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– John von Neumann, 1946

“Our present analytical methods seem 
unsuitable for the solution of the important 
problems arising in connection with non-
linear partial differential equations and, in 
fact, with virtually all types of non-linear 
problems in pure mathematics.” 



Chaos

TC Gavin, 1997, SW Pacific

I “Does the flap of a
butterfly’s wings in Brazil
set off a tornado in Texas?”

I To forecast future
behaviour, we need to
know initial states with
infinite precision.

I This has become
synonymous with chaos,
but is also present in
ordered, non-chaotic
systems.

Chaos

“Does the flap of a butterfly’s 
wings in Brazil set off a 
tornado in Texas?”

TC Gavin 1997 SW Pacific



Order

At about the same time as 
chaos, astonishingly well-
ordered & predictable 
behaviour was found in 
models used to describe 
thermal properties of metals.
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Particle-like Waves

Leading to the discovery of 
solitons: 

“solitary waves” preserving 
speed, height, shape, … as 
they travel and interact in 
space and time. 

Zabusky & Kruskal 1965



Solitons
The Korteweg-de Vries equation 

has N-soliton solutions. For 
constant
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Solution Method
• The Korteweg-de Vries equation 

u
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is integrable because it has an underlying linear 
structure.
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called the Lax pair, used to solve its initial value 
problem.

• It is the compatibility condition of the spectral problem



How the KdV equation is solved

• Given u(x, 0), solve the 
Schrödinger equation with this 
as potential. 

• Find reflection, transmission 
coefficients and bound states  

• Evolve these in time. 

• Reconstruct the solution of the 
KdV: u(x, t).

GGKM, 1967
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Inverse Scattering Transform

• Gardner, Greene, Kruskal & Miura 
1967 

• Zakharov & Shabat 1971 

• Wadati 1972 

• Ablowitz, Kaup, Newell & Segur 
1973 

• Calogero & Degasperis 1976 

• Deift & Trubowitz 1979 

• Fokas 1997 

• Fokas & Pelloni 1998 

• Degasperis, Manakov & Santini 2001

• Case & Kac 1973 

• Case 1973 

• Flaschka 1974 

• Ablowitz & Ladik 1975 

• Kac & van Moerbeke 1975 

• Levi & Ragnisco 1978 

• Pilloni & Levi 1982 

• Ragnisco, Santini et al 1987 

• Bruckestein & Kailath 1987 

• Ruijsenaars 2002

Continuous Differential-Discrete



Partial Difference EquationsDiscrete Solitons
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I The picture shows @
x

w (with a = 1,
b = 2, k = 0.3, x = 0, ⇠ = �7.5).

I There are also multi-solitons.

I The continuum limit of the dKdV is
u

t

= u
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+ 3 u

2
x

, u = w

x

.

I The consistency condition: be
w = eb

w

can be extended to many other
integrable equations.

The discrete potential KdV equation
�
wn+1,m+1 � wn,m

��
wn,m+1 � wn+1,m

�
= 4(µ� �)

• What is the 
corresponding inverse 
scattering transform 
method? 



Part 1

• Continuous-discrete 

• Partial difference equations 

• Discrete inverse scattering 

• Discrete iso-monodromy problems



has recurrence relations:

Duality
• The Weber equation:
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Transformations

• Given a parameter     the Bäcklund transformation

• The potential Korteweg-de Vries equation is

�
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Wahlquist & Estabrook, 1976



Composition

• Take two such transformations
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• Compose the transformations in two different ways

bew = BTµ �BT� w, ebw = BT� �BTµ w

• Are they the same solution? 



