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生日快樂

🎉 Happy Birthday Roderick!  🎂🥂



“I remember once going to see 
him when he was ill at Putney. I 
had ridden in taxi cab number 
1729 and remarked that the 
number seemed to me rather a 
dull one, and that I hoped it was 
not an unfavourable omen. ‘No,’ 
he replied, ‘it is a very interesting 
number…’”

Hardy, 1921

Hardy and Ramanujan

1729



“I remember once going to see 
him when he was ill at Putney. I 
had ridden in taxi cab number 
1729 and remarked that the 
number seemed to me rather a 
dull one, and that I hoped it was 
not an unfavourable omen. ‘No,’ 
he replied, ‘it is a very interesting 
number; it is the smallest number 
expressible as the sum of two 
cubes in two different ways.’”

Hardy, 1921

123 + 13 = 103 + 93

Hardy and Ramanujan

1729



“I remember once going to see 
him when he was ill at Putney. I 
had ridden in taxi cab number 
1729 and remarked that the 
number seemed to me rather a 
dull one, and that I hoped it was 
not an unfavourable omen. ‘No,’ 
he replied, ‘it is a very interesting 
number; it is the smallest number 
expressible as the sum of two 
cubes in two different ways.’”

Hardy, 1921

Fermat surface

x3 + y3 = z3 + w3

Hardy and Ramanujan



Cubic surfaces

• A cubic surface is defined by a polynomial 
of degree 3 in three-dimensional space.  

• They are celebrated objects in algebraic 
geometry: 
- Cayley and Salmon (1849) showed that every 

smooth cubic surface over an algebraically 
closed field contains 27 lines. 

- Clebsch (1866) showed that every such 
surface is the blow-up of 6 points in . 

- The moduli space of (projective) cubic 
surfaces is 4 dimensional.

ℙ2



• A Segre surface: intersection of 2 
quadrics (quadratic polynomials) 
in 4-dim space.  

• Every smooth Segre surface over 
an algebraically closed field 
contains 16 lines. 

• Every such surface is the blow-up 
of 5 points in .ℙ2

Segre surface



An example
Consider

u + v + w + x + y + z = 0
a1v + a2w + x + a3y + a4z = 1
xw − b1u v = 0
y z − b2u v = 0

• Elimination of two variables   two quadric equations in 4D. 
• Smooth for generic parameters. 
• Contains lines such as  , , 

 
• Contains 2 generic quadrics at infinity.

→

v = w = z = 0 x + y + u = 0
x + a3 y = 0



  Y(z) ↦ Y(z)M0

z0

<latexit sha1_base64="lNMT2qHCA/AnX81TyksIMnUiVsQ="></latexit>

dY

dz
= A(z)Y

<latexit sha1_base64="Fn3jkLHLVDTAclCjt9QtCFYIHt4="></latexit>7!

Relations between solutions 
leads to equations satisfied by 
monodromy data  surfaces 
called monodromy manifolds.

→

How related to analysis?
Differential equations  monodromy groups↔



  Y(z) ↦ Y(z)M1

  Y(z) ↦ Y(z)M0

  Y(z) ↦ Y(z)M∞

Model problem
The hypergeometric differential equation

has Fuchsian singularities at . 0,1,∞

<latexit sha1_base64="bXqCN/AS4qeTpykQ1ljV1xzoeDw="></latexit>
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Consider  solution matrix .2 × 2 Y(z)

It changes as  moves on a closed path 
around each singularity.

z

 are monodromy matrices. M0, M1, M∞

Their trace and determinant are 
monodromy data. 

                      Only two are independent. 



Find the condition under 
which monodromy data of 
this system stays invariant 
under deformation of  .t

Richard Fuchs’ problem

<latexit sha1_base64="wqK/F07JBrHnhEGukqrHV8ADKYg="></latexit>
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R. Fuchs 1905

<latexit sha1_base64="yH/XEONtSXwPHwzNGZjpDfZ1/Bc=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAIrsqM4mWlBTcuK9gLtEPJpJk2NpMMyRlhGPoOblwo4tYH8Q3c+Tam0y609YfAx/+fQ845QSy4Adf9dgpLyyura8X10sbm1vZOeXevaVSiKWtQJZRuB8QwwSVrAAfB2rFmJAoEawWjm0neemTacCXvIY2ZH5GB5CGnBKzV7HIZQtorV9yqmwsvgjeDyvXnaa56r/zV7SuaREwCFcSYjufG4GdEA6eCjUvdxLCY0BEZsI5FSSJm/CyfdoyPrNPHodL2ScC5+7sjI5ExaRTYyojA0MxnE/O/rJNAeOlnXMYJMEmnH4WJwKDwZHXc55pREKkFQjW3s2I6JJpQsAcq2SN48ysvQvOk6p1Xz+68Su0KTVVEB+gQHSMPXaAaukV11EAUPaAn9IJeHeU8O2/O+7S04Mx69tEfOR8/vASRcw==</latexit>1

<latexit sha1_base64="ezE+ZLSvoXUn9RhJkvDKiIFR1p4=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1e0Uim7JzUQWwZtB8ebzLFOlU/hqd2OWRigNE1Trlucmxh9RZTgTOM63U40JZQPaw5ZFSSPU/igbdEyOrdMlYazsk4Zk7u+OEY20HkaBrYyo6ev5bGL+l7VSE175Iy6T1KBk04/CVBATk8nWpMsVMiOGFihT3M5KWJ8qyoy9Td4ewZtfeRHqpyXvonRe9Yrla5gqB4dwBCfgwSWU4Q4qUAMGCE/wAq/Og/PsvDnv09IlZ9ZzAH/kfPwAcu6O6w==</latexit>

