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Dynamical Systems




Phase Space




Another View







Phase Curves Again

The trajectories all go throUgh the origin.



Two Problems

* The trajectories are indistinguishable as they
pass through the origin.

 [he phase space is no longer compact;
Liouville’s theorem™ does not necessarily hold.

* Liouville’'s thm gives the solution by quadratures.



Elliptic Curves

* These properties are shared by many
nonlinear mathematical models.

* A prototypical model:

g9
— 6 w?
w w 2
.
w g9 g3
= 9 A
= 2 Ty
= w(t) = p(t — to; g2, g3)

g2 is given, g3 is free



Weilerstrass Cubics

® |n phase space,w =y, w = z,the conserved
guantity becomes

y2:4$3—9233‘—93

® |nitial values determine 93

® Fach value of g3 defines a level curve of

fle,y)=y* —4z° + g
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Projective Space

What it x, y become unbounded?
Use projective geometry: x =

z,y,1] = |u,v,w| € CP
The level curves are now

Fi = wv® — 40’ + gouw? + gsw®

all intersecting at the base point [0, 1, O].

To describe solutions, resolve the flow through this point



Resolving a base pt

l

From || Duistermaat, QRT Maps and Elliptic Surfaces, Springer Verlag, 2010



Resolution

e "Blow up” the singularity or base point:

f(xvy) :yQ_xS

(@, y) = (21,21 91)
:>x% y% — xi’ =0
St (y7 —21) =0
e Note that

L1 — &Ly, Y1 :y/l‘



Methoad

f(xvy) :yQ_CEB

(z,y) = (21,71 51)

flz1,z11) = 27 (Y7 — 21

L1:@ y%le

f1(931,yl) — ?/% — I

)



f1($2 Y2, ?J2) — yz(y2 — mz)
(z1,91) = (T2 Y2, 92)

/LQ;@

Lgl) :®/g2 = X9




Initial-Value Space

) L,
@[_2(2)
) L3
Ll . L1 =0
L21y2 :O
L32£U3:O

Now the space is compactified and regularised.



Initial-Value Space

) L,
Ar
) (2
) L3
Li:21=0
Lo :ys =0
Lg:x3=0

Now the space is compactified and regularised.



Good Resolution

e \\hen all curves intersect each other

transversally at distinct points, the result is
called a "good resolution”.

® Hironaka’'s theorem guarantees this in
complex projective space.

e Note: each transformation had the form

vy =T,y =y/u



Why should we care”



Motivation

* Korteweg-de Vries equation

Wr + 0w we + weeg = 0

(

w=—2y(x)—27T

=&+ 677
W = 24Ty, — 2
We —2Yy
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Motivation

* Korteweg-de Vries equation

Wr + 0w we + weeg = 0

(

w=—2y(x)—27T

\x:§+6¥
Wr = =241y, — 2
— We = —2 Y
Weege = —2Yazaa

— = Ihe first Painlevé equation
- /1 2
y' =6y" —x



Applications
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1995) 215-237
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Ludford, Plasma Phys 17 (1975) 29-41 ® Spatially dependent

e Cylindrical Waves in General ecological models: J & Morrison
Relativity S Chandrashekar, Proc. R.  Anal Appl 6 (2008) 371-381
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What do we know about the

solutions of these

equations?
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Complex
Solutions

general solutions

 Special solutions
» Asymptotic behaviours

» Transcendentality of

» Movable poles

-20 -10 10 20 30

Fornberg & Weideman 2009

-30



Pl General Solutions

® |n Boutroux’s coordinates:

_ %t5/4

wy = 12 uq(2), we = t3*us(2), 2 :

?ll B U9 1 2’&1
i) \6u2—1) 5z \3us

e a perturbation of an elliptic curve as |z| — oo

2 dE 1
u22 2u} +up = — = — (6F + 4uy)

F =
dz Hz




Pl General Solutions

® |n Boutroux’s coordinates:

4

5
i 2u1
5z \3u2

e a perturbation of an elliptic curve as |z| — oo

9

U5 3 db 1

9 - — = — (oF 4+ 4
uy + uq - = ( + ul)




P, in C




P, in CP?

First chart: [ul_l o ul_l UQ] — [Ule i UQQQ]

. 1
Up21 = —Ug21Up22 + 2(52)” " ugo1

. —1 2 —1
Up22 — Up21 + 6U021 — Upog — (52) Up22



P, in CP?

First chart: [ul_l o ul_l UQ] — [Ule i UQQQ]

. 1
Up21 = —Ug21Up22 + 2(52)” " ugo1

2 —1
u022 = Up21 + 6U021 Ugoo — (52) U292

Second chart: [u2 1 - Uq u2 - . 1] = [U031 . Up32 - 1]
lo31 = —ugz — 6ugse +3(52) o

. —1
Up32 — —Up31Up32 — 6u031u032 + 1+ (52) Up32



P, in CP?

