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“Our present analytical methods seem
unsuitable for the solution of the important
problems arising in connection with non-
inear partial differential equations and, Iin
fact, with virtually all types of non-linear
problems in pure mathematics.”

— John von Neumann, 1946



“‘Does the flap of a butterfly’s
wings in Brazil set off a
tornado in Texas?”

1C Gavin 1997 SW Pacific



Order

At about the same time as .
chaos, astonishingly well-
ordered & predictable
behaviour was found in
models used to describe
thermal properties of metals.

FPU lattice



Particle-like Waves

Leading to the discovery of
solitons:

“solitary waves” preserving
speed, height, shape, ... as
they travel and interact in
space and time.

oy

Zabusky & Kruskal 1965



Solitons

The Korteweg-de Vries equation

U — 6UU, — Uppy = 0

has N-soliton solutions. For

constant
Miy K

nzesch”(62) + nisech” (G
(n2coth(02) — nytanh(6;

IS a 2-soliton solution, where

Oi = 1 & — 40t + £



Solution Method

 The Korteweg-de Vries equation

IS Integrable because it has an underlying linear
structure.

e [tis the compatibility condition of the spectral problem

fwm’ +u(z,t) = A

<

called the Lax pair, used to solve its initial value
problem.



How the KdV equation Is solved

Given u(x, 0), solve the
Schrodinger equation with this
as potential.

Find reflection, transmission <<
coefficients and bound states

Evolve these In time.

Reconstruct the solution of the
KdV: u(x, t).
GGKM, 1967



Inverse Scattering Transform

Continuous

Gardner, Greene, Kruskal & Miura
1967

/Zakharov & Shabat 1971
Wadat| 1972

Ablowitz, Kaup, Newell & Segur
1973

Calogero & Degasperis 1976

Deift & Trubowitz 1979

Fokas 1997

Fokas & Pelloni 1998

Degasperis, Manakov & Santini 2001

Differential-Discrete

Case & Kac 1973

Case 1973

Flaschka 1974

Ablowitz & Ladik 1975

Kac & van Moerbeke 1975
Levi & Ragnisco 1978
Pilloni & Levi 1982
Ragnisco, Santini et al 1987
Bruckestein & Kailath 1987

Ruijsenaars 2002



Partial Difference Equations

The discrete potential KdV equation

(wn—l—l,m—l—l — wn,m) (wn,m—l—l — wn—l—l,m) — 4(,UJ — >\)

* What is the
corresponding inverse

scattering transform
method?




Part 1

e (Continuous-discrete



Duality

 The Weber equation:

1 1
w"—|—<04—|—§— Zﬁ)w:()

has recurrence relations: w(x) = Dy ()

Do (z) = — gpg(x) taD, ()

Dy () = gpa_l(g;) — Dy (x)

which imply
Dyi1(z) — 2 Do(x) + aDg_1(x) =
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Duality

 The Weber equation:

1 1 '
w// _I_ (Oé _I_ 5 . 1332) W — O COHTIHUOUS

has recurrence relations: w(x) = Dy ()

Do (z) = — gDa(az) +aDyi(z)

Dy () = gDa_l(a?) — Dy (x)

which imply

Doi1(x) —2Do(x)+aDg_1(x) =0
Discrete



Transformations

* The potential Korteweg-de Vries equation is

2

* (Given a parameter A the Backlund transtormation

(i +w), =22~ (i - w)’

relates two solutions w, w of the potential KdV equation.

Wahlquist & Estabrook, 1976



Composition

e TJake two such transformations

« Compose the transformations in two different ways

w = BT, 0o BT\w, @ = BTyo0BT,w

* Are they the same solution?



Permutability

BT, BT,

BT, BT,
W

Two different compositions of BTs give the same solution.



Permutability

w
BT) BT,
w
BT, BT,
w

Two different compositions of BTs give the same solution.



| attice Equations

* Eliminating derivatives between BT\, BT,
and their derivatives, we find

(wn—I—l,m—I—l — wn,m) (wn,m—l—l — wn—l—l,m) — 4(,u — )\)

AN

(W —w)(w = w) = 4(p = A)

called the potential KAV equation, where

Wy m = BTY o BTZ;” w



Discrete Solitons

 This has soliton solutions:

w = am + bn + ktanh(kx 4+ fm + yn + &)

where a* — b* =4(u— ), ,

1

3 = log((a+k)/(a— k)

¥ = 5 loa((b+ k)/(b— k)