0

<latexit sha1_base64="kq3PHw9Zm0QzoMjhhClWrnDZFEc=">AAAB5HicbZDLSsNAFIZP6q3WW3XrZrAIrkqieFlpwY3LCvYCbSiT6Uk7djIJMxOhhD6BGxeKW9/FN3Dn2zhNu9DWHwY+/v8c5pwTJIJr47rfTmFldW19o7hZ2tre2d0rl/abOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdTvPWEyrNY/lgxgn6ER1IHnJGjbXuvV654lbdXGQZvDlUbj7PctV75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdixKGqH2s3zQCTm2Tp+EsbJPGpK7vzsyGmk9jgJbGVEz1IvZ1Pwv66QmvPIzLpPUoGSzj8JUEBOT6dakzxUyI8YWKFPczkrYkCrKjL1NyR7BW1x5GZqnVe+iel6pXcNMRTiEIzgBDy6hBndQhwYwQHiGV3hzHp0X531WWHDmHQfwR87HDwIojcU=</latexit>

1
<latexit sha1_base64="izgyE78s+2YnozVcTvqWmyjC62g=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VG8bLSghuXLdgLtEPJpGfa2ExmSDJCKX0CNy4Uceur+AbufBvTaRfa+kPg4//PIeecIBFcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD20neeESleSzvzTBBP6I9yUPOqLFW1XQKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvesXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4A2f6PLw==</latexit>

t

Add one more singularity at z = t



Isomonodromy condition

<latexit sha1_base64="oo1Laa+KszV2Blo6WRTU+K6e6F0="></latexit>
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The monodromy data stays invariant as t varies  
only under certain conditions on entries of A ⇒

This is the sixth Painlevé equation PVI.

But should really be called Richard Fuchs’ equation. 



Monodromy surface

satisfying 
<latexit sha1_base64="p0SJAAIFIM9fCHfP7CseRBya9Vk=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiCUJKq1Y1ScOOygn1AG8NkOmmHTh7MTKRp6J+48VfcuFBE3PVvnKRZaOuFufdw7rncuccJGRXSMKba0vLK6tp6YaO4ubW9s6vv7TdFEHFMGjhgAW87SBBGfdKQVDLSDjlBnsNIyxnepv3WE+GCBv6DjENieajvU5diJBVl69URjOEYnsLRY0XlOMvjLDu2CUdZrShNWs8yJYbXhq2XjLKRBVwEZg5KII+6rX93ewGOPOJLzJAQHdMIpZUgLilmZFLsRoKECA9Rn3QU9JFHhJVk903gsWJ60A24er6EGft7IkGeELHnKKWH5EDM91Lyv14nku6VlVA/jCTx8WyRGzEoA5iaBXuUEyxZrADCnKq/QjxAHGGpLC0qE8z5kxdBs1I2q+WL+/NS7Sa3owAOwRE4ASa4BDVwB+qgATB4Bq/gHXxoL9qb9ql9zaRLWj5zAP6ENv0B6mScFA==</latexit>

xyz + x2 + y2 + z2 + b1x+ b2y + b3z + c = 0

The monodromy group is generated by 
<latexit sha1_base64="3wzpTKPRK4OtJCkIlmDeEHhcP0Y=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiTF10oK3bhQqGgf0IQwmU7aoZNJmJkIJXThxl9x40IRt36EO//GSZuFth64cDjnXu69x48Zlcqyvo2l5ZXVtfXCRnFza3tn19zbb8soEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHHzUyv/NAhKQRv1fjmLghGnAaUIyUljyzdONRh/LUESG8u554tYoTIjX0fdg49syyVbWmgIvEzkkZ5Gh65pfTj3ASEq4wQ1L2bCtWboqEopiRSdFJJIkRHqEB6WnKUUikm06fmMAjrfRhEAldXMGp+nsiRaGU49DXndmFct7LxP+8XqKCCzelPE4U4Xi2KEgYVBHMEoF9KghWbKwJwoLqWyEeIoGw0rkVdQj2/MuLpF2r2mfV09uTcv0yj6MASuAQVIANzkEdXIEmaAEMHsEzeAVvxpPxYrwbH7PWJSOfOQB/YHz+AAC3lwg=</latexit>

Mi 2 SL2(C)

<latexit sha1_base64="tcPUgtrGBL6dJFCzMTVWe6tNWBY=">AAACI3icbZDLSsNAFIYnXmu9RV26GSxCC1KSekVQCm7cFCr0Bm0Ik+mkHTq5MDMRY+i7uPFV3LhQihsXvovTNova+sPAz3fO4cz5nZBRIQ3jW1taXlldW89sZDe3tnd29b39hggijkkdByzgLQcJwqhP6pJKRlohJ8hzGGk6g7txvflIuKCBX5NxSCwP9XzqUoykQrZ+/XSTdLgHa3yYr9ilin1aOIHxLDOn7HmOlQq2njOKxkRw0ZipyYFUVVsfdboBjjziS8yQEG3TCKWVIC4pZmSY7USChAgPUI+0lfWRR4SVTG4cwmNFutANuHq+hBM6O5EgT4jYc1Snh2RfzNfG8L9aO5LulZVQP4wk8fF0kRsxKAM4Dgx2KSdYslgZhDlVf4W4jzjCUsWaVSGY8ycvmkapaF4Uzx/OcuXbNI4MOARHIA9McAnK4B5UQR1g8ALewAf41F61d22kfU1bl7R05gD8kfbzC5TBoSE=</latexit>

x = Tr(M2M3), y = Tr(M1M3), z = Tr(M1M2)

with monodromy data

<latexit sha1_base64="viK+Y1RMqeJ8HpmE3n7gAYwBWwU="></latexit>

m1 = Tr(M1),

m2 = Tr(M2),

m3 = Tr(M3),

m4 = Tr(M1M2M3),

where 
<latexit sha1_base64="UgEgK558p44YU1zM37YQz5dRfb4="></latexit>

b1 = �(m1m4 +m2m3),

b2 = �(m2m4 +m1m3),

b3 = �(m3m4 +m1m4),

c = m1m2m3m4 � 4 +m2
1 +m2

2 +m2
3 +m2

4

known as Fricke’s relation.



