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Abstract

This thesis investigates the relationship between essential surfaces in a 3—
manifold and ideal points of its SLy(C)— and PSLy(C)-character varieties. In
1983 Culler and Shalen introduced a procedure which associates essential surfaces
to ideal points of the character variety. This thesis aims to describe associated
surfaces in two settings. The first uses the topological notion of mutation, and the
second uses deformations of ideal triangulations of cusped hyperbolic 3—manifolds.

A mutation is performed by cutting a manifold along a surface which admits a
canonical involution, and regluing via this involution. The first part of this thesis is
concerned with the effect of mutation on the character varieties and the conditions
under which a mutation surface can be associated to an ideal point of the character
variety. This approach led to the discovery of the first known example of so—called
holes in the variety defined by the A—polynomial of the Kinoshita—Terasaka knot.

To deal with multi—cusped manifolds, the A—polynomial of a 1-cusped manifold
is generalised to an eigenvalue variety. Boundary curves of essential surfaces arising
at ideal points of the character variety are called strongly detected. The set of
strongly detected boundary curves is determined in terms of Bergman’s logarithmic
limat set, which describes the exponential behaviour of a variety at infinity.

The above result relating to eigenvalue varieties only concerns the boundary
curves. Following an approach sketched by Thurston in 1981, normal surfaces
are associated to degenerations of ideal triangulations of 3—manifolds. Moreover,
an algorithm to compute the boundary curves of a normal surface in an ideal
triangulation is given.

This thesis concludes with a description of normal surfaces in the Whitehead
link complement, and a computation of the logarithmic limit sets of its deformation

and its eigenvalue varieties.
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Preface

Chapter 1 largely reviews known results. The only possibly new contributions
are the computation of the A-polynomials and the A-polynomials of torus knots.

The major original contributions of this thesis are contained in Chapters 2 to
5. Chapter 2 builds on Cooper and Long [13] and Ruberman [39]. Chapter 3 was
stimulated by looking at Lash [32]. The investigation in Chapter 4 is motivated
by a lecture by William Thurston, as well as Kang [31] and Weeks [50], and has
been suggested to me by Craig Hodgson.
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Introduction

In order to study 3-manifolds I use various affine algebraic sets, which are
related to representations of the fundamental group into SLy(C) and PSLy(C).
These target groups have a special place in the current theory, since PSLy(C)
is isomorphic to the group of orientation preserving isometries of hyperbolic 3—
space. I am interested in extracting geometric and topological information about
a 3—manifold from the study of representations.

In particular, I investigate the relationship between essential surfaces and ideal
points of character varieties. Character varieties allow the study of representations
into SLy(C) and PSLy(C) up to conjugacy. Culler and Shalen introduced a pro-
cedure in [18] which associates an action of a finitely generated group I' on a tree
with an ideal point of a curve in the SLy(C)—character variety. This construc-
tion provides a link between the geometry of a manifold and its topology, since
S Ly(C)-representations of fundamental groups of connected manifolds are related
to hyperbolic structures, and actions of the fundamental group on trees are related
to essential surfaces. This link, however, is rather mysterious since it uses valuation
theory, Bass—Serre theory and a construction by Stallings which involves the choice
of a triangulation of the manifold and the choice of a map from its universal cover
to a tree.

If one hopes that every representation into SL,(C) carries some geometric
meaning, one may also be led to hope that an ideal point corresponds to a geometric
splitting of a manifold associated to the limiting representation. This is the spirit
in which my research is conducted and examples are analysed. I am interested in

associating surfaces to ideal points of the character variety in two settings. In the
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14 INTRODUCTION

first setting I use the topological notion of mutation, and in the second setting I
use deformations of ideal triangulations of 3-manifolds. There is a surface in the
manifold m137 (in SnapPea notation), which is detected by both approaches, and
there is a surface in the complement of the figure eight knot which is not detected

by either of these approaches.
The contents of this thesis is as follows:

Chapter 1: Culler-Shalen theory and other related background is discussed,
and the terminology and notation used throughout this thesis is introduced. More-
over, the A-polynomials and the A-polynomials of torus knots are computed, and
a surface in the manifold m137 is shown to be associated to an ideal point in its
character variety.

Chapter 2: This chapter builds on Cooper and Long [13] and Ruberman
[39]. Let M be an irreducible 3-manifold and S be a properly embedded surface
in M. Assume that S admits a canonical involution 7. Then M7 is the manifold
obtained by cutting M along S and regluing via 7. This process is called a mutation.
Mutative manifolds are generally difficult to distinguish. A birational map between
subvarieties in the character varieties of M and M7 is described. By studying the
birational map, one can decide in certain circumstances whether a mutation surface
is detected by an ideal point. As an application of this approach, the first known
example of so—called “holes” in the variety defined by the A-polynomial is given
in the section on the Kinoshita—Terasaka knot.

Chapter 3: The set of ideal points of algebraic varieties over C — {0} is defined
via Bergman’s logarithmic limit set, which describes the exponential behaviour of a
variety at infinity. Subsequently, the A—polynomial of a manifold whose boundary
consists of a single torus is generalised to an eigenvalue variety of a manifold whose
boundary consists of a finite number of tori. Boundary curves of essential surfaces

arising at ideal points of the character variety are called strongly detected. The set
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FIGURE 0.1. A degenerating tetrahedron

of strongly detected boundary curves is determined in terms of the logarithmic limit
set. This enables one to read off the detected boundary curves of a multi—cusped
manifold in a similar way to the 1-cusped case, where the slopes are encoded in
the Newton polygon of the A—polynomial. This work was stimulated by looking at
Lash [32].

Chapter 4: The investigation in this chapter is motivated by the following
outline given in a lecture by William Thurston in 1981 for an orientable cusped
complete hyperbolic 3-manifold of finite volume with an ideal hyperbolic triangu-
lation, and was suggested to me by Craig Hodgson. There is an algebraic variety
associated to an ideal triangulation, which describes the shapes of ideal hyperbolic
tetrahedra. As the hyperbolic structure degenerates, an ideal point of this variety
is approached. Thurston observed that the tetrahedra associated to the degen-
eration become very long and thin, and the manifold will split apart. In certain
cases, a surface is expected to develop in the thin part, along which this splitting
occurs. This behaviour is described when the ratios of logarithms of moduli of
the shape parameters approach rational values. In this case, the splitting surface
arises as a normal surface with respect to the ideal triangulation. We investigate
the relationship between these surfaces and the normal sufaces arising from nor-
mal surface ()-theory, and give an algorithm to compute the boundary curves of a
normal surface in an ideal triangulation, where we rely on work and ideas by Kang

[31] and Weeks [50].
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Chapter 5: Normal surfaces in the Whitehead link complement are described,
and the logarithmic limit sets of its deformation and its eigenvalue varieties are

computed.
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would grow too long if T tried to mention everyone, and I would be too afraid to
forget someone. So thank you all!
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CHAPTER 1

Preliminaries

This chapter discusses some aspects of Culler—Shalen theory and related back-
ground which will be used in the subsequent chapters, without giving a historical or
otherwise complete account of its place in the field. Excellent references to Culler—
Shalen theory are Shalen’s articles [42, 43], as well as the paper [6] by Boyer and
Zhang.

1.1. Algebraic varieties associated to 3—manifolds

This section consists mostly of definitions of various affine algebraic sets and
some of their basic properties. It also contains results concerning the A—polynomials

and the A-polynomials of torus knots.

1.1.1. Representation variety. Let M be a 3—-manifold. A representation
of m (M) into SLy(C) is a homomorphism p : m (M) — SLs(C), and the set
of representations is R(M) = Hom(m (M), SLy(C)). This set is often called the
representation variety of M.

If (y1,...,79 | rj) is a presentation for the fundamental group I' = m; (M),
then a representation is uniquely determined by the point (p(v1),...,p()) €
SLy(C)" C C*. The latter inclusion introduces affine coordinates. Substituting n
general matrices into the relators gives sets of polynomial relations in these affine
coordinates, and the Hilbert basis theorem implies that 93(M ) inherits the structure
of an affine algebraic set.

Two representations are equivalent if they differ by an inner automorphism of

SLy(C). For each p € R(M), its character is the function x, : I' — C defined by

17



18 PRELIMINARIES

X,(7) = trp(7y). It follows that equivalent representations have the same character
since the trace is invariant under conjugation.

A representation is irreducible if the only subspaces of C? invariant under its
image are trivial. This is equivalent to saying that the representation cannot be
conjugated to a representation by upper triangular matrices. Otherwise a repre-

sentation is reducible. The following facts will often be used implicitly:

LEMmMA 1.1. [18]

1. Let p € R(M). Then p is reducible if and only if x,(c) = 2 for each element
¢ of the commutator subgroup I'" = [[',T'] of T.

2. Let p,o € R(M) satisfy X, = Xo and assume that p is irreducible. Then p
and o are equivalent.

3. Let V' be an irreducible component of R(M). Then any representation equiv-

alent to a representation in V. must itself belong to V.

The above lemma implies that irreducible representations are determined by
characters up to equivalence, and the reducible representations form a closed subset

of R(M).

1.1.2. Character variety. The collection of characters X(M) turns out to
be an affine algebraic set, which is called the character variety. There is a regular
map t : R(M) — X(M) taking representations to characters. According to [23],

affine coordinates of X(M) can be chosen as follows. Number the words
{riv 11 <i<j<njU{vym|1<i<j<k<n}

starting from n + 1 onwards and denote them accordingly by vn41,-.. ,¥m- Then a
character is uniquely determined by the point (tr p(71), ... ,tr p(m)) € C™, where

m=n+(3)+ (5) = =5

1.1.3. Tautological representation. Let V' be an irreducible subvariety of

X(M). By [18], there is an irreducible subvariety Ry C PR(M) such that t(Ry) =
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V. The function field F = C(Ry) contains K = C(V). We now obtain the
tautological representation P : T' — SLy(F') defined by

b b
P(y) = ‘ , where the identity p(y) = a(p) b(p)

for all p € Ry
c d c(p) d(p)

determines the functions a,b,c,d € F. One can think of this construction as
restricting the coordinate functions to Ry .

For each v € T" define I, = tr P(y) € K C F. It follows from the definition of
the tautological representation that I,(p) = tr p(y) € C for all p € Ry, and hence
we have a function I, : Ry — C. Since I, € K, it may also be thought of as a
function on V.

More generally, for each v € 7 (M), we define a function I, : R(M) — C by
I,(p) = trp(7y). Then I, is an element in the coordinate ring C[R(M)] (see [42]).

1.1.4. Projective representations. There is also a notion of character vari-
ety arising from representations into P.SLy(C), and the relevant objects are denoted
by placing a bar over the previous notation. The natural map q : X(M) — X(M)
is finite-to—one, but in general not onto. It is the quotient map corresponding to
the H(T; Zy)-action on X(M), where H'(TI'; Zy) = Hom([', Z). This action is
not free in general.

Central extensions of PSLy(C) and I' by Zs must be studied in order to de-
cide whether a representation into P.SL,(C) lifts to a representation into SLy(C).
In [6], Boyer and Zhang give examples of (non-hyperbolic) 3-manifolds where
dimg X(M) = 0, but dimg X(M) = 1.

As with the SLy(C)—character variety, there is a surjective “quotient” map
t: R(M) — X(M), which is constant on conjugacy classes, and with the property
that if p is an irreducible representation, then T (t(p)) is the orbit of 5 under
conjugation. Again, a representation is irreducible if it is not conjugate to a repre-

sentation by upper triangular matrices.
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A statement similar to the description of SL,(C)—characters is true. Let §,
be the free group on &i,...,&,, and let yq,...,y, be the @ elements of §,
corresponding to the single generators and ordered double and triple products

thereof.

LEMMA 1.2. [6] Suppose that T is generated by ~,...,v, and that p,p' €
R([). Choose matrices Ay, ..., An, Bi,...,B, € SLy(C) satisfying p(v;) = £A4;
and p'(v;) = £B; for each i. Define p,p' € R(Fn) by requiring that p(&) = A;
and p'(&) = B; for each i € {1,...,n}. Then x; = xp if and only if there is
a homomorphism € € Hom(§,, {£1}) for which tr p'(y;) = €(y;) trp(y,) for each
je{l,....m}.

Boyer and Zhang introduce the tautological representation associated to an
irreducible component of R(T') in [6], which is analogous to the SLy(C)-version,

and will be denoted by P.

1.1.5. Dehn surgery component. If M admits a complete hyperbolic struc-
ture of finite volume, then there is a discrete and faithful representation (M) —
PSLy(C). This representation is neccessarily irreducible, as hyperbolic geometry
otherwise implies that M has infinite volume.

If M is not compact, then a compact core of M is a compact manifold M such
that M is homeomorphic to the interior of M. We will rely heavily on the following

result:

THEOREM 1.3 (Thurston). [44, 42] Let M be a complete hyperbolic manifold of
finite volume with h cusps, and let py : 1 (M) — PSLy(C) be a discrete and faithful
representation associated to the complete hyperbolic structure. Then p, admits a
lift po into SLo(C) which is still discrete and faithful. The (unique) irreducible
component Xy in the SLs(C)—character variety containing the character xo of po

has (complex) dimension h.
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Furthermore, if Ty, ... T}, are the boundary tori of a compact core of M, and
if v; s a non—trivial element in m (M) which is carried by T;, then xo(vi) = 2

and xo s an isolated point of the set
X*:{XeXO\Lfl :...:L?h =4}.

The respective irreducible components containing the so—called complete repre-
sentations py and p, are denoted by Ro(M) and Ry(M) respectively. In particular,
t(Ro) = X and t(MRy) = X, are called the respective Dehn surgery components of
the character varieties of M, since the holonomy representations of hyperbolic man-

ifolds or orbifolds obtained by performing high order Dehn surgeries on M are near

Po (see [44]).

1.1.6. A—polynomial. The A-polynomial was introduced in [11], and we de-
fine it following [13]. Let M be a manifold with boundary consisting of a single
torus, and choose a generating set {M, L} for the fundamental group of 9M. The
elements M and £ will be referred to as meridian and longitude respectively.

Let Ry (M) be the subvariety of SR(M) defined by two equations which specify
that the lower left entries in p(M) and p(L) are equal to zero. Any representation
in (M) is conjugate to a representation in Ry (M) since two commuting matrices
in SLy(C) have a common invariant subspace. We define an eigenvalue map from
Ry (M) to (C—{0})? by taking an element p of Ry (M) to the upper left entries of
p(M) and p(L). Taking the closure of the image of this map and discarding zero—
dimensional components, one obtains the eigenvalue variety, which is necessarily
defined by a principal ideal. A generator for the radical of this ideal is called the
A-polynomial. After fixing a basis for the boundary torus, the A-polynomial is
well defined up to multiplication by units in C[[*!, m*!], and it follows from [11]
and [15] that the constant multiple can be chosen such that the coefficients are all
integers with greatest common divisor equal to one.

In general, one needs a computer to calculate the A—polynomial. It is shown in

[11] that if € is a nontrivial (p, g)-torus knot, then A¢(l, m) is divisible by ImP? + 1
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(where we follow the convention that if M is the complement of a knot € in S?,

then {M, L} is a standard peripheral system).

PROPOSITION 1.4. ' Let € be a (p,q)-torus knot. If p = 2 or ¢ = 2, then
Ae(l,m) = (I = 1)(ImP? + 1), otherwise A¢(l,m) = (I — 1)(ImP? + 1)(ImP? — 1).

PROOF. The fundamental group of S® — ¢ is presented by I' = (u, v | u? = v9),
and a standard peripheral system is given by M = u™v™ and £ = v» M™P4 where
mp + ng = 1. These facts can be found in [9] on page 45. The factor [ — 1 arises
from reducible representations, and all factors arising from components containing
irreducible representations are to be determined.

The element u? is in the centre of I', since it is identical to v? and hence com-
mutes with both generators. Thus the image of u” is in the center of p(I"). Since
two commuting elements have a common eigenvector, p(u)? has a common eigen-
vector with p(u) and p(v) respectively. If the representation is irreducible, these
eigenvectors have to be distinct. Thus, after conjugation it may be assumed that
the generators map to upper and lower triangular matrices respectively, and the
central element is represented by a diagonal matrix. Direct matrix computations
show that the commutativity with either of the generators gives p(u)? = +F.

Assume that p(u)? = —FE. The relation p(£) = —p(M) P4, which is equivalent
to p(LMPY) = —E, then implies the equation ImP? = —1. This is the curve
obtained in [11] by sending v and v to noncommuting elements of SLy(C) of order
exactly 2p and 2q respectively.

If the image of p(u)P is trivial, then p(v)? = p(u)? = E. If p or ¢ equals 2, this
implies that the image of one of the generators is +F. But this yields that p(T")
is abelian, and therefore contradicts the irreducibility assumption. This completes

the proof of the first assertion.

T thank Walter Neumann for pointing out that a proof contained in [47] could be used to

compute the A—polynomials of torus knots.
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Now assume that neither of p and ¢ is equal to two. As above, curves of irre-
ducible representations are obtained by sending u and v to noncommuting elements
of SLy(C) of order exactly p and ¢ respectively. Any of these curves yields a com-
ponent of the eigenvalue variety defined by the equation {m?? = 1, and this finishes
the proof of the proposition. In fact, with a more precise analysis one could count

the number of 1-dimensional curves in the character variety of a torus knot. W

1.1.7. A—polynomial. Analogous to the SL,(C)—eigenvalue variety, there is
an eigenvalue variety associated to the PSLy(C)—character variety. This is the
variety containing points corresponding to pairs of squares of eigenvalues of the
meridian and longitude (in the case where the boundary of M consists of a single
torus). A generator for its defining (principal) ideal is the A-polynomial, and
its variables have the unfortunate names L and M. Thus, Ay (L, M) is the A~

polynomial associated to the manifold M.

PROPOSITION 1.5. Let ¢ be a (p, q)-torus knot.
Then A¢(L, M) = (L — 1)(LMP?7 — 1).

PRrROOF. It follows from the lemma in Section 6 of [11] that all PSLy(C)-
representations of a knot group lift to SLs(C). Thus, all factors of the A-polynomial
arise from factors of the A-polynomial and vice versa.

The eigenvalue of the meridian appears with even powers in the (unfactorised)
A-polynomial of &, and the sign of the longitude’s eigenvalue is uniquely determined
since £ is null-homologous. Thus, A¢(l,m) = Ae(l,—m), but A¢(l,m) = 0 does
not imply Ag(—I,m) = 0 in general. However, since A;(I?, m?) = Ae((—1)%,m?), it
follows that the variety defined by Ag(I2, m?) = 0 is the locus of Ag(l, m)A¢(—1,m) =
0. Expanding A¢(l, m)As(—1,m) = 0, substituting [* = L and m? = M and deleting

repeated factors therefore gives the result as stated. [
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1.1.8. Computing character varieties. In this subsection a cross—section
for the quotient map from the representation space to the character variety is
defined in the case of 2-generator groups.

