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Reflection Groups
• Roots:  

• Reflections:  

• Co-roots: 

• Weights:  
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Figure 3. hexagons

A2(1)



↵2

↵1� 2↵2 � ↵1

2↵2 + ↵1 = s1

↵1 + ↵2 = s2

B2



↵2

↵1� 2↵2 � ↵1

2↵2 + ↵1 = s1

↵1 + ↵2 = s2

B2



↵2

↵1� 2↵2 � ↵1

2↵2 + ↵1 = s1

↵1 + ↵2 = s2

B2



↵2�↵1

↵1� 2↵2 � ↵1

2↵2 + ↵1 = s1

↵1 + ↵2 = s2

B2



↵2

�↵2

�↵1

↵1� 2↵2 � ↵1

2↵2 + ↵1 = s1

↵1 + ↵2 = s2

B2



↵2

�↵1 � ↵2

�↵2

�↵1

↵1� 2↵2 � ↵1

2↵2 + ↵1 = s1

↵1 + ↵2 = s2

B2



↵2

�↵1 � ↵2

�↵2

�↵1

↵1� 2↵2 � ↵1

2↵2 + ↵1 = s1

↵1 + ↵2 = s2

B2

h2

h1



Crystallographic Property
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Part I

• Lattices 

• Dynamics on N-cubes 

• Symmetry reductions
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Discrete Dynamics I

• Translation
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Discrete Dynamics II
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Discrete Dynamics II
• Translation as reflections ?
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Discrete Dynamics III
• Translations as reflections 

+ diagram automorphism

T1 = ⇡ s2 s1

T2 = s1 ⇡ s2

T0 = s2 s1 ⇡
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Translations
So we have

T1(a0) = a0 + k, T1(a1) = a1 � k, T1(a2) = a2

T1(a0) = ⇡ s2 s1(a0)

= ⇡ s2 (a0 + a1)

= ⇡ (a0 + a1 + 2a2)

= a1 + a2 + 2 a0 = a0 + k

)



a0 a1 a2 f0 f1 f2

s0 �a0 a1 + a0 a2 + a0 f0 f1 +
a0
f0

f2 �
a0
f0

s1 a0 + a1 �a1 a2 + a1 f0 �
a1
f1

f1 f2 �
a1
f1

s2 a0 + a2 a1 + a2 �a2 f0 +
a2
f2

f1 �
a2
f1

f2

Cremona Isometries 

Noumi 2004 



a0 a1 a2 f0 f1 f2

s0 �a0 a1 + a0 a2 + a0 f0 f1 +
a0
f0

f2 �
a0
f0

s1 a0 + a1 �a1 a2 + a1 f0 �
a1
f1

f1 f2 �
a1
f1

s2 a0 + a2 a1 + a2 �a2 f0 +
a2
f2

f1 �
a2
f1

f2

Cremona Isometries 

Noumi 2004 



Translations again

Define

Using
T1(a0) = a0 + 1, T1(a1) = a1 � 1, T1(a2) = a2

un = Tn
1 (f1), vn = Tn

1 (f0)
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Define

Using
T1(a0) = a0 + 1, T1(a1) = a1 � 1, T1(a2) = a2
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Translations again

Define

Using
T1(a0) = a0 + 1, T1(a1) = a1 � 1, T1(a2) = a2

)

This is a discrete Painlevé equation.
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vn + vn�1 = t� un + a1�n
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Sakai described all such equations. 
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11.2 Discrete Painlevé Equations from Sakai’s Classification 301
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(11.17) eq:dp2-1

where � = a
0

+ a
1

, with s being a constant. Equation (11.17) arises from Bäcklund
transformations of PII as a recurrence relation.

The list above is not exhaustive. There are more q-discrete and d-discrete equations in
Sakai’s classification, which have not been included due to space constraints. Figure 11.1
provides a summary of the classification, with solid lines denoting inclusion in the group
at the end of each respective line and dashed lines indicating different parametrisations of
translations. The master equation at the top of the classification corresponds to the rational
surface A(1)

0

and is reproduced in §11.8.
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Figure 11.1 Sakai’s Diagram of Rational Surfaces of Discrete Painlevé Equations. Note that the ab-
breviations Ell, Mul, Add refer to the three different types of discrete Painlevé equations as explained
at the beginning of the chapter. F:sakai’s diagram

The continuum limits of many systems such as the system given by Equations (11.77) are
not known and, therefore, the corresponding system is not labelled as a discrete version of a
specific Painlevé equation. Nevertheless they are members of in the collection of equations
known as “discrete Painlevé equations” because of their common geometric properties.