Jimbo-Fricke surfaces

<latexit sha1_base64="p0SJAAIFIM9fCHfP7CseRBya9Vk=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiCUJKq1Y1ScOOygn1AG8NkOmmHTh7MTKRp6J+48VfcuFBE3PVvnKRZaOuFufdw7rncuccJGRXSMKba0vLK6tp6YaO4ubW9s6vv7TdFEHFMGjhgAW87SBBGfdKQVDLSDjlBnsNIyxnepv3WE+GCBv6DjENieajvU5diJBVl69URjOEYnsLRY0XlOMvjLDu2CUdZrShNWs8yJYbXhq2XjLKRBVwEZg5KII+6rX93ewGOPOJLzJAQHdMIpZUgLilmZFLsRoKECA9Rn3QU9JFHhJVk903gsWJ60A24er6EGft7IkGeELHnKKWH5EDM91Lyv14nku6VlVA/jCTx8WyRGzEoA5iaBXuUEyxZrADCnKq/QjxAHGGpLC0qE8z5kxdBs1I2q+WL+/NS7Sa3owAOwRE4ASa4BDVwB+qgATB4Bq/gHXxoL9qb9ql9zaRLWj5zAP6ENv0B6mScFA==</latexit>

xyz + x2 + y2 + z2 + b1x+ b2y + b3z + c = 0

• Symmetric: 
• Markov cubic surface: 
• Cayley’s nodal cubic surface:

<latexit sha1_base64="IrC2huL2hA0mmQUW48PveHQEwfI=">AAAB7nicbZDLSgMxFIbPeK2tl1qXboJV6KrMCF42lYIblxXsBdqhZNJMG5rJhCQjlKE+gRs3goq49Xnc+Taml4W2/hD4+P9zyDknkJxp47rfzsrq2vrGZmYrm9ve2d3L7xcaOk4UoXUS81i1AqwpZ4LWDTOctqSiOAo4bQbD60nevKdKs1jcmZGkfoT7goWMYGOtZtBlFVJxu/miW3anQsvgzaFYLbw8PpSOc7Vu/qvTi0kSUWEIx1q3PVcaP8XKMMLpONtJNJWYDHGfti0KHFHtp9Nxx+jEOj0Uxso+YdDU/d2R4kjrURTYygibgV7MJuZ/WTsx4aWfMiETQwWZfRQmHJkYTXZHPaYoMXxkARPF7KyIDLDCxNgLZe0RvMWVl6FxWvbOy2e3XrF6BTNl4BCOoAQeXEAVbqAGdSAwhCd4hTdHOs/Ou/MxK11x5j0H8EfO5w+KuJFG</latexit>

bi = c = 0

<latexit sha1_base64="PzMAJhRMpI736uPE9cSeQ52kIJ8=">AAAB8nicbVDJSgNBEO2JW0xcYjx6aYxCTmEm4nJRAl48RjALJMPQ0+lJmvT0DN01QhjiF3j1oAdFvPo13vwbO8tBEx8UPN6rol6VHwuuwba/rczK6tr6RnYzl9/a3tkt7BWbOkoUZQ0aiUi1faKZ4JI1gINg7VgxEvqCtfzh9cRv3TOleSTvYBQzNyR9yQNOCRip43vOpe9VTZ14hZJdsafAy8SZk1Kt+Pz4UD7K173CV7cX0SRkEqggWnccOwY3JQo4FWyc6yaaxYQOSZ91DJUkZNpNp5HH+NgoPRxEypQEPFV/T6Qk1HoU+qYzJDDQi95E/M/rJBBcuCmXcQJM0tmiIBEYIjy5H/e4YhTEyBBCFTdZMR0QRSiYL+XME5zFk5dJs1pxziqnt06pdoVmyKIDdIjKyEHnqIZuUB01EEURekKv6M0C68V6tz5mrRlrPrOP/sD6/AHWtJKK</latexit>

b1 = b2 = b3

<latexit sha1_base64="3DGBcGzirzrRjKhmLA2A7zcW3dw=">AAAB8nicbZC7SgNBFIZn4y3GS6IWFjaDQbDQsCveCiMBG8sI5gKbJcxOZpMhszvLzFkhhDyGjYUitna+iZ0PYJtncHIpNPGHgY//P4c55/ix4Bps+8tKLSwuLa+kVzNr6xub2dzWdlXLRFFWoVJIVfeJZoJHrAIcBKvHipHQF6zmd29Gee2BKc1ldA+9mHkhaUc84JSAsVy/yYv2EabF49NmLm8X7LHwPDhTyJd2h8Ps1cd3uZn7bLQkTUIWARVEa9exY/D6RAGngg0yjUSzmNAuaTPXYERCpr3+eOQBPjBOCwdSmRcBHru/O/ok1LoX+qYyJNDRs9nI/C9zEwguvT6P4gRYRCcfBYnAIPFof9ziilEQPQOEKm5mxbRDFKFgrpQxR3BmV56H6knBOS+c3Tn50jWaKI320D46RA66QCV0i8qogiiS6BE9oxcLrCfr1XqblKasac8O+iPr/QeSpJPl</latexit>

bi = 0, c = �4

<latexit sha1_base64="VXU7Cc5qB1p3HnQttUYU0cZfXXI=">AAAB7XicbZDLSgMxFIYzXmu9VV26CRbBVZlRvKy04MZlBXuBdiiZTKaNzSRDcqZQhr6DGxeKuPVBfAN3vo3ptAtt/SHw8f/nkHNOkAhuwHW/naXlldW19cJGcXNre2e3tLffMCrVlNWpEkq3AmKY4JLVgYNgrUQzEgeCNYPB7SRvDpk2XMkHGCXMj0lP8ohTAtZqdIahAtMtld2KmwsvgjeD8s3nWa5at/TVCRVNYyaBCmJM23MT8DOigVPBxsVOalhC6ID0WNuiJDEzfpZPO8bH1glxpLR9EnDu/u7ISGzMKA5sZUygb+aziflf1k4huvIzLpMUmKTTj6JUYFB4sjoOuWYUxMgCoZrbWTHtE00o2AMV7RG8+ZUXoXFa8S4q5/duuXqNpiqgQ3SETpCHLlEV3aEaqiOKHtETekGvjnKenTfnfVq65Mx6DtAfOR8/xPSReA==</latexit>...