Let I' be an arbitrary finitely generated group. It follows from Lemma 1.1,
that the set Ped(I") consisting of reducible representations is a subvariety of R(I").
Let 2R(T") denote the closure of the set of irreducible representations. According
to [18], the images X7(T") = t(Red(T)) and XY(T') = t(R*(T)) are closed algebraic
sets. Then X"(T') U XY(I') = X(T'), and the union may or may not be disjoint.
Note that X"(I') is completely determined by the abelianisation of I', since the
character of any reducible non—abelian representation is also the character of an
abelian representation. It is shown in [18] that fibres of t : RY(I") — X(T') have
dimension three.

Suppose that I' is a 2-generator group with presentation (7,6 | r;). Let p be
an irreducible representation in SR(I"). There are four choices of bases {b;, by} for

C? with respect to which p has the form:

(1) o ={" 1) aa o=

0 st u tt
These bases can be obtained by choosing b} invariant under p(7y), ¥, invariant under
p(0), and then adjusting by a matrix which is diagonal with respect to {b,b,}.
Thus, any irreducible representation in 2¢(I') is conjugate to a representation in
the subvariety €(T") C RY(T") defined by two equations which specify that the lower
left entry in the image of v and the upper right entry in the image of § are equal
to zero, and an additional equation which specifies that the upper right entry
in the image of v equals one. It follows from the construction that the restriction
t: €(I') — X(I) is generically 4-to-1, and corresponds to the action of the Kleinian
four group on the set of possible bases for the normal form (1.1). The involutions
(s,t,u) = (s 1, t 1 u) and (s,t,u) = (s, Hu+ (s—s)(t —t ")) generate this
group.
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¢(T') may be thought of as a variety in (C — {0})? x C, and the intersection of
¢(T) with RRed(T") corresponds to the intersection with the hyperplane {u = 0}. For
any reducible non-abelian representation o € R(I'), there is a representation p €
¢(I") with u = 0 such that x, = x,. Moreover, ¢ is conjugate to a representation
in €(T') unless () is a non—trivial parabolic.

Consider the “conjugation” map ¢ : €(I')x SLy(C) — QR(I") defined by ¢(p, X) =
X~!pX. This is a regular map, and we have ¢(€(T') x SLy(C)) = R*(T). Further-

more, if V' C &(T') is an irreducible component, then ¢(V) C R(T) is irreducible.
It is convenient to work with €(I') C RY(T') in some applications of Culler-Shalen

theory, and we therefore summarise its properties:

LEMMA 1.6. Let I' = (7,6 | ri(7,0) = 1) be a 2-generator group. The variety
&(T) defined in (C —{0})? x C by (1.1) and the polynomial equations arising from
ri(p(7), p(8)) = E defines a 4—to—1 (possibly branched) cover of X*(T).

We remark that €(I") is defined up to polynomial isomorphism once an un-

ordered generating set has been chosen.

1.2. Surfaces and ideal points

In this section, it is described how Culler and Shalen associate essential surfaces
to ideal points of curves in the character variety. There is a related construction by
Morgan and Shalen in a sequence of papers starting with [35], which generalises
the work of [18] to higher dimensional components of X(M). This more general
setting is not needed for the purpose of this thesis, since the ideal points under
consideration can always be assumed to be ideal points of a curve in X(M) or

X(M) respectively.

1.2.1. The following material can be found in [41]. Two varieties V, W are
birationally equivalent if there are rational maps ¢ : V. — W and ¢ : W — V such
that (V) is dense in W, (W) is dense in V, and p o) =1 as well as pop =1

where defined.
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The map J : C™ — CP™ defined by J(21,...,2m) = [1, 21, ..., 2] is a diffeo-
morphism, and if V' C C™ is a variety, then m is termed a projective completion
of V. In case that V is a 1-dimensional irreducible variety, there is a unique non—
singular projective variety V which is birationally equivalent to (—V) V is called

the smooth projective completion of V', and the ideal points of V are the points of

V corresponding to J(V) — J(V) under the birational equivalence. Moreover, the

function fields of V and V are isomorphic.

1.2.2. Ideal points. Let C' C X(M) be a curve, i.e. a 1-dimensional irre-
ducible subvariety, and denote its smooth projective completion by C. We will
refer to the ideal points of C' also as ideal points of C. The function fields of C
and C are isomorphic. Denote them by K. Any ideal point £ of C' determines a

(normalised, discrete, rank 1) valuation ord, of K, by

k if f has a zero of order k at £
ordg(f)=qo0 iff=0
—k if f has a pole of order k at &

Note that ord¢(z) = 0 for all non-zero constant functions z € C. In the language
of algebraic geometry, the valuation ring {f € K | ord¢(f) > 0} of ordp is the local
ring at &.

Let Rc C R(M) be an irreducible subvariety such that t(Rc) = C. The
function field ' = C(R¢) contains K = C(C), and the extension theorem for
valuations (see [42]) implies that there is an integer d > 0 and a valuation v : F* —
2 such that v|g+ = d - orde. Also recall that we have a tautological representation

P:m (M) — SLy(F).

1.2.3. Serre’s tree. We continue in the notation of the previous subsection.
Associated to the field F' and valuation v on F', Serre has defined a tree 7, on
which SLy(F') acts simplicially without inversions. For details see [40, 2, 42].

Let O = {a € F | v(a) > 0} be the valuation ring, and m be an uniformizer,

i.e. an element such that v(m) = 1. An O-lattice L of F? is any O-submodule
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of the form L = Ox + Oy, where x,y € F? are linearly independent over F. The
group F* acts by left multiplication on the set of O-lattices, and orbits of this
action give equivalence classes. Denote the equivalence class of L by A = [L].
There is a well-defined distance function d on the set of equivalence classes. Given
O-lattices L1, Ly there is m € 7 such that 7L, C Li. The “basis theorem” for
submodules of finitely generated free modules over principal ideal domains asserts
that if 7Ly C L, then there is a basis {z,y} for L; such that {7z, 79y} is a
basis for 7™ Ly for some f,g € Z. It turns out that |f — g| is well defined for
the equivalence classes Ay = [Ly], Ay = [Ly]. We therefore obtain a well-defined
distance function d(A;,Ay) = |f — g|. The tree 7, is obtained from the following

sets of vertices and edges:

V={A|A=][L], L is an O-lattice in V'},

£ ={(A1,As) | d(A1, As) = 1}

We regard the edges as oriented and write (Ag, A1) = (Aq, Ag).
The group SLs(F') acts on lattices by AL = OAx + OAy for A € SLy(F),
where L = Ox + Oy, and this action on lattices is well-defined for equivalence

classes of lattices, hence giving an action of SLy(F') on 7,. We have:

LEMMA 1.7. [40, 42]

1. SLy(F) acts on T, simplicially, without inversions.

2. For any vertex A of T,, Stab(A) is conjugate to SLs(O).

The tautological representation P : m (M) — SLo(F) can be used to pull the
action of SLy(F') back to an action of 1 (M) on 7, and we write P(7) - A = yA.

1.2.4. Properties of the action. The notation in this subsection is continued
from Subsection 1.2.2. For each v € 7 (M) we have the function I, on C, defined
by I, = trP(y) € K C F. At an ideal point £, it has a well-defined value
1,(€) € € U {oo}.
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LEMMA 1.8. [18] For any v € m (M) the following are equivalent:

1. I,(¢) € C, i.e. I, does not have a pole at €.

2. Some vertex of T, is fized by v, where v|g~ = d - orde.

The action of 71 (M) on a tree is called non—trivial if w1 (M) is not contained
in the stabiliser of a vertex. Using the fact that the action of (M) arises from
an ideal point, the previous lemma implies the following proposition, which shows
that there is a non—trivial action without inversions associated to any ideal point

of a curve in the character variety:
PROPOSITION 1.9. [18] The action of m (M) on T, is non—trivial.

1.2.5. The following can be found in [40]. The translation length of an ele-
ment is defined by

{(y) = min{d(A,7A) | A € T}

Group elements which fix a vertex have translation length equal to zero, and are
called elliptic. The set of fixed points of an elliptic element is a subtree of 7,. An
element with positive translation length is called loxodromic. Loxodromic elements
act by translations along a unique line, which is called their azis, and denoted by
A(7). The invariant set of an element +y is understood to be its fixed set if it is

elliptic and its axis if it is loxodromic.

LEMMA 1.10. [40] Let T be a finitely generated group which acts simplicially
on a tree. Let the generators of I' be v1,...,Vm, and assume that v; and v;7y; have

fized points for all v,5. Then T" fizes a vertex.

1.2.6. Surface associated to the action. A surface associated to the ac-
tion of m1 (M) on T, is defined by Culler and Shalen using a construction due to
Stallings (see [42]). If the given manifold is not compact, replace it by a compact

core. Choose a triangulation of M and give the universal cover M the induced
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triangulation, so that the fundamental group of M acts simplicially on this in-
duced triangulation. One can then construct a simplicial, 71 (M )—equivariant map
f from M to 7T,. The inverse image of midpoints of edges is a surface in M which
descends to a surface S in M. It turns out that since the action of 71 (M) on 7,
is non-trivial, if necessary, one can change the map f by homotopy such that the
surface S is essential in the sense defined below. The associated surface S depends
upon the choice of triangulation of M and the choice of the map f.

An associated surface often contains finitely many parallel copies of one of its
components. These parallel copies are somewhat redundant, and we implicitly

discard them, whilst we still call the resulting surface associated.

1.2.7. Essential surfaces. A surface S in a compact 3—manifold M will al-
ways mean a 2—dimensional PL submanifold properly embedded in M, that is, a
closed subset of M with S = SN oM. If M is not compact, we replace it by a
compact core. An embedded sphere S? in a 3-manifold M is called incompressible
if it does not bound an embedded ball in M, and a manifold is irreducible if it
contains no incompressible 2—spheres.

An orientable surface S without 2—sphere or disc components in an orientable
3—manifold M is called irreducible if for each disc D C M with DN S = 0D there
is a disc D' C S with 0D’ = dD. We will also use the following definition:

DEFINITION 1.11. [42] A surface S in a compact, irreducible, orientable 3—

manifold is said to be essential if it has the following five properties:

1. S s bicollared;

2. the inclusion homomorphism m1(S;) — w1 (M) is injective for every compo-
nent S; of S;

3. no component of S is a 2-sphere;

4. no component of S is boundary parallel;

5. S is nonempty.
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1.2.8. Stabilisers of the action. For the material in this subsection, please
refer to [42]. If S is an orientable (not necessarily connected) surface in a connected
orientable 3-manifold M, we can define the dual graph Gg of S. The vertices of
Gs are in bijective correspondence to the components M; of M — S, and the edges
with the components S; of S. A vertex v is incident to an edge e if and only if
the corresponding component of S is contained in the closure of the component of
M — S corresponding to v.

There are a retraction map r : M — Gg and an inclusion map ¢ : Gg — M such
that i o 7 is homotopy equivalent to the identity of Gs. So m(Gs) is isomorphic
to a subgroup and a quotient of m(M). Thus, if we consider the universal cover
(M,p) of M, and let S := p~1(S), then the dual graph Tg of S is a tree.

The action of 7,(M) on M gives rise to a simplicial action on 7g, and since
all manifolds involved are orientable, this action is without inversions, and the
quotient of Tg by the action is Gs. The stabiliser of a vertex of 7g is conjugate to
im(7m1(M;) — m(M)) for some component M; of M — S, and the stabiliser of an
edge is conjugate to im(7m(S;) — 71 (M)) for some component S; of S.

In the above construction of an associated surface S, one can show that the map
M —s T, factors through a m1(M)—equivariant map Ts — 7,, which implies that
the vertex and edge stabilisers of the action on 7g are included in the respective

stabilisers of the action on 7,. The inclusion is generally not an equality.

1.2.9. Surface detected by ideal point. In this subsection, we describe
associated surfaces satisfying certain “non-triviality” conditions. Any essential
surface gives rise to a graph of groups decomposition of 71 (M), which shall be
denoted by (M;, Sj, tx), where M; are the components of M — S, S; are the compo-
nents of S, and ¢, are generators of the fundamental group of the graph of groups
arising from H N N-extensions.

Assume that M — S consists of m components. For each component M; of

M — S we fix a representative I'; of the conjugacy class of im(m (M;) — 7 (M)) as
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follows. Let 7' C Tg be a tree of representatives, i.e. a lift of a maximal tree in Gg
to Ts, and let {s1,..., s»} be the vertices of T, labelled such that s; maps to M;
under the composite mapping 7s — Gsg — M. Then let I'; be the stabiliser of s;.
Any essential surface S which does not contain parallel copies of one of its
components is called detected by an ideal point of the character variety with Serre
tree 7, if
S1. every vertex stabiliser of the action on 7g is included in a vertex stabiliser
of the action on 7,
S2. every edge stabiliser of the action on 7g is included in an edge stabiliser of
the action on 7,
S3. if M; and M, where i # j, are identified along a component of S, then there
are elements v, € I'; and 7; € I'; such that v;7; acts as a loxodromic on 7,,

S4. each of the generators ¢; can be chosen to act as a loxodromic on 7,.

LEMMA 1.12. An essential surface in M detected by an ideal point & of a curve
C in X(M) is associated to the action of m (M) on the Serre tree T,.

PROOF. Denote the essential surface by S, and choose a sufficiently fine trian-
gulation of M such that the O—skeleton of the triangulation is disjoint from S, and
such that the intersection of any edge in the triangulation with S consists of at
most one point. Give M the induced triangulation. There is a retraction M — Tg,
which we may assume to be simplicial, and we now wish to define a map 75 — 7.

Note that the vertices {si,..., sy, } of the tree of representatives are a complete
set of orbit representatives for the action of m; (M) on the 0-skeleton of 75. Con-
dition S3 implies that we may choose vertices {vq,...,v,,} of T, such that v; is
stabilised by I';, and if M; # M;, then v; # v;.

Define a map f° between the O-skeleta of 75 and 7, as follows. Let f°(s;) = v;.
For each other vertex s of 7g there exists v € m (M) such that vs; = s for some
i. Then let f°(s) = vf°(s'). This construction is well-defined by the condition

on the vertex stabilisers, and we therefore obtain a m (M)-equivariant map from
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T — T.2. Moreover, this map extends uniquely to a map f!: 75 — 7,, since the
image of each edge is determined by the images of its endpoints. Since v; # v; for
© # j, and since each t; acts as a loxodromic on 7,, the image of each edge of Ts
is a path of length greater or equal to one in 7.

If f!is not simplicial, then there is a subdivison of 7T giving a tree 7g and a
71 (M )—equivariant, simplicial map f : Ts — T,. There is a surface S’ in M which
is obtained from S by adding parallel copies of components such that 7g is the
dual tree of S

As before, choose a sufficiently fine triangulation of M such that the 0-skeleton
of the triangulation is disjoint from S’, and such that the intersection of any edge
in the triangulation with S’ consists of at most one point, and give M the induced
triangulation. The composite map M — Tg — T, is m (M)—equivariant and
simplicial, and the inverse image of midpoints of edges descends to the surface S’

in M. Thus, S’ is associated to the action of 71(M) on 7T,. [

1.2.10. Limiting character. The limiting character at an ideal point £ of a
curve C in X(M) is defined by the trace functions I,(£) € CU {oo} of Subsection
1.1.3. Let S be a surface associated to an ideal point of the character variety of
a manifold M. Then the limiting character takes finite values when restricted to
components of M — S, and hence corresponds to representations of these pieces.
However, since we are at an ideal point of the character variety, these representa-
tions cannot be glued together to form a representation of the manifold. It follows
from [11] that the limiting representation of any component of an associated sur-
face is reducible, since it is shown that elements in the commutator group of an

edge stabiliser have traces equal to two. This implies the following

LEMMA 1.13. [42] The limiting representation of every component of an asso-

ciated surface is reducible.

1.2.11. Slopes and ideal points. Let M be a compact, orientable, irre-

ducible 3—manifold, and T be a torus component of M. The relationship between
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boundary slopes and sequences of representations is established in [18] and sum-
marised in [13] as follows. A sequence {p,} of representations on a curve C in
R(M) is said to blow up, if there is an element vy € 7 (M) such that I,(p,) — oo
as n — oco. Let S be an essential surface associated to the corresponding ideal
point.

If there is an element v in im (7 (T") — 71 (M)) such that I,(p,) — oo, then up
to inversion there is a unique element h € im(my (7)) — w1 (M)) such that {I,(p,)}
is bounded. Then A is parallel to the boundary components of S on 7.

If {I,(pn)} is bounded for all A € im(m (T') — m1(M)), then S may be chosen
to be disjoint from 7.

1.2.12. Roots of unity phenomenon. Let M be a compact, orientable,
irreducible 3—manifold with boundary consisting of a single torus. Assume that
there is an ideal point £ of a curve C' in X(M) with the property that I,(£) = oo
for some v € im(m(O0M) — m(M)). This ensures that an essential surface S
which is associated to the action of w1 (M) on 7T, determined by P has non—empty
boundary. The boundary components of S are a family of parallel simple closed
curves on the torus OM, so they all lie in the same homotopy class. Let h be a
representative of the particular homotopy class, and let I55(&) = I,(§). This is
well-defined since the trace is invariant under conjugation and taking inverses.

A surface is called reduced if it has the minimal number of boundary components
amongst all associated essential surfaces. Let n(S) denote the greatest common

divisor of the number of boundary components of the components of S.

THEOREM 1.14. [11] Let M be a compact, orientable, irreducible 3-manifold
with boundary consisting of a single torus, and let & be an ideal point of a curve C
in X(M) with the property that I,(§) = oo for some vy € im(m (OM) — 71 (M)).

Let S be a surface associated to the action of m (M) on T, determined by P.

Then Iys(€) = A+ A1, where X is a root of unity. Moreover, if S is reduced, then
A = 1.
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1.2.13. Associating surfaces. Given an essential surface S in a 3—manifold
M, how can we decide whether S is detected by an ideal point of a curve in X(M)?
Denote the components of M —S by My, ..., My (where M — S really stands for
M minus an open collar neighbourhood of S). If S is detected by an ideal point,
then the limiting character restricted to AM; is finite for all ¢ = 1,...,k. There
is a natural map from X(M) to the cartesian product X(M;) x ... x X(My), by
restricting to the respective subgroups. Splittings along S which are detected by
ideal points of curves in X(M) correspond to points (xi,--., Xx) in the cartesian
product satisfying the following necessary conditions:
Cl. x; € X(M;) is finite for each i = 1,.. ., k.
C2. For each component of S, let ¢ : ST — S~ be the gluing map between its
two copies arising from the splitting, and assume that ST C 9M; and S~ C
OM;, where i and j are not necessarily distinct. Denote the homomorphism
induced by ¢ on fundamental group by ¢.. Then for each v € im(7;(S*) —
m (M), xi(7) = X;(@+7)-
C3. For each © = 1,.. ., k, the restriction of y; to any component of S in OM; is
reducible.
C4. There is an ideal point £ of a curve C' in X(M) and a connected open neigh-
bourhood U of £ on C' such that the image of U under the map to the
cartesian product contains an open neighbourhood of (x1, ..., xx) on a curve

in X(M;) x ... x X(Mg), but not (xi, ..., xx) itself.