Permutability

BT� BTµ

w
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BTµ BT�

Two different compositions of BTs give the same solution.
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Lattice Equations

• Eliminating derivatives between BT�, BTµ

and their derivatives, we find

�
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��
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�
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(bew � w)( bw � ew) = 4(µ� �)

called the lattice potential KdV equation, where

wn,m = BTn
� �BTm

µ w



Discrete Solitons

• This has soliton solutions:
w = am+ bn+ ktanh(kx+ �m+ �n+ ⇠)
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Nijhoff, Quispel, Capel,1983 
Nijhoff, Quispel, van der Linden, Capel,1983



N-dimensional BTs

ew = wn+1,m,l,..., bw = wn,m+1,l,..., w = wn,m,l+1,..., . . .

wn,m,l,... = BTn
p �BTm

q �BT l
r � . . . w

( bw � ew)(w � bew) = p2 � q2

(w � ew)(w � ew) = p2 � r2

( bw � w)(w � bw) = r2 � q2

...

• We get a multidimensional system: 
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Multi-dimensional consistency
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Part 2

• Continuous-discrete 

• Partial difference equations 

• Discrete inverse scattering  

• Discrete iso-monodromy problems



ABS Classification
• Adler, Bobenko & Suris (2003) classified all affine linear 

equations 

which are multi-dimensionally consistent on a quad-graph

Q(w, ew, bw, bew; p, q) = 0

Q(x, u, v, y; p, q) = 0

x

y

u

v

p

q



Some ABS Equations
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• Q3:
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At the top

Classification of Integrable Equations on Quad-Graphs 519

Theorem 1. Up to common Möbius transformations of the variables x and point trans-
formations of the parameters α, the three-dimensionally consistent quad-graph equa-
tions (5) with the properties 1), 2), 3) (linearity, symmetry, tetrahedron property) are
exhausted by the following three lists Q, H, A (u = x1, v = x2, y = x12, α = α1,
β = α2).

List Q:

(Q1) α(x − v)(u − y) − β(x − u)(v − y) + δ2αβ(α − β) = 0,

(Q2) α(x − v)(u − y) − β(x − u)(v − y) + αβ(α − β)(x + u + v + y)

−αβ(α − β)(α2 − αβ + β2) = 0,

(Q3) (β2 − α2)(xy + uv) + β(α2 − 1)(xu + vy) − α(β2 − 1)(xv + uy)

−δ2(α2 − β2)(α2 − 1)(β2 − 1)/(4αβ) = 0,

(Q4) a0xuvy + a1(xuv + uvy + vyx + yxu) + a2(xy + uv) + ā2(xu + vy)
+ã2(xv + uy) + a3(x + u + v + y) + a4 = 0,

where the coefficients ai are expressed through (α, a) and (β, b) with a2 = r(α),
b2 = r(β), r(x) = 4x3 − g2x − g3, by the following formulae:

a0 = a + b, a1 = −βa − αb, a2 = β2a + α2b,

ā2 = ab(a + b)

2(α − β)
+ β2a − (2α2 − g2

4
)b,
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2(β − α)
+ α2b − (2β2 − g2

4
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2
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4
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g2
2

16
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List H :

(H1) (x − y)(u − v) + β − α = 0,
(H2) (x − y)(u − v) + (β − α)(x + u + v + y) + β2 − α2 = 0,
(H3) α(xu + vy) − β(xv + uy) + δ(α2 − β2) = 0.

List A:

(A1) α(x + v)(u + y) − β(x + u)(v + y) − δ2αβ(α − β) = 0,
(A2) (β2 − α2)(xuvy + 1) + β(α2 − 1)(xv + uy) − α(β2 − 1)(xu + vy) = 0.

Remark. 1) The list A can be dropped down by allowing an extended group of Möbi-
us transformations, which act on the variables x, y differently than on u, v (white and
black sublattices on Figs. 1,3). In this manner Eq. (A1) is related to (Q1) (by the change
u → −u, v → −v), and Eq. (A2) is related to (Q3) with δ = 0 (by the change u → 1/u,
v → 1/v). So, really independent equations are given by the lists Q and H.