Fricke and Klein (1889) 
Jimbo (1982) 



ϵ → 0

A coalescence limit
<latexit sha1_base64="4izERfIbLWrWpEQDghSdTTWaXwo="></latexit>
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<latexit sha1_base64="+4Svm4xF7sQudNDkNSxpHSDrJ40=">AAACMHicbVDLSgMxFM34rPU16tJNsAiCWGZqfWyUggtdVrAPaMchk6ZtaOZBkpGOQz/JjZ+iGwVF3PoVZtqhauuFXM4991xu7nECRoU0jFdtZnZufmExs5RdXlldW9c3NqvCDzkmFewzn9cdJAijHqlIKhmpB5wg12Gk5vQukn7tjnBBfe9GRgGxXNTxaJtiJBVl65d9GMF7eAD7twWVI5X3YdN3SQfZJuz/FAWlGxeHamRcFOGZkbX1nJE3hgGngZmCHEijbOtPzZaPQ5d4EjMkRMM0AmnFiEuKGRlkm6EgAcI91CENBT3kEmHFw4MHcFcxLdj2uXqehEP290SMXCEi11FKF8mumOwl5H+9Rijbp1ZMvSCUxMOjRe2QQenDxD3YopxgySIFEOZU/RXiLuIIS+VxYoI5efI0qBby5nH+6LqYK52ndmTANtgBe8AEJ6AErkAZVAAGD+AZvIF37VF70T60z5F0RktntsCf0L6+AbYio/U=</latexit>

xyz � x2 � y2 + !1x+ !2y + !3z + !4 = 0

✑ The monodromy surface of  becomesPVI

where  are parameters related to .ωi α, β, γ, δ

✑Take 
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Coalescence limits lead to cubic monodromy 
surfaces for all the Painlevé equations.



<latexit sha1_base64="g9jd7OXQbdZ4GyG1U+7zws34Tw8="></latexit>
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The Painlevé equations



where  are parameters.ωi

Cubic surfaces

<latexit sha1_base64="a+q/6qmqlpdE/OMAY7Nk8jM7xDY="></latexit>

xyz � x2 � y2 � z2 + !1x+ !2y + !3z + !4 = 0

xyz � x2 � y2 + !1x+ !2y + !3z + !4 = 0

xyz � x2 + !1x+ !2y + !3z + !4 = 0

xyz � x2 � y2 + !1x+ !2y + !4 = 0

xyz + x+ !2y � z � 1 = 0

xyz � x� z + 1 = 0

<latexit sha1_base64="igiwKyI4tz4ZfvA+yAcJ34mN2ME="></latexit>

PVI :

PV :

PIV :

PIII,D6 :

PII,FN :

PI :

Iwasaki, 2002.
Vanderput & Saito, 2009.

Chekhov, Mazzocco & Rubtsov 2021.



Cubic surfaces and asymptotics
The cubic surface for  PI

<latexit sha1_base64="u96i+7wBfwrBpCvCewTnc4rCfOE="></latexit>

L1 :
�
x = 0, z = 1

 

L2 :
�
x = 1, z = 0

 

L3 :
�
y = 0, x+ z = 1

 

L4 :
�
y = 1, z = 1

 

L5 :
�
x = 1, y = 1

 

<latexit sha1_base64="rjfGS50tjep2Ca1yccygynFVbZY=">AAAB/XicbVDLSsNAFL3xWeMr2qWbwSIIYknE10YouHFZwT6gDWUynbRDJw9mJtI0FD/FlaAgbv0QV/6N0zYLbT1w4XDOvdx7jxdzJpVtfxtLyyura+uFDXNza3tn19rbr8soEYTWSMQj0fSwpJyFtKaY4rQZC4oDj9OGN7id+I1HKiSLwgeVxtQNcC9kPiNYaaljFYcoRSN0ioa6RugEOTd2xyrZZXsKtEicnJQgR7VjfbW7EUkCGirCsZQtx46Vm2GhGOF0bLYTSWNMBrhHW5qGOKDSzabHj9GRVrrIj4SuUKGp+nsiw4GUaeDpzgCrvpz3JuJ/XitR/rWbsTBOFA3JbJGfcKQiNEkCdZmgRPFUE0wE07ci0scCE6XzMk2dgjP/8yKpn5Wdy/LF/XmpUsnzKMABHMIxOHAFFbiDKtSAQArP8ApvxpPxYrwbH7PWJSOfKcIfGJ8/yyKSAQ==</latexit>

xyz � x� z + 1 = 0

contains 5 (affine) lines.



Tronquée solutions
L1

L2

L3L4

L5

Poles of a tronqué solution of PI in t-plane from 
arXiv:2204.09062 Figure 1(b) by Alexander van 
Spaendonck and Marcel Vonk. (Figure is reflected.)

<latexit sha1_base64="eTnKzUARPLyln1XJHHr06N7bMcM=">AAAB9nicbVBNS8NAEN34WeNX1aOXxSIIQkmKVi9CwYvHCvYD2rRsttt26WYTdifWEvo/PAkK4tX/4sl/46bNQVsfDDzem2Fmnh8JrsFxvq2V1bX1jc3clr29s7u3nz84rOswVpTVaChC1fSJZoJLVgMOgjUjxUjgC9bwR7ep33hkSvNQPsAkYl5ABpL3OSVgpM64mwBMb8rjTukc7G6+4BSdGfAycTNSQBmq3fxXuxfSOGASqCBat1wnAi8hCjgVbGq3Y80iQkdkwFqGShIw7SWzq6f41Cg93A+VKQl4pv6eSEig9STwTWdAYKgXvVT8z2vF0L/2Ei6jGJik80X9WGAIcRoB7nHFKIiJIYQqbm7FdEgUoWCCstMU3MWfl0m9VHTLxcv7i0KlkuWRQ8foBJ0hF12hCrpDVVRDFCn0jF7Rm/VkvVjv1se8dcXKZo7QH1ifPxhfkfc=</latexit>