Note that C2 defines a subvariety of the cartesian product containing the image
of X(M) under the restriction map. According to Lemma 1.13, C3 is neccessary
for a surface to be detected, and reduces the set of possible limiting characters to
a subvariety. The last condition implies that at least one element of (M) has
non-trivial translation length with respect to the action on Serre’s tree, and the
first condition implies that im(m;(M;) — 7 (M)) is contained in a vertex stabiliser

foreachi=1,...k.
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LEMMA 1.15. Let S be a connected essential surface in a 3-manifold M. S
1s associated to an ideal point of the character variety of M if and only if there

are points in the cartesian product of the character varieties of the components of

M — S satisfying conditions C1-C4.

PRrOOF. It is clear that the conditions are neccessary for any associated surface.
We need to show that they are sufficient when S is connected and essential. Assume
that S is non-separating. Let A = im(m (M — S) — m(M)), and denote the
subgroups of A corresponding to the two copies of S in d(M — S) by A; and A,.
Since 71 (M) is an HNN—extension of A across A; and As, there is ¢t € 71 (M) such
that 1At = Ay, and the subgroup generated by ¢ and A is 7 (M).

Let £ be the ideal point provided by C4, and denote Serre’s tree associated to
& by 7,. C1 implies that the subgroup A stabilises a vertex A of 7,, and hence
condition S1 is satisfied.

Note that A is finitely generated. C4 yields that the action of 71 (M) on 7, is
non-trivial, and Lemma 1.10 implies that either ¢ is loxodromic with respect to
the action on 7, or there is a € A such that ta or at is loxodromic. In the first
case, we keep A; and A, as they are; in the second case, we replace t by ta and A,
by a !Asa; and in the third case, we replace t by at and A; by aA;a!. Thus, the
generator ¢ satisfies condition S4.

Since A stabilises A, ¢t~ At stabilises t~'A, and since ¢ acts as a loxodromic, we
have t7'A # A. In particular, A, fixes these two distinct vertices, and hence the
path [A, ¢ 'A] pointwise, which implies that it is contained in an edge stabiliser.
Thus, condition S2 is satisfied, and the lemma is proven in the case where S is
connected, essential and non-separating, since condition S3 does not apply.

The proof for the separating case is similar, and will therefore be omitted. M

Note that the conditions are not sufficient when S has more than one compo-
nent, since condition C4 does not rule out the possibility that the limiting character

is finite on all components of M — S’ for a proper subsurface S’ of S.



36 PRELIMINARIES

1.3. The manifold m137

The manifold m137 in SnapPea’s census is one of the Examples of non-trivial
roots of unity at ideal points of hyperbolic 3—manifolds in [19], where non—trivial
means not equal to £1. We describe a reduced surface associated to an ideal point

at which the non-trivial roots occur.

(a) The link 72

(¢) Ty xI (d) Graph in S?

FIGURE 1.1. The manifold m137

1.3.1. Let N be the manifold m137. We obtain N by 0-surgery on either
component of the link 72 in S, which implies that N can be viewed as the com-
plement of a knot in S% x S*. The following is a discussion of Figure 1.1. In (a),
we see a thrice punctured disc in the link complement, and we assume that the
0-surgery is performed on its boundary curve. The union of the punctured disc
and a meridian disc of the added solid torus is a thrice punctured sphere S in

N. We may think of S as the intersection of S? x z with N in S? x S!. Cutting
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N open along S results in the complement of three arcs in S? x I, as shown in
(b). The interior of N — S is homeomorphic to the interior of an I-bundle over
the once-punctured torus, the compact core of which is show in (c¢). A surface
corresponding to one of the copies of S in the boundary of N — S is shaded. The
interior of N — S is homeomorphic to the complement in S* of the trivalent graph
of (d). For triangulations of and geometric structures on this space, see [5, 27| as

well as Figure 1.3.

M2

. i
\N C /M | %
e 1 F M,
Sy S H
(a) mi (N) (b) m(S) (c) m(N —S)

FIGURE 1.2. Generators for m137

1.3.2. Fundamental group. We compute a Wirtinger presentation for the
fundamental group of the complement of the link 7? with meridians oriented ac-
cording to Figure 1.2. Denote the peripheral system by {M;i, L1} U {Ms, Lo}.
The fundamental group is generated by M; = a and My = b, and we obtain a
single relator which is equivalent to either of the relations [M;, £;] = 1, where the

longitudes are words in the meridians:
L, =a’ba tbaba' b ta baba bt
Lo =b%a b7 abab' a6 abab~ta .

Note that M; is homologous to £, and that M, is homologous to £;. If we perform

O-surgery on the second cusp of 72, we have

771(N) = <M1,M2 ‘ £2 = 1).
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A peripheral system of N is given by { M1, £;}, where M; is nullhomologous. We
now give a HNN-extension of 71 (V) which corresponds to the splitting along S.
It can be observed from Figure 1.2, that the elements M; and F' correspond to
generators of im(m (N — S) — 7 (N)), and if S_ and S, are the two copies of S
in (N — S), then M; € im(7;(S_) — 71 (N)) implies F € im(m1(S;) — 71 (N)).
Let

F = bab™!, G =F'a'Fq, H=FtaFa™!,

and A:<a,F>, A]_:(Cl,G), A2:<F,H>

Each of the groups A, A; and A, is free in two generators, and 7 (/V) is an HNN-
extension of A across A; and A, by My = b with the relations

bab ! = F, bGb ' = HF.

This HNN-extension corresponds to the splitting of N along S.

1.3.3. Representation spaces. With the method of Subsection 1.1.8, irre-
ducible representations of N can (up to conjugation and birational equivalence) be

parameterised by:

(a) " 0 I 1

e = —m)(b2(m2-1)—m ) 1% = B

(lbz(%(_blg'f'mz-lf-)mf*) m~ 0 m!
b2(1—m)+b* (1—m)>—m? b

b(1-m) (b2 (m2—-1)—m) - ’
(bQ(m—l)—l—m?—i—m?’ b(m t- m)

subject to
0=m*(1+m+m?)

+?m(m? — 1)(1 —m +m? + 2m* + m®) — b*(m — 1)*(1 + m + m?).
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Thus, as b — 0, we observe that either m — 0 or m tends to a non—trivial third
root of unity, which we denote by (3. Since

_—mt = 0*mP (1 —m)? + b* (1 — m)?
wp) = Gt — = 1) - m? + m?)

it follows that as b — 0 and m — (3, we have tr p(b) — oo, and an ideal point & of
the character variety is approached. Moreover, the A—polynomial can be computed

from the above, and we obtain:

0=(m" -1 -m)1+m+m??
— Pm*(1+m?) (1 + 3m +m? — 2m® — 3m* — 2m® + 2m°®
—2m" —3m® —2m® + m'® + 3m'" + m'?).

As m — (3, we have | — 0, and hence tr p(L£;) — oo. Thus, M is a strongly
detected boundary slope associated to £. The limiting representations of the images

of A, A; and A, in 71 (N) are determined by:

trp(a) — —1, trp(F) — -1, trp(Fa) —» —(, tr pla, F| — —1,
trp(a) — —1, trp(G) = =1, trp(Ga™') = =1, trpla,G] — 2,

trp(F) —» -1, trp(H)— -1, trp(FH)— —1, trp[F, H| — 2.

Thus, the limiting representation is irreducible on A, and reducible on A; and
Aj. Since both tr p(b) and tr p(£1) blow up, Lemma 1.15 implies that S is a reduced

associated surface.

1.3.4. Preview: Mutation. The manifold N is obtained by identifying the
two copies S_ and S, of S in (N — S) using a homeomorphism ¢. If one changes
the gluing map by an involution 7, one obtains a possibly different manifold N'.
In Chapter 2, a map 7 between (subvarieties in) the character varieties of N and
N' is defined, and the results of that chapter together with the above calculations
imply that study of 1 would also lead to the conclusion that S is detected by an

ideal point of the character variety of N.
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"6
Ficure 1.3. To obtain the limiting orbifold, first glue the faces
meeting along one of the edges with cone angle 27/3 to obtain a
spindle, and then identify the boundary discs of the spindle. The
result is S® minus two points, with the labelled graph (minus its

vertices) as the singular locus.

1.3.5. Preview: Degeneration. Since the limiting eigenvalue is a third root
of unity, the limiting representation may correspond to a geometric decomposi-
tion of the orbifold N(3,0). Using SnapPea, we can observe the deformation of
the ideal triangulation of N as we approach N(3,0). The manifold m137 has a
triangulation with four tetrahedra, and as we approach N(3,0) through positively
oriented triangulations determined by the surgery coefficients (p,0) with p > 3,
three tetrahedra degenerate, whilst the remaining tetrahedron has limiting shape
parameter £ + ?z’. In fact, N(3,0) contains a Euclidean (3,3, 3)—turnover whose
complement is a hyperbolic 3—orbifold of volume approximately 0.68 which can be
triangulated by a single ideal tetrahedron as shown in Figure 1.3. Note that the
link of each vertex of the tetrahedron is a Euclidean (3, 3, 3)-turnover. Moreover,
with the techniques of Chapter 4, we can associate a unique normal surface to the

degeneration, and this normal surface turns out to be S.



CHAPTER 2

Mutation of 3—manifolds

The following is an application of Culler-Shalen theory to the study of mutative
3—-manifolds. It can be used to compare the character varieties of mutative 3—
manifolds, but it may also be employed to associate mutation surfaces to ideal
points of the character variety.

Some of the arguments used in the case where the mutation surface is sepa-
rating have been established by Cooper and Long in [13]. Here, one can find the
construction of representations of the mutative manifold from representations of
the original manifold, and the relationship between the A—polynomials of Conway
mutants. In the following, their analysis is extended to Ruberman’s symmetric

surfaces in both the separating and non-separating case.

2.1. Definitions and statement of results

In the current section, some topological properties of mutative 3-manifolds are
summarised, notation is fixed and the main results are stated. The remaining
sections are then devoted to the relevant properties of characters on the mutation
surfaces, the case where the surface does not separate the manifold, and the case

where it does separate.

2.1.1. Mutation surfaces. A mutation surface (S,7) is an incompressible,
O-incompressible surface S, which is not boundary parallel, and an orientation
preserving involution 7 of S. The manifold obtained by cutting M open along
S and regluing via 7 is called a (S, 7)-mutant of M, and denoted by M". Two

manifolds are called mutative or mutants of each other if they are related by a

41



42 MUTATION OF 3—MANIFOLDS

finite sequence of mutations along mutation surfaces (S;, 7;). Note that mutation
is an equivalence relation of 3—manifolds.

A special subclass amongst the mutation surfaces are the symmetric surfaces
introduced by Ruberman in [39]. Here, S admits a hyperbolic structure and 7 is an
isometry of any hyperbolic structure on S. Moreover, 7 is central in the mapping
class group. In this case, Ruberman has shown that if M has a hyperbolic structure
of finite volume, so does M™ and vol(M) = vol(M7). A symmetric surface is one
of the following: a thrice-punctured sphere S3, a four-punctured sphere Sy, a once-
punctured torus 77, a twice-punctured torus 75 or a genus-two surface G5 along
with suitable orientation preserving involutions 7 as indicated in Figure 2.1. For

geometric properties of mutation along thrice-punctured spheres see also [1].

2.1.2. Generalised Conway mutation. Classical mutation in knot comple-
ments as introduced by John Conway is accomplished by an embedded 2—sphere
which intersects a knot in S® transversally in four points. It is noted in [48] that
any Conway mutation can be realised by at most two mutations along genus two
surfaces with the specified involution. This motivates the following terminology.

Two 3-manifolds are generalised Conway mutants of each other, if they are
related by a sequence of mutations along separating symmetric surfaces S via
involutions 7 which induce the negative identity on first homology of S. The
latter is satisfied by the involutions specified for T7, T, and GG». It may be possible
to extend (Ss,7) or (Sy,7) to a mutation surface with the above properties.

The condition that the involution induces the negative identity on first ho-
mology also has nice consequences when the surfaces are non-separating. This

condition shall be written as 74 = —F in the sequel.

2.1.3. Notation. A subvariety X, (M) in X(M) will be defined, which consists
of tentatively mutable characters, within which there is a subvariety (M) of S—
reducible tentatively mutable characters, and the closure of X, (M) — F(M) in
X,(M) is denoted by 9M(M). The latter is a subvariety of X'(M), the closure of
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FIGURE 2.1. The symmetric surfaces and their involutions
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the set of irreducible characters, and contains a dense set of mutable characters.
The intersection of (M) with F(M) is a subvariety F'(M) of irreducible S—
reducible representations.! For example, if M has boundary consisting of a single
torus, then X, (M) = X(M). If M is a 1-cusped complete hyperbolic 3-manifold
of finite volume, then X,(M) C M(M).

All these notions descend to the PSLy(C)-character variety X(M), and the

objects are denoted by placing a bar over the previous notation.

2.1.4. Statement of results. We state the main results of this chapter using

the notation introduced in the previous subsection.

PROPOSITION 2.1. Let (S,7) be a symmetric surface in a 3—-manifold M, and
let C be an irreducible component of IM(M) which contains the character of a
PSLy(C)-representation such that the image of im(m(S) — w1 (M)) has trivial
centraliser.

Then C is birationally equivalent to an irreducible component of IM(MT™).

The above proposition does not generally hold for the respective SLy(C)-
character varieties. Mutation of the figure eight knot complement along the fibre,
for example, results in the manifold m003, and the smooth projective models of the

S Ly(C)—character varieties are a torus and a sphere respectively (see Subsection

2.4.3).

PROPOSITION 2.2. (Separating) Let (S,T) be a separating symmetric surface in
a 3-manifold M, and let C be an irreducible component of (M) which contains
the character of an SLq(C)-representation whose restriction to im(m (S) — m (M))
15 trreducible.

Then C' is birationally equivalent to an irreducible component of IM(MT).

The statements of the above propositions have the following consequences:
!The notation (M) was introduced in [48] because surfaces were denoted by F. Note that
the variety §(M) of [48] is now denoted by F¢(M).
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COROLLARY 2.3. (Hyperbolic knots) Let ¢ be a hyperbolic knot and €™ be a
Conway mutant of €. Then Xo(8) and Xo(€7), as well as Xo(8) and Xo(€7), are
birationally equivalent. Moreover, the associated factors of the A—polynomials are

equal.

According to the remarks made in Subsection 2.1.2, the previous corollary is a

special case of the following:

COROLLARY 2.4. (Separating in Hyperbolic) Let (S, T) be a separating symmet-
ric surface in a finite volume hyperbolic 3—manifold M.

If S is a once—punctured torus, a twice—punctured torus or a genus two surface,
i.e. if M and M7 are generalised Conway mutants, then Xo(M) and Xo(MT) are

birationally equivalent, and Xo(M) and Xo(M™) are birationally equivalent.

The restriction to the three surfaces in the above corollary is necessary in gen-
eral. Firstly, there are no separating incompressible and 0-incompressible thrice
punctured spheres in hyperbolic 3—manifolds. Secondly, it is easy to construct ex-
amples of Conway mutation on 2-component links which cannot be extended to
one of the other surfaces, and such that only a curve in each of the respective
2—dimensional Dehn surgery components is tentatively mutable.

For non-separating surfaces, one can similarly construct examples such that
mutation along a twice-punctured torus or a thrice punctured sphere does not

allow a general statement, which limits us to the following:

COROLLARY 2.5. (Non-separating in Hyperbolic) Let (S, T) be a non—separating
symmetric surface in a finite volume hyperbolic 3—manifold M.
If S is a once—punctured torus or a genus two surface, then Xo(M) and Xo(MT)

are birationally equivalent.
2.2. Tentatively mutable representations

Given a mutation surface (S,7) in a 3—manifold M, the Seifert—Van Kampen

theorem yields a decomposition of 71 (M) with respect to m1(S), which allows to
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write down a presentation of m;(M7) directly. This will be used to construct
representations of M™ from those of M, giving a map p — p’ with domain a
certain subset of R(M). The behaviour on 7 (S) is crucial for such a construction.

This motivates the following terminology.

2.2.1. Tentatively mutable in SLy(C). Given a symmetric surface (S, 7),
define a subvariety in 2R(S), which consists of representations whose characters are

invariant under 7 by

R (S) ={p € R(S) [ trp(7) = trp(r.y) forall v € m(S)}.

This subvariety descends to the character variety, since it is defined in terms of
traces, and we write X,(S) = t(R,(5)). In fact, 7 induces a polynomial automor-
phism of X(5), and X, (S) denotes the set of its fixed points.

Note that 7(S) is finitely generated, and recall that a character is uniquely
determined by a point in C™ for some m which depends on the number of generators
in a presentation of the fundamental group. R, (.S) is therefore obtained from 2R(S)
by extending the set of defining equations by finitely many polynomial equations

stating that the coordinates of the respective points are equal.

LEMMA 2.6. Let (S,7) be a symmetric surface as described in Figure 2.1 and p
be a representation of m(S). If S =T, or S = Gy, then R(S) = R.(S). Otherwise
the character of p is invariant under T if and only if it satisfies the following
equations

e if S =53, m(S3) = {a,b) then trp(a) = tr p(b),

o if S =8, m(Sy) = {(a,b,c) then tr p(a) = tr p(b) and tr p(c) = tr p(abc),

o if S=T,, m(Ty) = {a,b,c) then tr p(c) = tr p(c"[a, b]).

ProOOF. We describe the action of the involutions in terms of the generators
indicated in Figure 2.1. Note that we choose base points for fundamental groups

as fixed points of 7. Since we are working in the character variety, this choice does
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not matter. In the following we will use the following well known trace identities

which hold for any A, B € SLy(C):

(2.1) trA=trA

(2.2) trAtr B=tr AB+tr AB .

The statement of the lemma has to be verified for all surfaces. We do this repre-
sentatively for G.

The fundamental group of GG, is defined by the four generators a, b, ¢, d, and

the single relation [a, b|[c, d] = 1. The involution 7 is described as follows:
T@)=at, 7(b)=ablat, T(c)=ablalc b, 7(d)=b"'d ‘aba .

Recall from Subsection 1.1.2 that the character of a representation is parametrised
by the point (tr p(f),tr p(fg),tr p(fgh)) € C', where f, g, h € {a,b,c,d} and
f < g < h in a lexicographical ordering. Using the relation in the fundamental

group, we have the following identities:

7(c)=ab 'a e b= (b ted)e H(d e D),
7(d) = b~ 'd taba™" = (b7 e)d ' (c7'h).
Thus, 7 sends each generator to a conjugate of its inverse. The images under p
and pr therefore have equal trace. We have to verify double and triple products.
The desired results either follow directly or require the very same trick, which we
illustrate with the following example:
tr pr(ad) =tr p(a™* (b"'ed™'c7'b)) | by definition of 7
=tr p(a) tr p(d) — trp(ab ted *c ') | by (2.1) and (2.2)
=tr p(a) tr p(d) — tr p(ab*d " raba™') | by [a,b][c,d] = 1
=tr p(a) tr p(d) — tr p(d~'a) | by 2.1

=tr p(ad) | by 2.2. [
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2.2.2. Codimension in SLy(C). Let p € R, (S) be an irreducible represen-
tation. Then there exists an element X € SL,(C), which is unique up to sign, such
that p = X~!prX. This is the basic fact which will be used to construct a map
between subsets of our representation varieties. Since this unique inner automor-
phism only exists a priori for irreducible representations, the following fact will be

of importance.