2) In both lists Q, H the last equations are the most general ones. This means that
Eqs. (Q1)–(Q3) and (H1), (H2) may be obtained from (Q4) and (H3), respectively, by
certain degenerations and/or limit procedures. So, one could be tempted to shorten down
these lists to one item each. However, on the one hand, these limit procedures are out-
side of our group of admissible (Möbius) transformations, and on the other hand, in
many situations the “degenerate” equations (Q1)–(Q3) and (H1), (H2) are of interest for

ABS, 2003
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ā2 = ab(a + b)

2(α − β)
+ β2a − (2α2 − g2

4
)b,
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In what sense are these partial difference 
equations integrable?



Linear Problems

The third direction provides a “spectral” problem.

Consider a 2D lattice equation on a quadrilateral face.



Linear Problems
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The third direction provides a “spectral” problem.

Consider a 2D lattice equation on a quadrilateral face.



Spectral problem for H1
w =: W
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where k is the spectral parameter.
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Compatibility, again

be' = cL' = bLb' = bLM'

eb' = gM' = fM e' = fML'

) bLM = fML

, H1

( bw � ew)(w � bew) = p2 � q2



Part 3

• Continuous-discrete duality 

• Partial difference equations 

• Discrete inverse scattering 

• Discrete iso-monodromy problems



Initial-value problem
Given an initial value

u(x, 0) = u0(x) 2 L

1(R)

Gardiner, Greene, Kruskal and Miura (1967) showed:

u(x, 0)
����������!
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Discrete Initial-value problem
First define an initial value on a discrete oriented “staircase”

Acceptable Problematic



Discrete Initial-value problem 
Given an initial value for H1 on a line in the lattice, s.t.
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Direct Scattering

• Define a basis set of solutions, the “Jost 
solutions”  

• Obtain the scattering data 

• Deduce their analyticity properties in the 
spectral plane.



Recall continuous Jost solutions

The Continuous IST 2.2. IST for the KdV Equation
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The first of these equations (2.15) defines the forward scattering problem,

while the second (2.16) defines the time evolution of the system. Assume

that there exists some real-valued initial condition u(x, 0) which satisfies
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Jost solutions defined by



Discrete Jost solutions

Jost solutions are defined by

eeg � (2p+ eu)eg + (p2 + z2) g = 0

2p+ eu := eew � w, k = i z,where

Note that u ! 0 as |m| ! 1

(
' ⇠ (p� iz)m

' ⇠ (p+ iz)m
as m ! �1

(
 ⇠ (p+ iz)m

 ⇠ (p� iz)m
as m ! +1

'(m; z) = '(m;�z)  (m; z) =  (m;�z)We have and



•                             exist and are analytic in

Scaled Jost Solutions

•                             exist and are analytic in

�(m; z) :=
'(m; z)

(p� iz)m
, �(m; z) := �(m;�z)

⌥(m; z) :=
 (m; z)

(p+ iz)m
, ⌥(m; z) = ⌥(m;�z)

�(m; z),⌥(m; z) =(z) > 0

�(m; z),⌥(m; z) =(z) < 0

• All are continuous on the real line =(z) = 0

Theorem:



Scattering Data
 = a'+ b'

R =
b

a
, T =

1

a

• The coefficients        and        satisfy the following 
properties 
๏        is analytic in               and continuous on            

except possibly at   
๏        is continuous on              , except possibly at 

๏        has a finite number of zeroes zk in               . 
They are simple, lie on               , and satisfy       

=(z) > 0

=(z) > 0

=(z) = 0

<(z) = 0

=(z) = 0

b(z)a(z)

a(z)

b(z)

a(z)

z = 0

z = 0

|zk| < p



‘Time’ Evolution

a(n; z) = a(0; z) ⌘ a(z)

b(n; z) = b(0; z)

✓
q � iz

a+ iz

◆n

= b(z)

✓
q � iz

a+ iz

◆n

When n evolves, we get the evolution of         and                       a(z) b(z)



Inverse Scattering

z 2 C
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ϕ(n) and ψ
(n)

are defined by ϕ(n)(m, n; z) = ϕ(n)(m, n;−z) and ψ
(n)

(m, n; z) =
ψ (n)(m, n;−z).