In Sections 11.6.3, 11.7 and 11.8, we will see explicit ways of constructing special solu-
tions of several discrete Painlevé equations. It has been proved that the general solutions of
the A(1)

7

q-discrete first Painlevé equation (11.19) (see
nishioka2010transcendence
[270]) cannot be expressed in terms

of finite combinations of earlier known functions (including through solutions of linear
difference equations with such functions as coefficients). Although such a proof is not yet
available for other discrete Painlevé equations, their general solutions are believed to pro-
vide new transcendental functions, like the solutions of the continuous Painlevé equations.

Their transcendentality makes it difficult to provide explicit formulas that describe gen-
eral solutions of discrete Painlevé equations, except in asymptotic limits. Asymptotic be-
haviours have been studied for two cases when the independent variable approaches infin-
ity, i.e., for solutions of Equations (11.1) and (11.21). For the additive-type equation (11.1),
it is known that the scaled solutions wn =

p

nun
joshi1997local,vereschagin1996asymptotics,joshi2015stokes
[179, 361, 181] are either asymptotic to

Sakai’s Description II

Initial-value spaces of Painlevé equations

Sakai 2001
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of P1⇥P1 and the proper transforms of some relevant curves

on the rational surface X .

(u, 1/v) = (0, 0)1  (uv, 1/v) = (2↵n + � + c, 0)2 (2.48)

(1/u, 1/u) = (0, 0)3  (u/v, 1/v) = (�1, 0)4  (v(u + v)/u, 1/v) = (��, 0)6

(2.49)

 (v(�u + uv + v2)/v, 1/v) = (��2 � ↵ + 2c, 0)8

(2.50)

(1/u, v) = (0, 0)5  (1/uv, v) = (1/(2↵n� ↵ + � � c), 0)8 , (2.51)

Where the subscripts of the brackets indicate the number of the base point. The

blow up is summarised in Figure 2.1.

We now consider the induced map on the basis elements of the Picard group.

The advantage of considering the induced mapping on the Picard group is that it

becomes a linear mapping. We must determine how each e
i

, as well as h
u

and h
v

,

are mapped. The most direct way is to work with the each e
i

and a representative

of each h
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and h
v

. We can take the images of these curves and compute the degree

of the resulting image (thus finding the coefficients of h
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of each h
u

and h
v

. We can take the images of these curves and compute the degree

of the resulting image (thus finding the coefficients of h
u

and h
v

of the image) and
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Part 2

• Lattices 

• Dynamics on N-cubes 

• Symmetry reductions
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Linear Case

Q(x, u, v, y) = x+ u+ v + y

x+ u+ v + y = 0



Linear Consistency
Q(x, u, v, y) = x+ u+ v + y

u+ eu+ bu+ beu = 0

u+ eu+ u+ eu = 0

u+ u+ bu+ bu = 0

eu+ eu+ beu+ beu = 0

bu+ beu+ bu+ beu = 0

u+ eu+ bu+ beu = 0

beu = 2u+ eu+ u+ bu
All 3 paths to the last vertex lead to the same value:

Consider
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Linear Consistency
Q(x, u, v, y) = x+ u+ v + y

u+ eu+ bu+ beu = 0
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u+ u+ bu+ bu = 0

eu+ eu+ beu+ beu = 0

bu+ beu+ bu+ beu = 0
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All 3 paths to the last vertex lead to the same value:

Consider



Tetrahedral Condition

The result depends only on 4 earlier vertices  
to which it is not connected by an edge. 
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u
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Tetrahedral Condition

The result depends only on 4 earlier vertices  
to which it is not connected by an edge. 

bu

u

u

eu



Are there more examples?



x

u

v y

Non-Linear Case

Q(x, u, v, y) = (x� y)(u� v) + p

2 � q

2

Nijhoff, Quispel, Capel,1983 
Nijhoff, Quispel, van der Linden, 
Capel,1983
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Non-linear Consistency

(u� beu)(eu� bu) + p2 � q2 = 0
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Non-linear Consistency