wtt = 6w2 + t

<latexit sha1_base64="6w7bXO/OokQG8YV41PHqw+pOi0U="></latexit>

w(t) ⇠
✓
�t

6

◆1/2 1X

j=0

aj
t5j/2

<latexit sha1_base64="XUfpUbrDXC9zGk2nBUzsaxLGF/w=">AAACH3icbZDLSsNAFIYnXmu9VV26GSyCgpRErXXRRcGNywr2Ak0ok+mkDk4mYeZECGmfxJWP4kpQEMFV38Zpm4W3HwZ+vnMOZ87vx4JrsO2JtbC4tLyyWlgrrm9sbm2XdnbbOkoUZS0aiUh1faKZ4JK1gINg3VgxEvqCdfz7q2m988CU5pG8hTRmXkiGkgecEjCoX6qOYORChF0uA0hPXOwGitDszI35OKuO6y5RwyM4rs9xLcf9Utmu2DPhv8bJTRnlavZLn+4goknIJFBBtO45dgxeRhRwKti46CaaxYTekyHrGStJyLSXzc4b40NDBjiIlHkS8Ix+n8hIqHUa+qYzJHCnf9em8L9aL4Hg0su4jBNgks4XBYnAJo9pVnjAFaMgUmMIVdz8FdM7YoIAk2ixaFJwft/817RPK85FpXpzXm7U8zwKaB8doCPkoBpqoGvURC1E0SN6Rq/ozXqyXqx362PeumDlM3voh6zJF+2aoqs=</latexit>

|t| ! 1,
3⇡

5
< arg(t) <

7⇡

5



Tritronquée solutions
L1

L2

L3L4

L5
Poles of a tritronqué solution of PI in t-plane from 
arXiv:2204.09062 Figure 1(a) by Alexander van 
Spaendonck and Marcel Vonk. (Figure is reflected.)<latexit sha1_base64="f0+/xnYjjE/AnXqZ88gkZM4f69M=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0URKSWR+kAoFNy46KKCfUBTwmQ6aYdOHsxMxBr6D678FFeCgrh148q/cdJmoa0HLhzOuZd773EjRoU0zW8tt7C4tLySX9XX1jc2t4ztnaYIY45JA4cs5G0XCcJoQBqSSkbaESfIdxlpucOr1G/dES5oGNzKUUS6PuoH1KMYSSU5xvFhzbFsjCJYc8qXNrRd2md2cl8xi3BUsYrwoWKlGrfHjlEwS+YEcJ5YGSmADHXH+LJ7IY59EkjMkBAdy4xkN0FcUszIWLdjQSKEh6hPOooGyCeim0x+GsMDpfSgF3JVgYQT9fdEgnwhRr6rOn0kB2LWS8X/vE4svYtuQoMoliTA00VezKAMYRoQ7FFOsGQjRRDmVN0K8QBxhKWKUddVCtbsz/OkeVKyzkqnN+VCtZrlkQd7YB8cAQucgyq4BnXQABg8gmfwCt60J+1Fe9c+pq05LZvZBX+gff4ARYebpA==</latexit>

L1 \ L4 :
�
x = 0, y = 1, z = 1

 



Two of these points 
corresponds to symmetric 
solutions of PI  
(  is tritronquée).p = 1

Symmetric solutions

Kitaev, 1995

contains points , where(p, p, p)
p3 − 2 p + 1 = 0

⇔ (p − 1)(p2 + p + 1) = 0

-6 -4 -2 0 2 4 6

-6

-4

-2

0

2

4

6

Poles of a symmetric solution of PI with double 
zero at t=0 using code supplied by Marcel Vonk.

The monodromy surface
<latexit sha1_base64="lOLEnnXcvUbCTGEGzELkUp9SYQU=">AAAB/XicbVDLSsNAFL3xWeMr2qWbwSIIYknE10YouHFZwT6gDWUynbRDJw9mJtI0FD/FlaAgbv0QV/6N0zYLbT1w4XDOvdx7jxdzJpVtfxtLyyura+uFDXNza3tn19rbr8soEYTWSMQj0fSwpJyFtKaY4rQZC4oDj9OGN7id+I1HKiSLwgeVxtQNcC9kPiNYaaljFYcoRSN0ioa6RujEQTd2xyrZZXsKtEicnJQgR7VjfbW7EUkCGirCsZQtx46Vm2GhGOF0bLYTSWNMBrhHW5qGOKDSzabHj9GRVrrIj4SuUKGp+nsiw4GUaeDpzgCrvpz3JuJ/XitR/rWbsTBOFA3JbJGfcKQiNEkCdZmgRPFUE0wE07ci0scCE6XzMk2dgjP/8yKpn5Wdy/LF/XmpUsnzKMABHMIxOHAFFbiDKtSAQArP8ApvxpPxYrwbH7PWJSOfKcIfGJ8/yzOSAQ==</latexit>

xyz � x� z + 1 = 0



What are the behaviours of solutions 
of discrete Painlevé equations?



q-Painlevé 
equations

Sakai’s scheme

Sakai 2001
Rains 2016

Ell: A
(1)

0

Mul: A(1)

0 A(1)

1 A(1)

2 A(1)

3 A(1)

4 A(1)

5 A(1)

6

A(1)

7
0

A(1)

8A(1)

7

Add: A(1)

0 A(1)

1 A(1)

2 D(1)

4 D(1)

5 D(1)

6 D(1)

7 D(1)

8

E(1)

6 E(1)

7 E(1)

8

Initial value spaces R

Okamoto 1979The Painlevé equations

qPVI qPIV



Connection: .Y∞(z) = Y0(z) C(z)

Invertibility: We can reconstruct 
 from .A(z) C(z)

0

∞

xi

qxi
Singularities:  move with .det(A(xi)) = 0 t

q-Riemann problem
<latexit sha1_base64="Ct+TebmPRnTzPNXT/vJtnyLFfJc=">AAAB9XicbVDLTgJBEOz1ifhCPXqZSEzgQnYNUS8mqBePmMgrsJLZYRYmzM6uM7MaIPyHFw8a49V/8ebfOMAeFKykk0pVd7q7vIgzpW3721paXlldW09tpDe3tnd2M3v7VRXGktAKCXko6x5WlDNBK5ppTuuRpDjwOK15/euJX3ukUrFQ3OlBRN0AdwXzGcHaSPeN3MMwf3GZG+YbptqZrF2wp0CLxElIFhKU25mvVickcUCFJhwr1XTsSLsjLDUjnI7TrVjRCJM+7tKmoQIHVLmj6dVjdGyUDvJDaUpoNFV/T4xwoNQg8ExngHVPzXsT8T+vGWv/3B0xEcWaCjJb5Mcc6RBNIkAdJinRfGAIJpKZWxHpYYmJNkGlTQjO/MuLpHpScE4LxdtitnSVxJGCQziCHDhwBiW4gTJUgICEZ3iFN+vJerHerY9Z65KVzBzAH1ifP0HmkRE=</latexit>

