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Divergent Series

"Abel wrote In 1828: ‘Divergent series are |
the invention of the devil, and it is shameful | &
to base on them any demonstration
whatsoever.””

“Then came a time when it was found that
something after all could be done about
them. This is now a matter of course, but in
the early years of the century the subject,
while in no way mystical or unrigorous, was
regarded as sensational, and about the
present title, now colourless, there hung an
aroma of paradox and audacity.”
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Interpretation”

1

— 1422 +42° +8x° + ...
1 —2x

r =1

\

—1=14+2+44+8+...

GH Hardy, Divergent Series, 1949
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Asymptotics

Asymptotics Is the approximation of functions in limits.
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Asymptotic Series

e f is said to be asymptotic to a series ZZO:O an (T — T0)"

iff VN € N
f(@) = Yoy an(z — 20)"

N =0

1.

and we write

O
f(x) ~ Zan(az —x9)", as & — xg
n=0

® [he series is not required to converge.
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An example

u’ — U <1—l>=O
X

* One solution is |
* Divergent

* Other solutions differ from this one by a constant.

Fi(x) +C



Approximation

 Consider F(z) =xe *Ei(z)

> n! F(x) — SN kl/2k
F(x) ~ Z Z_” as r —+ oo & VN () N%];;VO /
n=0 .




e Consider F(z)=ze "Fi(x)

Approximation

'
F(x)wzlasw%oo & VN

xn

n=0

10
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|
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Approximation

e Consider F(z)=ze "Fi(x)

> nl F(z)— Sy . k!/zF
F(z) ~ Z Z—n asr — 00 & VN () N%’;;VO J@
n=0 .
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1007

n=0

100 '
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n=0




Truncation at least term

(:3 104
G 107°
108 | ...
0 5 10 15 20
N
e [runcate at the least term
N—1
n!



Truncation at least term

Error

102
10=4 | -
10—
108

* Exponentially small
* Ndependson x



The identification problem

* How do we distinguish

. n
F(x) ~ o
n=0
~ . n! e *(
Fay~ Y o+
n=0

in the limit * — 400 ?

eE.g.,if C=1

6_100

TR 3.7200759760208359630 x 10~*0




The identification problem

* How do we distinguish
* Discreetly hidden

beyond all orders

n!
)~ 2 o ‘
n=0
~ . n!
CEPNECD
n=0

in the limit * — 400 ?

eE.g.,if C=1

6_100

TR 3.7200759760208359630 x 10~*0




Why should we care”



* “Does the flap of a buttertly’s
wings in Brazil set off a
tornado in Texas”?”

e To forecast future behaviour,
we need to known Initial states R
with infinite precision.

* This has become synonymous
with chaos, but is also present
In ordered, non-chaotic
systems.

1C Gavin 1997 SW Pacific



Order

* The Painlevé equations, which arise as reductions of
soliton equations
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Order

* The Painlevé equations, which arise as reductions of
soliton equations

Wr + 0w we + Wege =0

(

w=—-2y(x)—2T

\x:£+6ﬁ
W+ = 247y, — 2
= We = —2 Yy
Weee = —2Yzaa

— y =0y  —x



Applications
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What do we know about the

solutions of these

equations?



u'(0)=0

u(0) =0,
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Solutions

 Movable poles
general solutions

* Transcendentality of
e Special solutions
ot

 Asymp

-20 -10 10 20 30

Fornberg & Weideman 2009
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Tronguée Solutions

50
Il
e Il -
0 ‘\m\ i

10

F1a. 3.1. Magnitude of the solution u(z) to the Pr equation in case of 1Cs u(0) = —0.1875,
u/(0) = 0.3049, displayed over the domain z = x + iy, —10 < z < 10, —10 < y < 10.



Real Solutions

Consider Py wy = 6w? —t for w(t),t € R

1.0

0.5

\

-0.5

-1.0

1.0

1.5 2.0 2.5 3.0

3.5



The Real Tritrongquée

® Theorem: 3 unigue solution Y(x) of Pl which has
asymptotic expansion

X = % .
T —\/gz 21725 in |arg(x)| < 4w /5
k=0

and

Y(x) is real for real x

@
® lts interval of existence /[ contains R
® Y(x)lies below 1.