The n evolution of ϕ(n) reveals that ϕ satisfies

(q − iz)ϕ(m, n + 2; z) − (xm,n+2 − xm,n)ϕ(m, n + 1; z) + (q + iz)ϕ(m, n; z) = 0. (6.4)

Note that (6.1) does not allow for the n-independent boundary conditions of ϕ and ψ , but these
are consistent with (6.4). Since ψ(m, n; z) = a(n; z)ϕ(m, n; z) + b(n; z)ϕ(m, n; z) holds for
all n, we have

ψ (n)(m, n; z) = a(n; z)ϕ(n)(m, n; z) + b(n; z)

(
q + iz
q − iz

)n

ψ (n)(m, n; z), (6.5)

which agrees with (3.7) on n = 0 if we adopt the notation a(z) ≡ a(0; z) and b(z) ≡ b(0; z).

Theorem 6.1. The function a(n; z) is independent of n:

a(n; z) = a(0; z) ≡ a(z). (6.6)

The function b(n; z) is given by

b(n; z) = b(0; z)

(
q − iz
q + iz

)n

≡ b(z)

(
q − iz
q + iz

)n

. (6.7)

Proof. In the limit m → −∞ we have ϕ(n)(m, n; z) ∼ (p− iz)m(q − iz)n and ϕ(n)(m, n; z) ∼
(p + iz)m(q + iz)n, and so in this limit ϕ(n) and ϕ(n) are linearly independent solutions of (6.1).
Thus, we may write

ψ (n)(m, n; z) ∼ C1(m; z)ϕ(n)(m, n; z) + C2(m; z)ϕ(n)(m, n; z) as m → −∞,

where C1 and C2 are independent of n. Comparing this with (6.5) gives the desired result. !

7. Inverse scattering

We now proceed to reconstruct the potential u, and ultimately the solution x of (1.1). We
rewrite equation (3.7) as

ϒ(m; z)

a(z)
− χ(m; z) = R(z)χ(m; z)

(
p − iz
p + iz

)m

, (7.1)

where R(z) = b(z)
a(z)

is the reflection coefficient. This equation defines a jump condition along
ℑz = 0 between ϒ

a
, which is meromorphic in the open half-plane ℑz > 0, and χ , which is

analytic in the open half-plane ℑz < 0. Coupled with the knowledge of the behaviour of these
functions for large |z|, namely

ϒ(m; z)

a(z)
∼

(
1 + O

(
1
z

))
as |z| → +∞, ℑz " 0 (7.2)

χ(m; z) ∼
(

1 + O

(
1
z

))
as |z| → +∞, ℑz # 0, (7.3)

this becomes an example of the classical Riemann–Hilbert problem. To solve this problem
we consider the Cauchy integral defined along the real z-axis:

I := 1
2π i

∫ +∞

−∞

ϒ(m; ζ )

a(ζ )(ζ + z)
dζ with ℑz > 0. (7.4)
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⌥(m; z)

a(z)
� �(m; z) = R(z)�(m; z)

✓
p� iz

p+ iz

◆m
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Solution
�(m; z) = 1 +

2p

p� iz

mX

j=�1
K(m, j)�j�m

is given by
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Lemma 7.2. For L ! m, zk purely imaginary with |zk| > 0 and ℑζ = 0 we have the following
results:

∫ +∞

−∞

λm−L

(z + zk)(p + iz)
dz = −2π i

p − izk

(
p − izk

p + izk

)L−m

(7.15)

∫

P+

λm−L

(z + ζ )(p + iz)
dz = −2π i

(p − iζ )

(
p − iζ
p + iζ

)L−m

. (7.16)

Proof. This follows by considering the poles of the integrand and using the residue theorem
appropriately. "