Y (qz) = A(z)Y (z)
<latexit sha1_base64="jiZk5oNWFCFryoCNvM2I7iK9xhc=">AAACCnicbVDLSgMxFM3UV62vqks30SJUKmVGiroROrpxWcE+oDMOmUzahmYyQ5IR2tK1G3/FjQtF3PoF7vwb03YWWj0QOJxzLjf3+DGjUpnml5FZWFxaXsmu5tbWNza38ts7DRklApM6jlgkWj6ShFFO6ooqRlqxICj0GWn6/auJ37wnQtKI36pBTNwQdTntUIyUlrz8vl0cHl3YnlmyPQsOS9BhQaQkLEHb487x8E5nCmbZnAL+JVZKCiBFzct/OkGEk5BwhRmSsm2ZsXJHSCiKGRnnnESSGOE+6pK2phyFRLqj6SljeKiVAHYioR9XcKr+nBihUMpB6OtkiFRPznsT8T+vnajOuTuiPE4U4Xi2qJMwqCI46QUGVBCs2EAThAXVf4W4hwTCSreX0yVY8yf/JY2TsnVartxUCtXLtI4s2AMHoAgscAaq4BrUQB1g8ACewAt4NR6NZ+PNeJ9FM0Y6swt+wfj4BquKl8E=</latexit>

A(z) = A0 +A1z + . . .+An z
n

Existence: Analytic solutions 
 exist in domains  

and  respectively.
Y0, Y∞ 𝒟0 ∋ 0

𝒟∞ ∋ ∞
under certain conditions

Birkhoff (1913) and Carmichael (1912)



For q-Painlevé equations

Given “q-Fuchsian” data related to the 
Lax pairs of qPIV and qPVI under certain 
conditions, the qRHP:

(i)  analytic on Y (m)(z) ℂ\γ

(ii) Y (m)
+ (z) = Y (m)

− (z)C(z), z ∈ γ

(ii) 
 Y (m)(z) = (I + 𝒪(z−1)) zmσ3, |z | → ∞

has a unique solution and singularities of 
 give rise to a “monodromy” manifold 

explicitly.
C(z)

|A(xk) | = 0

N. Joshi and P. Roffelsen, Commun. Math. Phys (2021)
N. Joshi & Roffelsen, Commun. Math. Phys (2023)



qPIV :

8
>>>>>><

>>>>>>:

f0

a0a1f1
=

1 + a2f2(1 + a0f0)

1 + a0f0(1 + a1f1)
,

f1

a1a2f2
=

1 + a0f0(1 + a1f1)

1 + a1f1(1 + a2f2)
,

f2

a2a0f0
=

1 + a1f1(1 + a2f2)

1 + a2f2(1 + a0f0)
,

f j = fj(qt)

f0 f1 f2 = t2, a0 a1 a2 = q

Kajiwara, Noumi, Yamada 2001

N. Joshi and N. Nakazono, Lax pairs of discrete Painlevé equations:  case, Proc. 
R. Soc A. 472  (2016) 20160696.

(A2 + A1)(1)

<latexit sha1_base64="fdQEiztBubpiqyKbl4MLD7gsGx0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdcgh4MVjBPOAZAmzk0kyZHZ2nekVwiYf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwc1k2UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew9up33ji2ohIPeAo5n5I+0r0BKNopYZbHj+Oy16nUHRL7gxkmXgZKUKGaqfw1e5GLAm5QiapMS3PjdFPqUbBJJ/k24nhMWVD2uctSxUNufHT2bkTcmqVLulF2pZCMlN/T6Q0NGYUBrYzpDgwi95U/M9rJdi78VOh4gS5YvNFvUQSjMj0d9IVmjOUI0so08LeStiAasrQJpS3IXiLLy+T+nnJuypd3l8UK+UsjhwcwwmcgQfXUIE7qEINGAzhGV7hzYmdF+fd+Zi3rjjZzBH8gfP5A4JIjwY=</latexit>

0 < |q| < 1

q-difference fourth Painlevé equation



(ξ; q)∞ =
∞

∏
k=0

(1 − qkξ)

θq(ξ) = (ξ; q)∞ (q/ξ; q)∞

θq(ξ1, …, ξn) = θq(ξ1)…θq(ξn)
N. Joshi and P. Roffelsen, On the Riemann-Hilbert Problem for a q-difference Painlevé 
equation, Commun. Math. Phys. 384  (2021) 549–585

q-Monodromy surface

We found a monodromy surface:

<latexit sha1_base64="RGLieSo/AXUfOwfGRDlC3YapPxo="></latexit>

✓q(+a0,+a1,+a2) (✓q(t0)p1p2p3 � ✓q(�t0))

� ✓q(�a0,+a1,�a2) (✓q(t0)p1 � ✓q(�t0)p2p3)

+ ✓q(+a0,�a1,�a2) (✓q(t0)p2 � ✓q(�t0)p1p3)