(u� beu)(eu� bu) + p2 � q2 = 0



u
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bu
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bu

beu

beu
u

Non-linear Consistency

(u� beu)(eu� bu) + p2 � q2 = 0



(u� beu)(eu� bu) + p2 � q2 = 0

(u� eu)(eu� u) + p2 � r2 = 0

(u� bu)(u� bu) + r2 � q2 = 0

(u� beu)(eu� bu) + p2 � q2 = 0

(bu� beu)(beu� bu) + p2 � r2 = 0

(eu� ebu)(eu� ebu) + r2 � q2 = 0

Non-linear Consistency 

ebu =
p2ueu� p2bueu� q2ubu+ q2bueu+ r2ubu� r2ueu

p2u� p2bu� q2u+ q2eu+ r2bu� r2eu

+



Classification
• Motivated by work of Nijhoff, Capel et al (1983—‘01) Adler, 

Bobenko & Suris (2003,2009) classified all affine linear equations 

which are multi-dimensionally consistent on a quad-graph

Q(w, ew, bw, bew; p, q) = 0

Q(x, u, v, y; p, q) = 0

x

y

u

v

p

q



CAC Equations

Q4 : a0xuvy + a1(xuv + uvy + vyx+ yxu) + a2(xy + uv)

+ a2(xu+ vy) + ea2(xv + uy)

+ a3(x+ u+ v + y) + a4 = 0



CAC Equations
• ABS: Three classes of equations 
• The “mistress” equation:

where the coefficients lie on an elliptic curve.

Q4 : a0xuvy + a1(xuv + uvy + vyx+ yxu) + a2(xy + uv)

+ a2(xu+ vy) + ea2(xv + uy)

+ a3(x+ u+ v + y) + a4 = 0

• The two other classes are labelled H and A.



Some ABS Equations

(x� y)(u� v) + p

2 � q

2 = 0

Q(xu+ vy)� P(uv + uy) +
p

2 � q

2

PQ = 0

P2 = a2 � p2,Q2 = a2 � q2

• H1:

• H3:

• Q3:
where

where
P2 = (p2 � a2)(p2 � b2)

Q2 = (q2 � a2)(q2 � b2)

P(uv + uy)�Q(xu+ vy)� (p2 � q

2)

✓
uv + xy +

�

2

4PQ

◆
= 0



These results also arise as integrable systems.



Part III

• Lattices 

• Dynamics on N-cubes 

• Symmetry reductions



Discrete Staircases

w(l + 2, k) = w(l, k + 1)



Reductions

r =
�

↵ bw = w ) r r = r r

• Grammaticos et al 2005 showed for H3  

h =
w

w
) hhh =

1� r h

r � h

       a discrete third q-Painlevé equation (qP3)

• Other examples of reductions now known, but no 
systematic approach.

bw
w

=
↵w � � bw
↵ bw � � w

�=0

and•  

•  





Different Equations  
on  Faces

Boll (20011, 2012) showed that combinations of H3 
and H6 provide new consistent systems on the 3-
cube, where

H6 : xy + uv + �1xu+ �2vy = 0

We place H3 (     ) on two faces and H6 (       ) on 
four faces.

�=0 �2=0



H3 & H6 on 3-cube

•H3 is on top and bottom faces 
•H6 is on the front, right, back and left 

faces. 
•Consistency imposes conditions on 

parameters.



H3 & H6 on 3-cube

•H3 is on top and bottom faces 
•H6 is on the front, right, back and left 

faces. 
•Consistency imposes conditions on 

parameters.



H3 & H6 on 4-cube

Each sub 3-cube in this 4-cube has 2 copies of H3 and 4 copies 
of H6 associated to its faces.



In 3D

w0

w1

w2

w3

w23

w13

w123

w12

Push one corner of the cube to the diagonally opposite corner
a hexagon)







Reduction
bew = �i�w

�
�= q �

3

Figure 4. two hexagons

3

Figure 4. two hexagons



Reductions

LAX PAIRS OF DISCRETE PAINLEVÉ EQUATIONS: (A2 + A1)(1) CASE

NALINI JOSHI, NOBUTAKA NAKAZONO, AND YANG SHI

Abstract. In this paper, we provide a comprehensive method for constructing Lax pairs of
discrete Painlevé equations. In particular, we consider the A(1)

5 -surface q-Painlevé system
which has the affine Weyl group symmetry of type (A2 + A1)(1) and show two new Lax
pairs.

