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Reflection Groups
• Roots:  

• Reflections:  

• Co-roots: 

• Weights:  
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Translation by longest root2

Figure 3. hexagons
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Crystallographic Property
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Part I

• Lattices 

• Dynamics on N-cubes 

• Symmetry reductions
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Constancy of coordinates
Figure 1. Triangles inside a cube
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Translations II

T1(x0) = ⇡ s2 s1(x0)

= ⇡ s2 (x0 + x1)

= ⇡ (x0 + x1 + 2x2)

= x1 + x2 + 2x0 = x0 + k

We have



Translations II

T1(x0) = ⇡ s2 s1(x0)

= ⇡ s2 (x0 + x1)

= ⇡ (x0 + x1 + 2x2)

= x1 + x2 + 2x0 = x0 + k

We have

T1(x0) = x0 + k, T1(x1) = x1 � k, T1(x2) = x2)
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Translations again

Define

Using
T1(a0) = a0 + 1, T1(a1) = a1 � 1, T1(a2) = a2

)

un = Tn
1 (f1), vn = Tn

1 (f0)

(
un + un+1 = t� vn � a0+n

vn

vn + vn�1 = t� un + a1�n
un



Translations again

Define

Using
T1(a0) = a0 + 1, T1(a1) = a1 � 1, T1(a2) = a2

)

This is a discrete Painlevé equation.

un = Tn
1 (f1), vn = Tn

1 (f0)

(
un + un+1 = t� vn � a0+n

vn

vn + vn�1 = t� un + a1�n
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McKay’s Correspondence

Dolgachev 1983 

๏ The Affine Weyl group is associated with a 
singular space with a canonical divisor 

๏ Translations keep the singular space and its 
divisor invariant 

๏ Reflections in singular space       Cremona 
isometries

)



McKay’s Correspondence

Dolgachev 1983 

The Cremona isometries give rise to  
discrete Painlevé equations.

๏ The Affine Weyl group is associated with a 
singular space with a canonical divisor 

๏ Translations keep the singular space and its 
divisor invariant 

๏ Reflections in singular space       Cremona 
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Part 2

• Lattices 

• Dynamics on N-cubes 

• Symmetry reductions
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Consistency around a Cube
Q(x, u, v, y) = x+ u+ v + y

u+ eu+ bu+ beu = 0

u+ eu+ u+ eu = 0

u+ u+ bu+ bu = 0

eu+ eu+ beu+ beu = 0

bu+ beu+ bu+ beu = 0

u+ eu+ bu+ beu = 0

beu = 2u+ eu+ u+ bu
All 3 paths to the last vertex lead to the same value:

Consider



Tetrahedral Condition

The last vertex depends only on 4 earlier vertices to which 
it is not connected by an edge. 



Tetrahedral Condition

The last vertex depends only on 4 earlier vertices to which 
it is not connected by an edge. 



Are there more examples that are consistent 
around a cube?



has recurrence relations:

Duality
• The Weber equation:
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Dynamics in 2D

• Given a parameter     the Bäcklund transformation
�
ew + w

�
x

= 2�� 1
2

�
ew � w

�2

relates two solutions          of the potential KdV equation.

�

ew,w
w

t

= w
xxx

+ 3w2
x

,

Wahlquist & Estabrook, 1976

• Take two such transformations

BT
�

: w
�7! ew,

�
ew + w

�
x

= 2�� 1

2

�
ew � w

�2

BT
µ

: w
µ7! bw,

�
bw + w

�
x

= 2µ� 1

2

�
bw � w

�2



Permutability

BT� BTµ
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ew
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ebw = bew

BTµ BT�

Two different compositions of BTs give the same solution.
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Lattice Equations

• Eliminating derivatives between BT�, BTµ

and their derivatives

�
wn+1,m+1 � wn,m

��
wn,m+1 � wn+1,m

�
= 4(µ� �)

(bew � w)( bw � ew) = 4(µ� �)

where wn,m = BTn
� �BTm

µ w

Nijhoff, Quispel, Capel,1983 
Nijhoff, Quispel, van der Linden, Capel,1983
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)

or

• Affine 
linear 

• In N-D 



Classification
• Motivated by work of Nijhoff, Capel et al (1983—‘01) Adler, 

Bobenko & Suris (2003,2009) classified all affine linear equations 

which are multi-dimensionally consistent on a quad-graph

Q(w, ew, bw, bew; p, q) = 0

Q(x, u, v, y; p, q) = 0

x

y

u

v

p

q



On a 3-cube

There are 6 equations (one for each face of the cube).

Q(w,w, ew, ew;↵, �) = 0

Q(w,w, bw, bw;↵,�) = 0

Q(w, bw, ew, bew;�, �) = 0

Q( bw, bw, bew, bew;↵, �) = 0

Q( ew, ew, bew, bew;↵,�) = 0

Q(w, bw, ew, bew;�, �) = 0



Multi-dimensional consistency
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CAC Equations

Q4 : a0xuvy + a1(xuv + uvy + vyx+ yxu) + a2(xy + uv)

+ a2(xu+ vy) + ea2(xv + uy)

+ a3(x+ u+ v + y) + a4 = 0



CAC Equations

• Three classes of equations  all obtained from

where the coefficients lie on an elliptic curve.