By lemma (7.2), taking the aforementioned integral of equation (7.14) gives a discrete
Gel’fand–Levitan integral equation for K:

K(m,L) + B(L) +
m∑

r=−∞
K(m, r)(B(r − m + L) + B(r − m + L − 1)) = 0, (7.17)

where

B(T ) :=
N∑

k=1

−iϵk

(p − izk)

(
p − izk

p + izk

)T

+
1

2π

∫ +∞

−∞

R(ζ )

(p − iζ )

(
p − iζ
p + iζ

)T

dζ. (7.18)

Proposition 7.3. Suppose that for fixed m, |B(L)| ! |B(m)| for L ! m, and
∑m

−∞ |B(r)|
exists. Then, the discrete Gel’fand–Levitan equation (7.17) has a unique solution K(m, L) for
L ! m.

Proof. We first prove existence. If we express K as

K(m,L) =
+∞∑

j=0

Hj(m,L), (7.19)

then this will solve (7.17) if

Hj+1 = −
m∑

r=−∞
Hj(m, r)(B(r − m + L) + B(r − m + L − 1))

H0 = −B(L).

For L ! m the recursion relation can be upper-bounded by

|Hj+1(m,L)| ! 2
m∑

r=−∞
|B(r)||Hj(m, r)|,

and so emulating the inductive process in lemma (4.3) one obtains

Hj(m,L) ! 2j
(∑m

r=−∞ |B(r)|
)j

j !
.

Thus, (7.19) converges absolutely and uniformly for L ! m. If K1 and K2 both solve (7.17)
then β := K1 − K2 satisfies

|β(m,L)| !
m∑

r=−∞
2|B(r)||β(m, r)|.
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If |β(m,L)| ! N for L ! m, then by the above inductive argument we obtain

|β(m,L)| ! N
2j

(∑m
r=−∞ |B(r)|

)j

j !

for any j " 0; thus, β = 0. #

The function B is dependent on the quantities

S := {R(n; ζ ) for ℑζ = 0; zk; ϵk(n)} (7.20)

which collectively comprise the scattering data. The entire inverse scattering process can
therefore be summarized as follows. Given a potential um defined on n = 0 that satisfies
2p + um > 0 for all m and

+∞∑

j=−∞
(1 + |j |)|uj | < ∞,

one may construct the Jost solutions ϕ(m; z) and ψ(m; z) using equation (3.5). This leads to
the knowledge of the functions a and b and thus to the n-dependent scattering data through
equations (6.6) and (6.7). The kernel K(m, L) can then be calculated via equation (7.17), and
the n-dependent potential reconstructed from the boundary condition (7):

um,n = 2p

[
1 + K(m + 1,m + 1)

1 + K(m,m)
− 1

]
. (7.21)

The solution of (1.1) can then be found by first writing xm,n = pm + qn + C + f (m, n), where
C is arbitrary and f → 0 as |m| → +∞, and then integrating f (m+2, n)−f (m, n) = um+1,n.
This gives

xm,n = pm + qn + C +
∑

r!1,r odd

um−r,n. (7.22)

8. One- and two-soliton examples

The potential um+1 along n = 0 for the one-soliton solution (3.1) is

um+1 = −2k
Aρm

p

(
ρ2

p − 1
)

(
Aρm+2

p + 1
) (

Aρm
p + 1

) . (8.1)

Solving (3.5) for g(m; z) gives the Jost solutions as

ϕ(m; z)

(p − iz)m
=

(
Aρm

p a(z) + 1

Aρm
p + 1

)

(8.2a)

ψ(m; z)

(p + iz)m
=

(
Aρm

p + a(z)

Aρm
p + 1

)

, (8.2b)

where

a(z) = z − ik
z + ik

(8.3a)

b(z) = 0. (8.3b)
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Multi-dimensions

• The discrete inverse scattering transform method 
can be extended to other ABS equations, up to Q3. 

• The initial-value problem can be given on a well-
defined multi-dimensional staircase. 