First chart: [ul_l o ul_l UQ] — [Ule i U()zg]

. 1
Up21 = —Ug21Up22 + 2(52)” " ugo1

2 —1
u022 = Up21 + 6u021 Ugoo — (52) U292

Second chart: [u2 1 - Uq u2 - . 1] = [UOgl . Up32 - 1]
?l()gl — u031 6%032 —+ 3 52) Up31

@ 1 -+ (5Z>_1UQ32

Up32 = —UQ31UQ32 —




P, in CP?

First chart: [ul_l o ul_l UQ] — [UOgl o UOQQ]
Up21 = —Ug21U22 T+ 2(52)_1%21

2 —1
u022 = Up21 + 6u021 Ugoo — (52) U292

Second chart: [u2 1 - Uq u2 - . 1] = [UOgl . Up32 - 1]

?l()gl — u031 6%032 —+ 3 52) Up31

@ 1 -+ (5Z>_1UQ32

— « Dase pt by : ug31 = 0,ug3zg =0

Up32 = —UQ31UQ32 —




First Blow-up



First Blow-up

o Chart(1,1): |1 :wuq11 :ur12] = [1: uo31 /U032 : Ups2)

U111 = U111u112 -+ 2(52) U111

. 2 —1
112 = 1 — ui11uiy — 6ui i uiis + (52)  tugio



First Blow-up

o (hart (1,1): [1 U111 - ullg] — [1 : Uogl/qug : UOBQ]

U111 = U111u112 + 2(52) U111

. 2 —1
112 = 1 — ui11uiy — 6ui i uiis + (52)  tugio

o Chart(1,2): [1:wui21:ui2z] = |1 : ups1 : Uosz2/Uo31]

”[L121 — U%Ql (-6%%22 — 1) -+ 3 (52)_1 U121

u122 — u1211 2 (52)_1 U129



First Blow-up

o Chart(1,1): |1 :wuq11 :ur12] = [1: uo31 /U032 : Ups2)

U111 = + 2(52) " Muri

2 —1
112 = 1 — Ui11uis — 6ui uTis + (52)  tugio

o Chart(1,2): [1:wui21:ui2z] = |1 : ups1 : Uosz2/Uo31]

”L.L121 — u%Ql (-6%%22 — 1) -+ 3 (52)_1 U121

u122 — u1211 2 (52)_1 U129



First Blow-up

o Chart(1,1): |1 :wuq11 :ur12] = [1: uo31 /U032 : Ups2)

U111 = + 2(5z) 2
- 2

U112 = 1 —up11uy19 —

o Chart(1,2): [1:wui21:ui2z] = |1 : ups1 : Uosz2/Uo31]

1.6121 — u%Ql (-6%%22 — 1) -+ 3 (52)_1 U121

u122 — u1211 2 (52)_1 U129



First Blow-up

o Chart(1,1): |1 :wuq11 :ur12] = [1: uo31 /U032 : Ups2)

U111 = + 2(5z) 2
- 2

U112 = 1 —up11uy19 —

o Chart(1,2): [1:wui21:ui2z] = |1 : ups1 : Uosz2/Uo31]

1.6121 — u%Ql (-6%%22 — 1) -+ 3 (52)_1 U121

u122 — u1211 2 (52)_1 U129

— base pt bl . U111 = O,UHQ = 0



Exceptional Lines

In Chart (1, 1), ur17=0 defines the proper transform
Lo, while ur12=01is L.

In Chart (1,2), Lo is not visible.




Initial-Value Space of P

® J[here are nine base points:
bo : uo31 = 0, up32 =0
b1 :u111 = 0,u112 =0
b2 : u211 = 0,u212 =0
b3 : uz11 = 4,uz12 =0
by : ug11 = 4, u412 =0
b5 : us11 = 0,u512 =0
be : ug11 = 0, ug12 =0
b7 : u711 = 32, U719 = 0

98

52)

b81u811=—( ,ugi2 = 0

® Only the last one differs from the elliptic case.
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Duistermaat & Joshi, 2011



@ L1
[ A2)
C G [ 43
| (4)
O, o
) |56
Cd L9
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Duistermaat & Joshi, 2011



Eol!)
Cd Lg)
[ A2)
C G [ 43
| ~(4)
A, o
) |56
& Lo
[ 4(9)
Lo o

Duistermaat & Joshi, 2011



o~

autonomous eqgn

P,

Cd Lg)

L A2)

G [ 43

) |54
CD 4%

Eq(!)