Q4 : a0xuvy + a1(xuv + uvy + vyx+ yxu) + a2(xy + uv)

+ a2(xu+ vy) + ea2(xv + uy)

+ a3(x+ u+ v + y) + a4 = 0

• The two other classes are labelled H and A.



Some ABS Equations

(x� y)(u� v) + p

2 � q

2 = 0

Q(xu+ vy)� P(uv + uy) +
p

2 � q

2

PQ = 0

P2 = a2 � p2,Q2 = a2 � q2

• H1:

• H3:

• Q3:
where

where
P2 = (p2 � a2)(p2 � b2)

Q2 = (q2 � a2)(q2 � b2)

P(uv + uy)�Q(xu+ vy)� (p2 � q

2)

✓
uv + xy +

�

2

4PQ

◆
= 0



Generalizations

• In the ABS classification, the same equation is 
placed on each face of the N-cube. 

• Different equations can be placed on each face, so 
long as consistency is maintained. 

• Checkerboard and other patterns arise.



Partial Difference Equations
We consider a 4-cube and identify each translation along 

an edge on as an iteration 

u = u(l + 1,m, n, k)

bu = u(l,m+ 1, n, k)

eu = u(l,m, n+ 1, k)
�
u = u(l,m, n, k + 1)



How are any of these partial difference equations related 
to Cremona isometries?



Part III

• Lattices 

• Dynamics on N-cubes 

• Symmetry reductions



Discrete Staircases

w(l + 2, k) = w(l, k + 1)



H3

w

bw

ew

bew
w ew

bewbw

w(l,m, k),↵ = ↵(l),� = �(m),

: l 7! l + 1,b : m 7! m+ 1

�=0

bw
w

=
↵w � � bw
↵ bw � � w



H3

w

bw

ew

bew
w ew

bewbw

w(l,m, k),↵ = ↵(l),� = �(m),

: l 7! l + 1,b : m 7! m+ 1

�=0

bw
w

=
↵w � � bw
↵ bw � � w



Reductions
r =

�

↵

bw = w ) r r = r r

• Grammaticos et al 2005 showed

h =
w

w
) hhh =

1� r h

r � h

• This is the discrete third q-Painlevé equation (qP3)

• Many other examples are now known, starting with 
ad hoc assumptions, such as specific staircases.



Different Equations  
on  Faces

Boll (20011, 2012) showed that combinations of H3 
and H6 provide new consistent systems on the 3-
cube, where

H6 : xy + uv + �1xu+ �2vy = 0

We place H3 (     ) on two faces and H6 (       ) on 
four faces.

�=0 �2=0



H3 & H6 on 3-cube

•H3 is on top and bottom faces 
•H6 is on the front, right, back and left 

faces. 
•Consistency imposes conditions on 

parameters.



H3 & H6 on 3-cube

•H3 is on top and bottom faces 
•H6 is on the front, right, back and left 

faces. 
•Consistency imposes conditions on 

parameters.



H3 & H6 on 4-cube

Each sub 3-cube in this 4-cube has 2 copies of H3 and 4 copies 
of H6 associated to its faces.



In 3D

w0

w1

w2

w3

w23

w13

w123

w12

Push one corner of the cube to the diagonally opposite corner
a hexagon)



Reduction
Push one corner to 
the diagonally opposite  
corner

For both inner and outer corners.



Reduction
bew = �i�w

�
�= q �

3

Figure 4. two hexagons

3

Figure 4. two hexagons



Reductions to q-discrete 
Painlevé equations

LAX PAIRS OF DISCRETE PAINLEVÉ EQUATIONS: (A2 + A1)(1) CASE

NALINI JOSHI, NOBUTAKA NAKAZONO, AND YANG SHI

Abstract. In this paper, we provide a comprehensive method for constructing Lax pairs of
discrete Painlevé equations. In particular, we consider the A(1)

5 -surface q-Painlevé system
which has the affine Weyl group symmetry of type (A2 + A1)(1) and show two new Lax
pairs.

1. Introduction

The purpose of this paper is to provide a comprehensive method for constructing Lax
pairs of discrete Painlevé equations. As an example, we consider the q-Painlevé equations
of A(1)

5 -surface type in Sakai’s classification [37], which are called q-Painlevé IV [23],
q-Painlevé III [25, 37] and q-Painlevé II [36] equations, respectively given by Equations
(1.1), (1.2) and (1.3). These equations are collectively called the A(1)

5 -surface q-Painlevé
equations.

