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Hardy and Ramanujan

“I remember once going to see

him when he was ill at Putney. |

had ridden in taxi cab number

1729 and remarked that the

number seemed to me rather a 1729
dull one, and that | hoped it was

not an unfavourable omen. ‘No,

he replied, ‘it is a very interesting

number...””

Hardy, 1921




Hardy and Ramanujan

€

It is the smallest number
expressible as the sum of two
cubes in two different ways.””

Hardy, 1921
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Cubic surfaces

A cubic surface is defined by a polynomial
of degree 3 in three-dimensional space.

 They are celebrated objects in algebraic
geometry:
Cayley and Salmon (1849) showed that every

smooth cubic surface over an algebraically
closed field contains 27 lines.

Clebsch (1866) showed that every such
surface is the blow-up of 6 points in P2,

The moduli space of (projective) cubic
surfaces is 4 dimensional.
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Segre surface

A Segre surface: intersection of 2
quadrics (quadratic polynomials)
In 4-dim space.

 Every smooth Segre surface over
an algebraically closed field
contains 16 lines.

 Every such surface is the blow-up
of 5 points in P2.
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An example

Consider

u+v+w+x+y+z=0
av+aw+x+ay+az=1
xw—buv =0

yz—>buv =0

Elimination of two variables — two quadric equations in 4D.
Smooth for generic parameters.

Contains linessuchasv=w=z=0,x4+y+u =0,
xX+ayy=0

Contains 2 generic quadrics at infinity.




How related to analysis?

Differential equations <> monodromy groups

dY
— = A(2)Y —
- =A()

Relations between solutions
leads to equations satisfied by

monodromy data — surfaces Y(z) ~ Y(2)M,
called monodromy manifolds.




Model problem

The hypergeometric differential equation
Y(2) = Y(OM,, yPerg |

2(1 — 2)w,,
+ (c—(a+b+1)z)w,
Y(2) = Y —abw =0

has Fuchsian singularities at 0,1,00.
Consider 2 X 2 solution matrix Y(2).

0 It changes as z moves on a closed path
Y(z) = Y(2)M, around each singularity.

My, M, M are monodromy matrices.
Only two are independent.

Their trace and determinant are
SYDNEY monodromy data.




Richard Fuchs’ problem

Add one more singularityatz = ¢

s z—1 2t

d_Y:<AO| Ay | At)y
dz

Find the condition under
which monodromy data of 0
this system stays invariant

under deformation of £. R. Fuchs 1905




Isomonodromy condition

The monodromy data stays invariant as t varies
only under certain conditions on entries of A =

w,,zl 1I 1 | 1 w,g
o\Nw  w—-1 w-—t

Cw(w —1)(w — 1) o Bt At—1)  ot(t—1)
| t2(t — 1)2 Cw?2 (w—1)2  (w—t)?

This is the sixth Painlevé equation Py;.

THE UNIVERSITY OF But should really be called Richard Fuchs’ equation.
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Monodromy surface

The monodromy group is generated by M; € SLa(C)
with monodromy data

L = TI'(MQMg), Yy — Tr(MlMg), & — TI'(MlMQ)
satisfying

xyz+x2+y2+z2+b1x+b2y+b3z+c:0

where

my = Tr(M), b1 = —(m1imyg + mams),

mo = Tr(Ms), b = —(mamg +mims),

ms — TI'(Mg), bs = _(m3m4 + m1m4)7

my = Tr(M;MyMs), c = mimamamy — 4+ m: +ms +m3 +m;
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Jimbo-Fricke surfaces

cyz + 2 +y* + 22 +bix+ by +bsz+c=0

Fricke and Klein (1889)
Jimbo (1982)

 Symmetric: by = by = b3
 Markov cubic surface: b =c=0
« Cayley’s nodal cubic surface: b, =0,c = —4
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A coalescence limit

c® Take e >0 1 1 9 Wy
Py : wy = | ey
v > Py (30 + 307 ) @)*= 5
o — 2
2 — 1
y 0 | (w 5 ) (ozw+é>
yhe— = t w
€ €

<> The monodromy surface of Py becomes

Tyz — % — y° + w1 + woy + w3z +wy =0

where w; are parameters related to a, f3, 7, 0.




