MORITA EQUIVALENCES OF CYCLOTOMIC HECKE
ALGEBRAS OF TYPE G(r,p,n)

JUN HU AND ANDREW MATHAS

ABSTRACT. We prove a Morita reduction theorem for the cyclotomic Hecke
algebras J7. p n(q, Q) of type G(r,p,n). As a consequence, we show that com-
puting the decomposition numbers of ., » (Q) reduces to computing the p’-
splittable decomposition numbers (see Definition 1.1) of the cyclotomic Hecke
algebras ./ v ,/(Q'), where 1 <7/ <7, 1 <n’ < n, p’ | pand where the
parameters Q' are contained in a single (e, g)-orbit and € is a primitive p’th
root of unity.

1. INTRODUCTION

Motivated by “generic features” of the representation theory of finite reductive
groups Broué and Malle [3] attached a cyclotomic Hecke algebra to each complex
reflection group. These algebras have many good properties and, conjecturally,
they arise as the endomorphism algebras of Deligne—Lusztig representations.

This paper is concerned with the cyclotomic Hecke algebras of type G(r,p,n)
with p > 1. These algebras were first considered by Broué and Malle [3] and by
Ariki [1] in the semisimple case. These algebras have been studied extensively in
the non-semisimple case, notably by the first author [9-12] and by Genet and
Jacon [19]. In particular, the simple modules of these algebras have been classified
over any field of characteristic coprime to p.

In the case p = 1 the cyclotomic Hecke algebras of type G(r,1,n) are known
as the Ariki-Koike algebras. These algebras are much better understood; see [17]
and the references therein. The highlight of this theory is Ariki’s celebrated theo-
rem which says that the decomposition numbers of these algebras in characteristic
zero can be computed using the canonical bases of the higher level Fock spaces
of the quantized affine special linear groups. Another fundamental result for the
Ariki-Koike algebras is the Morita equivalence theorem of Dipper and the second
author [6] which says that, up to Morita equivalence, these algebras are determined
by the g—orbits of their parameters.

The first main result in this paper gives an analogue of the Dipper—-Mathas
Morita equivalence theorem for the Hecke algebras of type G(r,p,n). To state this
result explicitly, fix positive integers r, p and n with r = pt, for some integer ¢, and
let K be an algebraically closed field of characteristic coprime to p. Fix parameters
¢:Q1,...,Qr € K* and let Q = (Q1,...,Q:). Let 54 ,(Q) be the Ariki-Koike
algebra and let 77, ,, ,(Q) be the Hecke algebra of type G(r, p, n) with parameters ¢
and Q. The algebra ¢ ,(Q) is equipped with an automorphism o of order p and
;50 (Q) is the fixed point subalgebra of 4. ,(Q) under o. There is a second
automorphism 7 on J%, ,, which fixes J4 ;, , setwise. For the precise definitions see
section 2.

Fix a primitive pth root of unity ¢ in K and say that Q; and @Q; are in the
same (g, ¢)—orbit if Q; = £2¢°Q;, for some integers a,b € Z. Given two ordered
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tuples X = (X1,...,X;) and Y = (Y7,...,Y]) of elements of K* set X VY =
(X1,..., X, 11,..., 7).

Suppose that A is an algebra and that Z, is a group which acts on A as
a group of algebra automorphisms. Let A x Z, be the algebra with elements
{ag|a€ Aand g € Z, } and with multiplication

ag - bh = ab? - gh, for a,b € A and g,h € Zj,.
The first main result of this paper is the following.

Theorem A. Suppose that Q = Q1 V ---V Q,, where Q; € Qq and Q; € Qg are
in the same (e,q)-orbit only if « = . Let t, = |Qul, for 1 < a < k. Then the
following two algebras are Morita equivalent:

a) Hpn(Q),
b) @ (%thbl (Ql) PR jﬁnfmb,i (QR)) Dol Zpa

b, b >0
b1+ +be=n

In part (b), each of the algebras 7, 5, (Qq) has an automorphism o, of order p
and, in the direct sum, the automorphism o1 ®- - -®o, acts diagonally on the algebra
Hopy b1 (Q1) ® -+ @ iy, b (Qi). Observe that (01 @ -+ ® o) = Z,,.

The second result of this paper uses Theorem A to prove a reduction theorem
for computing the decomposition numbers of S, , ,. In order to state this result
fix a modular system (F, O, K) “with parameters”. That is, we fix an algebraically
closed field F of characteristic zero, a discrete valuation ring O with maximal ideal
7 and residue field K = O/m, together with parameters g, Q1,...,Q, € O such

that ¢ = ¢+ 7 and Q; = Q; + « for each i. Let J€E = #F (¢, Q) be the

Dp,m ™p,n

Hecke algebra of type G(r,p,n) over F with parameters ¢ and Q = (Ql, ceey Qt)

and similarly let 529 = = 5. ,,(4,Q) and write K = = 2, ,,. We assume

r,pn ,p,n
that % . is semisimple. By freeness we have that % = 79 ©o F and

HE = 49 ®0 K. Thus, by choosing O-lattices we can talk of modular

™D, ,p,n

reduction from e%”rf;,nfMod to %{;nfMod.
Using the definitions below, it is straightforward to check that the automor-
phisms ¢ and 7 commute with modular reduction. Thus, we have compatible

automorphisms o and 7 on J%, and on .
Let R € {F,K} and let M be an % —module. Then we define a new %

,p,n rp,n
module M7 by “twisting” the action of L%’j,f";“)’nusing the automorphism 7. Explicitly,
MT = M as a vector space and the s  —action on M7 is defined by

m-h=mr(h), forallme M and h € AL

p,n’

it follows that M = M™"

for any :}fjﬂf;nfmodule M. Therefore, there is a natural action of the cyclic group

Since 7P is an inner automorphism of the algebra %ﬂr}; s

Z, on the set of isomorphism classes of %g’nfmodules. We define the inertia

groupofMtobeGM:{k|1§k§p,M%MTk}§Zp.

If A is any algebra let Irr(A) be the complete set of isomorphism classes of
irreducible A—modules. We are interested in the inertia group Gg and Gp, for
S elir(sF ) and D € Trr (K ).

,D,1 ™D,

1.1. Definition. Suppose that S € Trr(SE ) and D € Trr(S£K ). The de-

r,p,m p,n
composition number [S : D] is a p-splittable decomposition number of & . if

Gs ={0}=Gp.

The second main result of this paper is the following;:
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Theorem B. Suppose that ¢ # 1. Then the decomposition numbers of the cyclo-
tomic Hecke algebras of type G(r,p,n) are completely determined by the p’-splittable
decomposition numbers of certain cyclotomic Hecke algebras €. v n,/(Q'), where p’
divides p, 1 <r' <r, 1< n’ <n and where the parameters Q' are contained in a
single (e, q)—orbit.

The proof of Theorem B explicitly describes the algebras 4.,/ »(Q’) and the
parameters Q' which appear in this reduction. Thus, once the p’-splittable de-
composition numbers are known this result gives an algorithm for computing the
decomposition matrices of the cyclotomic Hecke algebras of type G(r,p,n).

This paper is organized as follows. In the next section we define the cyclotomic
Hecke algebras of type G(r,p,n) and prove the Morita equivalence result for the
Hecke algebras of type G(r,1,n) which underpins all of the results in this paper.
In the third section we apply the results for the algebras of type G(r,1,n) to prove
Theorem A. The fourth section of the paper uses Clifford theory to show that if
an algebra can be written as a semidirect product then its decomposition numbers
are determined by a suitable family of p’-splittable decomposition numbers. This
result is then applied in section 5 to prove Theorem B.

2. MORITA EQUIVALENCE THEOREMS FOR HECKE ALGEBRAS OF TYPE G(r,1,n)

In this section we define the cyclotomic Hecke algebras and set our notation.
We then recall and generalize the Morita equivalence results that we need for the
cyclotomic algebras of type G(r,1,n).

Throughout this paper we fix positive integers r, p and n such that r = pt for
some integer t. Let K be an algebraically closed field which contains a primitive
pth root of unity . In particular, the characteristic of K is coprime to p. Fix
parameters ¢, @1, -+ ,Q; € K* and, as in the introduction, let Q := (Q1, -+ ,Q4)
and write |Q| = t.