Nijhoff, Quispel, Capel, 1983
Nijhoft, Quispel, van der Linden, Capel, 1983



N-dimensional BTs

Wnmt,... = BT} o BT," o BT ) o... w

r

W — Wn+1,m,l,..., W — wn,m—l—l,l,...am — Wn,m,l+1,...9 -+ -

 We get a multidimensional system:

wA D0
(0= w)(w—w)=p”—q° G
(@—"&7)(10—@2292—7“2 AR R
(@ - w)(w-w) =1~ ¢°

Nijhoff & Walker, 1998



Multi-dimensional consistency
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Part 2

e Partial difference equations



ABS Classification

* Adler, Bobenko & Suris (2003) classified all affine linear
equations




Some ABS Equations

* At (z—y)(u—v)+p°—¢" =0
e H3: p? — 2
. Q(xu + vy) — P(uv + uy) 1 50 =0
where P? =a*—p*, Q° =a®—¢°
* Q3:
—— 52
P(uv + uy) — Q(zu +vy) — (p° — ¢°) (uv+wy | 473@) =0

where



At the top

(Q4) agxuvy + ayj(xuv +uvy + vyx + vxu) + ax(xy +uv) + ar(xu + vy)
+ay(xv+uy) +az(x+u+v+y)+aqg =0,

r(a)

where the coefficients a; are expressed through (a,a) and (B, b) with a?
b> = r(B), r(x) = 4x> — gox — g3, by the following formulae:

ay=a-+b, a = —Pa— ab, azzﬂza—l—azb,

b(a+b
i = - (@ +5) - 820 — 202 — 22yp,
2(a — B) 4
b(a+b
i = - a+b) - a?h — (282 — 82)a,
2(B — a) +
a—&a—&a a—g—ga— a
3—2 0) A 1, 4_160 83d1].

ABS, 2003



At the top

(Q4) agxuvy + ayj(xuv +uvy + vyx + vxu) + ax(xy +uv) + ar(xu + vy)
+ax(xv +uy) +az(x +u+v+y)+ag =0,

where the c lents a; ar. ressed through (a, a) and (B, b) with a? r(a)
b> = r(B)(r(x) = 4x> — @ by the following formulae:

ay=a-+b, a = —Pa— ab, a2:,82a—|—042b,
b b
i = - (@ +5) - 820 — 202 — 22yp,
2(a — p) 4
b b
i = - @ +b) - a?h — (282 — 82)a,
2(8 — o) 4
a—&a—&a a—g—ga— a
3—20 41, 4_160 g3aj.

ABS, 2003



In what sense are these partial difference
equations integrable”



L iInear Problems

Consider a 2D lattice equation on a quadrilateral face.

The third direction provides a “spectral” problem.



L iInear Problems

Consider a 2D lattice eqLiation on a quadrilateral face.
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The third direction provides a “spectral” problem.



Spectral problem for H

w=W

T~ — W ]{72— 2 T
(W @)W —w) =k —p? = W= W mp —ww)

W —w
P P k2_ 2 0D
(W = @)(W —w) =k — ¢? = T = Wm0 Z 0l

Linearize by using W = F/G |, then separate variables:

S

p =My G
- (w K —p?—ww - (w kP —q¢* —ww
L‘”(l — > M‘”(l —

where K is the parameter.



Spectral problem for H

w=W

T~ — W ]{72— 2 T
(W @)W —w) =k —p? = W= W mp —ww)

W —w
P P k2_ 2 0D
(W = @)(W —w) =k — ¢? = T = Wm0 Z 0l

Linearize by using W =_E/(G | then separate variables:

)

p =My G
- (w kP —p?—ww - (w kP —q¢* —ww
L‘”(l — > M‘”(l —

where K is the parameter.



Compatibility, again
90 Lo=Lp=LMy
p=Mp=Mg= MLy

-~ LM = ML

& HI

AN

(@ — w)(w—w) =p° — ¢’



Part 3

* Discrete inverse scattering



Initial-value problem

Given an initial value

u(z,0) = uog(z) € L'(R)

Gardiner, Greene, Kruskal and Miura (1967) showed:

(MO} (s A0} 0
/U/(.CE, O) Direct Scattering ’ spectral information
S{0}
v v

, Mt} (s Mt} 1)
’U/(Qj, t) ) Inverse Scattering spectral information
S{t}



Discrete Initial-value problem

First define an initial value on a discrete oriented “staircase”

_I ; i I -
L1 -

| .
11le

\
NI

Acceptable Problematic



Discrete Initial-value problem

Given an initial value for H1 on a IN the lattice, s.1.
—+ o0
D |wmi2.0 = wmo — 2p|(1+ |m]) < o

Win+2,0 — Wm0 > 0

[ #10}, g(m; 2{0};0)
wmj() Direct Scattering ’ spectral information
510}
v v

, z{n}, g(m; z{n};n)
wm,n ) Inverse Scattering spectral information
S{n}



Direct Scattering

e Define a basis set of solutions, the “Jost
solutions”

* Obtain the scattering data

* Deduce their analyticity properties in the
spectral plane.