� ✓q(�a0,�a1,+a2) (✓q(t0)p3 � ✓q(�t0)p1p2) = 0



Symmetric Solutions of qPIV

N. Joshi and P. Roffelsen, On symmetric solutions of the fourth q-Painlevé 
equation, J. Phys. A 56 (18)  (2023) 185201

<latexit sha1_base64="2UgwZlb2krrj41F19YQSL8KbHRs=">AAACD3icbVDLSsNAFJ3UV62vqEs3waK0UEsivjZKwY3LCvYBTQyTyaQdOpPEmYlQQv7Ajb/ixoUibt2682+cPhBtPXDhcM693HuPF1MipGl+abm5+YXFpfxyYWV1bX1D39xqiijhCDdQRCPe9qDAlIS4IYmkuB1zDJlHccvrXw791j3mgkThjRzE2GGwG5KAICiV5Or7gdsvEbtyd8vK57YfcIhSK0t/1PSAZeWs4upFs2qOYMwSa0KKYIK6q3/afoQShkOJKBSiY5mxdFLIJUEUZwU7ETiGqA+7uKNoCBkWTjr6JzP2lOIbQcRVhdIYqb8nUsiEGDBPdTIoe2LaG4r/eZ1EBmdOSsI4kThE40VBQg0ZGcNwDJ9wjCQdKAIRJ+pWA/WgykSqCAsqBGv65VnSPKxaJ9Xj66Ni7WISRx7sgF1QAhY4BTVwBeqgARB4AE/gBbxqj9qz9qa9j1tz2mRmG/yB9vENUQWblA==</latexit>

fk(i q
m) =

1

fk(i q�m)
,

<latexit sha1_base64="ZOTpAJ1UJnLAqApqr5R6JyUYdd8=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBRSlJ8bVRCm5cVrCt2IQymU7aoTOTMDMRSii48VfcuFDErT/hzr9x0mahrQcuHM65l3vvCWJGlXacb6uwsLi0vFJcLa2tb2xu2ds7LRUlEpMmjlgk7wKkCKOCNDXVjNzFkiAeMNIOhleZ334gUtFI3OpRTHyO+oKGFCNtpK69xz0qoMeRHgQBvK94cHjhVKBbgbWuXXaqzgRwnrg5KYMcja795fUinHAiNGZIqY7rxNpPkdQUMzIueYkiMcJD1CcdQwXiRPnp5IcxPDRKD4aRNCU0nKi/J1LElRrxwHRmx6pZLxP/8zqJDs/9lIo40UTg6aIwYVBHMAsE9qgkWLORIQhLam6FeIAkwtrEVjIhuLMvz5NWreqeVk9ujsv1yzyOItgHB+AIuOAM1ME1aIAmwOARPINX8GY9WS/Wu/UxbS1Y+cwu+APr8wcSpJU0</latexit>

m 2 Z, k = 0, 1, 2

The corresponding q-RHP is explicitly solvable in terms of 
Jackson's q-Bessel functions of the second kind 

<latexit sha1_base64="GJosQb44+G9J2+WIgtO92x4B4Ww="></latexit>�
f0(i), f1(i), f2(i)

�
2
n
(�1,�1,�1), (�1, 1, 1),

(1,�1, 1), (1, 1,�1)
o

Symmetry:

Initial values:

<latexit sha1_base64="02/Cv7BIazHHaW26gSGVPEx2xow="></latexit>

J (2)
⌫ (x; p) =

(p⌫+1; p)1
(p; p)1

⇣x
2

⌘⌫

0�1


-

p⌫+1; p,�
x2p⌫+1

4

�
,



q-difference sixth Painlevé equation

q ∈ ℂ, 0 < |q | < 1, f = f(qt), g = g(qt)

Jimbo, Sakai 1996
ff =

(g − qθ0t)(g − q−θ0t)
(g − qθ∞−1)(g − q−θ∞)

,

gg =
( f − qθtt)( f − q−θtt)
q( f − qθ1)( f − q−θ1)

,

Y(qz, t) = A(z, t)Y(z, t)
A(z, t) = A0(t) + A1(t)z + A2(t)z2

κ0 = qθ0, κ1 = qθ1, κt = qθ1, κ∞ = q−θ∞

det(A) = 0 ⇒ z = κJ,

t ∉ qℤ±(θ1+θt), qℤ±(θ1−θt), qℤ±(θ0+θ∞), qℤ±(θ0−θ∞)

See also Y. Ohyama, J.-P. Ramis, J. Sauloy,  
Ann Fac Sci Toulouse Math (2020) 1119-1250.



q-  Monodromy surfacePVI

<latexit sha1_base64="TB84xfGcXScYUzVPNNesklW5OJU="></latexit>

⌘12 + ⌘13 + ⌘14 + ⌘23 + ⌘24 + ⌘34 = 0

a12⌘12 + a13⌘13 + a14⌘14 + a23⌘23 + a24⌘24 + a34⌘34 + a1 = 0

⌘13⌘24 � b1⌘12⌘34 = 0

⌘14⌘23 � b2⌘12⌘34 = 0
<latexit sha1_base64="E2RhCl8sIDMLFVdr7W/mRQG1hzA="></latexit>

a12 =
Y

✏=±1

✓q(q+✓1t0)

✓q(q✏ ✓0+✓1t0)
, a34 =

Y

✏=±1

✓q(q�✓1t0)

✓q(q✏ ✓0�✓1t0)
,

a13 =
Y

✏=±1

#⌧ (✓t + ✓1 + ✓1)

#⌧ (✏ ✓0 + ✓t + ✓1 + ✓1)
, a24 =

Y

✏=±1

#⌧ (�✓t � ✓1 + ✓1)

#⌧ (✏ ✓0 � ✓t � ✓1 + ✓1)
,

a23 =
Y

✏=±1

#⌧ (�✓t + ✓1 + ✓1)

#⌧ (✏ ✓0 � ✓t + ✓1 + ✓1)
, a14 =

Y

✏=±1

#⌧ (✓t � ✓1 + ✓1)

#⌧ (✏ ✓0 + ✓t � ✓1 + ✓1)
,

P. Roffelsen arXiv:2305.17912 

The monodromy surface is a smooth Segre surface in ℙ6

Joshi, N. and Roffelsen, P., 2023. On the Monodromy Manifold of q-Painlevé VI and 
Its Riemann–Hilbert Problem. Commun. in Mathematical Physics, 404(1), 
pp.97-149.



This surface contains 16 lines.

