
ionic species (corresponding to two equations) of the form . Moreover, despite
trying multiple different functional forms for the reaction terms, direct numerical
simulations of never generated pulse solutions. In order to address this ques-
tion, [BHW19] derived an explicit condition on the source term that guarantees the
existence of pulse solutions and determined a parametric family of exact solutions.
This seemed to suggest that travelling pulses could be generated by equations of
the form after all. However, in this paper, we have shown that even though
stationary pulse solutions and travelling front solutions of can be stable, all of
the non-stationary pulse solutions obtained by [BHW19] are unstable. Therefore,
this work suggests that the TM model may, after all, be the minimal model that
can give stable travelling pulse solutions.
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TABLE 1. Theoretical Results

‘ H Pulse ‘ Front
D =1, ¢=0 || Unstable Stable if front is monotone
and unstable otherwise
Example with explicit Evan’s | Example with explicit Evan’s
function and spectrum function and spectrum
(Example 1) (Example 2)
D =0, ¢ =0 || Only piecewise solutions exist | Only piecewise solutions exist
Can be stable or unstable Can be stable or unstable
Example with explicit Example with explicit
Evan’s function Evan’s function
(Example 3) (Example 4)
D =1, ¢ # 0 || No solutions exist Stable if front is monotone
and unstable otherwise
(Equation (3.6)) (Equation (3.7) and [KP13] )
TABLE 2. Numerical Results
‘ H Pulse ‘ Front ‘
D=0,c#0 All examples unstable | Stable examples exist
(Example 5, Figure |5) | (Example 6, Figures @ &
D # 0,1, c = 0| All examples unstable | Stable examples exist
(Example 7, Figure (Example 8, Figures @ &
D #0,1, ¢ # 0| All examples unstable | All examples unstable
(Example 9) (Example 10)
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