LEMMA 2.7. Let (S,7) be a symmetric surface. The subvariety of reducible
representations has codimension one in the variety R, (S) of tentatively mutable

representations of S. Moreover, this property is preserved under t.

PrROOF. We have to verify the lemma for all specified surfaces and involutions.
The arguments are along the same lines, let us therefore consider the twice punc-
tured torus. We have m1(73) = (a,b,c). The space of representations has there-
fore nine dimensions. The variety R, (T3) is defined by the additional equation
tr p(c) = trp(c™'[a,b]), and is hence eight dimensional. But the set of reducible
representations has seven dimensions, since we need two equations to state that
two of the generators have a common 1-dimensional subspace with the third, and
reducible representations always satisfy the required trace equality. Passing to the
character variety, we merely subtract the three dimensions taken by conjugation

throughout the above. This proves the claim for the twice punctured torus. |

Note that if 7, = —FE, then Red(S) C R, (S). For the twice punctured torus,
this gives Red(T2) C R, (Tz) C R(T2), each inclusion with codimension one.

2.2.3. Tentatively mutable characters. If (S, 7) is a symmetric surface in a
3-manifold M, we call a representation p € R(M) tentatively mutable with respect
to (S, ) if its character restricted to S is invariant under 7. According to Lemma
2.6, the set R, (M) of these representations is a subvariety of SR(M) since we merely

state that traces of finitely many elements have to be equal.
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Let t(R,(M)) = X,(M). The S-reducible characters form a closed set in
X, (M), which we denote by §(M). Finally, we denote the closure of X, (M) —F(M)
in X, (M) by 9MM(M). Clearly, we have IM(M) C X*(M).

In particular, if S = T} or S = G, we have X, (M) = X(M), so X" (M) C F(M).
Furthermore, the same is true for M7. In general, it is not true that X, (M) = X(M)
implies X, (M7) = X(MT).

Assume that M is a finite volume hyperbolic 3—manifold which is not closed,
and consider a symmetric surface (S, 7) in M. According to Ruberman’s proofs in
Section 2 of [39], we may choose the lift p, of the discrete and faithful representation
such that punctures which are interchanged by 7 have images with trace 4+2. Since
the conditions in Lemma 2.6 are imposed on generators corresponding to boundary
curves interchanged by 7, we have py € R, (M). Furthermore, by its faithfulness,
po cannot be reducible on S unless the second commutator group of 71 (S) is trivial.
Hence o is an S—irreducible character in 9t(M). It follows from Lemma 2.7 that
if a subvariety containing x, is contained in X, (M), then it is contained in 9(M).

If S =T or S = G then Xo(M) C M(M). We now argue that (M)
contains at least a curve containing x, if S is one of Ty, S3, S;.

If the punctures of S interchanged by 7 lie on the same end of M, then Xy(M) C
IM(M). If S =T, or Ss, then there is only one remaining case: the two punctures
interchanged by 7 lie on different ends. Then dim X,(M) > 2, and the condition in
Lemma 2.6 adds one equation to the defining equations of Xo(M) when we compute
the contribution to 9(M). The resulting variety is therefore (at least) a curve. So
assume that S = S;. If the punctures of S lie on three or four different ends of M,
then a dimension argument as above shows that 9(M) contains at least a curve.
If the punctures of S lie on two different ends, it is easy to see that at least one of

the two trace equations becomes redundant, and again we are left with a curve.

2.2.4. Tentatively mutable in PSLy(C). In a similar way to the above,

given a symmetric surface (S, 7), we define a subvariety in JR(S), which consists of
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representations whose characters are invariant under 7 by

R, (S) = {p € R(S) | x5 = Xpr. }-
This subvariety by definition descends to the character variety, and we write

X+ (S) = H(R-(9))-

LEMMA 2.8. 2 Let (S,7) be a symmetric surface as described in Figure 2.1 and
p be a PSLy(C)-representation of m1(S). If S is one of the surfaces with boundary,
then x5 = Xpr. if and only if there is a lift p of p such that X, = X,r, -

If S = Ga, then p € R, (Gy) either if p lifts to a SLy(C)-representation, or if
(trp(ad™))” = (trp(be™"))? = (trp(abd™"))* = (trp(b~"ed))” = (trp(acd))” =

PROOF. Let p € JR(S), and assume that there is a lift p of p such that p €
R, (S). It then follows from Lemma 1.2 that p € R, (S), by choosing p' = pr, and
€ =id.

Since the fundamental groups of the surfaces with boundary are free, every
PSLy(C)-representation of these surfaces lifts to a SLy(C)-representation. We

now verify the statement of the lemma for these surfaces.

e Case S =T;. Since R(T}) = q(R(T1)) and R(T}) = R, (T1), there is nothing
to prove. In particular, we have R(T}) = R, (T1).

e Case S =T, Let p € R, (S), and p € R(S) be a lift of p. By Lemma 1.2
we have x; = Xz if and only if there is ¢ € Hom(m(S), {£1}) such that
€Xp = Xpr.- Now €(a) tr p(a) = tr pr(a) = tr p(a™!) forces e(a) = 1. Similarly,
e(b) tr p(b) = tr pr(b) = tr p(ab—ta™!) forces e(b) = 1. Then €(bc) tr p(bc) =
tr pr(be) = tr p(be) yields e(c) = €(b). Thus, € = id, and the claim follows.

e Case S = S3. Let p € R, (9), and p € R(S) be a lift of p. Since 7(a) = b,
we have (trp(a))? = (trp(b))?. If trp(a) = trp(b), then p € R, (S). If
tr p(a) = —tr p(b), then define o(a) = p(a) and o(b) = —p(b). Then o is a
lift of p and o € R, (S). This completes the proof in this case.

2T thank Steven Boyer for pointing out that an earlier version of this lemma was incorrect.
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e Case S = S,. Let p € R,(S), and p € R(S) be a lift of p. We have x, = Xpr.
if and only if there is a homomorphism ¢ € Hom(m(S),{%1}) such that
€Xp = Xpr.- As above, considering the action of 7 yields e(a) = €(b) = €(c).
If € is trivial, then p € R, (S). Otherwise, the character of the lift o defined
by o(a) = p(a), o(b) = p(b) and o(c) = —p(c) is invariant under 7.

We now have to consider S = Ga. It follows from Theorem 5.1 in [22] that

X(G3) has two topological components with the property that every representation
in one of the components lifts to SLy(C), and every representation in the other
component does not lift. We only have to consider the latter component since
R(G2) = R, (Go).

Assume that p is a PSLy(C)-representation of Gy with representative matrices
A, B,C, D for the generators a, b, ¢, d, such that [A, B][C, D] = —E. Then 7 does
not lift to SLy(C). Now assume that p € R, (S), and define a representation
p € R(Fs) by p(a) = A, p(B) = B, p(vy) = C and p(§) = D. By assumption, there
is € € Hom(§4, {£1}) such that ex, = x,r, where pr is defined by

pr(a) = A7, pr(7) = (B7'CD)C™(B~'CD)™,
pr(8) = AB1 A, pr(6) = (BIC)D (BC)
Then €(a) tr A = €(a) trp(a) = trpr(a) = tr A~! forces €(a) = 1. We similarly
obtain 1 = €(b) = ¢(c) = €(d). But then € = id, and we have
tr(AD) =¢e(ad) tr p(ad) = tr pT(d)
=tr(A~(B~'CD™'C™'B)) | by definition of pr
=tr(A) tr(D) — tr(AB 'CD 'C 'B) | by (2.1) and (2.2)
= tr(A) tr p(D) + tr(AB-'D'ABA™Y) | by [A, B][C,D] = —E
=tr(A) tr(D) + tr(D~" A) | by 2.1

=tr(AD) + 2tr(D~'A) | by 2.2.
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Thus, tr(AD™!) = 0, and therefore (trp(ad='))2 = 0. The other stated trace
identities follow similarly. This completes the proof of the lemma. We remark
that there are representations satisfying the given equations. For example the

assignment p(a) = £F, 5(b) = £F,

v 0 0 1
plc) == ' and p(d) ==+
0 —: -1 0

defines a representation of 7m;(Gs) into PSLy(C) which does not lift to SLy(C),

and which itself is invariant under 7, i.e. p = pr. |

2.2.5. Codimension in PSLy(C). Let p € R, (S) be an irreducible repre-
sentation. Then there exists an element X € PSLy(C), such that p = X !prX.
What is the centraliser of the image of an irreducible representation into PSLy(C)?

The action of an element in PSLy(C) by conjugation is independent of the
choice of lift to SLy(C). Thus, the centraliser of an element A in PSLy(C) consists
of all elements B in PSL,(C) such that BAB™' = +A for a chosen lift A €
SLy(C) of A. Thus, the centraliser of an element in PSLy(C) is the quotient of
its centraliser in SLs(C) unless tr A = 0. In case that tr A = 0, the PSLy(C)-
centraliser of A contains the elements whose lifts to SLy(C) centralise or invert any
lift of A.

If a representation is irreducible, then there are two generators whose repre-
sentative matrices have no common invariant subspace. One can try to describe
irreducible PSLo(C)-representations with non—trivial centraliser. As an example,
let A = (a,f), and let T = (o, B,k | k'ak = B,k7'8k = «a). Consider the

representation
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of A. Tt extends to a unique SLy(C)-representation of I', and the image of £ is:

(k) ==+ ! vl
p = e
V2 \o1

The SLy(C)-character of p is parameterised by (0,0,0,0,+v/2,+/2,0) with re-
spect to the ordering o > (8 > k of the variables. Let us now consider represen-
tations of I' into PSLy(C) which are equal to q(p) when restricted to A. We can
change the image of k£ by elements in the PSLy(C)-centraliser of q(p(A)). For

example the assignment

=t T
P = = )
V2 \ i -1

defines a PSLy(C)-representation of I' which has the same character on A, but
clearly not on the whole group since the trace of p'(k) is non-—zero. Also note that
this representation does not lift to SLy(C). Thus, the restriction map taking A-
irreducible S Ly (C)—characters of I to characters of A is 1 —1, whilst for P.SLy(C)—
characters it may be finite—to—one.

Let §; be the free group in two elements (o, 3). We have X(F2) = C?, and
the map X(F2) — C* given by x5 — ((trp(a))?, (trp(B))?, (trp(aB))?) isa 2 : 1

covering map.

LEMMA 2.9. Let Fo be the free group in two elements {«, ), and consider
the two—to—one parameterisation of the PSLy(C)-character variety by the points
((tr pa)?, (trpB)?, (tr paB)?) in C®. Then the set of irreducible representations with

non—trivial centraliser is contained in the union of the three coordinate azes.

PROOF. Assume that p is an irreducible representation of §» with non-trivial
centraliser in PSLy(C). According to the above discussion of centralisers of irre-
ducible representations, at least one of (tr pa)? or (trp3)? is equal to zero. Assume
that (trpa)? = 0. Direct calculation shows that the centraliser of p(F2) is non—

trivial if and only if (trpB)? = 0 or (trpaB)? = 0. If both are equal to zero, then
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the image of 5 is a Kleinian four group in PSLy(C) and equal to its centraliser,
and if one of the traces is not equal to zero, then the centraliser has order equal to

two. |

LEMMA 2.10. Let (S,7) be a symmetric surface. The set of representations
with non—trivial centralisers is contained in a finite union of subvarieties, each of
which has codimension one in the variety R, (S) of tentatively mutable PSLy(C)—

representations of S. Moreover, this property is preserved under t.

PROOF. The subvariety of reducible representations has codimension one since
the proof of Lemma 2.7 applies again.

The set of irreducible representations with non—trivial centralisers are contained
in a union of subvarieties each of which is defined by stating that two coordinates
are equal to zero. Each of these subvarieties is easily observed to have codimension

at least one in R, (S) for each of the symmetric surfaces. [

2.2.6. Extension lemma. Let A be a finitely generated group and ¢ : A; —
Ay be an isomorphism between finitely generated subgroups of A. Denote by
(A, k, ) the HN N-extension of A by k across A; and A,, where the subgroups

are implicitly given by the isomorphism and vice versa. Define
Ry (A4) == {p € R(A) | trp(a) = trpp(a) Va € A}

to be the subvariety of representations of A which possibly extend to a represen-
tation of the above HN N-extension of A. Put t(R,(A4)) = X,(A).

Let p € R, (A) be a representation such that p restricted to A; is irreducible.
Then restricted to Ay, p and pp are two irreducible representations with identical
characters, and hence there is an element in SL,(C) which conjugates p to pep.
Moreover, since the centraliser of an irreducible representation in SLy(C) is (—E),
the conjugating element is unique up to sign. Thus, the representation p € R, (A)
extends to two representations of I' which differ by the sign on the image of k.

Moreover, note that there is an epimorphism I' — 7Z, defined by sending each
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element of A to the identity, and k£ to the involution. Thus, if we descend to the
PSLy(C)-representation variety, the associated representation is unique.

We therefore formulate the above problem for projective representations. In
the above construction we used the fact that the centraliser of an irreducible rep-

resentation in SLy(C) is the center of SLy(C). Let
R, (A) ={p € R(4) | X7 |4= Xpp |4},

and (MR, (A4)) = X,(A). Then for any representation p € R,(A) such that p |4, is
irreducible with trivial centraliser, there exists a unique representation p’ of I' such

that ﬁl |A: ﬁ

LEMMA 2.11. (Extension lemma) Let T' = (A, k | k~'ak = p(a) VYa € A;),
and X,(A) as defined above. Let V be an irreducible component of X(T'). Assume
that V' contains the character of a PSLy(C)-representation which is irreducible
on Ay with trivial centraliser. Then the restriction map v : X(G) — X,(A) is a

birational equivalence between V and r(V).

PRrROOF. The restriction map is a polynomial map, and hence W := TV)
is an irreducible component of X,(A). If follows from Lemma 2.9 and Lemma
1.1, that the above construction of PSLy(C)-representations of I' from PSLy(C)-
representations of A is a well-defined 1-1 correspondence of PSLy(C)-characters
in V and W apart from a subvariety of codimension at least one. Thus, r has

degree one and is therefore a birational isomorphism onto its image. |

2.2.7. Mutable representations. Let (S,7) be a symmetric surface. We
have observed that if p € R, (S) is irreducible, then there is a unique inner auto-
morphism of SLy(C) realising the action of 7. Furthermore, X? centralises p and
hence X? = —FE, which implies that tr X = 0.

We now determine the conditions under which there is an element in SLy(C)
realising the action of 7 for reducible SLy(C)-representations. Assume that p €

R, (S) is reducible. Let a € m(S) and assume that 7(a) = b, p(a) = A and
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p(b) = B. We wish to determine when the action of 7 can be realised by an inner
automorphism of SLy(C). Hence assume that +A and +B are non-trivial. If A
and B commute, we may conjugate such that we get one of the normal forms (NF1)

or (NF2) below, otherwise we may assume that A and B are given as in (NF3).

b—l

o

11 1 b
(NF1) A=+ B=+ b#0
01 0 1
0 b 0
(NF2) A= B= be {a,a "}
0 at 0 bt
a 0 b 1 1y o
(NF3) A= B = be{a,a” },a” #1

If there exists X € SLo(C) such that X 'AX = B and X 'BX = A, then X
is said to simultaneously conjugate A and B. By direct matrix computation one
can show that there exists X € SLo(C) which simultaneously conjugates the above

pairs of matrices A and B if and only if

(NF1(a)) B=4A X =4 X2 = veC

()

veC
0 -1
NF2@) B=a  x=|¢° X2_<62 02> cec

I

(NF1(b)) B=4'! X=4+ ' . X? =

0 ¢t 0
0 10
(NF2(b)) B=A"' X= ¢ X?= cec
-1 0 0 -1
1 8 10
(NF3) b=a X = +i a’—1 X2 — )
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Note that if A is conjugate to C' via T and there is an element X which simul-

taneously conjugates A and 7A, then T 'XT simultaneously conjugates C and

7C.

LEMMA 2.12. Let p € R(S) be an upper triangular representation and assume
there erists X € SLy(C) such that X 'pX = pr. Then we have the following

cases.

o If p(m1(S)) is abelian, then either p(T7y) = p(y) for all v € m(S) or p(Ty) =

p(y)~! for all v € m1(S).
o If p(m1(S)) is non-abelian and there exist an element § € m(S) such that

1 whenever

the images of § and 7(8) do not commute, then p(ty) = p(7)
p(7) is parabolic, and for all non—parabolic images, we have that the upper

left entries of p(t7) and p(y) are equal and there exists a constant c(p) such

i x Yy z z Yy+z
that if p(7y) = and p(Ty) = » then c(p) = T—z=T-
0 27! 0 z7*

Moreover, X is unique up to sign.
o If p(m1(S)) is non-abelian and the images of v and 7(7y) commute for all
v € m(S), then we have p(ty) = p(y) for all non—parabolic images and we
have either p(ty) = p(7) for all parabolic images or p(t7y) = p(y)~* for all

parabolic images.

Given p € R, (M), the action of 7 cannot be realised by an inner automorphism
if and only if p is S-reducible and does not satisfy the conditions of the above
lemma. A representation of M is accordingly called mutable or non—mutable. Note
that the conjugating element may not be uniquely determined for S-reducble repre-
sentations. If 7, = —F, then any S-abelian representation p € R, (M) is mutable

and there is a one—complex—parameter family of elements realising the action of 7.
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2.3. Non—separating surfaces

In this section, the statements of Subsection 2.1.4 which involve non-separating

surfaces shall be proved.

2.3.1. Common double covers. If S is non—separating and 7 induces the
negative identity on H;(S), then M and M7 have a common double cover since
T is central in the mapping class group. In particular, if M is hyperbolic, then
M and M7 are commensurable by definition. A first observation follows now by

application of a result by D. D. Long and A. W. Reid for 1-cusped manifolds:

THEOREM 2.13. [33] Suppose that p : M — T is a covering of 1-cusped orb-
ifolds and suppose that the cusp of T is flexible. Then the induced map p* : Xo(T) —

Xo(M) is a birational equivalence.

Since both the mutant and the double cover of a 1-cusped manifold are 1—
cusped, it follows that the respective Dehn surgery components are birationally
equivalent. Note that the above theorem uses a subgroup of finite index, whilst in

the approach taken thus far subgroups of infinite index were utilised.