& 49

Cd L9

Duistermaat & Joshi, 2011



N

Unitying
Property N

The space of initial values of
a Painlevé system is
resolved by “blowing up” 9
points in CP-

(or 8 points in P'xPP1)

ol

/TN

Okamoto 1979
Sakai 2001



Similarly

o P||: Wt — 2?1)3 + tw + «

. w3
¢ PIV- Wt — Lt I gj i 4tw2

+2(t2 — 14+ a1 +2a)w

have system forms that are perturbati

of autonomous systems in the limit |¢

2
2007

w

ONns
— OO
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E(1)

-2
8
L
L:u=0 2
L ,
\: -2 )
-1 \v:
L:v=0 e
v
\“‘139
Vi
\

autonomous egn

Howes & Joshi, 2014
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autonomous egn

Joshi & Radnovic, 2015



Global results for Py, Py, Piv

 The union of exceptional lines is a repeller for the flow.

 There exists a complex limit set, which is non-empty,
connected and compact.

* Every solution of Py, every solution of Py whose limit
set is not {0}, and every non-rational solution of Py
intersects the last exceptional line(s) infinitely many
times => infinite number of movable poles and
movable zeroes.

Duistermaat & J (2011); Howes & J (2014); J & Radnovic (2014)



But, there 1s more...



~or Discrete Equations

Instead of 3 coordinate charts

we use 4 coordinate charts




discrete P

v
T4+ut+v = 2an+a—+6 -y

(Y

{u+v——u = Zamtatfoc 4 4

20n—a+0—c
ma

20n— o+

u v bl

——
i
| |
| |
< I
+ +
S S
I




Charts

¢ \\Ve use the coordinate charts

(u, v)
(uo1,v01) = (1/u,v)
(uo2,vo2) = (u, 1/v)
(103, v03) = (1/u,1/v)

For example,

. (204714—5 - C ’YUOQ—U(Q)Z)UQ




First Base Point

In chart (02) there is a base point at
(202, v02) = (0,0) =: p1

Blow-up:
Uil = uoz/voz » U11 = 102

U2 = Up2 ,V12 = UOQ/UO2

€1 . V11 :O,u12 :O



Blowing up

_ 2 9
U2 _ 2an+ B+ c+ yui1vin — uj vy — U1l

Q_}‘UllfUll — — luir,v11 —
V02 U11v11

There Is a base point at
(u11,v11) = (2an + B+ ¢,0) =: po

Blow-up:

U21 = (U11 — 2om — 5 — C)/Un , U21 = V11

Ugo = U] — 2an — B — ¢, V29 = v11/(u11 — 2an — B — ¢)

No further base points in this chart



Blowing up

2

~ U2 _ 2an+ 0+ c+yuiivy — u%lvn — U1
U‘unfvn — D02 U11,011 ”

There Is a base point at

(ull,’l}n) — (20&% -+ 5 -+ C, O) =: P2

Blow-up:

U21 = (U11 — 2om — 5 — C)/Un , U21 = V11

Ugo = U] — 2an — B — ¢, V29 = v11/(u11 — 2an — B — ¢)

No further base points in this chart



Blowing up
U"LL11,”U11 — ?7_02’“11’/011 - Ul@

There Is a base point at

(ull,vu) — (20&% -+ 5 -+ C, O) =: P2

Blow-up:

U21 = (U11 — 2om — 5 — C)/Un , U21 = V11

Ugo = U] — 2an — B — ¢, V29 = v11/(u11 — 2an — B — ¢)

No further base points in this chart



All Base Points

(u,1/v) = (0,0)

(uv,1/v) = (2an+ B+ ¢,0)
1/u,1/v) = (0,0)
u/v,1/v) = (—1,0)

u(u +v)/u,1/v) = (—~,0)
1/(wv),v) = (2an —a+ S —c)" 1, 0)

(
(
(
(
ps :(1/u,v) = (0,0)
(
(
(

(v(yu + v 4+ v?) /v, 1/v) = (=7 — a

2¢,0)



P

p
p
p

g
S

=
\]

p

4

ot

7

(

(
(
(
(
(

All Base Points

1 - u,l/v):(0,0)
o H(uv,1/v) = (2an+ 6+ ¢, 0

9

(OO

/u l/U} (0;0)

u/v,1/v) =(—1,0)

1/u,v) = (0,0)

u(u +v)/u,1/v) = (—~,0)

1/(w),v) = ((2an —a+ 8 —¢)~,0)

v(yu + uv +v2)/v,1/v) = (=% — «

2¢,0)



€4 — €6



€4 — €6



€4 — €6

€6 — €8

0



The Picard Group

The equivalence class of lines

Pic(X)=Zhy +Zhy, +Zey+ ...+ Zeg

equipped with intersection form

(huahu) — (hvahv) — (huaei) — (hvaej) =0
(hu,hv) — 1, (6@,63') — —57;3'



The initial value space and the symmetry group of the
eqguation are to each other
In the Picard lattice.