Let 7, ,(Q) be the cyclotomic Hecke algebra of type G(r,1,n). As a K-algebra
.,(Q) is generated by To, Ty, - ,T,—1 subject to the relations:

(T5 — Q17 — Q5) - (Ty — QF) =0,
ToTyToTh = ThToThTo,

(T +1)(T;—q) =0, 1<i<n-—1,
LT =TT, 1<i<n-—2,
T, =TT, 0<i<j—1<n-—2

That is, 7. ,(Q) is the cyclotomic Hecke algebra of type G(r, 1,n) with parameters
{Q1,...,Q1}, where Q) =&'Qj11 for 0 <i<pand 0<j <t

2.1. Definition. The cyclotomic Hecke algebra of type G(r,p,n) is the subal-
gebra A, n(Q) of A, (Q) which is generated by the elements T3, T, = To_lTlTo
and Ty, T, -+ Ty 1.

When the choice of parameters ¢, Q is clear we write J., , = ., ,(Q) and
i = H.,(Q). When we want to emphasize the coefficient ring we write % | =
A5 5(Q) and A5 = AT (Q), respectively.

Let &, be the symmetric group of degree n. As the type A braid relations
hold in J#.,, for each w € &,, there is a well-defined element T, € 7 ,, where
Tw = T;, ...T;, whenever k is minimal such that w = (i1,41 + 1) ... (i, 9% + 1).
Set Ly = Ty and Lyy1 = ¢ ‘TpLiTy, for k = 1,...,n — 1. Then Ariki and
Koike [2, Theorem 3.10] showed that

L ppTy|we e, and0< e <}
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is a basis of 77 .
All of the Morita equivalences in Theorem A are a consequence of the following
result for the cyclotomic Hecke algebras 27 ,,.

2.2. Theorem (Dipper—Mathas [6, Theorem 1.1]). Suppose that Q = Q1 V---VQ,
such that o = 8 whenever Q; € Qa, Q; € Qp and Q; = ¢*Q; for some a € Z. Let
toa = |Qql. Then H.,(Q) is Morita equivalent to the algebra

@ oty 6, (Q1) @ -+ @ Hpt, b, (Qie)-
b1seeesb >0
b1+ +be=n
As noted in [6] the proof of Theorem 2.2 quickly reduces to the case k = 2, so
only this case is considered in [6]. Unfortunately, to prove Theorem A we need
detailed information about the bimodule which induces the Morita equivalence
of Theorem 2.2 for arbitrary x > 1. Consequently, we need to generalize the
results of [6] and construct the bimodule which induces the Morita equivalence of
Theorem 2.2 (in the special case when Q is partitioned into a disjoint union of (g, ¢)—
orbits). In constructing this bimodule we refer the reader back to [6] whenever the
details are not substantially different from the case k = 2.
First, fix non-negative integers a and b with a +b < n and an integer s with
1 < s <t. Define

s t
vas(s) = [T = Q). (L8 = Q) - T, - [T (L8 = QD). (L} - Q7).
k=1 k=s+1

where wq p = (Satb-1---51)% (S0 vy—pp(s) is the element v, of [6, Definition 3.3].)
It may help the reader to observe that if we write w, ;, € Gq4p as a permutation in
two-line notation then

Wq, b =

)

( 1 a a+1 --- a+b)
b+1 -+ a+bd 1 b ’

We will use the following notation extensively.

Notation. Given any sequence a = (ay,...,ax) and integers 1 < i < j <k we set
ajj =a;+---+aj. Ifi <jthenlet a;; =0.

Until further notice we fix a partition Q = Q1 V---V Q, of Q such that Q); € Q.
and @Q; € Qg are in the same (g,q)-orbit only if o« = 3. Set t = (t1,...,tx)
where t, = |Qal, for 1 < a < k. Without loss of generality we assume that

Qo= (Qt1 o 141,--,Q4, ), fora=1,... K (set to = 0).

Let A(n,x) = {b=(b1,...,bs) | b1 =n and b, > 0 for 1 < a < K} be the set
of compositions of n into x parts. If b € A(n,k) then, for convenience, we set
b,@_;,_l - O

2.3. Definition. Suppose that b € A(n, k). Define

Vb = U by s (P10 1) Vb by oo (FLn—2) + - - Vb by, (F1,1)

— b _
and let Wp = wan’l,hﬁ—lwbm—lvbl,m—Q PN ’Ujb%blyl. Deﬁne VP = Ub%,n-

Note that v, depends crucially on our fixed partition Q = Q1 V ---V Q, of Q,
so we should really write vp = vp(Qy, ..., Q). Our first goal is to understand VP.
The key property of the elements vy, is the following.

2.4. Proposition. Suppose that b € A(n,k). Then
a) Tivp = vpTyy, (i), whenever 1 <i < n and i # by, fora=1,... k.
b) Livp = vp Ly, k), whenever 1 <k < n.
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Proof. After translating notation, [6, Prop. 3.4] says that if 1 < s <t and a and b
are non—negative integers with a + b < n then
(2.5) Tivap(s) = Ua,b(S)Twa,b(i) and  Lyvep(s) = Ua,b(s)Lwa‘b(k)

whenever 1 <i<a+b,i+# a,and 1 <k < a+b. This is precisely the special case
of the Proposition when x = 2. The general case follows from this result together
with the observation that T;v44(s) = va.5($)T; and Livg p(s) = vgp(s) L whenever
a+b<i<nanda+b<k <n for non—negative integers a and b. (I

Observe that vp1; =T, -1 )Ub and vp L, = ngl(m)'l]b by Proposition 2.4, for

wy, " (J

1<j<n,1<m<nwithj#b o fora=1,... k.
2.6. Lemma. Suppose that b € A(n, k), 1 < a <k and by, #0. Then

H (Lf"‘baﬂ.n o Qf) b =0=1p" H (Lgl,afl"l‘l - Qf)
QiEQa QzeQa

Proof. Recall that [['_,(L¥ — Q") = 0 since L; = Ty. Therefore, it follows from
the definitions that if b,, # 0 then

H (L€ - Qf) ’ mebl,nfl(tlﬁfl) =0.
Qi€Qk
Hence, [[,cq, (LY — QF) - vb = 0. Similarly, if b; # 0, then
v [ 5 -@Q%) =0
Qjte
Now suppose that 1 < o < K, by # 0, and set L(a) = [[,cq. (L11)+ba+1 L= Q).
Then, using (2.5),

K—1 a—1
L(Oé)’Ub = H Ubgt1,b1,8 (tlﬂ) : H (L11) - Qf) . H Ubgi1,b1,8 (tl,ﬁ),
B=a Qi€Qa B=1

where the terms in the two outside products appear in order with ( decreasing
from left to right. Using the definitions, sztl,a“rl(Lf — @) is a right divisor
of vy, 1 b (t1,a), Whereas Hzlj‘l’l(L’f —QF) is a left divisor of vy, p, ., (t1,0-1)-
Hence, L(a)v, = 0 by combining the relation [[i_, (L} — QF) = 0 with the last
displayed equation. The second statement

Ub - H (L§11Q_1+1 - Qf) = 0’

Q'IGQC%
for a = 2,..., K, is equivalent to what we have just proved because vpLsy, ,_,+1 =
ngl(bl,a—1+1)vb = L14p,,, Vb Dy Proposition 2.4. O

To proceed we recall the cellular basis of the algebras 77, ,,, and the associated
combinatorics, introduced in [5]. A multipartition of n is an ordered r—tuple of
partitions A = (A, ... X)) such that [A\(V]| +--- 4+ |A")| = n. Let A be the set
of multipartitions of n. Then A} is a poset under the dominance order, where

Al pif
s—1 % s—1 %
DN DTN 2 S+ D,
a=1 j=1 a=1 j=1

foralll1<s<randalli>1.

The diagram of X is the set [A] = {(4,7,8) |1<j< AP for 1<s<r}. A
A-tableau is a bijection t:[A] — {1,2,...,n}. The A-tableau t is standard if
t(i,j,8) < t(¢',7',s) whenever i <4, j < j and (i,4,s) and (¢, 5, s) are distinct
elements of [A]. Let Std(A) be the set of standard A-tableaux. Observe that &,
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acts from the right on the set of A-tableaux. In particular, if w € &,, and t € Std(\)
then tw is a A-tableau, however, it is not necessarily standard.