2.3.2. A natural map from (M) to 9(M7). Let S be a non-separating
symmetric surface in a 3-manifold M. We can describe 7 (M) as an HNN-
extension across 7 (S) as follows. The boundary of M — S contains two copies S
and S_ of S. Let A =im(m (M — S) = m(M)), Ay =im(m(Sy) > m(M)) < A
and Ay =im(m(S_) — m(M)) < A. Then there exists an element k € m (M) — A

such that 71 (M) is an extension of A by k across A; and A,. We write this as:
7T1(M) = <A,]€ | kilAlk' = A2>

The action of k is determined by the gluing map S, — S_. Performing mutation
along S, we change the gluing map between the two copies of S in the boundary

of M — S by 7. We thus obtain a presentation of M™ as follows:

T (MT) = (A k | k™7 (A)k = Ay).
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Let p be a representation of M. Note that p(k) is only determined up to the central-
izer of p(A;). Assume that p is tentatively mutable and p(A;) irreducible. p(k) is
now defined up to sign since the centralizer of an irreducible subgroup in SLy(C) is
(—E). We write (p|a, £p(k)) for such a pair of representations. Furthermore, p(a)
is conjugate to p7(a) via some X € SLy(C) for all a € A;. For the same reasons
as above, X is defined up to sign. It follows that p(k)~'p(a1)p(k) = p(az) is equiv-
alent to p(k)~' X ~'pr(a;) X p(k) = p(as). We can therefore define a representation
p” € R(MT™) by p"(a) := p(a) for all a € A, and p” (k) = X p(k). This gives a pair
(p"| 4, £p"(k)). We denote the corresponding map by f, which is well defined up to
sign, hence for projective representations. Since we can define an inverse map, we
have a natural 1-1 correspondence of A;—irreducible representations in q(R.(M))
and q(R,(M7)), where q : R, (M) — R, (M) is the quotient map. This map is
well-defined for equivalence classes of A;-irreducible representations according to
the remark made in Subsection 2.2.7 concerning elements which simultaneously
conjugate. Hence it is well-defined for the corresponding characters in q(9t(M))
and q(9M(MT7)), where q : (M) — (M) is again the quotient map.

The map 7 can be extended in a similar fashion to PSLy(C)—characters of
R, (M) which are S—irreducible, and whose image of 7;(S) has trivial centraliser.
We wish to show that 7 is a birational equivalence between suitable irreducible

components, proving Proposition 2.1 for non-separating symmetric surfaces:

PROPOSITION 2.14. Let (S,7) be a non—separating symmetric surface in a 3—
manifold M, and let C be an irreducible component of 9IM(M) which contains the
character of a PSLy(C)-representation such that the image of m1(S) has trivial
centraliser.

Then C is birationally equivalent to an irreducible component of IM(M™).

PROOF. By definition, the restriction maps r : M(M) — X,(A) and 7 :
IM(MT™) — X,,(A) have range in a subvariety of X,(A)NX,,(A). The construction
of & gives r(x) = r"(fix), whenever applicable. Since 7z is defined on a dense subset
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of C, the Extension Lemma, 2.11 implies that it is the composition of the birational

equivalences r and 7. This proves the proposition. |

2.3.3. Proof of Corollary 2.5. Let M be a finite volume hyperbolic 3—
manifold. Recall that, restricted to .S, the complete representation pj is irreducible
and torsion free.

If S=T) or S =Gy, then X,(M) C IM(M) and Xo(M™) C IM(MT) according
to the discussion in Section 2.2.3. Since q(Xy) = Xy, it follows from Lemma 2.8 that
Xo(M) COM(M) and Xo(M7) C IM(MT). We can therefore apply Proposition 2.14
to the respective Dehn surgery components. It follows from [39] that & takes the
complete representation of M to the complete representation of M7, and hence it

restricts to a birational equivalence between the two Dehn surgery components. W

2.4. The figure eight knot

The complement of the figure eight knot in S® is a once—punctured torus bundle
with fibre a Seifert surface of the knot. Mutation along this surface results in the

manifold m003.

2.4.1. Fundamental group. Let £ be the figure eight knot, M = S® — £ and
I' = m(M). It is a known fact that a Seifert surface for ¢ is a once-punctured torus
Ti. Such a surface is pictured in Figure 2.2. It consists of three “concentric” discs
connected by bands. The involution 7 of T} corresponds to a rotation by 7 about
the axis perpendicular to the discs through their respective centres. We take the
“uppermost” fixed point as a base point. m;(71) is free in two generators, and we

choose them such that
(2.3) (@) =a"", 7()=ab'a”" and 7([a,b]) = b '[a,b]b,

in order to meet our description of 7 in Figure 2.1. Note that [a, b] corresponds to

a longitude of €. A presentation of I' can be computed from Figure 2.2:

[ =(t,a,b |t at = aba,t bt = ba),
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FIGURE 2.2. Mutation along the Seifert surface

where {t, [a,b]} is a peripheral system. The action of ¢ corresponds to the isomor-

phism ® induced by the monodromy of the fibre bundle.

2.4.2. Mutation along the fibre. The isomorphism induced by the mon-

odromy of the mutative manifold M" can be computed from 7 and :
@7 (a) :=71(®(a)) =b"ta"%, ®7(b) :=T(®(b)) = ab ta .
This gives
I"=m(M") ={t,a,b|t 'at =b"'a 2t bt = ab 'a"?).

Note that Hy(M) =2 7, while H (M) = 7L & ZL. A peripheral system of M7 is
given by {M, L} = {tb~', [a, b]}.

2.4.3. The character varieties. The presentations of both groups can be

simplified to:

(2.4) L= (tal|t'a 't ata *ta = 1),

(2.5) I = (t,a |t ata*tat ta = 1).
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It turns out that both character varieties have only one component which contains
the character of an irreducible representation. Using the varieties €(M) and €(M7)

of Lemma 1.6, one obtains:

Xo(M) ={(z,y) €C*[0=1-y—y" + (-1 +y)a” = [}

and  Xo(M") ={(z,y) € C*|0=1+ (-1+y)z® = f7},

where x = tr p(t), y = tr p(a). The curve defined by f has no singularities and no
singularities at infinity. The smooth projective completion Z%O(M ) is therefore a
torus. The curve defined by f7 is rational, and a smooth projective model is there-
fore a sphere. This shows that the respective SLy(C)-Dehn surgery components
are not birationally equivalent.

To compute the components of the character varieties containing reducible rep-

resentations, we use the following result:

PROPOSITION 2.15. [18] Suppose that G is generated by g and h, and let p be
a representation of G in SLy(C). Then p is reducible if and only if tr p([g, h]) = 2.

Using (2.4) and suitable trace identities, we obtain:
tr p([t, a]) = tr p(a™tat ™ a™") = tr p(a) tr p([t, a]) — tr p(a).

Thus, tr p([t, a]) = 2 if and only if tr p(a) = 2. The curve containing the characters
of reducible representations is therefore {y — 2 = 0}.

Similarly, using (2.5), we obtain:

tr p([t, a]) = tr p(a®tata?) = tr p(a?) tr p(t"'ata®) — tr p(a)
= trp(a®) tr pla™ta™"'t™") — tr p(a)

= ((tr p(a))* = 2)((tr p(a))” — trx p([t, a])) — tx p(a),
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which gives tr p([t,a]) = 2 if and only if 0 = (2 — y)(1 — y — y?). The respective

character varieties are therefore given by:
X(M)={(z,y) € C*|0=(2-y)(1 -y - y*+ (-1 +y)2*)}

X(MT) ={(z,y) €C*[0=2—y) (L -y —y) AL+ (-1 +y)a")}

2.4.4. PSLy(C)—character varieties. Note that there is a unique epimor-
phism from I' onto Zs, and that the Hom(T", Zy)—action corresponds to the invo-
lution (x,y) — (—z,y). The quotient map q : X(I') — X(T) can therefore be given
by q(z,y) = (22,y). The same applies to I'". The PSL,(C)—character varieties are

therefore parameterised by:

XM ={X,y) eC’[0=2~-y)(1-y -y + (-1+y)X)}

(M) ={(X,y) eC*[0=(2~-y)(1 -y -y )1+ (-1 +y)X)}

We will show that the rational maps between the Dehn surgery components

induced by mutation are:

L Xo(M) — Xo(M7) (X,y) — (%y)

=

i Bo(M7) = Fo(M) (X,y) > (H’—‘fy)

2.4.5. Representations reducible on the fibre. Neither 7 (M) nor 7 (M7)
allow an irreducible representation which is non-abelian reducible on 77, since [a, b]
is a longitude which commutes with ¢. It follows from (2.3) and Lemma 2.12 that
all representations of M and M™ are mutable.

By direct computation, we find that irreducible representations which are abelian
on Ty are parametrized by 1 = y+y? in Xo(M), and that there are no T;—reducible
irreducible representations in S8(M7). Thus, there are only three points on each
of the projective Dehn surgery components, on which the “mutation maps” @

and 7! are not defined a priori, and they correspond to the intersection with

{@-y)(1—-y—1y*) =0}
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2.4.6. Mutation map I. Irreducible representations of M are up to conjugacy

given by:
m 1 Y 0
p(t) =4 A and P(a) = (1—u)(m?—u) u-t )

where m +m~! = z and u + u~! = y are subject to:

0=—m?+u+ m?u+m*u—u? —3m2u? — m*u? + u® + m?u® + m*u® — mZut.

The representations degenerate to a reducible representation if and only if u — 1,
and irreducible representations are abelian on T; if and only if m? = —1.

In order to examine the map i, we compute the conjugating element X and
p(t) = p(t)X:

VomZure?  m(tu)V-mPutu?

_ vV—-1+m3u (m2—u)v—1+m2u _
X=\wyvrm  vomtarr | tr(X) =0,
mv—u+m?2u? vV—=1+m3u
V-m2+tu(—14+ut+m?u)  (utum?)v-m2utu?
p" (t) — mv—u+m2u? (m2—u)v—1+m2u trp” (t) — ;
(u—1)V—m¥u —Vomfure® |’ 1—(utu™t)
m2v —u+m?u? mv —1+m?u

Thus, the map 7 is as claimed the mapping (X, y) — (ﬁ, y). Moreover, as u — 1
or m? — —1, the entries of X stay finite and the limiting matrix realises the action

of 7 for the representations which are reducible on the fibre.

2.4.7. Mutation map II. Irreducible representations of M” are up to conju-

gacy given by:

m 1 u 0
pr(t) =+ and  p"(a) = ) :
0 m! (1—u)(m’u—1) u-!

1 1

where m +m~ = x and v + u~" = y are subject to:

0=1+2m?+m* —u—m?u — m*u + u? + 2m2u® + m*u?
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The representations degenerate to a metabelian representation as u© — 1 and as

u — m~2, which corresponds to the intersection with the curves {y = 2} and

{1 =y +y?}. We obtain:

(—1+m3u) m(1l4u)
X = \/7u27m4u2+m2(u+u3) \/7u27m4u2+m2(u+u3)
(1—u)(—1+m2u) (1—mZ2u) ’
m\/7u2fm4u2+m2(u+u3) \/7u27m4u2+m2(u+u3)
(1—m2u)(=1-m2+u) 14+m?
p(t) _ m\/7u27m4u2+m2(u+u3) \/7u27m4u2+m2(u+u3
(1—u)(m2u—1) (1—m2u)(1+u) ’

mz\/—u2—m4u2+m2(u+u3) m(1+u)\/—u2—m4u2+m2(u+u3)
1 —m2u)(-1 —m? 1— oy — 2
where tr(X)=0 and trp(t) = (1=miu)(=ldm—m”+u) = Ly
my/—u2 — miu2 + m2(u + u3) -y

As above, this is the map we have described earlier, and X is well-defined for

all representations in €(I'). It follows that the PSL,(C)-Dehn surgery components

of M and M™ are homeomorphic.

2.4.8. Associating surfaces. The above calculations show that neither X,(M)
nor Xo(M7) detects T;. However, we have observed that all irreducible, T}—
irreducible representations of M and M7™ are abelian when restricted to 77, and
hence 7(p(7y)) = p(7) ! for these representations. In particular, they are mutable,
and there is a 1-parameter family of elements in PSL,(C) which realise the action
of .

Consider the following lift to SLy(C) of an irreducible PSLy(C)-representation

of M:
11 U 0
p(t) =+ and  p(a) = ,
0 ! i(u™!t —u) ut

subject to 0 = 1 + u + u? 4+ u® 4+ u*. These are dihedral representations, and they

are abelian on the fibre. The elements realising the involution are given by:
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Thus, we obtain the following representations p, € R(M7):

=Xt =% V] ad pe)=pla)
i(z—271) —z71

One may verify that these representations are abelian. The construction gives us
amap C — R(M7) — X(MT7), which is non—constant since tr p,(t) = —(z + 271),
and the image is therefore a curve in X(M7). At an ideal point of this curve, the
conditions of Lemma 1.15 are satisfied with respect to the surface 77. One can do
a similar construction for the other points in ?Z(M) NJ(M).

Going the other way, i.e. using characters in ?Z(MT) NF(MT7), one only obtains
a curve in X(M) for the point corresponding to the intersection with {y = 2},
whilst the points in the intersection with {1 = y + 32} yield a map C — X(M)

which is constant.

2.5. Separating surfaces

This section contains proofs of the statements of Subsection 2.1.4 which involve

separating surfaces.

2.5.1. Reducible representations. If 7 induces the negative identity on
H,(S), then the character of any abelian representation is contained in X,(M).
Recall that any reducible representation has the same character as some abelian
representation. Hence, RRed(M) C R, (M) and the closed set t(Red(M)) of char-
acters of reducible representations is carried by abelian representations and con-
tained in X,.(M). Using the Mayer—Vietoris exact sequence, one can show that
H{(M) = H;(M7). This induces a natural isomorphism between the respective
abelian representations and hence between the closed sets in X(M) and X(M7)

corresponding to reducible representations. This proves the following

PROPOSITION 2.16. If M is a $8-manifold and (S,T) a separating mutation

surface such that T induces the negative identity on first homology of S, then

Red(M) C R, (M) and X7 (M) = X7 (M").
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2.5.2. A natural map from (M) to M(M7). Given a symmetric surface
(S,7), there is a fixed point of 7. If we take this as the base point of the following

fundamental groups, we get a decomposition
T (M) = m (M=) %y (s) T (M)

M(M) can be viewed as a subspace in R(M_) xR(M, ), and the inclusion map is
given by the restriction of p to the respective subgroups. If for a given p_ € R(M_),
there exists p, € (M), such that they agree on m((F’), we say that p_ extends
to a representation in J(AM). Similarly, R(M™) C R(M_) x R(M,).

Let p € R, (M) be an S-irreducible representation. We know that p_7 is
equivalent to p_ on m((S), i.e. there is an element X € SLy(C) such that p_ =
X~'p 17X on m(F), and X is defined up to sign.

We can now define a representation p” of M™ as follows: Let pl = p, on
m (M) and p~ = X tp_7X on m(M_). p" = (p", ps) € R(MT) is well defined,
since both definitions agree on the amalgamating subgroup, and the map p — p”
only depends upon the inner automorphism induced by X. Note that both p and
p” are irreducible and p” € R, (M7).

LEMMA 2.17. Let (S,7) be a symmetric surface such that S is separating in M.

Then there is a 1-1 correspondence of characters of S—irreducible representations
in R (M) and R, (M7).

PrOOF. The above construction for a representation of the mutant manifold
gives us a map between the respective representation spaces. We have to show that
this map is well defined for equivalence classes of S—irreducible representations.
Let p = (p—,p+) and 0 = (0_,0,) be conjugate via Y € SLy(C), and construct
pl. = X 1p_7X and o7 = Z 'o_7Z as above. We need to show that p” is
conjugate to o7 via Y. Note that p_7 = Yo_7Y~! by our assumption. Thus,

restricted to m1(S), it follows that

X YWorY ' X=X"1p 1 X=p_ =Yoo Y =YZ o rZY .
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Thus, X~ 'Y = YZ~! modulo the centraliser of p(m(F)) in SLy(C). Since p is
S-irreducible, we have Cgp,(q)(p(m1(F'))) = (—F). It follows that on 7 (M_)

ph=X1p 1 X=X Yo1r¥V ' X=YZ'o_rZY '=YoY .

Hence p™ is conjugate to ¢” via Y. This shows that the map is well defined on
equivalence classes of S—irreducible representations. Furthermore, we can define

an inverse map since (M7)™ = M. This proves the claim. [

Note that throughout the above, we may interchange M_ and M. By the above
lemma, we now have an isomorphism p : MM(M) — IM(M7) defined everywhere
apart from a subvariety §'(M) of characters of irreducible representations which

are reducible on 7 (S5).

2.5.3. Proof of Proposition 2.2. If R is an irreducible component of R, (M)
containing an S—irreducible representation, it follows from Lemma 2.7 that F*Nt(R)
has codimension at least one in t(R) =: C. Since the map p is defined on an open,
dense subset of C, the image pu(C) C 9M(M7) is contained in a component C7
of M(M7™). The map p is therefore an isomorphism between C' and C7 defined
everywhere but on a codimesion one subvariety. In order to show that p is a
birational equivalence, it is now sufficient to show that it is rational.

Let K be the function field of R and let L be the function field of C. Consider
the tautological representation P : w1 (M) — SLy(K). We have trP(y) € L C K.
Similarly, we have a tautological representation P” on R, which is the component
in R(MT) corresponding to R under the map p — p".

Let p = (py,p-) € Rand p” = (p;, X 'p_7X) € R" be its image. We have
P |m,= P" |m,. By Proposition 1.1.1 of [18], we know that any representation
equivalent to an irreducible representation on an irreducible component of SR(M)
belongs itself to that component. Hence X 'pX € R and P |5, is defined by
elements in SLy(K). This gives tr P7(y) € L for all v € m(M7). The map p is

hence rational from C' to C'". The existence of an inverse yields that the function
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fields L and L™ are isomorphic and that C' and C” are birationally equivalent. This
completes the proof. Note that the above argument already shows that R and R”

are birationally equivalent. [

2.5.4. Proof of Proposition 2.1. Proposition 2.1 for the case where S is
separating follows since the above construction of representations also works for
projective representations with trivial centraliser, and the argument in the above
proof goes through if one uses Lemma 4.1 of [6] instead of Proposition 1.1.1 of

[18]. n

2.5.5. Proof of Corollary 2.4. Assume that M is a finite volume hyper-
bolic 3-manifold, and that M and M7 are generalised Conway mutants, i.e. S is
separating and one of T, Ty, Gs.

If Xo(M) C 9M(M), then Xo(M) C 9M(M), since q(Xy) = Xy and Lemma,
2.8 applies. The two boundary components of any separating incompressible 75
have to lie on the same boundary component of M, hence Lemma 2.6 implies
for any of S = T, T, or Gy that X, (M) = X(M) under our assumptions. Since
po is necessarily irreducible when restricted to S, we have Xo(M) C (M), and
therefore Xo(M) C 9M(M). Since py is also torsion free, it follows that Xo(M) and
Xo(M) satisfy the assumptions of Propositions 2.1 and 2.2 respectively. It follows
from [39] that the birational equivalence takes the complete representation of M

to the complete representation of M7, and this proves the corollary. |

2.5.6. The above analysis together with Proposition 2.16 and the fact that
a knot group abelianises to 7 implies the following two results, which may be of

interest:

PRrROPOSITION 2.18. Let ¢ and €™ be Conway mutants. If every component of
X(M) and X(M™) which contains the character of an irreducible representation
contains the character of a representation which is irreducible on m,(S), then X(M)

and X(MT) are birationally equivalent.
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PROPOSITION 2.19. Let M and M™ be generalised Conway mutants. If every
component of X,(M) and X,(MT) which contains the character of an irreducible
representation contains the character of a representation which is irreducible on

m1(S), then X, (M) and X,(M7) are birationally equivalent.