• Soliton solutions correspond to reflectionless 
potentials, described through Cauchy matrices.

Butler 2012 



Part 4

• Continuous-discrete 

• Partial difference equations 

• Discrete inverse scattering 

• Discrete iso-monodromy problems



Reductions of soliton equations are Painlevé equations

Reductions

w⌧ + 6ww⇠ + w⇠⇠⇠ = 0
⇢

w = �2 y(x)� 2 ⇥
x = � + 6 ⇥2

)

8
<

:

w⇥ = �24 � yx � 2
w� = �2 yx
w��� = �2 yxxx



Reductions of soliton equations are Painlevé equations

Reductions

y

00 = 6 y2 � x

w⌧ + 6ww⇠ + w⇠⇠⇠ = 0
⇢

w = �2 y(x)� 2 ⇥
x = � + 6 ⇥2

)

8
<
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w��� = �2 yxxx



Discrete Reductions?

• What are reductions of discrete soliton equations? 

• What are their corresponding linear problems? 

• How do we solve them?



H3 & H6 on 4-cube

Each sub 3-cube in this 4-cube has 2 
copies of H3 and 4 copies of H6 
associated to its faces.

H6 : xy + uv + �1xu+ �2vy = 0
H3�=0 : ↵(xu+ vy)� �(xv + uy) = 0



Reduction
Push one corner to
the diagonally opposite 
corner

bew = � i�w
�
�= q � Joshi, Nakazono & Shi, 2014



Reductions to q-discrete 
Painlevé equations

LAX PAIRS OF DISCRETE PAINLEVÉ EQUATIONS: (A2 + A1)(1) CASE

NALINI JOSHI, NOBUTAKA NAKAZONO, AND YANG SHI

Abstract. In this paper, we provide a comprehensive method for constructing Lax pairs of
discrete Painlevé equations. In particular, we consider the A(1)

5 -surface q-Painlevé system
which has the affine Weyl group symmetry of type (A2 + A1)(1) and show two new Lax
pairs.

1. Introduction

The purpose of this paper is to provide a comprehensive method for constructing Lax
pairs of discrete Painlevé equations. As an example, we consider the q-Painlevé equations
of A(1)

5 -surface type in Sakai’s classification [37], which are called q-Painlevé IV [23],
q-Painlevé III [25, 37] and q-Painlevé II [36] equations, respectively given by Equations
(1.1), (1.2) and (1.3). These equations are collectively called the A(1)

5 -surface q-Painlevé
equations.

This work is motivated by our previous findings in [20], where quad-equations were
observed on what is called the ω-lattice, constructed from the τ functions of A(1)

5 -surface
q-Painlevé equations, and those in [21], where the 4-dimensional integer lattice, can be
reduced to the ω-lattice via a periodic reduction, and its extended lattices are investigated.
Combining these results enables us to systematically construct the Lax pairs for any dis-
crete Painlevé equations on the A(1)

5 -surface.
Our Lax pairs for the q-Painlevé IV equation: (1.4) and q-Painlevé III equation: (1.5)

are new, while the one for the q-Painlevé II equation: (1.6) coincides with that provided
in [15]. They all satisfy Carmichael’s hypotheses [9] for existence of solutions around
singular points at the origin and infinity. Not all existing Lax pairs (see §1.2) satisfy these
conditions. Moreover, some known Lax pairs hold only for restricted parameters or modi-
fied cases of the discrete Painlevé equations. We remark that multiple Lax pairs are known
for each of the continuous Painlevé equations [10, 18, 19].