IfA € A let Sy = Gy X+ xS, be the corresponding Young (or parabolic)
subgroup of &,,. We set

r A4 AGTY)
— + _ !
Ty = g T, and uy = H H (Lr — Q7).
weS s=2 k=1

Then x and u;\r are commuting elements of .7, ,,. Next, if s is a standard A-tableau
let d(s) be the corresponding distinguished right coset representative of G in &,,.
Finally, given a pair (s,t) of standard A—tableaux define ms; = T;(s)xxuj\'Td(t),
where * is the unique anti-isomorphism of .77, ,, which fixes Tp,...,T;,—1. Then

{ms¢ | 5,t € Std(A) for some A € A}

is a cellular basis of .7 ,, by [5, Theorem 3.26].

We can relate VP to the combinatorics of the cellular basis {ms} by defining

wp = (wg), . ,wg)) to be the multipartition with

(s) _ {(1[)")7 if s = pt1 o for some «,

w =
b (0), otherwise.

From the definitions, uf = HZ;% HQjeQaanvQ,{, (LY —Qb)... (Lgl,a - QP).
Hence, using (2.5) we obtain the following.

2.7. Lemma. Suppose that b € A(n, k). Then vp = vgujb, where
k ti1,a—1
Ul; = H H (sz - Qf) s (Lga - Qf) : waa,blva_l
a=2 =1

where in the product o decreases in order from left to right.

Following [5] define M“» = u} 7. ,,. By the Lemma, there is a surjective 4. ,,—
module homomorphism 6, : M“> — VP given by 0y (h) = vy h, for all h € M*».

Suppose that A is a multipartition and that t is a standard A-tableau. For each
integer k, with 1 < k < n, define comp(k) = s if (i, 7, ) is the unique node in [A]
such that t(i, j, s) = k.

2.8. Definition. Suppose that X\ is a multipartition of n. Define
Stdp(A) = {t € Std(A) | compy (k) < pt1,a if 1 <k <bio}

and
Stdf (A) = {t € Std(X\) | pt1.a—1 < comp(k) < pt1o if bra—1 <k <bia}

Then Stdp(A) # 0 if only if 7% (A& > by for 1 < a < k and Stdyf (A) # 0 if
and only if 3 710e A®)| = b, for 1 < a < k. Note that Stdy (X) C Stdp ().

s=pti,a—1
2.9. Lemma. Suppose that b € A(n, k).

a) M“® has basis { mg; | 5 € Stdp(A), t € Std(A) for some A € A} }.
b) Suppose that s € Stdp(X) \ Std; (A) and t € Std(X). Then Op(ms) = 0.

Proof. Part (a) is a translation of [5, Theorem 4.14] into the current notation. See
the proof of [6, Lemma 3.9] for more details.

For part (b) we follow the proof of [6, Lemma 3.10]. Let ¢ = (c1,...,¢x),
where ¢, = |[APe—1+tD)| 4o 4 |APLe)| for 1 < o < k. Then Cla > bia,
for 1 < a < K, since 5 € Stdp(A) and ¢ # b since s ¢ Std; (A). Choose 3
to be minimal such that cg > b3. Then 1 < f < k and if 1 < o < 3 then
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ptl)a,1 < COmps(k‘> < ptl,a if bl,afl < k< bl,a since ¢; = b17...,05,1 = bﬁ,1
and § € Stdp(A). Choose v > [ to be minimal such that b, # 0. Let w be
a permutation of {bl,w +Lbiy+2,... ,n} of minimal length such that s’ = sw
is a standard A-tableau with pt1 o—1 < comp, (k) < pt1q if ¢10-1 < k < ¢1, for
v+1 < a < k. (Such a permutation exists because we can first swap integers k, with
c1,k—1 < k <n and comp, (k) < pti ,_1, with the integers [, where b1 ,_1 <l <n
and pty ,—1 < comp,(l) < pty ,; let 51 be the resulting A-tableau. Then we swap
integers k, with ¢; 2 < k < ¢1,,—1 and comp,, (k) < pty .2, with the integers [,
where by o <! <nandpt; x» < comp,, (I) < ptyx_1;---,andsoon; compare [6,
Lemma 3.10].) As a result, comp, (k) < pt1 4 if kK < ¢y 4. Then d(s) = d(s")w, with
the lengths adding, so that mg¢ = T;;me¢. Furthermore, by construction, there is
a composition ¢/ € A(n, k) such that ' € Stde'(A), ¢, = ¢q, for 1 < a < B or
7<a<f$ and ¢ , > by o, for 1 < a < k. Hence, mg € M“< by part (a), so that
me¢ = ul  h for some h € 7, ,,. Therefore, Oy (msi) = vy, Toimey = vy, vau‘f Jh.

To 51mphfy the notation, for the remainder of the proof set w(a) = wy, p, ,_,
and u=(m,s) = [[I_, (LY —@QY)... (L2, —QY), for 1 < a <k, 1 <m < n and
1 < s < t. Similarly, set ut(m,s) = [[\_, (L} — Q")... (L% — Q7). Then

ab(mst):ngguj,h— Hu baatla 1) w(a) w w/h
a=2

where the product is taken in order with « decreasing from left to right. Now,
u*(m,s) commutes with T; if i # m. Therefore, since w is a permutation of
{b1y+1,b1,+2,...,n}, we have

Hb(mst H u baatla 1) w(a) * T Hu boutla I)Tw(a)'uj;c/hv
a=~vy+1 a=2

for some w’ € &,,, where again both products are ordered with o decreasing from
left to right. By definition, u+ = Ha L ut(c] > t1,a + 1), where this product can
be taken in any order. So,

vy k—1
Hu boutloz l) () * U H boutloc 1) Hu c1a7tla+1>
a=2 a=1

Now, w(a) = Wy, py.0y € Gp, . Soif 1 < a < v then T,y commutes with
ut (€14 t1,4+1) since ¢} , = c1,4 > by,o. Consequently, the last displayed equation
contains u~ (by, t1,y—1)Twmut(c1,y,t1,4 + 1) as a factor. Note that ¢ > by y—1.
Looking at the definitions, this element is equal to

t

Uby b1,y -1 (t1,7-1) H (L€1,7,1+1 -QF)... (LY 1y T Qr) =

S:tl,nr‘rl

where the last equality comes from applying the right hand equation of Lemma 2.6
in the special case when x = 2. Putting all of these equations together, we have
shown that 6y, (ms) = 0, as required. O

Suppose that t is a standard A-tableau and that 1 < k < n. Let Shape, (t) be the
multipartition with diagram t=*({1, ..., k}); that is, Shape, (t) is the multipartition
given by the positions of {1,...,k} in t. If t € Std(A) and v € Std(p) then we write
t> v if A> porif A= p and Shape,(t) > Shape,(v) for 1 < k < n. We extend
this partial order to pairs of standard tableaux in the obvious way.
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2.10. Lemma. Suppose that X\ is a multipartition of n and that s € Stdlf(/\) and
t € Std(A). Lets’ = ngl, Then there exists an invertible element u € R such that

Ob(ms) = umsri+ Y TupMuo,
(u,0)>(s",t)

for some r,, € R.

Proof. By [13, Prop. 3.7], if 1 <k <n and p(a — 1) < comp, (k) < pa then

mﬁtLi = qp(j_i)ngst + Z TuoMuyy,
(u,0)>>(s,t)

for some 7y, € R. Using this formula we can compute 6(ms¢) = v, ms¢ directly,
which shows that m,, appears with non-zero coeflicient in 6y (ms¢) only if (u,v) >
(¢',t). Finally, mg appears with non-zero coefficient in 6y (ms;) because Q =
Q1 V-V Qg is a partition of Q into (g, ¢q)-orbits. (Compare with the proof
of [6, Lemma 3.11].) O

Suppose that A is a multipartition of n. Let f%’f‘n be the module with basis {my, }
where 1 and v range over the standard pu—tableaux with p > A. It follows from the
general theory of cellular algebras [16, Lemma 2.3] that j‘ff;t is a two-sided ideal
of I, .

As a vector space, the Specht module (or cell module) S(A) is the module
with basis {me + 57, | t € Std(A) }. The theory of cellular algebras [16, 2.4]
shows that S(A) is an 7. ,-module and that, up to isomorphism, S(A) does not
depend on the choice of s.