Note that in the above proposition X, can be replaced by X if M is a finite

volume hyperbolic 3-manifold.

2.5.7. Conway mutation and the A—polynomial. We have observed that
the peripheral subgroup of a knot is carried by a handlebody associated with the
mutation. By the construction of the above map, the eigenvalue pairs of rep-
resentations which restrict to irreducible representations on G5 therefore do not
change. Since the longitude is an element of the first commutator group, reducible

representations contribute the factor (I — 1) to the A—polynomial. Thus:

PROPOSITION 2.20. [13] Let ¥ be a Conway mutant of t. If F(8) is finite,
then Ag(l,m) is a factor of Ae(I,m).

2.6. The Kinoshita—Terasaka knot

(a) Kinoshita—Terasaka knot ¢ (b) Conway’s mutant €"

Ficure 2.3. The Kinoshita-Terasaka knot and Conway’s mutant
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Let € denote the Kinoshita—Terasaka knot and £” its Conway mutant as shown in
Figure 2.3, and denote their complements in S by M and M" respectively. Both
knots have eleven crossings and trivial Alexander polynomial. Using SnapPea,
one can verify that M and M™ have hyperbolic volume approximately 11.219.
Walter Neumann has used Snap to determine that the two complements are not

commensurable.

THEOREM 2.21. [48] X(€) and X(€7) are birationally equivalent. Moreover, the
strongly detected boundary slopes of the Kinoshita—Terasaka knot and its mutant

are identical.

THEOREM 2.22. [48] There are closed essential surfaces in the complement M
of the Kinoshita—Terasaka knot which are detected by holes in the eigenvalue vari-

ety.

2.6.1. Proof of Theorem 2.21. We wish to determine the set § of charac-
ters corresponding to irreducible representations which are reducible on the four
punctured sphere. This will be achieved by direct computation.

The fundamental groups of the inside M_ and the outside M, of S, can be
computed from a Wirtinger presentation derived from the projection given in Figure

2.3.

m (M) ={(a,b,¢,0,f| r1,72,73) m (M) = {a,b,c,d,e | r1,79,73)
(r1) b=faf" (ry) a=-e ‘b ecec te be
(ra) cfc e tafat =1 (rs) cece ‘¢ tae tat =1,
(r3) 0=cba™', (r¢) d=cba™",

m1(Ss) = (a, b, ¢) m(Ss) = {a, b, c).

Introducing the symbol f in order to give meridians linking number one with the

respective knots, we obtain Wirtinger presentations of 71 (M) and 71 (M7) by the
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following amalgamations:

7T1(M) = <7T1(M*):7T1(M+)af | a:a'ab :b,c:c,D :d)f: f>a

m(M™) = {(m(M_),m(My), fla=ct,b=d e=at0=0b0"f=f71).

We give a brief overview of direct matrix computations, which we have done
using mathematica. First, we compute all representations p. € R(M_) with
tr p(a) = tr p(b) = tr p(c) = tr p(0) = tr p(f) such that p_ is reducible on S,. If the
image of p_ is abelian on Sy, it follows that it is abelian on M_ and subsequently
on M and M".

Therefore assume that the image of p_ is reducible and non-abelian on S,.
Since we are only interested in the equivalence class of a representation, we may
assume that p_(m1(Sy4)) is generated by upper triangular matrices. It follows that
trp(a) # +2, and we can conjugate the representation such that it stays upper

triangular and p(a) is diagonal while one of p(b) and p(c) has a non-negative

0 U
upper right entry. These assumptions give p(a) = 1 , p(e) = P ,
0 ¢! 0 p!
w x . . .
p(f) = as elements of SLy(C), which must satisfy the relations r; and 7o,
Yy 2z

such that the traces of all generators are equal, p(b) is upper triangular and the
image of 71(S;) is non—abelian.

This gives four representations p; to ps. p1 and ps have one parameter p and no
relations, po has three parameters p, u, x and one relation, p, has one parameter p
and the relation p? = —1.

Using the identifications given in the presentations of 71 (M) and m(M7), we

m
now put p(e) = and use the relations 74 and r5 to find out which of

n o
the above representations of M_ extend to representations p of M and M™ respec-

tively. It turns out that p;, po and p3 extend to representations p of M and M7

respectively, whereas p; does not. The representations which follow are all given
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in one parameter p, which is an eigenvalue of a meridian and specified as the zero

of some polynomial in C[p|. The parametrisations are given in Table 2.1.

p e p | M_ | parametrisation

R(M) | p: Fi=1—p*+3p* —4p5 + 2p8

R(M) | p2 Fy=1—p*+3p® —3p' — p'* + 4p™* — 2p'® — p'® + p*°
R(M) | ps Fy=1—2p* + 3p* — 5p° + 2p®

R(MT) ;T Gy =1- p2 + 3p4 — 4p6 + 2p8

R(M7) | por | Go=1—p*+3p® = 3p'® — p'* + 4p'* — 2p'0 — p'® 4 p*0
R(MT) | ps7 | Gs=1—2p*+3p* — 5p° + 2p°

R(MT) | ps7 Gy=1-3p" —p* +3p° - p°

TABLE 2.1. Representations which are reducible on the Conway sphere

Note that Fy = G, F5 = G5, F3 = (G5 and that G4 is not a factor of any of the
above. Moreover, any two distinct polynomials from the above list have no zeros

in common. Since the above give finite sets of points §(€) and F'(€") respectively,

Theorem 2.21 follows from Propositions 2.19 and 2.20. |

2.6.2. Proof of Theorem 2.22. Recall that there is a well defined eigenvalue
map, taking a representation to a point in C? by means of projection to the eigen-
values of meridian and longitude corresponding to a common invariant subspace.
The closure of the image is a curve defined by a single polynomial in two variables.
Let C be a component of R(M). We call a pair (I, m) of eigenvalues a hole if the
image of a connected open neighbourhood in C' under the eigenvalue map contains
a punctured neighbourhood of (I, m) but not (I, m) itself.

The relationship between boundary slopes and sequences of representations is
explained in Subsection 1.2.11, and two different types of blow—ups are descibed.
We observe a blow up of the second type either if there is a component in the

character variety of dimension greater than one (so the inverse image of a point in
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the eigenvalue variety contains a whole curve) or if there is a hole in the eigenvalue
variety. Examples for the first kind of behaviour haven been constructed in [13].
Consider the character of a representation p” of M7 parametrised by a zero
z of G4. We choose an open neighbourhood U in an irreducible component of
R(MT) containing p”, such that U — {p"} only contains representations which are
F-irreducible. This is possible since it follows from [17] that the dimension of com-
ponents of X(MT) is greater than zero. Let (p,”) be a sequence of representations
in U such that lim, ,. t(p,") = t(p”). The map p sends U — {p”} to some set
in R(M). This gives us a sequence of representations (p,) in R(M). We may as-
sume that p,” [pr. = pn |a_, Where M_ is a suitably chosen handlebody containing
€. If the sequence (p,) converges, it converges towards a representation which is

reducible on 71 (F), and the eigenvalue of a meridian is z or z7'.

But according
to the calculation in the previous subsection, such a representation of M does not
exist. Hence, the sequence (p,) blows up, i.e. there is an element g € 71 (M) such
that lim, , tr p,(g) = oo. Since the eigenvalues of meridian and longitude are
carried by M_, they stay bounded and we have detected a closed essential surface
in M.

Since the dimension of §(M7) and §*(M) is zero respectively, the components
containing characters of representations corresponding to these points have dimen-

sion one by Lemma 2.7. Hence, the above argument shows that there are holes in

the eigenvalue variety of M. This completes the proof of Theorem 2.22. |

2.6.3. Associated surfaces. Lemma 1.15 implies that the Conway sphere as
well as any genus two surface obtained by joining boundary components of the
sphere with annuli is a surface associated to the ideal points of X(M) at which
the holes in the eigenvalue variety occur. The two genus two surfaces and their

involutions are shown in Figure 2.4.
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(a) OM" as seen from inside M'. 7 (b) O(M'—M") as seen from inside M .
acts as (a,c)(b,d) modulo conjugation T acts as (a, d)(b, ¢) modulo conjugation
and inversion and inversion

FIGURE 2.4. Genus two surfaces realising the mutation

2.7. Remarks

2.7.1. Mutation surfaces and ideal points. The examples illustrate how
the study of the maps p and 7 can be used to show that mutation surfaces are

associated to ideal points of the character variety.

2.7.2. Cutting along general surfaces. The propositions of Subsection 2.1.4
may be stated for arbitrary connected essential surfaces and suitable gluing maps,
since their proofs only involve general properties of irreducible representations as
well as H N N-extensions or amalgamated products. The definitions of X, and X,
merely require characters restricted to the surface to be invariant under the induced
isomorphism on fundamental group, and if there is a character of a S—irreducible
representation (with trivial centraliser) on some irreducible component V of 90
or I, then the set of characters on which the map 7 or p is not a well-defined

birational isomorphism is necessarily of codimension at least one.
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2.7.3. Computing character varieties. A possible application of the Ex-
tension Lemma 2.11 could be the study of character varieties of manifolds via
subvarieties in the character varieties of manifolds obtained by successively cutting
along non-separating essential surfaces. For example in [29], this technique is used

for the study of the character variety of the figure eight knot complement.



CHAPTER 3

The eigenvalue variety

To deal with multi—cusped manifolds, the A—polynomial of a 1-cusped manifold
is generalised to an eigenvalue variety in Section 3.2. Boundary curves of essential
surfaces arising at ideal points of the character variety are called strongly detected.
The set of strongly detected boundary curves is determined in terms of Bergman’s

logarithmic limit set, which we describe in Section 3.1.

3.1. Bergman’s logarithmic limit set

This section discusses the logarithmic limit set of [3], which we use to define the
set of ideal points of algebraic varieties in (C —{0})™ in Sections 3.2 and 4.2. The

logarithmic limit set describes the exponential behaviour of a variety at infinity.

3.1.1. Logarithmic limit set. Let V' be a subvariety of (C — {0})™ defined
by an ideal J, and let C[X*] = C[X{",..., XZ!]. Bergman gives the following
three descriptions of a logarithmic limit set in [3]:

1. Define Vo(g) as the set of limit points on S™~! of the set of real m—tuples in
the interior of B™:

(log|z1], - .- ,1og|Tm|)
o s =)

2. Define Vo(f) as the set of m—tuples

(3.2) (—v(X1),--oy —v(Xm))

as v runs over all real-valued valuations on C[X*]/J satisfying > v(X;)? = 1.
3. Define the support s(f) of an element f € C[X*] to be the set of points o =

(01, ..., 0p) € ZZ™ such that X* = X{" --- X% occurs with non-zero coefficient

7
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in f. Then define V9 to be the set of £ € S™ 1 such that for all non—zero f € J,
the maximum value of the dot product £ -« as a runs over s(f) is assumed at least
twice.

Bergman shows in [3] that the second and third descriptions are equivalent,

and it follows from Bieri and Groves [4] that all descriptions are equivalent:
THEOREM 3.1 (Bergman, Bieri-Groves). Vi% = V¥ = V{9,

We therefore write V,, for the logarithmic limit set of the variety V. The ideal
generated by a set of polynomials {f;}; shall be denoted by I(f;);, and the variety
generated by the ideal I is denoted by V' (I) or V' (f;)s, if I = I(f;);

3.1.2. Newton Polytopes. The third description of the logarithmic limit set
can be illustrated using spherical duals of Newton polytopes. Let f € C[X®] be
given as an expression f = ) . ma, X% Then the Newton polytope of f is the
convex hull of s(f) = {a € Z™ | a, # 0}. Thus, if s(f) = {a,...,a}, then

(3.3) Newt(f) = Conv(s(f)) = {Z)\iai | A >0, Z/\i = 1}.

Note that Newt(0) = (), and since V(0) = (C — {0})™, we have V(0), = S™ L.
For arbitrary subsets A, B of R™, let A+ B={a+b]|a € Ab¢€ B}. The

following facts about Newton polytopes of polynomials are well known (cf. [16]):

1. Let f,g € C[X*] such that fg # 0. Then Newt(fg) = Newt(f) + Newt(g).
2. Newt(f + g) C Conv(s(f)Us(g)) = Conv(Newt(f)U Newt(g)).

3.1.3. Spherical Duals. The spherical dual of a bounded convex polytope P
in R™ is the set of vectors & of length 1 such that the supremum sup,cpa - § is
achieved for more than one «, and it is denoted by Sph(P). Geometrically, Sph(f)
consists of all outward unit normal vectors to the support planes of P which meet
P in more than one point. If P is the Newton polytope of a non—zero polynomial
f, then the spherical dual of Newt(f) is also denoted by Sph(f). The following

lemma is immediate from the third description of the logarithmic limit set:
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LEMMA 3.2. Let V be an algebraic variety in (C — {0})™ defined by the ideal
J. Then V4 is the intersection over all non—zero elements of J of the spherical

duals of their Newton polytopes.

Spherical duals are easy to visualise in low dimensions. Given a convex polygon
P in IR?, its spherical dual is the collection of points on the unit circle defined by
outward pointing unit normal vectors to edges of P. Given a convex polyhedron in
IR?, we obtain the vertices of its spherical dual again as points on the unit sphere
S? arising from outward pointing unit normal vectors to faces. We then join two
of these points along the shorter geodesic arc in S? if the corresponding faces have

a common edge. This gives a finite graph in S2.

3.1.4. [If the ideal J is principal, defined by an element f # 0, then Bergman
states in [3] that the set V(f) is precisely Sph(f), but he does not prove it. Lash
proves this in [32] for the special case where f is an irreducible Laurent polynomial
in three complex variables using complex analysis and the first description of the

logarithmic limit set. We give a proof of the general case using the following lemma.
LEMMA 3.3. Let f,g € C[XZ]. If fg # 0, then Sph(fg) = Sph(f) U Sph(g).
PROOF. If £ € Sph(f), then there are distinct ag, ay € Newt(f) such that

a-§=a1-§{= sup a-&
aENewt(f)

Since Newt(g) is convex and bounded, there is 3y € Newt(g) such that

Bo-&= sup f[-&

BENewt(g)
Since Newt(fg) = Newt(f)+ Newt(g), it follows that 8y + vy, By + 1 € Newt(fg)
and
(o +Bo)-E=(1+Bo)-§= sup  7v-&.
YENewt(fg)

Thus, Sph(f) C Sph(fg), and by symmetry Sph(g) C Sph(fg).
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Now then assume that & € Sph(fg). Then there are distinct vy and ; in
Newt(fg) such that

Yo-&=m-€&= sup 7-&
YENewt(fg)
Furthermore, there are a; € Newt(f) and §; € Newt(g) such that v; = o; + §;. If
ap-€ < ay-€ then v -€ < (a1 + fo) - € and oy + By € Newt(fg), contradicting the
choice of 7. Thus, ag - & = a4 - &, and similarly Gy - € = 51 - €. A similar argument

shows:

a-§E=a-{= sup a-&,
a€Newt(f)
and similarly for the ;. Since vy # 71, either oy # ;1 or By # B, and hence either
& € Sph(f) or £ € Sph(g). [

PROPOSITION 3.4. Let f € C[XE]. If f # 0, then V(f)s = Sph(f).

PROOF. Since each non-zero element of I(f) is of the form fg for some non—

zero g € C[X*], Lemma 3.2 and Lemma 3.3 yield:

V(flo= [ Sph(fa)= () (Sph(f)U Sph(g)) = Sph(f),

0#9€ CX ] 0#9€ C[X ]

since Sph(1) = 0. [

Logarithmic limit sets of varieties defined by a principal ideal are therefore
completely determined by a generator of the ideal, and readily computable. If the
ideal J is not principal, then V(J) is the intersection of the spherical duals of
the Newton polytopes of finitely many elements in J. This follows from Bieri and
Groves [4]. However, there is presently no known algorithm determining a suitable

finite set of elements of J. Conjecturally, a Grobner basis may suffice.
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3.1.5. As Bergman notes, the spherical dual of the convex hull of a finite
subset A C ZZ™ of cardinality r is a finite union of convex spherical polytopes. It

is the union over all i, 1 € A of the set of € satisfying the 2r inequalities
a-&2a-§  and o> a-§,

where a ranges over A. This may be useful for calculations, but it also shows
that corners of the convex spherical polytopes which we consider have rational
coordinate ratios, and points with rational coordinate ratios are dense in the poly-
tope. Such a polytope is called a rational convez spherical polytope. We summarise

further results by Bergman and Bieri-Groves as follows:

THEOREM 3.5 (Bergman, Bieri-Groves). The logarithmic limit set Vo, of an
algebraic variety V in (C — {0})™ is a finite union of rational convexr spherical
polytopes. The mazrimal dimension for a polytope in this union is achieved by at

least one member P in this union, and we have
dimg Vo = dimg P = (dim¢ V') — 1.

Bergman asks in [3] whether every polytope in the above union always has the
same dimension. In Chapter 5 it is shown that the component in the eigenvalue
variety of the Whitehead link complement which arises from the Dehn surgery com-
ponent has logarithmic limit set consisting of one connected component composed
of 1-dimensional polytopes and two zero dimensional components.

In order to illustrate the above theorem, a generic picture for the projection of

a variety in (C —{0})? into B? and its logarithmic limit set is given in Figure 3.1.
3.1.6. Curve finding lemma. We conclude this section with a lemma, which

is useful for applications of Culler—Shalen theory.

LEMMA 3.6. Let V be an algebraic variety in (C — {0})™, and £ € Vy be a
point with rational coordinate ratios. Then there is a curve C, i.e. an irreducible

subvariety of complex dimension one, in V such that £ € Cy.
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FIGURE 3.1. A logarithmic limit set in S*

PROOF. By a lemma of Bergman ([3], p.464), the point & is contained in the
logarithmic limit set of an irreducible component of V. Thus, we may assume that
V' is irreducible for the purpose of this proof.

Assume that V is defined by the ideal I in C[X*] = C[X;,..., XZ]. We
follow word by word Bergman’s construction starting after “(4)” on page 465, up
to the sentence “Hence the points u, log |y| € B™ will approach (0,...,0,—1).” on
page 466. Here u, denotes (1/1+ Y (log(|y:|)?)~!. Our adaption reads as follows:

Let & be a point of V,, the ratios of whose coordinate functions are rational.

Making use of the action of GL,,(Z) on C[X*] and the induced action on

S™=1 (not isometric!), we can reduce to the case where ¢ = (0,...,0,—1).
Let R' designate the ring C[Xi!,... X! :X,] C R = C[X*], and

Ry the ring C[X!, ..., X! ] into which we map R’ by sending X,, to 0.
Let I' designate I N R', and I the image of I’ in Ry. Thus, Iy consists of
the components of degree 0 in X,,, of elements of I'. Let V' designate the
subvariety of (C—{0})™ ! x C defined by I', and Vo = V'N(C —{0})™ ! x
{0}, the subvariety of (C — {0})™~! x {0} defined by I;. V' will be the
Zariski closure of V in (C - {0})™ ! x C,and V = V' -V},

If (0,...,0,—1) € V4, this means that every nonzero a € I has more

than one term of minimal degree in X,,,. Hence every nonzero element of
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Iy has more than one term, i.e. Iy is a proper ideal of Ry. Then V} is
non-empty: let z € V.
Now V will in fact be dense in V' under the topology induced by the
absolute value on C. [ ... ] Hence we can obtain z as a limit of points
y € V. As y approaches z, log|y;| will approach the finite values log |z;|
for i = 1,...,m — 1, but log |y,,| will approach —oc. Hence the points
uy log |y| € B™ will approach (0,...,0,—1).
We construct a curve C' in V such that £ = (0,...,0,—1) € Cy using the

following two facts from [34]:

1. (1.14) Let Y be an irreducible affine variety. If X is a proper subvariety of
Y, then dim X < dimY.