1. Introduction

The purpose of this paper is to provide a comprehensive method for constructing Lax
pairs of discrete Painlevé equations. As an example, we consider the q-Painlevé equations
of A(1)

5 -surface type in Sakai’s classification [37], which are called q-Painlevé IV [23],
q-Painlevé III [25, 37] and q-Painlevé II [36] equations, respectively given by Equations
(1.1), (1.2) and (1.3). These equations are collectively called the A(1)

5 -surface q-Painlevé
equations.

This work is motivated by our previous findings in [20], where quad-equations were
observed on what is called the ω-lattice, constructed from the τ functions of A(1)

5 -surface
q-Painlevé equations, and those in [21], where the 4-dimensional integer lattice, can be
reduced to the ω-lattice via a periodic reduction, and its extended lattices are investigated.
Combining these results enables us to systematically construct the Lax pairs for any dis-
crete Painlevé equations on the A(1)

5 -surface.
Our Lax pairs for the q-Painlevé IV equation: (1.4) and q-Painlevé III equation: (1.5)

are new, while the one for the q-Painlevé II equation: (1.6) coincides with that provided
in [15]. They all satisfy Carmichael’s hypotheses [9] for existence of solutions around
singular points at the origin and infinity. Not all existing Lax pairs (see §1.2) satisfy these
conditions. Moreover, some known Lax pairs hold only for restricted parameters or modi-
fied cases of the discrete Painlevé equations. We remark that multiple Lax pairs are known
for each of the continuous Painlevé equations [10, 18, 19].

1.1. Main result. Our main results are Lax pairs for the following q-Painlevé equations:

q-PIV:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (qt) = ab g(t)
1 + c h(t) (a f (t) + 1)
1 + a f (t) (b g(t) + 1)

,

g(qt) = bc h(t)
1 + a f (t) (b g(t) + 1)
1 + b g(t) (c h(t) + 1)

,

h(qt) = ca f (t)
1 + b g(t) (c h(t) + 1)
1 + c h(t) (a f (t) + 1)

,

(1.1)

q-PIII:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

g(qt) =
a

g(t) f (t)
1 + t f (t)
t + f (t)

,

f (qt) =
a

f (t)g(qt)
1 + btg(qt)
bt + g(qt)

,

(1.2)

q-PII: f (pt) =
a

f (p−1t) f (t)
1 + t f (t)
t + f (t)

, (1.3)

2010 Mathematics Subject Classification. 33E17, 37K10, 39A13, 39A14.
Key words and phrases. Discrete Painlevé equation; ABS equation; Lax pair; τ function; affine Weyl group.
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• The reductions have symmetry group 
• They are q-discrete Painlevé equations

• Reductions also provide linear problems (Lax pairs)
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Generalization
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More Steps in Sakai’s Description

Symmetry groups of Painlevé equations

Ell:

E(1)

8

Mul:

E(1)

8 E(1)

7 E(1)

6 D(1)

5 A(1)

4 (A2 +A1)
(1)

(A1 +A1)
(1)

A(1)

1
0

A(1)

0A(1)

1

Add:

E(1)

8 E(1)

7 E(1)

6 D(1)

4 A(1)

3 2A(1)

1 A(1)

1
0 A(1)

0

A(1)

2 A(1)

1 A(1)

0

Figure 1. Sakai’s Diagram of Symmetry Groups of Discrete

Painlevé Equations

1

Sakai 2001

! F (1)
4 ! . . .

Atkinson, Howes, Joshi, Nakazono 2015





Summary
• Geometry provides a systematic method of finding 

reductions of partial difference equations. 

• Reduction of the n-cube leads to q-discrete Painlevé 
equations of higher dimensions, with symmetry group 

• The symmetry lattice is realised as tessellations of the 
Voronoi cell of An-1. 

• The lattice equations are found through ω-lattices, 
related to tau functions of discrete Painlevé equations. 

• Other symmetry groups also arise.
Joshi, Nakazono & Shi 2014,2015
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Atkinson, Howes, Joshi, Nakazono 2015



The mathematician's patterns, like those of the painter's or the poet's, must be 
beautiful, the ideas, like the colours or the words, must fit together in a 
harmonious way. GH Hardy, A Mathematician’s Apology, 1940