Finally, we need the classification of the blocks for .. ,,. For each A € A} define
a “content function” cy: R— N by

eax(x)=#{(,j,a+pb) €[N |0<a<pand x = ¢ c"Qy },
for 2 € R. Then the Specht modules S(\) and S(u) are in the same block only if
ea(z) = cu(x), for all € R, by [8, Prop. 5.9(ii)]. (Although we will not need this
we note that the converse is also true by [14, Theorem A].)
With the results that we have now proved we can complete the proof of Theo-
rem 2.2 with only minor modifications of the arguments of [6]. Consequently, we

sketch the rest of the proof and give references to [6] for those readers who require
more detail.

2.11. Definition. Suppose that b € A(n, k) and that s € Std (X), t € Std(\) for
some X € Af.
a) Set vey = Op(msi) € VP.
b) If further t € Std{ (), then let 0, € Endg(VP) be the endomorphism
Ost(vbh) = vgih, for all h € .

We remark that it is not clear from the definition that the maps 0. are well-
defined.

2.12. Proposition. Suppose that b € A(n, k). Then:
a) VP has basis
{ s | 5, € Stdis (N), t € Std(X) for some X € A }.
b) Ifb# c € A(n, k) then Hom (VP VC) =0.

n

¢) Endg, , (VP) is a vector space with basis

{0s | 5,t € Stdi (N) for some XA € AL},
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Proof. (a) This follows directly from Lemma 2.9(b) and Lemma 2.10.

(b) As in [6, Theorem 3.16] it follows from part (a) and the construction of the
Specht modules that V? has a filtration V? =V} D Va--- D Vi, = 0 such that (1)
Vi/Vig1 =2 S(N;), for some A; € A, and (2) if p € A} then

# Sty () = #{1<i <k|Vi/Vig1 =S(p)}.

Now, if b # ¢ and A and p are two multipartitions such that Stdg()\) # () and
Stdl (u) # 0 then it is easy to see (cf. the proof of [6, Cor. 3.17]) that cx #
c,. Consequently, by the remarks before the Theorem, the Specht modules S(\)
and S(p) are in different blocks. Therefore, all of the composition factors of VP
and V¢ belong to different blocks, so Hom ., , (V?,V¢) = 0.

(¢) The proof is identical to that of [6, Theorem 3.19]. In outline, the ar-
gument is as follows. By [5, Theorem 6.16] and Lemma 2.9(a), End ., (M)
has basis { ¢s¢ | 5,t € Stdy (A) for some A € A}, where @q((uf; h) = mgch for all
h € 7€ ,. As in the proof of part (b), the filtration 0 C kerf, C M*“® can be
extended to a Specht filtration which is compatible with the Specht filtration of
Vb = M@e /ker 6y,. Using this Specht filtration and the classification of the blocks
of 2 ,, given above it follows that all of the irreducible constituents of V4 and
ker @, belong to different blocks. Therefore, the map 6, : M“» — VP splits. Let
0, ! be a right inverse to f,. Then a straightforward calculation shows that

_ Osi, if 5,t € Stdy (M)
0 9 1 _ sty 9 b 9
b¥Pstp {O, otherwise.
As the maps { Opps0y" | 5.t € Std;) (A) } span End g, , (V'P), this proves part (c).

O

Let A = Ay 0, (Q1) ® - @ Hpe, 5, (Qu). Let TV =10 @T,®- -1 be a
generator of .74,, where the T} occurs in the a'™ tensor factor, for 1 < a < k. Then,
as an algebra, 4, is generated by the elements {Ti(o‘) [1<a<kand 0<i<b,}.

We need some combinatorial machinery to describe the J4,—modules. Let

Alj:{)\gA;r | by = ‘)\(ptl,a71+1)|+...+|A(pt1,a)|7 fora=1,...,5}.

Note that Std; (X) # 0 if and only if XA € A{.

For A € Af let Ap = (AL, AU where ALY = (APtLa—i+D) | A(hL0)),
Then the Specht modules of .77, are all of the form S(AS)) ® - ® S()\g")), for
X € A{f, and there is a natural bijection Std;; (\) = Std()\g)) X e X Std()\g")).

Let G, = &, X --- x B, which we consider as a subgroup of &,, via the
natural embedding. Let Dy be the set of distinguished (minimal length) right coset
representatives for &y, in &,,. Observe that if A € A;r then

(2.13) Std(A) = [ Stdf (M.
deDy,

Recall that a progenerator, or projective generator, for an algebra A is a
projective A-module V' which contains every projective indecomposable A-module
as a direct summand. The algebras A and End4 (V) are Morita equivalent and,
moreover, every Morita equivalence arises in this way.

2.14. Proposition.
a) Let V= Bpeninn VP, Then V is a progenerator for 7, ,.
b) Suppose that b € A(n,k). Then:
i) VP is a projective e n—module;
ii) Endy , (VP) = J4,; and

n
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iii) as left 74, -modules, 7, =V and VP = @ o, VI*Ta, where Vi is
the subspace of V® with basis {vs | 5,t € Stdy (X) for some A € A }.

Sketch of proof. Using Proposition 2.12 and (2.13) it is straightforward to show that
i = Boenn,n) Daeny, T3 VP (see the proof of [6, Theorem 3.20]). Hence, V® is
a projective 7. ,—module, proving b(i). Part (a) now follows because VP = VP,
for all d € Dy,.

Now consider the remaining parts of (b). By Proposition 2.4 and Lemma 2.6
there is an action of 74, on VP which is uniquely determined by letting the gener-
ator Ti(a) of J4, act as left multiplication by L1y, if i =0 and by Tiy146..,
if 1 <i < by. Thus, there is a map from 4, into End s, , (VP). The argument
used to prove [6, Theorem 4.7] now shows that if A € A} and s,t € Std; (A) then
the map 05 € End s, , (VP) corresponds to left multiplication by the corresponding
Murphy basis element of J%,, where we use the bijection Stdy () = Std()\g)) X
s X Std()\l(:)) That isif h € %mm then Gst(vbh) = (ms(l)t(l) & ~®m5(ﬁ-)t(h~,))vbh,
where u € Std;; (A) maps to (u(}), ..., u(®)) under the bijection above; see the proof
of [6, Lemma 4.6]. This shows that End s, , (V°) = J4,. Finally, part b(iii) follows
from b(ii) and the observation that V? = @ cp. VP, as a left /4, -module. [

Notice, in particular, that Theorem 2.2 is an immediate Corollary of the Propo-
sition. We will also need the following result which follows directly from Proposi-
tion 2.14b(iii); compare [6, Remark 3.15].

2.15. Corollary. Suppose that b € A(n, k). Then
{vpL{* -+ LirTy | w € 6y, and 0 < ¢; < pt,, whenever by o1 <i < by}
is a basis of vu I .
We now have the information that we need to start proving Theorem A from the
introduction.
3. MORITA EQUIVALENCE THEOREMS FOR ALGEBRAS OF TYPE G(r,p,n)

In this section we prove Theorem A, the Morita reduction theorem for the Hecke
algebras of type G(r, p,n), by analyzing the structure of VP = UpHr n aS an I p p—
module. We maintain our notation from the previous section. In particular, we fix a
partitioning Q = Q1V---VQ, of Q such that Q; and Q; are in different (e, ¢)-orbits

whenever Q; € Qq, Q; € Qg and a # .
Following Ariki [1], for each integer m with 1 < m < n, define:

g _ Ty, if m=1;
" T Ly, if2<m<n.

The elements S, Sa,- - - , Sy, are the Murphy operators of J7. ,, ,. We need these
elements to prove the following fundamental fact.

3.1. Lemma. The algebra J2, , ,, has basis
{L{* ... LTy |weB,,0<¢ <randci+---+¢, =0modp}.
Proof. Ariki [1, Prop. 1.6] showed that .72, ,, is the subspace of %%, ,, with basis

wEGn,O§Ci<rfor2§i§n,}

€1 ,,..¢Cn
{Sl S T and 0 <pcy —cg— - —cp <7

Applying the definitions S{* --- ST, = LY~ """ L$ ... L¢T,. Hence, the
Lemma is just a reformulation of Ariki’s result. O
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Recall from the introduction that there are two algebra automorphisms ¢ and 7
of J% . The automorphism 7 is the K-algebra automorphism of J7,, which is
defined on generators of .77, ,, by

() =Ty 'TiTy  and  7(T3) =T;,  fori# L.
The map o is the K-algebra automorphism of .77 ,, which is determined by
o(To) =eTy and  o(T;) =T; fori=1,...,n—1.