@ It is monotonically decaying in /.

From Joshi & Kitaev Studies in Appl Math (2001)



Exponential lerms

S

()

S, = 64(24)1/4ix5/4/5

[ Exponentially Small contrib
L] Exponentially Small contrib

----- Anti-Stokes Line
Stokes Line

R(z)

S — 6—4(24)1/%:1;5/4/5



What about global dynamics®?



Perturbed Form

® |n Boutroux’s coordinates:

4
wy = t1/? u1(z), we = t3/4u2(2)7 z = —t°/4

3
ul B U9 1 2’&1
U9 o Gu% — 1 5z \ 3us

e a perturbation of an elliptic curve as |z| — oo

2
U5 3 dF 1
2 - — = — (6 + 4
2 Ut dz 52( + dua)

E =



Perturbed Form

® |n Boutroux’s coordinates:

4

5
i 2u1
5z \3u2

e a perturbation of an elliptic curve as |z| — oo

2
U5 3 dF 1

2 = — = — (b6 + 4
up T dz 52( * ul)




Projective Space

What it x, y become unbounded?
Use projective geometry: x =

z,y,1] = |u,v,w| € CP
The level curves of Pyare now

Fi = wv® — 40’ + gouw? + gsw®

all intersecting at the base point [0, 1, O].

To describe solutions, resolve the flow through this point



Resolving a base pt

l

From || Duistermaat, QRT Maps and Elliptic Surfaces, Springer Verlag, 2010



Resolution

e "Blow up” the singularity or base point:

f(xvy) :yQ_xS

(@, y) = (21,21 91)
:>x% y% — xi’ =0
St (y7 —21) =0
e Note that

L1 — &Ly, Y1 :y/l‘



Methoad

f(xvy) :yQ_CEB

(z,y) = (21,71 51)

flz1,z11) = 27 (Y7 — 21

L1:@ y%le

f1(931,yl) — ?/% — I

)



f1($2 Y2, ?J2) — yz(y2 — mz)
(z1,91) = (T2 Y2, 92)

/LQ;@

Lgl) :®/g2 = X9




Initial-Value Space

) L,
@[_2(2)
) L3
Ll . L1 =0
L21y2 :O
L32£U3:O

Now the space is compactified and regularised.



Initial-Value Space

) L,
Ar
) (2
) L3
Li:21=0
Lo :ys =0
Lg:x3=0

Now the space is compactified and regularised.



N

Unitying
Property N

The space of initial values of
a Painlevé system is
resolved by “blowing up” 9
points in CP-

(or 8 points in P'xPP1)

ol

/TN

Okamoto 1979
Sakai 2001



Sakai's Description |

Ell: Ap” A
: 7N
Mul: AV — AP — AP — AP — AP— AD — 4D — 4D — AW
ool NN Y NN
Add: ALY — AV — ALY » DV — DUy DWW — pM | — pW

NN

(1) (1) (1

Initial-value spaces of all continuous and
discrete Painlevé equations

Sakai 2001
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Eol!)
Cd Lg)
[ A2)
C G [ 43
| ~(4)
A, o
) |56
& Lo
[ 4(9)
Lo o

Duistermaat & Joshi, 2011



autonomous egn

P,

Cd Lg)

L A2)

G [ 43

) |54
CD 4%

Eq(!)

& 49

|| 5(6)

Cd L9

Duistermaat & Joshi, 2011
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€1 — €2

AP

€5 — €7

€4 — €6

€3 — €4

€6 — €8

0



€1 — €2

AP

€5 — €7

degenerate autonomous limit

L .
- ‘ <
y *
6 80
. o*
*. R
. *
* .
% *
*
¢ *
* *
* *
0’ "
0‘ ‘Q
0’ ’0
* *
. *
‘. o*
* o*
. *
*
0”0
o
. *
.
.