<latexit sha1_base64="cRinXKv2ej5sVtle8t0x86lj2l8="></latexit>8
>>><

>>>:

L0
k : pk = 0
eL0
k : p̃k = 0

L1
k : pk = 1
eL1
k : p̃k = 1

<latexit sha1_base64="3C1b9bpFLR6UFnyHpUN1vpQ0uSU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjx4rGC/YAmlM122i7dbMLuRiihf8OLB0W8+me8+W/ctDlo64MZHu/NsLMvTATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDalGwSW2DDcCu4lCGoUCO+HkLvc7T6g0j+WjmSYYRHQk+ZAzaqzke75AMslbvdyvVN2aOwdZJV5BqlCg2a98+YOYpRFKwwTVuue5iQkyqgxnAmdlP9WYUDahI+xZKmmEOsjmN8/IuVUGZBgrW9KQufp7I6OR1tMotJMRNWO97OXif14vNcObIOMySQ1KtnhomApiYpIHQAZcITNiagllittbCRtTRZmxMeUheMtfXiXty5p3Vas/1KuN2yKOEpzCGVyAB9fQgHtoQgsYJPAMr/DmpM6L8+58LEbXnGLnBP7A+fwBGpWQbg==</latexit>

1  k  4

Each line corresponds to an asymptotic behaviour, e.g.
<latexit sha1_base64="QBtlNIddXnpciCkUc5zGkXKjAok="></latexit>

f(t) ⇠ F1,0c
k(�t) + F1,1c

k(�t)1+2(✓t�✓0)

g(t) ⇠ G1,0c
k(�t) + F1,1c

k(�t)1+2(✓t�✓0)

Corresponds to 
<latexit sha1_base64="jAyRndklp/RpqciP1AGod6JGR4E=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4KokUdVlx48JFBfuAJobJ5KYdOnkwM1FKKLjxV9y4UMStP+HOv3HSdqGtBy4czrmXe+/xU86ksqxvY2FxaXlltbRWXt/Y3No2d3ZbMskEhSZNeCI6PpHAWQxNxRSHTiqARD6Htj+4LPz2PQjJkvhWDVNwI9KLWcgoUVryzH3ngQWgGA8gdyKi+pRwfD3y7DvLMytW1RoDzxN7SipoioZnfjlBQrMIYkU5kbJrW6lycyIUoxxGZSeTkBI6ID3oahqTCKSbj38Y4SOtBDhMhK5Y4bH6eyInkZTDyNedxZly1ivE/7xupsJzN2dxmimI6WRRmHGsElwEggMmgCo+1IRQwfStmPaJIFTp2Mo6BHv25XnSOqnap9XaTa1Sv5jGUUIH6BAdIxudoTq6Qg3URBQ9omf0it6MJ+PFeDc+Jq0LxnRmD/2B8fkDqjaXhg==</latexit>
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• The continuum limit  a Segre surface for the sixth 
Painlevé equation. 

• Coalescence limits  Segre surfaces for all the Painlevé 
equations. 

• Thurston’s shear coordinates for Teichmuller space, given 
by Chekhov and Mazzocco (JPhysA, 2010) for Fricke 
surfaces, are useful for calculating these limits.

⇒

⇒

Continuum limits



<latexit sha1_base64="x7N8YyOHba+KLBrfIjiSPvbG/NA="></latexit>

Painlevé eqn Z–Segre surface

qPVI

z1 + z2 + z3 + z4 + z5 + z6 = 0,

⇢2z2 + ⇢3z3 + z4 + ⇢5z5 + ⇢6z6 = 1,

z3z4 � �1z1z2 = 0, z5z6 � �2z1z2 = 0.

PVI

z1 + z2 + z3 + z4 + z5 + z6 = 0,

⇢3z3 + z4 + ⇢5z5 + ⇢6z6 � 1 = 0,

z3z4 � �1z1z2 = 0, z5z6 � ⇢3�1

⇢5⇢6
z1z2 = 0.

PV

z1 + z2 + z3 + z4 + z5 + z6 = 0,
z4 + ⇢5z5 � 1 = 0,
z3z4 � �1z1z2 = 0, z5z6 � �2z1z2 = 0.

Pdeg
V

z1 + z3 + z4 + z5 + z6 = 0,
⇢3z3 + z4 + ⇢5z5 +

⇢3

⇢5
z6 � 1 = 0,

z3z4 � z1z2 = 0, z5z6 � z1z2 = 0.



<latexit sha1_base64="Z4hIIMMsUVWl6vUaf3g4LDQWBao="></latexit>

Painlevé eqn Z–Segre surface

PIV

z1 + z2 + z3 + z4 + z5 + z6 = 0,
z4 � 1 = 0,
z3z4 � �1z1z2 = 0, z5z6 � �2z1z2 = 0.

PD6
III

z1 + z2 + z3 + z4 + z5 = 0,
z4 + ⇢5z5 � 1 = 0,
z3z4 � �1z1z2 = 0, z5z6 � z1z2 = 0.

PD7
III

z1 + z2 + z3 + z4 + z5 = 0,
z4 + ⇢5z5 � 1 = 0,
z3z4 � z1z2 = 0, z5z6 � z1z2 = 0.

PJM
II , PFN

II

z1 + z2 + z3 + z4 + z5 + z6 = 0,
z4 � 1 = 0,
z3z4 � z1z2 = 0, z5z6 � �2z1z2 = 0.

PI

z3 + z4 + z5 + z6 = 0,
z4 � 1 = 0,
z3z4 � z1z2 = 0, z3z4 � z5z6 = 0.



Theorem 1:     The monodromy manifold of each differential  
Painlevé equation (except ) is isomorphic to the 
corresponding -Segre surface as an affine variety.  

PD8
III

𝒵

Theorem 2:     The blow-down of a line on the cubic 
monodromy manifold of each differential  Painlevé 
equation gives an alternate -Segre surface affine 
equivalent to the corresponding -Segre surface.

𝒴
𝒵

Theorem 3:     There is a natural Poisson bracket on the 
-Segre surface. The mapping from each respective 
-Segre surface to -Segre surface are Poisson maps.

𝒵
𝒵

𝒴

Main results:



• To find the behaviours of transcendental solutions of q-
discrete Painlevé equations, we developed a q-RHP 
method and found “monodromy” surfaces. 

• Lines and points on monodromy surfaces indicate 
tronquée-like and symmetric solutions for q-Painlevé 
equations. 

• The surface for qPVI led us to a new type of monodromy 
surface for each of the classical Painlevé equations. 

• Open question: what are the monodromy surfaces for the 
remaining discrete Painlevé equations?

Summary