Coalescence limits lead to cubic monodromy
surfaces for all the Painlevé equations.
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The Painlevé equations

Pi: w' =6w’+t
Pir: w' =2w+tw+a

2

w w 1 0
Prr: w” = — — + ~(aw® + B) + yw’ + —
W L t W
12 3
3
Py : W’ = = —|—i—|—4tw2—|—2(tz—oz)w—|—é
2w 2 W
1 1 o w  (w—1)2 YW
P+ - n_ | _—_ 1« 2 N
v v <2w+w1>w ¢ i t2w low” +5) + t
ow(w + 1)
w—1

1 /(1 1 1 9 1 1 1
Pvr : =+ — " - -+ —+ — |
Vi v 2(w+w—1+w—t>w <t+t—1+w—t>w

w(w — 1) (w — t) <a+ Bt A(t-1)

_I_
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Cubic surfaces

P+ : Tyz — x° — y? — 22 + Wi T + wey + w3z + wy = 0
P+ : Tyz — 2 — Y° + wiT + woy + w3z +wa =0
Prv : azyz—:vz—l—wlaz—l—wgy—l—wgz—l—w420

Pri1,pg azyz—a:2 —y2 + w1 + woy +wy =0
PII,FN: ;CyZ+ZE—|—w2y—Z—1:O
Pr : xyz —x—2+1=0

where a)l- are parameters.
Iwasaki, 2002.

Vanderput & Saito, 2009.
H §*?qu“§$ Chekhov, Mazzocco & Rubtsov 2021.



Cubic surfaces and asymptotics

The cubic surface for P;
xyz —xr—z2+1=0
contains 5 (affine) lines.
LA : {a?:(),z:l}
Lo : {le,z:()}
Ly: {y=0,2+2z=1}
Ly : {yzl,z:l}
Ls: {x=1y=1}




Tronquée solutions

L

Ls L,

@ N | S
A\ (f

Wit — 6’11]2 + 7

- Z ‘a& » N X ,‘ & ‘)L‘ 3 S
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T SYDNEY Poles of a tronqué solution of Pl in t-plane from

arXiv:2204.09062 Figure 1(b) by Alexander van
Spaendonck and Marcel Vonk. (Figure is reflected.)
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Tritronquee solutions
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Poles of a tritronqué solution of Pl in t-plane from
arXiv:2204.09062 Figure 1(a) by Alexander van

Spaendonck and Marcel Vonk. (Figure is reflected.)
LN Ly: {x:O,yzl,z:l}
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-6 -4 -2 0 2 4 6
Poles of a symmetric solution of Pl with double

zero at t=0 using code supplied by Marcel Vonk.

The monodromy surface
xyz —x —2z+1=0
contains points (p, p, p), where
p’=2p+1=0
S (p—-D(p*+p+1)=0

Two of these points

corresponds to symmetric
solutions of P,

(p = 1 is tritronquée).

Kitaev, 1995



What are the behaviours of solutions
of discrete Painlevé equations?
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Sakal’s scheme

Initial value spaces R

Ell: Ay’ qP p A“)’
, VI qP1v
v N

Mul: Ay — AP — A —» AV —> A“) > A(1>—> A(” —> AL —\ AYY

equations : , , \
Y Y Z
Add: A(()”—> A<11>_> A<21) D(l)_> D(l) <1> <1> D(l)

E() —>E(1) _> E()

g-Painlevé

The Painlevé equations  Okamoto 7979

Sakai 2001
Rains 2076



g-Riemann problem
Y(qz) = A(2)Y (2)
A(z) = Ao+ A1z+ ...+ A, 2"
Existence: Analytic solutions
Y,, Y existin domains 9,3 0
and & D oo respectively.

under certain conditions

Connection: Y_(z) = Yy(z) C(2).

Invertibility: We can reconstruct
A(z) from C(2).

Singularities: det(A(x;)) = 0 move with t.