2. (3.14) If X is an r-dimensional affine variety and f,..., fx are polynomial
functions on X, then every component of X NV (f1,..., fx) has dimension
>r—k.

Since V) is a proper subvariety of V', obtained by intersection with a hyperplane,
we have dim Vy = dim V' —1, and since V = V' =V}, we have dim V' = dim V'. We
need to find a curve C' in V' which has non—trivial intersection with both V and
V', since then C = C' NV is a curve in V such that £ € C,.

Let dimV = d. Let z € V, and choose a polynomial f; on V; such that
fi(z) = 0, but f; is not identical to 0 on V5. Then f; is not identical to 0 on
V' and each component of the variety V' N V(f;) has dimension exactly d — 1,
and intersects Vj in a (d — 2)-dimensional subvariety. Let V; be a component of
V'NV(f1) containing z.

Choose a polynomial fs such that fy(z) = 0, but f, is not identical to 0 on
Vi N Vo. Then each component of Vi NV (fy) = V' N V(fi, fo) has dimension
exactly d — 2 and intersects V; in a (d — 3)-dimensional subvariety. We let V; be
a component of V' NV (fi, f2) containing z.

We now proceed inductively for £ = 2,...,d — 2. Given a component V}, of

V'NV(fi,..., fx) which is a (d—k)-dimensional subvariety of V', with the property
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that it contains z, but also points of V' — V4, we let fr.1 be a polynomial function
on Vi which vanishes on z but not on all of V, N V. Then each component of
V'OV (f1,--., fer1) has dimension exactly d—k—1 and intersects Vj in a (d—k—2)—
dimensional subvariety, and we let Vi, be a component of V' N V(fy,..., fet1)
containing x.

Then V; 1NV is a curve in V' with the desired property. |

3.2. The eigenvalue variety

Given a compact, orientable, irreducible 3-manifold with boundary consisting
of a single torus, one calls boundary slopes of essential surfaces associated to ideal
points of the character variety strongly detected. It is shown in [11] that the slope
of each side of the Newton polygon of the A-polynomial is a strongly detected
boundary slope.

We now generalise the A-polynomial to define an eigenvalue variety of a mani-
fold with boundary consisting of A tori. We describe the strongly detected boundary
curves, i.e. the boundary curves of essential surfaces associated to ideal points of
the character variety, via a map from the logarithmic limit set of the eigenvalue

variety to the (2h — 1)—sphere.

3.2.1. We recall the following definitions and facts from algebraic geometry.
Let V be a variety defined by an ideal I of C[X] = C[X},...,X;]. Then C[V] =
C[X]/I. A map ® : V — W between affine varieties is called dominating if it is
a polynomial map such that the smallest subvariety of W containing ®(V') is W
itself. If ® : V — W is a dominating map, then the induced ring homomorphism
®, : C[W] — C[V] is injective (see [16], p.472).

Elements fi,..., f, € C[V] are called algebraically independent over C if there is
no polynomial P # 0 of r variables with coefficients in C such that P(f,...,f,) =0
in C[V]. The dimension of V' equals the maximal number of elements in C[V] which

are algebraically independent over C (see [16], p.466).
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3.2.2. J—incompressible. The following definition and facts can be found
in [26]. A (properly embedded) surface S in a compact 3-manifold M is 0-
incompressible if for each disc D C M such that dD splits into two arcs « and
B meeting only at their common endpoints with DN.S = o and DNOM = ( there
is a disc D' C S with o C 9D" and 0D" — o C 0S.

A surface S is incompressible and d—incompressible if and only if each compo-

nent of S is incompressible and 0—incompressible.

LEMMA 3.7. [26] Let S be a connected incompressible surface in the irreducible
3-manifold M, with 0S contained in torus boundary components of M. Then either

S is 0—incompressible or S is a boundary parallel annulus.

For the remainder of this section, we let M be a compact, orientable, irreducible
3-manifold with non—empty boundary consisting of a disjoint union of A tori. It
follows from Definition 1.11 and Lemma 3.7 that an essential surface in M is 0-

incompressible.

3.2.3. Boundary curve space. Denote the boundary tori of M by 11, ..., T},
and choose an oriented meridian M; and an oriented longitude £; for each 7;. Let
S be an incompressible and 0-incompressible surface with non-empty boundary in
M. There are coprime integers p;, ¢; such that S meets T; in n; curves parallel to

piM; + ¢;L;. We thus obtain a point

(nip1, MG, - - - s PRy TnGr) € Z2" — {0}.

We view the above point as an element in IR P?* ! since most methods of detecting
essential surfaces only do so up to projectivisation. Furthermore, we ignore the
orientation of 05, so the loop p;M; + ¢;L; is equivalent to —p;M; — ¢;L;. All
we have to know are the relative signs of p; and ¢;. This equivalence induces a

7221 action on IRP?"~', and the closure of the set of projectivised boundary curve
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coordinates:
[rap1, nagi, - -, TP, nagn) € RP?1 /225

arising from incompressible and 0-incompressible surfaces with non-empty bound-
ary in M is called the boundary curve space of M and denoted by BE(M). Note
that RP?h—1/Zh~" = §?h=1 (see [25]).

THEOREM 3.8. [25] Let M be a compact, orientable, irreducible 3—manifold
with non—empty boundary consisting of a disjoint union of h tori.

Then dimg BE(M) < h.

3.2.4. Eigenvalue variety. Given a presentation of 1 (M) with a finite num-
ber, n, of generators, 7, ...,V,, we introduce four affine coordinates (represent-
ing matrix entries) for each generator, which we denote by g;; for i = 1,...,n
and j = 1,2,3,4. We view (M) as a subvariety of C*" defined by an ideal
J in Clgi1,. .., gna]- Recall that there are elements I, € Clgi1,. .., gn4] for each
v € m (M) such that I,(p) = tr p(7y) for each p € R(M).

We identify M; and L£; with generators of im(m((7;) — 71 (M)). Thus, M; and

L; are words in the generators for 71 (M), and we define the following polynomial

equations in the ring Clgi1, . . ., gna, mi", IF, . . ., mf, l,jfl]:
(3.4) Tp; = mi + m;I’

(35) Igi =1;+ li_l,

(36) IMiﬁi = mzlz + m;ll;I,

for i = 1,...,h. Let S"g(M) be the variety in C** x (C — {0})?" defined by J
together with the above equations. For each p € R(M), equations (3.4- 3.6) have
a solution since commuting elements of SLy(C) always have a common invariant
subspace. The natural projection p; : Rg(M) — R(M) is therefore onto, and p;

is a dominating map.
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If (a1,...,a4m) € (M), then there is a Z? action on the resulting points
(@1, .-, Qan, M, b1y .o .ymp, 1) € RE(M) by inverting both entries of a tuple (m;, [;)

-1 j5-1
[ ’li

to (m ). The group Zg acts transitively on the fibres of p;. The map p;
is therefore finite-to—one with degree < 2". The maximal degree is in particular
achieved when the interior of M admits a complete hyperbolic structure of finite
volume, since Theorem 1.3 implies that there are points in Xo(M)—UL, {I3, = 4}.

The eigenvalue variety (M) is the closure of the image of g (M) under pro-
jection onto the coordinates (my, ..., 1,). It is therefore defined by an ideal of the
ring Cmi!, IF, ..., mf, F in (C — {0})%.

Note that this construction factors through a variety Xg(M), which is the
character variety with its coordinate ring appropriately extended, since it is shown
in [23], that we can choose coordinates of X(M) such that I, (as a function on
X(M)) is an element of the coordinate ring of X(M) for each v € (M) (see
Section 1.1.2). We let tg : Rg(M) — Xg(M) be the natural quotient map, which
is equal to t : R(M) — X(M) on the first 4n coordinates, and equal to the identity
on the remaining 2h coordinates.

There also is a restriction map r : X(M) — X(T1) X ... x X(T}), which arises
from the inclusion homomorphisms 7 (7;) — 7 (M), and we therefore denote the
map Xg(M) — &(M) by rg. Denote the closure of the image of r by Xy(M).

There is the following commuting diagram of dominating maps:

Rp(M) —E— Xg(M) —E (M)

y4t l P2JV pSl
RM) —— X(M) —— Z5(M)
Note that the maps pq, p2, t and tg have the property that every point in the closure
of the image has a preimage, and that the maps p1, p2 and p3 are all finite-to—one
of the same degree.
Recall the construction by Culler and Shalen. We start with a curve C' C X(M)
and an irreducible component Ro in R(M) such that t(Rz) = C to obtain the

tautological representation P : m (M) — SLyC(R¢). Let R be an irreducible
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component of Ry (M) with the property that p;(R;) = Rc. Then C(RY) is a
finitely generated extension of C(R¢), and we may think of P as a representation
P :m (M) — SL,C(Ry).

If 75 tp(RY,) contains a curve E, then C(RY) is a finitely generated extension
of C(F), and hence to each ideal point of E we can associate essential surfaces
using P. Since the eigenvalue of at least one peripheral element blows up at an
ideal point of E, the associated surfaces necessarily have non—empty boundary (see
Section 1.2.11).

Thus, if there is a closed essential surface associated to an ideal point of C,
then either 75 tp(R.,) is 0-dimensional, or there is a neighbourhood U of an ideal
point & of RY, such that there are (finite) points in rp tg(U) — rp tg(U). The later

are called holes in the eigenvalue variety.

3.2.5. Boundary slopes lemma. We denote the logarithmic limit set of
¢(M) by € (M). There are symmetries of the eigenvalue variety which give rise to
symmetries of its logarithmic limit set. If (my,ly,... ,mi, L, ..., mpy, 1) is a point
on &(M), so is (my,ly,...,m; 170 ... my,ly) for any i. It follows that if & =
(T1y .oy T 1, Togy - - -, Top) € Coo(M), then (z1,...,—Zoi_1, —T2i,- .., Top) € Eoo(M)
for i = 1,...,h. If we factor by these symmetries, we obtain a quotient of the

logarithmic limit set in RP?~' /7! =~ §2=1 The quotient map extends to a

map U : §2~1 — §%~1 of spheres, which has degree 2". Let

0 1
-1 0
and let 7}, be the block diagonal matrix with h copies of 7" on its diagonal. Then

T;, is orthogonal, and its restriction to S?*»~! is a map of degree one.

LEMMA 3.9. Let M be an orientable, irreducible, compact 3—manifold with non—
empty boundary consisting of a disjoint union of h tori. If £ € € (M) is a point
with rational coordinate ratios, then there is an essential surface with boundary in

M whose projectivised boundary curve coordinate is V(TyE).
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Note that the composite U7}, is a smooth map of degree 2". Since the set of
rational points is dense in the logarithmic limit set, the image W(7, € (M)) is a

closed subset of BE(M).

3.2.6. Remark. For a manifold M with boundary consisting of a single torus,
Lemma 3.9 coincides with the result of [11] that slopes of sides of the Newton
polygon of the A—polynomial are strongly detected boundary slopes of M.

In this case, we may normalise BE(M) and €,,(M) such that their elements
are pairs of coprime integers. Assume that there is a side of the Newton polygon
of slope —p/q where p,q > 0 with outward normal vector & = (¢,p)’. Then

£ € €, (M) according to Section 3.1.3. We now perform matrix multiplication:

0 1
Té = a_(*r)
-1 0 D —q
and arrive at a point [p, —¢] € BE(M). The analysis for the remaining cases is

similar, and we have recovered the known relationship.

3.2.7. Proof of Lemma 3.9. The coordinate ratios of ¢ are rational, and
hence Lemma 3.6 provides a curve C' in (M) such that £ € Cy. From description
(3.2) of elements in the logarithmic limit set, we know that £ encodes the definition

of a real-valued valuation on the function field of C:

f = (—v(ml), ey —U(lh)).

Since the coordinate ratios of £ are rational, we may rescale the valuation by
r > 0, such that for all i, rv(m;) and rv(l;) are integers, and such that there is
o € Z* — {0} with rv(m$* ---19°*) = 1. Thus, rv is a normalised, discrete, rank
1 valuation of C(C'). We finish the proof with standard arguments. For details see
Section 2.1 of [32], the proof of Proposition 2.3 of [20] or Section 5.6 of [11].

The construction by Culler and Shalen yields an action of 71 (M) on a simplicial
tree T associated to a finitely generated extension F' of C(C) and to a valuation

w = dv for some d > 0. The translation length of v € 71 (M) with eigenvalue e (as
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an element of F') is £(y) = |2w(e)| (see [42], Section 3.9). A dual essential surface S
associated to the action can be chosen such that the geometric intersection number
of a loop in M representing v with S is equal to £(v) for all v € im(m(T;) —
m1(M)). This implies that a boundary curve of S on T; is homotopic to one of
piM; £ ¢;L;, where n;p; = |2w(l;)| and n;q; = |2w(m;)| and p;, g; are coprime. We
need to determine the relative sign.

If p;M; + ¢;L; represents an element of the subgroup im(m;(0S) — m(M)), it
is contained in the stabilizer of an edge, and hence has translation length equal to 0
since the action is without inversions. The elements M; and M; ! translate points
in opposite directions along their axis. Since £; commutes with M;, they have a
common axis. Thus, the curve p;M; 4+ ¢;L; can have zero translation length only if
M; and L; translate in opposite directions. This is the case if and only if w(m;) and
w(l;) have opposite signs. Thus, the relative sign of p; and ¢; is opposite the relative
sign of w(m;) and w(l;). We conclude that a boundary curve of S on 7} corresponds
to the unoriented homotopy class of the element nii(Qw(li)Mi —2w(m;)L;). Thus,

the boundary curves of S are encoded by:
(u(ly), —2w(my), -, 2w(la), —2w(my))

:2d(?}(ll), _U(ml), D U(lh)a _U(mh))

=2d(Th¢)
This completes the proof. |

3.2.8. Dimension of the eigenvalue and character varieties. We now

deduce some bounds on the dimension of the eigenvalue and the character variety.

PropPoOSITION 3.10. Let M be an orientable, irreducible, compact 3—manifold
with boundary consisting of h tori. Then dimg (M) < h.
Moreover, if the interior of M admits a complete hyperbolic structure of finite

volume, then dimg €(M) = h.
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PROOF. We have h > dimg BE(M) > dimg €., = dimg (M) — 1, where the
first inequality is due to Theorem 3.8, the second to Lemma 3.9, and the equality
to Theorem 3.5. It follows that h > dimq &(M).

To prove the second statement, it is enough to show that under the assumptions,
there is a subvariety of (M) of dimension > h. Theorem 1.3 asserts that there is
a component X(M) of X(M) of complex dimension equal to A. Thurston shows in
[44], Section 5.8, that the map Xo(M) — C" defined by x, — (I, (p), - - - In, (p))
maps a small open neighbourhood of x, to an open neighbourhood of (+2,. .., +2).
This is only possible if Iy, = tr p(M;) are algebraically independent over C as
elements of C[Xj]. There is a component X of Xg(M) with the same properties,
since po is a finite dominating map and the induced homomorphism p,, : C[X,] —
C[X}] is injective.

Let Ey = m. If the functions m; + m;l, 1 =1,..., h, are algebraically
dependent over C as elements of C[Ej], then they are also algebraically dependent
over C as elements of C[X(] since we have a ring homomorphism C[Ey] — C[X]].
But the identities (3.4) imply that then the functions 4, are algebraically depen-
dent over C as elements of C[X{], contradicting the fact that po, is injective.

Thus, the functions m; +m; ' i=1,...,h, are algebraically independent over
C as elements of C[Ep|, and hence dim¢ Ey > h according to ([16], 9.5 Theorem
2). This completes the proof. |

COROLLARY 3.11. Let M be an orientable, irreducible, compact 3—manifold

with boundary consisting of h tori. If M contains no closed essential surface, then

dimg X(M) = dimg ¢(M) < h.

ProOF. We have dimg X(M) = dimg Xg(M). Assume there is a component
X of Xp(M) such that dim X > dimrg(X). Then [34], Theorem (3.13), implies
that there is a subvariety V' of dimension > 1 in X which maps to a single point of
¢(M). Assocated to an ideal point of a curve in V', we find a closed essential surface

since the traces of all peripheral elements are constant on V. This contradicts
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our assumption on M. Thus, for all components X of X(M), we have dim X =

dimrg(X), and this proves the claim. [ |

3.2.9. Remark. Let M be an orientable, irreducible, compact 3—manifold
with boundary consisting of h tori, such that the interior of M admits a complete
hyperbolic structure of finite volume. The proof of Proposition 3.10 implies that
the restriction of 7 to the Dehn surgery component, 7o : Xg — X5(M), is finite—to—
one onto its image. The degree of 7y depends upon H'(M,Z,), so let us consider
the corresponding map 7y : Xg — X5(M). In the case where h = 1, Dunfield has
shown in [20] that 7 has degree 1 onto its image using Thurston’s Hyperbolic Dehn
Surgery Theorem and a Volume Rigidity Theorem (Gromov—Thurston—Goldman).
It would be interesting to generalise Dunfield’s proof to arbitrary h, showing that

To is always a birational isomorphism onto its image.

3.2.10. PSL,(C)—eigenvalue variety. Analogous to (M), one can define a
PSLy(C)-eigenvalue variety €(M), since the function I? : £(M) — C defined by
IZ(p) = (trp(y))? is regular (i.e. polynomial) for all y € m; (M) (see [6]). Thus, we

construct a variety Rg(M) using the relations
I, = M;+2+ M,
I =Li+2+ L7,
Lo, =ML+ 2+ M; 'L,
fori=1,... h.

Consider the representation of Z @ Z into PSL,(C) generated by the images
of

7 0 0 1
(3.7) and
0 —3 -1 0

In PSL,(C), the image of this representation is isomorphic to Zy @& Z, but the

image of any lift to S L, (C) is isomorphic to the quaternion group Qs (in Quaternion
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group notation). If p € SR(M) restricts to such an irreducible abelian representation
on a boundary torus T}, then the equations M; +2+ M; ' =0, L; + 2+ L;' =0,
M;Li+2+M;'L;" = 0 have no solution. In particular, the projectionp : R (M) —
R(M) may not be onto.

The closure of the image of SRg(M) onto the coordinates (M, Ly, ..., My, L)
is denoted by €(M) and called the PSLy(C)-eigenvalue variety. The relationship

between ideal points of €M) and strongly detected boundary curves is the same

as for the SL,(C)—version, since the proof of Lemma 3.9 applies without change:

LEMMA 3.12. Let M be an orientable, irreducible, compact 3—-manifold with
non—empty boundary consisting of a disjoint union of h tori. If £ € € (M) is a
point with rational coordinate ratios, then there is an essential surface with bound-

ary in M whose projectivised boundary curve coordinate is W(TxE).