This work is motivated by our previous findings in [20], where quad-equations were
observed on what is called the ω-lattice, constructed from the τ functions of A(1)

5 -surface
q-Painlevé equations, and those in [21], where the 4-dimensional integer lattice, can be
reduced to the ω-lattice via a periodic reduction, and its extended lattices are investigated.
Combining these results enables us to systematically construct the Lax pairs for any dis-
crete Painlevé equations on the A(1)

5 -surface.
Our Lax pairs for the q-Painlevé IV equation: (1.4) and q-Painlevé III equation: (1.5)

are new, while the one for the q-Painlevé II equation: (1.6) coincides with that provided
in [15]. They all satisfy Carmichael’s hypotheses [9] for existence of solutions around
singular points at the origin and infinity. Not all existing Lax pairs (see §1.2) satisfy these
conditions. Moreover, some known Lax pairs hold only for restricted parameters or modi-
fied cases of the discrete Painlevé equations. We remark that multiple Lax pairs are known
for each of the continuous Painlevé equations [10, 18, 19].

1.1. Main result. Our main results are Lax pairs for the following q-Painlevé equations:

q-PIV:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (qt) = ab g(t)
1 + c h(t) (a f (t) + 1)
1 + a f (t) (b g(t) + 1)

,

g(qt) = bc h(t)
1 + a f (t) (b g(t) + 1)
1 + b g(t) (c h(t) + 1)

,

h(qt) = ca f (t)
1 + b g(t) (c h(t) + 1)
1 + c h(t) (a f (t) + 1)

,

(1.1)

q-PIII:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

g(qt) =
a

g(t) f (t)
1 + t f (t)
t + f (t)

,

f (qt) =
a

f (t)g(qt)
1 + btg(qt)
bt + g(qt)

,

(1.2)

q-PII: f (pt) =
a

f (p−1t) f (t)
1 + t f (t)
t + f (t)

, (1.3)
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where t ∈ C is an independent variable, f (t), g(t), h(t) are dependent variables and a, b, c, q, p ∈
C are parameters. In the case of q-PIV we have f (t)g(t)h(t) = t2 and abc = q.

Theorem 1.1. The following statements hold:
(i): The following system is the 2 × 2 Lax pair of q-PIV (1.1):

φ(qx, t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

qt
h(t)

x 1

−1
qh(t)

t
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

act
f (t)

x 1

−1
ac f (t)

t
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

at
g(t)

x 1

−1
ag(t)

t
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t), (1.4a)

φ(x, qt) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
−

(qt2 − 1)h(t)
(1 + b + bch(t))tg(t)

x −1

1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠ .φ(x, t). (1.4b)

(ii): The following system is the 2 × 2 Lax pair of q-PIII (1.2):

φ(qx, t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

q f (t)g(t)
a1/2 x 1

−1
qa1/2

f (t)g(t)
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2bt
f (t)

x 1

−1
bt f (t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
g(t)

x 1

−1
tg(t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t),

(1.5a)

φ(x, qt) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2bt
f (t)

x 1

−1
bt f (t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
g(t)

x 1

−1
tg(t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t). (1.5b)

(iii): The following system is the 2 × 2 Lax pair of q-PII (1.3):

φ(p2x, t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p2 f (t) f (p−1t)
a1/2 x 1

−1
p2a1/2

f (t) f (p−1t)
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

pa1/2t
f (t)

x 1

−1
pt f (t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
f (p−1t)

x 1

−1
t f (p−1t)

a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t), (1.6a)

φ(x, pt) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
f (p−1t)

x 1

−1
t f (p−1t)

a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t). (1.6b)

Here, φ(x, t) is a 2-column vector called a wave function and x is a complex parameter
called a spectral parameter.

This theorem is proved by extending the 4-dimensional setting of the periodically re-
duced partial difference equation in §2 to a 5-dimensional setting in §4.

1.2. Background. Discrete Painlevé equations are nonlinear ordinary difference equa-
tions of second order, which include discrete analogs of the six Painlevé equations: PI,
. . . , PVI. The geometric classification of discrete Painlevé equations, based on types of
rational surfaces connected to affine Weyl groups, is well known [37]. Together with the
Painlevé equations, they are now regarded as one of the most important classes of equations
in the theory of integrable systems (see, e.g., [13]).

Another important class is given by integrable partial difference equations (P∆Es), in-
cluding discrete versions of integrable PDEs such as Korteweg-de Vries equation (KdV

whose compatibility condition is qPIV

Joshi, Nakazono & Shi, 2015

Reductions also provide linear problems, e.g.
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Summary

• Reduction of the n-cube leads to q-discrete Painlevé 
equations of higher dimensions, with symmetry group 
W(An-1(1)+A1(1)). 

• The symmetry lattice is realised as tessellations of the 
Voronoi cell of An-1. 

• The lattice equations are found through ω-lattices, 
related to tau functions of discrete Painlevé equations. 

• Other symmetry groups also possible.
Joshi, Nakazono & Shi 2014,2015



The mathematician's patterns, like those of the painter's or the poet's, must be 
beautiful, the ideas, like the colours or the words, must fit together in a 
harmonious way. GH Hardy, A Mathematician’s Apology, 1940