THE UNIVERSITY OF
* 8

s SYDNEY Birkhoff (1913) and Carmichael (1912)



For ¢-Painlevé equations

Given “g-Fuchsian” data related to the
Lax pairs of gP and gPvjunder certain
conditions, the gRHP:

(i) Y'(z) analytic on C\y

> Rz

(i) Y"(z) = Y"(2)C(z), z € ¥

(ii)

YU(z2) = I+ O(z71)) 2%, | z] = o
has a unique solution and singularities of
C(z) give rise to a “monodromy” manifold

|[AG) [ =0

explicitly.
HE UNIVERSITY OF N. Joshi and P. Roffelsen, Commun. Math. Phys (2021)

g SYDNEY N. Joshi & Roffelsen, Commun. Math. Phys (2023)



g-difference fourth Painlevé equation

[ fo  _ 14 asfo(1+aofo)
aparfi  14aofo(1+aifi) _
, fi 1+4aofo(l+a1fi) fi = filqt)
qP1v : < = : )
arazfo 1+ a1 fi(l+azf2) JoJ1f2 =17, apay az = q
fo  _14+a1fi(1+asfo)
\ 4200 fo 1+ azfo(1 + aofo)’ 0< gl <1

Kajiwara, Noumi, Yamada 2007

N. Joshi and N. Nakazono, Lax pairs of discrete Painlevé equations: (A, + A,)! case, Proc.
R.Soc A. 472 (2016) 20160696.




g-Monodromy surface

We found a monodromy surface:

0,(+ag, +a1,+az) (0,(to)p1p2ps — 0,(—to))
— 04(—ao, +a1, —az) (04(to)p1 — 04(—to)p2ps)
+ 04(+ao, —a1, —az) (04(to)p2 — 04(—to)p1p3)
— 04(—ao, —a1, +az2) (04(to)ps — 04(—to)p1p2) =

o0

& Do =] -4

k=0

0,(S) = (S 9 (9/8; @)
0,51, ... &) = 0,(&))...0,(E,)

N. Joshi and P. Roffelsen, On the Riemann-Hilbert Problem for a g-difference Painlevé
equation, Commun. Math. Phys. 384 (2021) 549-585
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Symmetric Solutions of gPyy

Symmetry: fr(zqg™) = i ! )
meZ, k=20,1,2
Initial values: (fol@), f1(0), fo(0)) € {(~1,-1,-1),(~1,1,1),

(1,-1,1), (1,1, —1)}

The corresponding g-RHP is explicitly solvable in terms of
Jackson's g-Bessel functions of the second kind

v+1. 1 2, .v+1
p yP)oo (L = LP
J;SQ)(CIJ;Z?) — ( (p'p) ) (§> 0P1 |:p1/—|—1;p7 1 } ;

N. Joshi and P. Roffelsen, On symmetric solutions of the fourth g-Painlevé

Gl THE UNVERSITY o gquation, J. Phys. A56 (18) (2023) 185201
i SYDNEY  ©¢ e ASE (18] (2029)




g-difference sixth Painleve equation
I O — 90 O — _90

o=

4 &4 54 Jimbo, Sakai 1996

7 - (f — ¢"0)(f — q~%)

Cq(f—g(f-q%)
qgeC,0<|q|l <1, f=f(qr), g=g(qr

Y(qz,t) = A(z, H)Y(z, 1)
A(z,1) = A)() + A (D7 + Ay(D)Z>

o

N N _ -0,
Ko=q° K =qK=q" Ky =¢

[ & qu(91+9f), qu(el—e,), q21(90+eoo), qu(eo_goo)

THE UNIVERSITY OF
oy SYDNEY See also Y. Ohyama, J.-P. Ramis, J. Sauloy,

Ann Fac Sci Toulouse Math (2020) 1119-1250.



g-Pyy Monodromy surface

The monodromy surface is a smooth Segre surface in po

M2 + 113 + 114 + 123 + 124 + 734 =0

a12M12 + @13M13 + @147M14 + A237M23 + A247M24 + A34734 + Ao = 0
M137M24 — b1m12734 = 0

14723 — bani2734 = 0

ey = 0,(q+0=to) Gy — 0q(q = to)
e=+1 04(q%t0=10) i 0,(qefo—0=ty)’