0









“‘_merge in

hy -e2-e¢ ; autonomous limit




Symmetric dP1

an+ 0
W,

Wn41 T Wy T Wp—1 = Y
 Consider n — o0

* (General behaviours are close to elliptic functions
» Special solutions are given by power series

Joshi 1997
Vereschagin 1995



Solutions

Solution orbits of scalar dP1 on the Riemann
sphere (where the north pole is infinity).



Scaling

(s

W2k c1/2
_v(s) S=€n
W2k—1 = a7z

(v(s+e€) +u(s)+v(s—e€))u(s) =as+ef+ /2y u(s)
(u(s +€) +v(s) +u(s —e€))v(s) =as+ef+ el/2 v u(s)

N—"

<

e dP| becomes

® Series expansionsas € — 0



Types of solutions

* [ype A
yel2 (48 —1?)e
un~ v —as + > T Wars + ...
vel2 (48 —17)e
vV ~ v/ —as + > mm Wars + ...
* [ype B
Dt as ’}/61/2 L \/§(126 —|—w2)e

3 6 72\/as



| ate-order terms: Iype A

(ims/2) =

e Optimal truncation
N,

u(s) ~ 3 €™ 2w (s) + S1 A1 (=) + S Ay i®/¢

m=0



Stokes Sectors: Type A

S(s)
So =4 S1=86 =0
No contrib
(] Exponentially Small contrib
----- Anti-Stokes Line
Stokes Line
Branch Cut
® R(s)
S =4 S1=85=0

Joshi & Lustri 2015



What about g-discrete Painlevé equations?






Behaviours near fixed points

we~w, w~w, £ — oo

= w'=w+ O0(1/¢)

_Jwto(/E  wi=1
- —{ O(1/¢)

* gPiis invariant under rotation by argument 2mn/3, so w can be
replaced by unity.

 The second case lies in neighbourhood of a merger of two
base points: (1/£,0), (g/&, 0).



Near unity

Near w =1, w =1, 4 aformal series solution




Near zero

* Near w=1/§, w=q/&, 3 aformal series solution

where n=1




Step 1: divergence

The coefficients of the asymptotic series grow very fast:

p—1
_ _ 3k 2
bs 1 = O (qsz?(p 1)/2 H(l iy 3k) ) gl > 1

k=0

b3 pt2 =0, b3p13 =0, Vp >0



Step 2: Analytic Sum

 Use of the Borel-Ritt theorem provides an analytic

function W s.t.

25—



Step 3: Linearisation

e The linearisation around W satisfies

_ W 1
P 2 P
( W W2E>

which has solutions with behaviours

Sl
jae
||

P::(g) -~ q::Bn(n::5/3)/2
=28 q"



Step 4: True Solutions

* The perturbed g-difference equation gives

Un:ﬁOPn_Pn Z
1=n

where

no—l

P, P;_
A .

Ra(v,v,t)|| < Cy||v|? -
VRa| < Cs|v| + Cy |t

—1
W; W, f’z Py Ra(vk, Ve—1, t)

W1 Wy

- Calt)

* The contraction mapping theorem provides a true

solution.



Quicksilver solution

The vanishing solution approaches two base points.
lts series expansion is divergent.

We prove a true solution exists with this behaviour; it
does not lie on a singularity of the underlying elliptic
curve. So it is different to the tritronquée solutions of
the Painlevé equations.

= new name: quicksilver solution

It Is unstable in initial-value space.
Joshi, Stud Appl Math (2014)



Comparison

Pl

No rational or classical
solutions

Leading-order behaviour is

elliptic

Two types of solutions
described by asymptotic
behaviours

Tronguée solutions are
asymptotic to a power
series In a large sector

qPl

No algebraic or solutions in

terms of linear egns Nishioka
(2010)

Leading-order behaviour is
elliptic

Four types of solutions
described by asymptotic
behaviours J (2014)

Quasi-stationary solutions
are asymptotic to a power

series in a large region J
(2014)



summary

New mathematical models of physics pose new
questions for applied mathematics

Global dynamics of solutions of non-linear
equations, whether they are differential or discrete,
can be found through geometry.

Geometry provides the only analytic approach
available in C for discrete equations.

Tantalising questions about finite properties of
solutions remain open.
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The mathematician
beautiful, the ideas