Symmetry Group



Symmetry Group

The curves of self-intersection -2:

Dy =e1 —eg, Do = hy —e1 — e3, Eé(l)
D3 =e3 —ey4,Dy = hy —e3 — e5, ——

D5 =e5 —e7,Dg = €4 — €6, D7 = e — €3



Symmetry Group

The curves of self-intersection -2:

Dy =e1 —e3,Dy = hy, — e — es3,
D3 = e3 —eq,D4 = hy — €3 — €5,

D5 =e5 —e7,Dg = €4 — €6, D7 = e — €3

are orthogonal to
X1 — hu — €1 — €9

o = hy —e5 — er

g = hy + hy —e3 —eq4 — e — €3

= A

(1)



Sakai's Description |

Ell: Ap” A
: 7N
Mul: AV — AP — AP — AP — AP— AD — 4D — 4D — AW
ool NN Y NN
Add: ALY — AV — ALY » DV — DUy DWW — pM | — pW

NN

(1) (1) (1

Initial-value spaces of all continuous and
discrete Painlevé equations

Sakai 2001



Sakai's Description |

1 N
Ell: ES” AV

| 7N

Mul: Eg’— E;V— Eg’— D{'— A= (Ax + A1)V — (A1 + A0 ATV — A

[ A \\ o~ NN\

Add: Eg’— E;’— Eg” » Dy — ALY 241" — AP |—> AP
\ . \)
A 5 AN — ALY

Symmetry groups of Painlevé equations

Sakai 2001



Ao Root System

£

a1 and as are “simple” roots
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a1 and as are “simple” roots



Ao Root System
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a1 and as are “simple” roots



Ao Root System
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Ao Root System
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Ao Root System
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Ao Root System
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Ao Root System
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Translation by longest root

/ / \ \ \

KK

/



Discrete Dynamics |

e [ranslation




Translations

We have

T1(ag) = ms2 s1(ap)
= 1 S (ag + a1)
= 7w (ag + a1 + 2as)
=a1+as+2a90 =ag+k

Tl(a()) — ap -+ k, Tl(al) — a1 — ]C, Tl(ag) — a9



Cremona Isometries

ao a1 a2 Jo J1 Jo
S0 —ag a1 + ap i as + ag fo fl—l—%éﬁ—%
B P A O Y A
""""""" o |t ot -m  5rZ A% g




Cremona Isometries

ao a1 a2 Jo J1 Jo
S0 —ag a1 + ap i as + ag fo f1—|—%éf2—%
B PSS A P S
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Discrete Dynamics |V

Noting that
Ty (ag) =ao+ 1,T1(a1) = a1 — 1,T1(az) = a2

Detine
Up = Tin(fl)avn — T{L(f())
= Jun tUppr =t — v, — 2
\Un —|— Un—1 = { — Up, i az;n




Discrete Dynamics |V

Noting that
Ty (ag) =ao+ 1,T1(a1) = a1 — 1,T1(az) = a2

Detine
Up = Tin(fl)avn — T{L(f())
= Jun tUppr =t — v, — 2
\Un —|— Un—1 = { — Up, i az;n

This is again.



Scaled dP|

{ — e /2 u(s)
e 1/29(s), s=en
)

e dPI (with c=0) becomes

(v(s+¢€) +u
(u(s+€) +v

e Asymptotic behaviours as € — 0

(s) +v(s—e€))u(s) =as+el+ el /2y u(s)
(s) +u(s—e))v(s) =as+ep+ el/2 v u(s)
e General behaviours are close to elliptic functions

e Special solutions are given by power series
Joshi 1997, Joshi & Lustri 2015
Vereschagin 1995



summary

New mathematical models of physics pose new
questions for applied mathematics

Global dynamics of solutions of non-linear
equations, whether they are differential or discrete,
can be found through geometry.

Geometry provides the only analytic approach
available in C for discrete equations.

Tantalising questions about finite properties of
solutions remain open.



s A Dok il

y
e
!..!.v“r D. v .
«/ oah ~ ¥ "
.vll -

A
Ny
¢ A Shedann
A
aS Wiy v!\ 3
T il oo M AL TPl ™ 5 b sl
oy e L S D e TR .
S % P TN R .
o TLRBAONE Lo ’ .‘
T2 2w gy . —— 2
» ST MR L) ,
o 7 At g " -
e Sy el I
- g A S PPt
» $ iy iy ‘
. 5
F P S8 % A
N

like the colours or the words, must fit together in a
A Mathematician's Apology, 1940
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harmonious way. GH Harady,

The mathematician
beautiful, the ideas