The reader can check that s, ,, is the fixed point subalgebra of 4% ,, under o.
Suppose that A is an algebra with an automorphism 6 of order p. Define A x4 Z,
to be the K-algebra with elements

{a0F |lac Aand 0<k <p}

and with multiplication af* - b8! = af*(b)0**!, for a,b € A and 0 < k,l < p. As
in the introduction, if M is an A-module then we can define a new A-module M?
which is isomorphic to M as a vector space but with the A-action twisted by 6.
Formally, it is convenient to think of M? as the set of elements {m# | m € M}
with A-action mf - a = (mf(a))6, for m € M and a € A.

3.2. Lemma. Suppose that 0 < b < n. Then o(vp) = vp and 7(vp) € VoI pp-
Consequently, (vb%m)g = vp A5 and (vb%’é’p’n)T = Vb e pn S I p n-modules.

Proof. Since o(T;) = T;, for 1 < i < n, and o(LY) = L}, for 1 < k < n, we see
that o(vp) = vp. Furthermore, Tovy, = vpLs, ., 41 and vpTy = Ly, +10b, by
Proposition 2.4, so 7(vp) = Ty 'opTh = vp Ly L1 = weSy ) € vpHp .
(From what we have proved, o(vp#. ) = v . Consequently, the map vph —
o(vph) = o(vp)o(h) defines a module isomorphism vy, ,, = (vbt%”r’n)a, for h €
A7 . Similarly, (vb%,p?n)T = vp Il pm S H;.p n-modules. O

3.3. Proposition. Suppose that 0 < b <n. Then

{ubLil LT,

w € &, and 0 < ¢; < pto whenever by o—1 <1 < by q
andci+-+-+ ¢, =0 (mod p)

s a basis of v, I pr. In particular, dim vy, I, = %dim (NG 7

module of rank p. By Corollary 2.15 the number of the elements given in the
statement of the Proposition is exactly 1% dim v, 7. ,,. Therefore, it suffices to show
that the elements in the statement in the Proposition span v, p .

By Lemma 3.1 the module v, 9%, ,, is spanned by the elements

Proof. First, observe that dim vy 3, p, ,, > % dim vy, J2;. , since S, ,, is a free 27,

X < ¢ <1<
{UbLil"'Lf{‘Tw w€6n70_cl<rforl_z_n}

1+ +¢, =0 (mod p)

The elements Lq,...,L, commute by [2, Lemma 3.3]. Therefore, to prove the
Proposition it is enough to show for o = 1,...,x that if by o1 < 7 < by o then
vpL§_, is a linear combination of terms of the form vaZfl(;‘:fll ... L' T, where
0 < a; < pty for all j and w is an element of the symmétric group on the letters
{bi,a—1 +1,...,i—1}. We prove this by induction on 1.

Fix o such that b, # 0 and 1 < « < k. Suppose first that i = ig < by o, where
19 = b1,o—1 + 1. Recall from Lemma 2.6 that

v [ (28 —@Y)=o.
QieQa
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Therefore, vaf;a can be written as a linear combination of the elements vaff7 for
0 < k < to. Note that, modulo p, we have not changed the exponent of L;,. Hence,
we may assume that 0 < ¢; < pt, when i = i5. Now suppose that iy < 7 < by 4.
Arguing by induction (see [2, Lemma 3.3]), it follows easily that

c—1
(34) L= q ' Tia Ui, T+ (L= q ) Y LT LT
d=1
Therefore, using Proposition 2.5,
c—1
voL§ = q el 1 L Ty + (1—q )Y opL{{LIT;
d=1
c—1
= qilngl(i—l)”bquTi—l +(1—-q ") Z”bLf:ngTi—b
d=1

If ¢ > pt, then, by induction on ¢, we can rewrite vp L ; as a linear combination
of terms of the form UbL?JO ...L¥'T,, where 0 < a; < pt, for all j and w is
an element of the symmetric group on the letters {ig,...,i —1}. Now, Ly,..., L,
commute with each other, and T;_; commutes with L; if j #14¢ — 1,4, so

Qi a;—1 ) _ . Qi Aj—1 5
Tyoronyonli” - L TuTimy = woTima Ly - L T Ticy

a; a;—2 ai—1

O LY LY T T

10

= UbL

Hence, using (3.4) once again, we can rewrite v, LS as a linear combination of terms
of the form vaZj” ...L{"T,, where 0 < a; < pt, for all j and w is an element of

the symmetric group on the letters {ig,...,4}. This proves our claim. Moreover,
this completes the proof of the Proposition because, modulo p, the sums of the
exponents of L1,..., L, are unchanged in all of the formulae above. O

;.5 be the corresponding

induced J7] ,-module. Similarly, if N is an J#.,-module let N l;ﬁ:’:n be the

restriction of N to J7] ), ,,. Since J4, ,, is free as an .7, ,, ,—module both induction
and restriction are exact functors.

3.5. Corollary. a) vp Ay, (Ub%,p,n)ng:;n,
D) (v on) g = (0o Hlpn)

) (o en) L, 15 2 (o0 ) ™

If M is an 47, ,—module let MTﬁ:Z =M@,

pn

Proof. Since 42, = @Z;(l) T8 A, pn, there is a surjective homomorphism from
(vb%.%n) Tj;p _onto b n. By Corollary 2.15 and Proposition 3.3 both modules
have the same dimension so this map must be an isomorphism, proving (a). Part (b)
now follows from Proposition 2.14b(iii); alternatively, use part (a) and Lemma 3.2.
Part (c) follows from parts (a) and (b). O

3.6. Corollary. Suppose that 0 < b <n as above. Then

(vb%m) =dimEnd s, , (vb%,n) =pdimEnd ., , (ch%'?,p,n).

P,

1
—dim End
p

Proof. The left and right hand equalities follow using Corollary 3.5 and Frobenius
reciprocity. O

We can now prove Theorem A from the introduction.
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3.7. Theorem. Suppose that Q = Q1 V ---V Q,, where Q; € Qn and Q; € Qg
are in the same (g, q)—orbit only if « = 3. Then J,., , is Morita equivalent to the
algebra

P A4 xz,

beA(n,k)

Proof. By Proposition 2.14, EBbeA(Wi) VP is a progenerator for . ,. Hence, by
restriction, it is also a progenerator for ¢, ,. By Proposition 2.12(b), Frobenius
reciprocity and Corollary 3.5(c) if b # ¢ then Homy, , ,(VP,V¢) = 0. Therefore,
H;.pn is Morita equivalent to

End%w( &) Vb): @B Ends,, (V°).

beA(n,k) beA(n,k)
Hence, to prove the Proposition it suffices to show that

End » (vb%m) = I X L.

for all b € A(n, k).

Recall that each of the algebras J4,, 5,(Qa), for 1 < a < k, has an auto-
morphism o, of order p. The automorphism o1 ® --- ® o, acts diagonally on the
algebra .#4,. Note that (01 ® -+ ® o) 2 Z,. By Proposition 2.14, we have that

S, = Endye, , (v0.) — Endsg, , , (vb,0).

On the other hand, o(vp) = vp by Lemma 3.2. So, ¢ induces an automorphism of
Vb p.n, Which is given by vph +— o(vph) = vho(h), for all h € 2., ,,. Hence, we
have an injective map Z, — End g, , , (vb%’;,n). Since o is an outer automorphism
of J¢, p, ,, it follows that we have an embedding

% X Zp — EndM‘pm (Ub%",n)~

Using Corollary 3.6 to compare the dimensions on both sides of this equation, we
conclude that End s (vb%m) = IR, X L. O

P,

If instead of VP = vpH;., we consider the J7., ,—module vy, 7., , then we
obtain a second Morita reduction theorem for 7, ,,. To state this result, if
b € Aln, k) set b = oty piy (Q1) @ - Q@ Hp,. pib. (Qi). Observe that 77,
is a subalgebra of 74, and that dim J&, = p" dim 7}, ,. Next, let %%’b be the sub-

algebra of J#, generated by 7, b, and the elements {Tél) (Téa))_l [l1<a<k}.