Recall continuous Jost solutions

Gz + (u(a?, 0) - C2) ¢ =0
Opz + C2¢ =0 = ¢~ AehT 1 Be_icx, ]x\ — 00,

Jost solutions defined by

as r — — OO

p(x,0;¢) ~ e %7
P(x,0;C) ~ eio®

(z,0;¢) ~ €7
. | as r — +0Q.
(2,05 ¢) ~ e



Discrete Jost solutions

~

g—C2p+u)g+ (p*+2%)g=0
where 2p+ﬂ::i5—w, k=1z,
Note that u — 0 as [m| — oo

Jost solutions are defined by

~ (p—iz)"

,
f L, A8 M — —00
P ~ (p+iz)

<% N (p+z.z)m as m — +oo
T o~ (p—iz)

We have (m;z) = o(m;—z) and ¥ (m;z) = ¥(m; —z)



Scaled Jost Solutions

P 2) = gp(m;z) xim: z):=x(m;—=z
X(ms2) = s Xma2) = x(mi —2)
) = p(m; 2) Y(m:2z)=Y(m:;—z
Theorem:

* X(m; z), T(m; z) exist and are analyticin J(z) > 0

e X(m; z), T (m; z) exist and are analytic in $(z) < 0

» All are continuous on the real line &(z) = 0



Scattering Data

Y = ap + by
pot po ]
a a

* The coefficients a(z)and b(z) satisfy the following
properties
o a(z)is analytic in &(z) > 0 and continuous on &(z) =0
except possibly at z=0
e b(z)is continuous on S(z) = 0, except possibly at
z =10
o a(z)has a finite number of zeroes zx in &(z) > 0.
They are simple, lie on R(z) = 0, and satisty
Zk‘ <p




‘Time’ Evolution

When n evolves, we get the evolution of a(z) and b(z)

a(n: 2) = a(0: 2) = a(z)
b(n: 2) = b(0: 2) (q = Z’Z)n — () (q = Z’Z)n

a -+ 1z a -+ 1z




Inverse Scattering

Y (m; 2) 1
~ (1+0(—)> as |z| — +o0, [z >0

a(z) Z

D) i z) = Rz xlomiz) (2
X (m; z) ~ (1 + O (%)) z| = +00, [z <0

z € C



Solution

20 s
c2) =1 4 K(m, )\N~—™
x(m; z) p— g (m, )

J]=—00
. IS given by
K@m, L)+ B(L) + Z Km,r)(Br—m+L)+B(r —m+L—1)) =0

r=—00

where

N

. ' T . T
o —i€x (P — i L/m RO (p_K) d
B(T)"Z<p—iZk>(p+izk) ") o \pric) ¢

k=1

leading to

1+ Km+1,m+1)
1+ K(m, m)

Um.n = 2p




Multl-dimensions

* The discrete inverse scattering transform method
can be extended to other ABS equations, up to Q3.

* The initial-value problem can be given on a well-
defined multi-dimensional staircase.

* Soliton solutions correspond to reflectionless
potentials, described through Cauchy matrices.

Butler 2012



Part 4

e Discrete iso-monodromy problems



Reductions

Reductions of soliton equations are Painlevé equations

Wr + 0w we + Wege =0

(

w=—2y(x)—27T

\x:€+6ﬁ
W = 247y, — 2
- We — —ny



Reductions

Reductions of soliton equations are Painlevé equations

Wr + 0w we + Wege =0

(

w=—2y(x)—27T

\x:€+6ﬁ
Wy = 24Ty, — 2
— We = —2Y,
Weee = —2Yzaa



Discrete Reductions?

* \What are reductions of discrete soliton equations”
 What are their corresponding linear problems?

e How do we solve them?



H3 & H6 on 4-cube

H3s5—0: alzu+vy) — B(xv+uy) =0
H6: zy+uwv+o1xu+ osvy =0

.

Each sub 3-cube in this 4-cube has 2
copies of H3 and 4 copies of HE
associated to its faces.



Reduction

Push one corner to
the diagonally opposite
corner

A= g\ Joshi, Nakazono & Shi, 2014



Reductions to g-discrete
Painleve equations

( 1+ ch(t)(a f(t) + 1)

D = ab ) e e+ 1)
L+af@)(bg®n)+1)

1+bg®)(ch®) +1)
L+bg(t)(ch(t)+1)

an = caf O T @ Fo T 1
: 0 1+tf)

g-Prv: 3 g(qt) = be h(t)

g(qt) = :
. gf@ t+ 1)
q-Pr: fat) = a 1 + btg(qgt)
MY T Foglqn b+ glqn)
1 1t
qg-Pn: f(pr) = . + )

fnf@) t+ f@)°



Discrete Monodromy Problems

Reductions also provide linear problems, e.g.

(gt \ ( act \ ( at \

—X 1 —X 1 —x 1
— | A(?) f (@ g(1)
¢(qx9 t) | qh(t) . acf(t) . ag(t) -¢(X, t)a
\ t )\ -1 f )\ -1 f Y
( (gt* = Dh(r) )
d(x,q) =|" (1 + b+ beh()ig(n) . |-9(x,1).
\ 1 0

whose compatibility condition is gPv

Joshi, Nakazono & Shi, 2015



0% () = ¢\ (x) P(x)

Carmichael 1912, Birkhoff & Guenther 1941



Summary and Open Problems

* Discrete versions of integrable PDEs and ODEs have
associated linear spectral problems.

* The inverse scattering method can be solved
for ABS equations up to Q3 from any well-posed N-
dimensional staircase.

e How the connection problems for g-Painlevé
and elliptic-Painlevé equations provide information
about solutions remains an
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A Mathematician's Apology, 1940
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The mathematician
beautiful, the ideas