- V(0 + 61 4 0) b 0 (—0; — 01 + 0o0)
“;:119(690+9t+91‘|‘9 )’ --;_Ll"t?(e@o—@t—@l—l—@ )
H —0; 4+ 61 +0) H — 01 + 0)
eilﬂ 690—9t+91+9 )’ 61119 690+9t—91—|—9 )’

Joshi, N. and Roffelsen, P., 2023. On the Monodromy Manifold of g-Painlevé VI
Its Riemann-Hilbert Problem. Commun. in Mathematical Physics, 404(1),

.97-149.
THE UNIVERSITY OF pp
!'l SYDNEY |
P. Roffelsen arXiv:2305.17912



This surface contains 16 lines.

Ly pp =

Lg: ﬁk = 0
01 pp =00
0t pp =00
1< k<4

Each line corresponds to an asymptotic behaviour, e.g.
f(t) ™~ Fl,()ck(_t) —+ Flylck(—t)1+2(9t_90)
g(t) ~ G oc®(—t) + Fy ¥ (—t) 120 —00)

Correspondsto LY
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Continuum limits

* The continuum limit = a Segre surface for the sixth
Painlevé equation.

» Coalescence limits = Segre surfaces for all the Painlevé
equations.

* Thurston’s shear coordinates for Teichmuller space, given
by Chekhov and Mazzocco (JPhysA, 2010) for Fricke
surfaces, are useful for calculating these limits.




Painlevé eqn

Z—Segre surface

21+ 290+ 23+ 24+ 25 + 26 =0,

qPv1 p229 + p3z3 + 24 + pszs + peze = 1,
L3R4 — )\12122 — O, L6 — )\22122 = 0.
21+ 20+ 23+ 24+ 25 + 26 =0,
Py p323 + 24 + pszs + peze — 1 =0,
2324 — M121220 = 0, 2526 gi;‘; 2129 = 0.
21+ 290+ 23+ 24+ 25 + 26 =0,
Py 24 + ps525 — 1 =0,
L34 — )\12122 — O, KRG — )\22122 = 0.
21+ 23+ 24+ 25 + 26 =0,
P(\ifeg P33 + 24 + P5 <5 R 2_2)26 — 1 = O,

THE UNIVERSITY OF
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2324 — 2129 = 0, 252 — 2129 = 0.
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Painlevé eqn

Z—Segre surtface

21+ 20+ 23+ 24+ 25 + 26 =0,

PIV L4 — 1 = O,
L34 — )\12122 — O, KRG — )\22122 —= 0.
21+ 29+ 23+ 24+ 25 =0,
Pﬁf 24 + p5z5 — 1 =0,
L34 — )\12’122 — O, LEREG — R1KQ — 0.
21+ 29+ 23+ 24 + 25 =0,
Pg{ 24 + p525 — 1 =0,
2324 — 2129 = 0, 252 — 2129 = 0.
21+ 29+ 23+ 24+ 25+ 26 =0,
pM prN 24 —1=0,

L3R4 — R1KQ — O, LG — )\22122 — (.

23+ 24 + 25 + 26 = 0,
L4 1 = O,
Zazqa — 2129 = 0, 2324 — 2526 = O.




Main results:

Theorem 1: The monodromy manifold of each differential

Painleveé equation (except Pﬁf) IS Isomorphic to the

corresponding £ -Segre surface as an affine variety.

Theorem 2: The blow-down of a line on the cubic
monodromy manifold of each differential Painleveé

equation gives an alternate %/-Segre surface affine
equivalent to the corresponding £ -Segre surface.

Theorem 3: There is a natural Poisson bracket on the £
-Segre surface. The mapping from each respective £
-Segre surface to %/-Segre surface are Poisson maps.




Summary

 To find the behaviours of transcendental solutions of g-
discrete Painleve equations, we developed a g-RHP
method and found “monodromy” surfaces.

 Lines and points on monodromy surfaces indicate
tronquée-like and symmetric solutions for g-Painleve
equations.

 The surface for gPVI led us to a new type of monodromy
surface for each of the classical Painlevé equations.

« Open question: what are the monodromy surfaces for the
remaining discrete Painlevé equations?
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