3.8. Proposition. Suppose that Q = QV---VQ,, where Q; and Q; are in different
(€, q)-orbits whenever Q; € Qq and Q; € Qg for some a # 3. Let b € A(n, k).
Then J. ».n 1s Morita equivalent to the algebra

@ %lvb :

beA(n,k)

Proof. By Proposition 2.14(a), @,, vb#., is a progenerator for 77, ,. Therefore,
@D, v pn is a progenerator for 7., , by Corollary 3.5(b). Furthermore, if
b # c € A(n, ) then Hom s, , (vpH n,ve4,. ) = 0 by Proposition 2.12(b). By
Corollary 3.5 and Frobenius reciprocity, Hom s, , . (vbt%’jnyp_yn, vm%ﬁm’n) = 0. Com-
bining these results we see that /7., , and

Endjfr,pyn( @ vb%,p,n): @ Endy, , ., (vb%fr’p’n)

beA(n,k) beA(n,k)

are Morita equivalent.
Fix b € A(n,s) and let By, = End g, , , (vb 7. pn). To complete the proof it is

enough to show that Ey, = p/,b’ As a left J,—module, vy,.77;. ,, is isomorphic to a
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direct sum of [&,,:6y,] copies of the regular representation of 74, by Corollary 2.15.
By Proposition 2.14b(iii), 7, v acts faithfully on vy, ,, by restriction and this
action commutes with the action of 4% ,, from the right. Hence, we can identify
%, » With a subalgebra of Ey,.

By Lemma 3.2 and Proposition 2.14b(iii), 7(vp) = Ll_lLbzyn_Hvb € Vb Hq ppn aCtS
on v p 5 in the same way that T (TO('{))71 =ThRl® 10T, € /4, acts
on v, ;. pn. More generally, for a« = 1,...,k — 1 let p, be the automorphism of
UpH;. p n given by left multiplication by LbMJrlLb_al+1 11 € 64,. By Proposition 2.4,

Lb27n+1Ll;1+1,m+1vb = valLIZL_l—H = UbSb:,la—1+l € b I pn-
Therefore, p, € Ey, for 2 < a < k, since p, commutes with the action of 427, .

Thus, p, coincides with the action of Tél) (Téo‘)) e 4, on VP in Proposition 2.14.
Consequently, p, ¢ 5, and the automorphisms ps, ..., p, commute. By defini-
tion, z%’;”b is isomorphic to the subalgebra of Ey, generated by 77}, v, and p2,. .., p..
Hence, jf;”b is a subalgebra of Ej,.

For each a, the map p? acts as left multiplication by (Tél))p(TO(a))fp € 4,
so pP € A, . Note that the extensions of the endomorphisms pg,...,pE ! to
End, , (vb#,.5), for 2 < a < k, are all linearly independent since End , ,, (V) =
4, by Proposition 2.14. As these maps act on different components of J7, , it
follows that dim .7, = p"~'dim 7, ,. However, by Lemma 3.6 and Proposi-
tion 2.14b(ii),

1 1
dim By, = 5dim Endy, , (VP) = ];dimj‘(i) =p" ' dim .

Therefore, dim 7, = p*~" dim 4, p, = dim Ey. So Ey, = 7

by 88 required. O

4. SPLITTABLE DECOMPOSITION NUMBERS

In this section we use Clifford theory to show that if an algebra can be written
be a semidirect product then its decomposition numbers are determined by the
corresponding “p’-splittable” decomposition numbers of a related family of algebras.
First, we recall some general results about the representation theory of semidirect
product algebras. The basic references for this topic are [4,15,18].

Let A be a finite dimensional algebra over an algebraically closed field K and
suppose that 0 is an algebra automorphism of A of order p. We identify Z, with
the group generated by ¢ and consider the algebra A x Z,. Then, as a set,

AxZ,={ab"|ac Aand 0 <k <p}

and the multiplication in A x Z, is defined by
(af®) - (b0™) = ab®(b) - OFT™,
for a,b € Aand 0 < k,m < p. If H is a subgroup of Z, we identify A x H with
a subalgebra of A x Z, in the natural way. In particular, by taking H = 1 we
can view A as a subalgebra of A x Z,. Moreover, there are natural induction and
restriction functors between the module categories of all of these algebras.
Suppose that L is an A-module. Then we can twist L by 6 to get a new simple

A-module L?. As a vector space we set L? = L, and we define the action of A on
LY by

v-a:=v0(a), forallvel andae€ A.

It is straightforward to check that L is irreducible if and only if L is irreducible.
The inertia group of L is the group

Gp={0tez,|L=L"}.
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Then G, is a subgroup of Z, and, in particular, it is cyclic. Let | = |GL|. Then
p = lk and Gy, is generated by 6*. Recall that we have fixed a primitive pth
root of unity ¢ € K. Since K is algebraically closed we can choose an A-module
isomorphism ¢: L — L% such that #' = 1r, the identity map on L. For each
integer i € Z define the (A x Gr)-module L; ; as follows: as a vector space L;; := L
and the action of (A x Gp) on L;; is given by:

v- (a@mk) = e"kipm(ya), forallm € Z,v € L;;and a € A.

It is easy to check that L;; is an (A x G,)-module and, by definition, L; ;1) = L; ;
for all i € Z.

Recall that Irr(A) is the complete set of isomorphism classes of simple A-modules.
Let L € Irr(A). Then, since L;; | 4= L, it follows that L;; is a simple (A x G )-
module. In fact, it is shown in [4,15,18] that

A A
{LI,ITA:?;va T >Ll,lTA:%;pL L elr(A),l = |GL|}

is a complete set of pairwise non-isomorphic simple (A x Z;)-modules.

4.1. Lemma. Suppose that L is a simple A—module and that H is a subgroup of G ..
Let 1 = |Gr|, h = |H| and fix i with 1 < i <. Then Lz,ilﬁigL 18 an irreducible
(A x H)-module and

[GL:H]
AXGL 4 AXGL A
LHLAEHLTA:HL = @ Liivny-
j=1
Proof. As remarked above, we can view A and A x H as subalgebras of A x G.
Since L;;]4*" = L is irreducible we see that L;;]425" is irreducible. Next,
observe that 67/" is a generator of H. Hence, by the argument e if 1 < j <[ = |GL|
then Ll,i+hjl£§§f =~ Ll,ilj::ff is irreducible. Therefore, by Frobenius reciprocity
and Schur’s Lemma,

AXGL 2 AXG AxG AxG
Homaxc, (Liivng, Liilan i Tans® ) = Homasm (Liipng Van e Liilans™ )
=~ K.

The lemma now follows by comparing dimensions. O

Now suppose that we have a modular system (F,O, K) such that A = A has
an O-lattice Ap which is an O-algebra, 6 can be lifted to an automorphism of Ap
of order p, F' is an algebraically closed field of characteristic zero, and Ap :=
Ao ®o F is a (split) semisimple F-algebra. We abuse notation and write 6 for
the corresponding automorphism of Ar. Note that if H is a subgroup of Z, then
Ag X H = (Ao x H) ®p K, so that we also have a modular reduction system for
the algebras Ap x H and Ag x H.

By definition, Irr(Ap) is the complete set of isomorphism classes of simple Ap-
modules — the “semisimple” Ap—modules. As the automorphism @ lifts to Ag
for each simple Ap—module S € Irr(Ap) we have an inertia group Gg < Z, and,
as above, we can define (Ap x Gg)-modules S, ;, for j € Z where s = |Gg|.
Consequently,

A A
{Ss’lTAijé”y . ’SS7STA§:gPS S e Irr(Ar) and s = |Gs|}

is a complete set of pairwise non-isomorphic simple (Ap % Z,)-modules.