1.1. Main result. Our main results are Lax pairs for the following q-Painlevé equations:

q-PIV:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f (qt) = ab g(t)
1 + c h(t) (a f (t) + 1)
1 + a f (t) (b g(t) + 1)

,

g(qt) = bc h(t)
1 + a f (t) (b g(t) + 1)
1 + b g(t) (c h(t) + 1)

,

h(qt) = ca f (t)
1 + b g(t) (c h(t) + 1)
1 + c h(t) (a f (t) + 1)

,

(1.1)

q-PIII:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

g(qt) =
a

g(t) f (t)
1 + t f (t)
t + f (t)

,

f (qt) =
a

f (t)g(qt)
1 + btg(qt)
bt + g(qt)

,

(1.2)

q-PII: f (pt) =
a

f (p−1t) f (t)
1 + t f (t)
t + f (t)

, (1.3)
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where t ∈ C is an independent variable, f (t), g(t), h(t) are dependent variables and a, b, c, q, p ∈
C are parameters. In the case of q-PIV we have f (t)g(t)h(t) = t2 and abc = q.

Theorem 1.1. The following statements hold:
(i): The following system is the 2 × 2 Lax pair of q-PIV (1.1):

φ(qx, t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

qt
h(t)

x 1

−1
qh(t)

t
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

act
f (t)

x 1

−1
ac f (t)

t
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

at
g(t)

x 1

−1
ag(t)

t
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t), (1.4a)

φ(x, qt) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
−

(qt2 − 1)h(t)
(1 + b + bch(t))tg(t)

x −1

1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠ .φ(x, t). (1.4b)

(ii): The following system is the 2 × 2 Lax pair of q-PIII (1.2):

φ(qx, t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

q f (t)g(t)
a1/2 x 1

−1
qa1/2

f (t)g(t)
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2bt
f (t)

x 1

−1
bt f (t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
g(t)

x 1

−1
tg(t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t),

(1.5a)

φ(x, qt) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2bt
f (t)

x 1

−1
bt f (t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
g(t)

x 1

−1
tg(t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t). (1.5b)

(iii): The following system is the 2 × 2 Lax pair of q-PII (1.3):

φ(p2x, t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p2 f (t) f (p−1t)
a1/2 x 1

−1
p2a1/2

f (t) f (p−1t)
x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

pa1/2t
f (t)

x 1

−1
pt f (t)
a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
f (p−1t)

x 1

−1
t f (p−1t)

a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t), (1.6a)

φ(x, pt) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1/2t
f (p−1t)

x 1

−1
t f (p−1t)

a1/2 x

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.φ(x, t). (1.6b)

Here, φ(x, t) is a 2-column vector called a wave function and x is a complex parameter
called a spectral parameter.

This theorem is proved by extending the 4-dimensional setting of the periodically re-
duced partial difference equation in §2 to a 5-dimensional setting in §4.

1.2. Background. Discrete Painlevé equations are nonlinear ordinary difference equa-
tions of second order, which include discrete analogs of the six Painlevé equations: PI,
. . . , PVI. The geometric classification of discrete Painlevé equations, based on types of
rational surfaces connected to affine Weyl groups, is well known [37]. Together with the
Painlevé equations, they are now regarded as one of the most important classes of equations
in the theory of integrable systems (see, e.g., [13]).

Another important class is given by integrable partial difference equations (P∆Es), in-
cluding discrete versions of integrable PDEs such as Korteweg-de Vries equation (KdV

whose compatibility condition is qPIV

Joshi, Nakazono & Shi, 2015

Reductions also provide linear problems, e.g.



�

(0)(x)

�

(1)(x)

�

(1)(x) = �

(0)(x)P (x)

Carmichael 1912, Birkhoff & Guenther 1941 



Summary and Open Problems

• Discrete versions of integrable PDEs and ODEs have 
associated linear spectral problems. 

• The discrete inverse scattering method can be solved 
for ABS equations up to Q3 from any well-posed N-
dimensional staircase. 

• How the discrete connection problems for q-Painlevé 
and elliptic-Painlevé equations provide information 
about solutions remains an open question.



The mathematician's patterns, like those of the painter's or the poet's, must be 
beautiful, the ideas, like the colours or the words, must fit together in a 
harmonious way. GH Hardy, A Mathematician’s Apology, 1940