Suppose that S € Irr(Ap) and that D € Irr(Ag) and let s = |Gg| and d = |Gp|.
Giveniand j with1 <i¢ < sand 1 < j < d, we want to determine the decomposition
numbers

Ap XLy, AXZ
[Ss,iTAFnGpS : Dd,jTAprD]’



16 JUN HU AND ANDREW MATHAS

which gives the multiplicity of Dg ; Tﬁ:g‘; as an irreducible composition factor of
AXZy

a modular reduction of SS,iTANGS.
4.2. Definition. Suppose that S € Irr(Ap) and D € Irr(Ak) and set s = |Gg| and
d = |Gp|. Then the pair (S,D) has cyclic decomposition numbers if

AR XLy AXZL _ Ap XLy | AXZ
[Ss,i TAF NGPS' dej TAXGPD] - [Ss,i—i-l TAF NGps' Dd7j+1 TANGPD]’

foralli,jeZ.

In the next section we show that all pairs of irreducible ¢ ,-modules have cyclic
decomposition numbers.

4.3. Proposition. Let S € Irr(Ar) and D € Irr(Ak) and suppose that (S, D) have
cyclic decomposition numbers. Set s = |Gg|, d = |Gp| and let dy = ged(s,d).
Then

AR X7 AXZ AR X7 AXZ
[Ss,itdol TAMGPS: D j+dor TAprD] = [Ss,iTAMGpS: Dy, TANGPD]

for all 1,735,701, € Z.

Proof. Since the groups G's, Gp and Gy = GsNGp are all cyclic subgroups of Z,,
we have that |Go| = ged(|Gsl,|Gp|) = ged(s,d) = do. Therefore, there exist
integers u and v such that dy = us 4+ vd. Consequently, if 1 <i<s,1<j<dand

[ € Z then

ApXZ AXZ Ap X7 AXZ
[SS,Z' TA?X]GPS: Dd7j+dol TANGPD] - [SSJ-"'HS TAII::XGPS: Dd»j+dol+us TAXGPD]

o Ap XLy AXZLy
= [Ssitus Tapwucy: Ddjt+dol+do—vd Tascy)

Ap XL AXZ
= [95i Tapncs Dajrdorn) Tasecn):
where the first equality follows since,by assumption, (S, D) has cyclic decomposition
numbers. Similarly, we have that

Ap X7 AXZ Ap X7 AXZ
[Ss,itdol TAFNGPS: Dy, TAprD] = [Ss,i+do(l+1) TAFpr5: Dg,; TAprD]v

whenever 1 <i<s,1<j<dand! € Z. Together these two identities imply that
if1<i4,i<s,1<j,j <dandl,l' €Z then
Ap X7 AXZ ApXZ AXZ
[Ssitdot Tapwcrs: Dijrdolr Tanc ol = 19si Tarwcs: D Taxcy)-
This completes the proof. ([

4.4. Definition. Suppose that S € Irr(Ap) and D € Irr(Ag) and let s = |Gg| and
d = |Gp| as above. Then the decomposition number [Ss’iTﬁijéfs : dejTﬁ:?D} is

p-splittable if Gs = Z, = Gp.

We will see in Corollary 5.6 below that this definition of p—splittable decompo-
sition number agrees with Definition 1.1 when applied to the algebras J7;.,, .

4.5. Corollary. Suppose that S € Irr(Ap) and D € Irr(Ag) have cyclic decompo-
sition numbers and let Go = Gs NGp, s = |Gg| and d = |Gp|. Then
ApXZ, AXZp 1 ApxGs | AxG
[Ss,iTAizcs : DdJTA:]GD] = [Ss,ilAiicf . Dd,lein]
foralll <i<sandalll <j<d. In particular, these decomposition numbers are
p’-splittable in the sense of Definition 4.4, where p' = |Gy|.

Proof. Observe that if L and L’ are non—isomorphic simple (A x Gp)-modules then

. AXZ AXZ . . e
the induced modules LT, o and L' ¢, have no common irreducible composition

factors. Next observe that if 1 <4 < s then Ss’ilﬁijgg is an irreducible (A x Go)-

module by Lemma 4.1. Similarly, if 1 < j < d then Ddg‘lﬁ:gf is an irreducible
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(A % Gg)-module. The first claim now follows by combining this observation with
Lemma 4.1 and Proposition 4.3. Finally, these decomposition numbers are p’-
splittable because the inertia groups of the modules Ss; and Dg ; inside Gy is
exactly Gy. (|

Corollary 4.5 reduces the calculation of decomposition numbers of the algebra
A X Z, to determining the p’-splittable decomposition numbers of the subalgebras
A X Z,, where p’ divides p.

We now apply Corollary 4.5 in the special case where A has a tensor product
decomposition. That is, we suppose that A = A @ ... @ A®, for some finite
dimensional K-algebras AM, ... A" which are equipped with automorphisms
01, ...,0, respectively, of order p. Set § = 0, ®---®06,,. We assume that the tensor
product decomposition of A is compatible with the modular system (F, O, K) so
that Ap = AD @ ... @ AW,

Fix an integer f € {1,...,x} and let SU) ¢ Irr(A;f)) and DY) € Irr(Ay) be
irreducible modules. Then S = SV @ - ® S € Irr(Ap) and D = DY ® .- ®
D) e Irr(AK). Further, Gg = Ggay N---NGgwy, and Gp = Gpa) N - NG px) -
Set s = |Gg| and d = |Gp|. Then s = |Gg| = ged(|Gsw)),---,|Ggwm|) and d =
|Gpl =ged(|Gpw],. .-, |Gpwl).

Suppose that (S, D) has cyclic decomposition numbers and let Go = Gg N Gp.
Then, by Corollary 4.5, the decomposition numbers of A x Z,, are completely de-
termined by the decomposition numbers of the form [Ss,il:i?:gf : Dd,jlﬁgéfD],
forl<i<sand 1<j<d.

4.6. Theorem. Suppose that S = SM @---@ 85" € Iir(Ap) and D =DM @---®
D" ¢ Irr(Ak). Let s = |Gsl|, d = |Gp| and Gy = Gs N Gp and set dy = |Gy.
Then

K
. ArxGg . 3 ArgXGp _ (a . «
[Ss,zlAFxGo : Dd:JlAKNGO ] = E H Sdo i dU,JQ]

0<41,.--,Jr<do a=1
Jjit+ic=(k—1)i+j (mod do)

foralli and j with 1 <i<sand1<j<d.

Proof. Suppose that R € {F,K}. Let k = £ = |Z,/Go|, so that Gy = (0%).
Consider the algebra

Ar = RGy® (AY x (01) @ -+ @ (A% % (6%)).

Then it is straightforward to check that there is an embedding of algebras Ar x
Gy — Apg given by
(a1 ® - ®a )™ — 0™ @ (a107) @ - @ (anbf™*),
for ai, - ,a, € Ag and m € Z.
Let L = LM @ ... @ L") be a simple Ag-module, where L = S if R = F,

or L = Dif R= K. Let ! = |Gr| and suppose that 1 < ¢ < [. Then L;;
is a simple (Ar x G )-module. Recall that the modules L;; are defined using a

fixed isomorphism ¢: L — e ~ satisfying ¢! = id. We may assume that ¢ is
compatible with the tensor decomposition of L; that is, ¢ = ¢1 ®- - - ® ¢, where for
f=1,...,k, the order of the inertia group Gy of L) in Ly is ly, ¢pp = (qbf)lf/l,

. L)
¢p: L) — (L(f))ef is an isomorphism defining the module Ll(f)l Note that

J32 e (f>N f
lf 7 l'Af%f) L Ldo,i'



18 JUN HU AND ANDREW MATHAS

Applying the definitions, given any integers i, ig, 1, ..., 4x With i = i1 +---+1i, —ig
(mod dp) there is a natural isomorphism of (Ar x Gg)-modules

(1) Lisl4miée = (€0 @ LY, © - @ LG, )4k,

where e7% is the one dimensional representation of Gy = (6*) upon which * acts
as multiplication by 7.

By (1), if 1 <i < s then Syl 4730 = (=@ S{) @ @ S{0) 147 g,
Therefore, we can find the (Ar x Gp)-module composition factors of S ﬁf‘iigf
by first finding the A\K—module composition factors of e~ (v~ 1 @ S((ii?i - ® SdO i
and then restricting to Ax X Gg. The EK—module composition factors of E_(“ Dig
Sc(lgi ® - ® S((i';?i are all of the form e~ Di @ DV @ ... D  where 0 <

do,j1 do,jr?
Jise-eyJr < do. Further, by (),if j =41+ -+ js — (k — 1)i (mod dy) then
A Gp ~ k—1)1 (1)
Dajlakicr = (e” S ® Dy g, @ d0,3n>lAK>dGo
The theorem now follows. O

4.7. Corollary. With the same notation as in Theorem 4.6, and suppose that S €
Irr(Ap) and D € Irr(Ag ) have cyclic decomposition numbers, then we have

AR XLy AXZLy al
[Ss.ilarncts : Dajlaxd,] = Z H[ng,)i : Dfl‘j}ja]

0<J1,.-,x<do a=1
Jittis=(k—1)i+j (mod do)

foralli and j with 1 <i<s and1<j<d.
Proof. This follows from Corollary 4.5 and Theorem 4.6. O

5. REDUCTION THEOREMS FOR THE DECOMPOSITION NUMBERS OF %ﬂﬁpm

We now combine the results of last two sections to show the decomposition
numbers of the cyclotomic Hecke algebras 77 , ,, are completely determined by the
p’-splittable decomposition numbers of an explicitly determined family of cyclo-
tomic Hecke algebras. Throughout this section we assume that ¢ # 1. We first
show that the simple 77 ,-modules always have cyclic decomposition numbers.

5.1. Lemma. The algebras 3¢, . and 5., ¥ Z, are Morita equivalent.

Proof. As a right /., ,—module ., = @I_, Ty, p»n by Lemma 3.1. Con-
sequently, 7., is a progenerator for J#., ,, so %’;)p)n is Morita equivalent to

Endy, ,, (7). Observe that o € Endy, , (74, ,) since o is trivial on J2. .
Furthermore, as vector spaces,

Endﬁﬁpn<% n) = Hom%”ypn( rnljf”,n ?;],7 )
= Hom s

Jfr,n
TP "(%n %rp n’ %p’n)@p
=~ Homyfn (% nw%o,p” %‘g:n)@p
= Homye, , (H.n, A )P jfﬁ?ﬂ

where the third isomorphism comes from Frobenius reciprocity. Hence, by counting
dimensions, End s, ,  (#7.n) = 5., % Zyp. (Alternatively, apply Theorem A with

k=1.) O

The proof of this Lemma gives a Morita equivalence from the category of (finite
dimensional right) e%ﬁlfl X Zp—modules to the category of Jﬁ% n—modules. This

functor sends the finite dimensional (2. ,, x Z,)-module M to the 7., ,—module
F(M)=M QxR xz, %’ﬁl



MORITA EQUIVALENCES OF CYCLOTOMIC HECKE ALGEBRAS 19

5.2. Lemma. Suppose that L is a simple %ﬁ}i -module. Then
7‘ n ~ 'yfTRn NZP
Ll =~ F(L1 o ).
Proof. Applying the definitions and standard properties of tensor products
HE X,
F(Li "™ ) = (L ®oen, A5 % L) @ s, 2 L= LIy

7pn

O

5.3. Proposition ( [7, (2.2)], [19, (2.2)] and [9, (5.4), (5.5), (5.6)]). Suppose that
L is a simple %ﬁ—module and let k > 0 be minimal such that L = L°". Then
1 <k <pandl:= % is the smallest positive integer such that L' = L' whenever L'
is a simple 6., n-submodule of L.

Now fix an isomorphism ¢:L—>L"k such that ¢' =1 and for i € Z define

Li={veL|pw)=ec"v}.

R
Then Lljf“" =Lo®--- 69 Li_y1. Moreover, Ly = L;y; and L1 = L], for any

-1

i€ 7. Consequently, Ll r" 2 LoB Ly BB Ly"

For each simple ,%’j.ﬁ—module L we henceforth fix an isomorphism ¢: L —
such that ¢! = 1, where k and [ = £ as in the Lemma. Observe that | = |G|, where
G is the inertia group of L. For each integer ¢ we have defined /%, ,~modules L

and L; ;. The next result gives the connection between these two modules.

5.4. Lemma. Suppose that L is a simple %ﬁﬁ—module with inertia group G and
let 1 = |GL|. Then, for each i € Z, we have

L= F(L, zT;er"NGL)

Proof. As in the proof of Lemma 5.2, (L“T%;R NGL) = Ly, QR %G, JOE

rn*

7n

AR 1G, ;) — L given by (v ®.z, %2,
h) = wvh, forv e L;; and h € f%ﬂf;’l Clearly, 1/) ;é 0 so it suffices to show that the

image of 9 is contained in L;. Now, if v € L;; and h € t%”rlfl as above then, using
the definition of L; ;, we see that

e*p(vh) = v+ (ha®) =¥ (v- (ho®) @ 074 1) = V(v @z, w24 h) = vh.
Hence, ¥(vh) € L; as required. O

5.5. Corollary. Suppose that S € Irr(H,.,,) and D € Irr(A%) and let s = |G|
and d = |Gp|. Then

Therefore, there is a natural map v : F(Ll il

Ao X Lp Ao N Lp Hrn X Lp Ao X Lp
[Ss.i T%”r nxGs* 2 Daj 1y nxGD] [Ss.it1 T, nXGs® Daj Tii”r n><1GD]

for alli,j € Z. That is, (S, D) has cyclic decomposition numbers.
Proof. Using Lemma 5.4 and Proposition 5.3 we have

. m X Zp 2 XL S

[Sei1 156 ndhst Dager 15 nchy] = [Siva s Dyga] = [S] : DJ] = [S; : Dy
ron XLy o XL
[SS'LTﬁ( ><1Gs Ddi.] JfrnNGD]

as required. 0

Note that Proposition 5.3 and Lemma 5.4 also imply that the two notions of
p-splittable decomposition numbers for the algebras .. , ,, coincide.
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5.6. Corollary. Suppose that S € Irr(J%,) and D € Ire(A#K) and let s = |G|
and d = |Gp|. Then the decomposition number

#F «z, #K «z,
[ SZT%F xGs »JTﬂ"K xGp ]

is p—splittable in the sense of Definition 4.4 if and only if the decomposition number

[F(S snw ) (Dd,nﬂ ]

is p—splittable in the sense of Definition 1.1.

5.7. Theorem. Suppose that ¢ # 1. Then every decomposition number of 7., n(Q)
is equal to a p’—splittable decomposition number of some cyclotomic Hecke algebra
Sy (4, Q). where p=kp' and

Ql = (Q1>EQ17"‘7Ek_1Q17Q27“'78k_1Q27"' 7Qtu"'7€k_1Qt)-

Proof. By Proposition 5.3 every irreducible %’f; n,-module is equal to S; for some

S e Irr(s4F) and with 1 < i < s = |Gg|. Similarly, every irreducible £ -
module is equal to D; for some D € Irr(%) and with 1 < j < s = |Gp|.
Therefore, by Lemma 5.4, Corollary 5.5 and Corollary 4.5,

’V"ILXG
dei D]

rn G
S:: Dyl = [Suil it hc AR nGo

HF, %G
where Gy = Gs N Gp. Suppose that Gy = (o) and write p = kp’. Then we have
shown that [S; : D;] is a p’-splittable decomposition number of 7., X Z,,

As at the beginning of section 2, write r = pt. Then r = p’kt and in 4. , ,(Q)
the ‘order relation’ for Ty is

o= Tl -~ [T - o

Observe that the right hand side is the ‘order relation’ for Té’/ in . n(Q'). It now
follows using Lemma 5.1 that /2. , XZ,, is Morita equivalent to /. ,» » (¢, Q’), where
the parameters Q' are as given in the statement of the theorem. This completes
the proof of the theorem. O

Proof of Theorem B. This follows from an recursive application of Theorem A,
Corollary 4.7, Corollary 5.5 and Theorem 5.7. O

Theorem B gives a recursive algorithm for computing all of the decomposition
numbers of a cyclotomic Hecke algebra ¢, , ,(Q) in terms of the p’-splittable de-
composition numbers of a family of “smaller” cyclotomic Hecke algebras . , »/(Q’)
where 1 <1’ <r; 1 <n’<n,1<p|p, and the parameters Q' are contained in a
single (g, ¢)-orbit of Q. Therefore, the p’-splittable decomposition numbers of the
cyclotomic Hecke algebras of type G(r/, p’,n’) completely determine the decompo-
sition numbers of all cyclotomic Hecke algebras 2., ,(Q).
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