CHAPTER 4

Degenerations and normal surfaces

Throughout this chapter, M denotes the interior of an orientable, compact 3—
manifold with non-empty boundary consisting of a disjoint union of tori, and 7
an ideal (topological) triangulation of M.

In Section 4.1, we describe normal surface (Q—theory in M with respect to 7 fol-
lowing Kang [31]. In Section 4.2, we define a variety © (M) which parametrises the
hyperbolic structures on M obtained using 7, and we associate to each ideal point
of ®(M) a projective class of normal surfaces. In Section 4.3, we use holonomies to
show the existence of essential surfaces with certain boundary curves. In Section
4.4, we determine the dimension of D (M), as well as the dimension of the projec-
tive solution space of normal surface ()—theory under the additional assumptions
that M is a complete hyperbolic 3—manifold, and that 7 is an ideal hyperbolic
triangulation of M. The reader may like to refer to the examples in Section 4.5

and Chapter 5 whilst reading Sections 4.1 to 4.4.

4.1. Normal surface Q—theory

In this section, we give an introduction to normal surface theory in 3-manifolds
with ideal triangulations as it can be found in [31] and the documentation of [50].

We also decribe an algorithm to compute the boundary curves of normal surfaces.

4.1.1. Let M be the interior of an orientable, compact 3—manifold with non—
empty boundary consisting of a disjoint union of tori. A 3-simplex with its vertices
removed is called an ideal tetrahedron, and we refer to the removed vertices as ideal
vertices. Similarly for its subsimplices. We will often drop the adjective “ideal”. A

(topological) ideal triangulation T of M is a decomposition of M into the union of

95
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ideal tetrahedra identified along faces, where we do not allow the identification of
a face of a 3—simplex to itself. Such a triangulation always exists and is not unique
(see [5]). Since the Euler characteristic of M is zero, the number of edges in T is
equal to the number of ideal tetrahedra.

The ideal vertices of 7 are called the ends of M. Removing a small open
neighbourhood of each end of M results in a compact submanifold M’ of M whose
boundary consists of tori. We call M’ a compact core of M, and refer to its
boundary tori also as the boundary tori of M. Each boundary torus 7; inherits a

triangulation 7; from 7.

FIGURE 4.1. Normal discs in a tetrahedron and normal arcs in a triangle

An embedded surface S in M is said to be normal (with respect to T) if it
intersects each 3—simplex o of 7 in a (possibly empty) disjoint union of discs, each
of which is bounded by a quadrilateral (Q—disc) or a triangle (7-disc) of the type
shown in Figure 4.1. These discs are called elementary discs. An isotopy of M is
called normal (with respect to 7)), if it leaves all simplices of 7 invariant.

Since 7T is an ideal triangulation, normal surfaces may intersect 7 in an infinite
number of T—discs. Such surfaces are sometimes called spun normal surfaces. A
normal surface in M is properly embedded if its intersection with any compact
core is properly embedded in that compact core. The boundary curves of a normal
surface S are the curves in the intersection of S with the boundary tori of a suitable
compact core.

If A is a (possibly ideal) triangle, there are three normal arc types in A. An

arc is called v—type if it separates the vertex v from the other two vertices of A. A
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path in 7; is called normal if it intersects each triangle in 7; in a (possibly empty)

disjoint union of normal arcs.

AN
%

-

=y

FIGURE 4.2. Regular exchanges

If two normal discs intersect transversely and not both are quadrilaterals, we
may perform regular exchanges as shown in Figure 4.2 to obtain non—-intersecting
normal pieces. Note that a regular exchange between two normal discs results in

normal discs of the same type.

Z

Z V4

(a) Ideal (b) Link of a
tetrahedron vertex

FIGURE 4.3. Convention for parameters

4.1.2. Let o be an oriented ideal tetrahedron. We label the edges of o with

parameters z,z', 2", such that the labelling is as pictured in Figure 4.3. Thus,
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opposite edges have the same parameter, and the ordering z, 2, 2" agrees with
a right-handed screw orientation of o. It follows that the labelling is uniquely
determined once the parameter z is assigned to any edge of 0. The link L(a) of an
ideal vertex a of o is an elementary disc A whose sides are a—type arcs on faces
of 0 and whose vertices inherit moduli from the edge parameters. We always view
L(a) from a.

There are three quadrilateral types in o, and we denote them as follows. Let ¢
denote the quadrilateral type which does not meet the edges labelled z, ¢’ be the
quadrilateral type disjoint from edges with label z’, and ¢” be the quadrilateral

!

type disjoint from edges with label z”. The types are shown in Figure 4.4. We
will often think of a quadrilateral type as a variable to which we assign an integer

encoding the number of ()—discs of this type placed in o.

FIGURE 4.4. Convention for quadrilateral types

Let {01, ...,0,} be the ideal tetrahedra in the triangulation 7 of M. In an ideal
triangulation, an edge of a tetrahedron occurs in different tetrahedra, and may also
occur in the same tetrahedron with multiplicity. Denote by &; an ideal 3—simplex
(without self-identifications) which covers the simplex ;. Assign the parameter
z; to any edge of G;, and label the remaining edges in the unique resulting way
1o

z!', and denote the quadrilateral types in &; by ¢;, ¢, ¢/ according to the

with z;, 27, 2’
above conventions. There is a 1-1 correspondence between quadrilateral types in
0; and in o;, and we will denote the quadrilateral types in o; by the same symbols.

Since the quotient map 6; — o; is a homeomorphism between the interiors of the



4.1. NORMAL SURFACE (Q—THEORY 99

3-simplices, we will also use the labels z;, z;, 2!’ for “edges of ¢;” in the obvious

way, and suppress any further reference to ;.

4.1.3. Normal Q—coordinates. A properly embedded normal surface S in-
(4

tersects 7 in normal discs, and hence inherts a cell structure. If z;"/ is the number

of Q—discs of type qgj) in this cell structure, then let N(S) = (21,2}, zY,..., ) be
the normal Q-coordinate of S. Thus, N(S) is a point in IR**, and we label the
coordinate axes in IR*" by the quadrilateral types.

Any properly embedded normal surface which consists entirely of triangles must

be a collection of boundary parallel tori. We call these surfaces boundary parallel.

The normal ()—coordinate of S satisfies the following two necessary conditions.

4.1.4. Admissible. A point X = (21,2}, 2%,...,2") € R* is called admissi-

ble if for each ¢ € {1,...,n} and each j € {0,1,2}, xgj) > 0 and at most one of

! x! is non-zero. If S is embedded, its cell structure allows @-discs of at most

Ti, Ty Ty

one quadrilateral type in each tetrahedron, and hence N(S) is admissible.

4.1.5. Q—-matching equations. To each edge in 7, we associate a so—called
QQ—matching equation, which is satisfied by the normal )-coordinates of any prop-
erly embedded normal surface. This arises from the fact that a properly embedded
surface intersects a small regular neighbourhood of the edge in a collection of discs,
and that each of these discs is uniquely determined by its intersection with the
boundary of the neighbourhood.

Consider the collection C of tetrahedra meeting at an edge e of 7, including &
copies of o if e occurs k times as an edge in 0. We form the abstract neighbourhood
B(e) of e by pairwise identifying faces of tetrahedra in C such that there is a well
defined quotient map from B(e) to the neighbourhood of e in M. Bf(e) is a ball with
finitely many points missing on its boundary. We think of the ideal endpoints a and
b of e as the poles of its boundary sphere, and the remaining points as positioned
on the equator, see Figure 4.6(a). Let o be a tetrahedron in C. The boundary
square of a @—disc O of type ¢ in o meets the equator of 0B(e) if and only if [J has
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(a) positive (b) negative

FIGURE 4.5. Slopes of quadrilaterals: ¢’ has positive and ¢” has

negative slope on 0B(e).

a vertex on e. In this case, O has a slope of a well-defined sign on 0B(e) which is
independent of the orientation of e. We use Figure 4.5 as a definition of positive
and negative slopes.

Since opposite edges of o have the same parameter, and since quadrilateral
types are invariant under the Kleinian 4-group of rotational symmetries of o, the
slope of [J on 0B(e) is uniquely determined by the parameter of e (with respect to
o). If S is properly embedded, then S intersects B(e) in (possibly infinitely many)
discs which are made up of elementary discs, and hence S intersects 0B(e) in a
collection of circles. T—discs with corners on e do not meet the equator of 0B(e).
Thus, the number of positive slopes of quadrilaterals in S on dB(e) must be equal
to the number of negative slopes, since otherwise the intersection of some ()—disc
in S with 0B(e) is not contained in a circle, but in a helix on 0B(e).

It follows that the normal ()-coordinate of S satisfies a linear equation for
each edge e in 7, which we call the QQ-matching equation of e. The (Q-matching

equations can be described with respect to our parameterisation as follows.
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From Figure 4.5 we deduce that if e; is identified with an edge of o; which
has parameter z;, then the —discs of type ¢; have positive slope on 0B(e;), and
the @Q—discs of type ¢/ have negative slope. Thus, if a;; is the number of times e;
has label z;, then the contribution to the Q-matching equation can be written as

aij(g; —q'). We define a;; and a; accordingly, and obtain the Q-matching equation

of e;:
n
(4.1) 0= (af; — afj)qi + (as; — a}y)q} + (a}; — aij)q] -
i=1
4.1.6. Projective solution space. Let X = (z1,...,2') be a non—zero solu-

tion to the ()-matching equations. Then aX is a solution for any o € IR. One
therefore often considers the projective solution space P(M) to the @—matching
equations, which consists of all solutions X with the property that 1 ="  x; +
x4z and mgj) >0forallie{l,...,n} and j € {0,1,2}. P(M) is a convex poly-
tope, and its vertices are called vertex solutions. The subset of admissible solutions
in P(M) is denoted by N(M). Note that for N € N(M), there is a countable
family of embedded normal surfaces S; such that N(S;) = aN for some o € R.

The set of all such surfaces is called a projective class, and we call a normal surface

a minimal representative, if the corresponding scaling factor « is minimal.

THEOREM 4.1. [31] Let M be an orientable non-compact 8—manifold with a
topological ideal triangulation. For each integer solution N € N (M) there exists a
unique properly embedded normal surface S (possibly non—compact) in M with no

boundary parallel components such that N(S) = N.

We first sketch a proof of this theorem, as given by Jeff Weeks in the doc-
umentation of SnapPea [50] (see the file normal surface_construction.c). In each
tetrahedron o; of 7 place a finite number of parallel quadrilaterals of one chosen
type, and four infinite stacks of parallel T—discs near the vertices. This determines

a normal surface in o; which is unique up to isotopy.
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The intersection of this surface with each ideal triangle in the boundary of o;
is topologically the same, and consists of three (infinite) families of normal arcs
near the vertices. Given the combinatorial structure of 7, there is a unique way
to identify faces of adjacent tetrahedra so the normal surfaces in the tetrahedra
match up along the faces. This gives a normal surface in M minus the edges of 7.

We have seen in Subsection 4.1.5 that the ()-matching equations hold if and
only if the result is a surface in the neighbourhood of each edge. Thus, each
admissible solution to the ()-matching equations determines a normal surface S in
a canonical way. Since a connected properly embedded surface which is entirely
made up of triangles is a boundary parallel torus, discarding components of S
which are entirely made up of triangles yields a normal surface without boundary

parallel components.

4.1.7. We now describe a proof of Theorem 4.1 based on Ensil Kang’s ap-
proach in [31]. Given a solution of the Q-matching equations, a normal surface
is constructed as follows. First, a collection €2 of quadrilaterals as specified by the
admissible solution NN is chosen. A local analysis in the abstract neighbourhoods
of edges of 7 determines how corners and edges of quadrilaterals are identified
to obtain a 2-complex S’. This analysis also shows locally how triangles will be
attached to unglued edges of quadrilaterals in S’.

In the second step, closed curves consisting of unglued edges of quadrilaterals
are identified, and 2—complexes consisting entirely of triangles are attached to S’
along these curves. It is then shown that one obtains a normal surface S after
performing regular exchanges.

We follow [31] in the first step, and in the second step, we replace the “trun-
cated projection maps” of [31] by a transverse orientation of curves on the induced
triangulation of the boundary tori, to obtain additional information about the

boundary components of the resulting surface.
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equator

(a) Abstract edge neighbourhood (b) Outermost pairs on H,

FIGURE 4.6. Abstract neighbourhood and slopes on a hemisphere

4.1.8. Step 1: Q-corner gluing. Let N be an admissible solution to the
(Q-matching equations, and let €2 be a collection of (Q—discs corresponding to V.
Let e be an edge in T with ideal vertices a and b. Denote by H, and H, the
hemispheres of dB(e) containing a and b respectively, such that the link of e in
B(e) is the intersection of H, and H,, which we call the equator. (See Figure 4.6).

Each @—disc which has positive or negative slope on 0B(e) contributes an arc
to H,, and we let A = {a;}; be the set of “positive” arcs and B = {f;}; be the
set of “negative” arcs. Then A and B have the same number of elements. We
will define a bijection ®, between A and B, which corresponds to “identifying
outermost arcs first, and then working successively inwards”. This is described

below and illustrated in Figure 4.6.

1. Sliding pairs. Assume that there are elements of A which have an endpoint
on the same 1-simplex €' of H, as elements of B. Assume o € A and § € B
have this property, and that we can slide the endpoints of a and 8 on €
to coincide without the arcs intersecting any other arcs except at endpoints.
Then aUS together with a portion of the equator bounds a disc on H, which

does not contain a. If the interior of this disc does not contain any elements
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of A and B, we call @ and 8 an outermost (sliding) pair, and let ®, : « <> f.
(See first pair in Figure 4.6).

Assume we have found an outermost sliding pair. Then repeat this step
for the remaining arcs, replacing A and B by A — {a} and B — {5} respec-
tively, until the set of arcs in A U B on which ®, is not defined does not
contain positive and negative arcs with endpoints on a common edge.

2. Arc—adding pairs. Let A’ C A and B’ C B be the subsets on which &,
is not defined after step 1. Assume we can join « € A" and 5 € B’ by a—
type arcs in H, such that the resulting path v is normal and does not meet
other elements of A’ and B’. Consider the disc bounded by « and a portion
of the equator which does not contain a. If this disc does not contain any
elements of A'U B', we call o and § an outermost (arc—adding) pair and let
®, : a <> [. (See second pair in Figure 4.6).

Assume we have found an outermost arc adding pair. Then repeat this

step for the remaining arcs, until ®, is a 1-1 map between A and B.

Applying the procedure to both H, and H, gives us maps ®, and $,. We
identify the corners of two quadrilaterals [J; and [y on e if they have sides o and
on 0B(e) such that either @, : a <> § or &y, : a <> . This is the Q—corner gluing
rule of [49].

Note that in the case of sliding pairs, we temporarily identify corners of quadri-
laterals on a 1-simplex €’ in H,. In order to show that the Q—corner gluing rule is
well-defined globally, one has to show that the same identification occurs in B(e').
This can be found in [31]. We conclude that edges of quadrilaterals are identified
if and only if their endpoints are identified by the (Q—corner gluing rule.

Denote by S’ the 2—complex obtained by identifying corners and edges of quadri-
laterals as forced by the corner gluing rule at each abstract edge neighbourhood.
The a— and b-type arcs we added temporarily correspond to T—discs which will be

attached to the quadrilaterals, see Figure 4.7. In the global analysis, we have to
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(a) Example 1: B(e). At z (b) Example 2: B(e). At
we have a pair of unglued a— z, we only have a pair of
type and a pair of unglued b unglued b-type arcs.

type arcs.

FI1GURE 4.7. QQ—corner gluing

take care of the fact that an edge of a quadrilateral in S’ may occur several times
in the the abstract neighbourhood of an edge, and it may occur in the abstract
neighbourhoods of two different edges. Since each 7T-disc type is represented ex-
actly once in the induced triangulation 7; of some boundary torus of M, the global

analysis can be done using the induced triangulation of the boundary of M.

4.1.9. Step 2. Let e be an edge of 7 with endpoints at ideal vertices a and
b. At a point z on e where corners of quadrilaterals are identified, we find unglued
edges of quadrilaterals in pairs of a—type arcs and b—type arcs, see for example Fig-
ure 4.7. The second step in the proof of Theorem 4.1 consists of identifying closed
curves in 05’ along which one glues 2-complexes consisting entirely of triangles to
S’. We call them T—surfaces, and distinguish between two types.

A finite T—surface is normal isotopic to a subcomplex of 7; whose interior is

homeomorphic to the interior of a disc or a once—punctured torus.
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An infinite T-surface is homeomorphic to a half-open annulus, and can be
constructed as follows. Let ¢ be an essential simplicial curve on 7; and give it a
transverse orientation. Take an infinite family of disjoint normal tori in the regular
neighbourhood of the end corresponding to 7;. Denote the tori in this family by Tij ,
where 7 = 1,2,... There are normal isotopies Tz-j — 7;, and we let ¢/ be the inverse
image of ¢ with the induced transverse orientation. Cut each T/ along ¢/, and let
the copy of ¢/ in the direction of the transverse orientation be cZL, and let ¢ be
the other copy of ¢/. We then obtain an infinite normal annulus A by identifying
cfr to ™ by normal isotopy for each j, and ¢t to ¢. We call the homotopy class

of ¢ the slope of A and c its boundary curve.

74 boundary parallel torus
g

C Cc

\
YAt

Ficure 4.8. Constructing an infinite normal annulus

The transverse orientation of ¢ determines the direction in which A spirals
into the cusp — the other direction is obtained if in the above construction, we
identify ¢ to ¢/ by normal isotopy for each j. If two infinite normal annuli A4,
and A, with the same slope and disjoint boundary curves spiral into a cusp in
different directions, then they intersect in an infinite collection of circles, and after
performing regular exchanges, we obtain a finite annulus bounded by the boundary

curves of A; and Ay, and an infinite family of boundary parallel tori.

4.1.10. Transverse orientations. Choose a compact core M’ of M such that
each boundary component T; of M' is disjoint from S’. We denote the induced
triangulation of T; by 7;. Each vertex v of 7; is contained in a unique edge e of 7.

Let A be a 2-simplex of 7; containing v. Then there is an ideal vertex a of e such
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that the edges of A are a—type arcs on any face of any tetrahedron in 7 containing
them. We say that v is near a.

Let A be a triangle in 7; and o be the tetrahedron in 7 which contains A. Let s
be a side of A, and F' be the face of o containing s. There is a unique quadrilateral
type ¢ in o such that ¢ and s have the same arc type on F', as shown in Figure 4.9.
Let ¢ be the Q-modulus of s (with respect to A), and give s a transverse orientation
(with respect to A) by attaching a little arrow pointing into the interior of A. Note

that this construction is dual to the labelling of the vertices.

FIGURE 4.9. @Q-moduli of triangle edges

To any closed oriented path 7 in 7; which is disjoint from the O-skeleton of
T; and meets the 1-skeleton transversely, we can associate a linear combination
v(7y) in the quadrilateral types by taking the positive —modulus of an edge if it
crosses with the transverse orientation, and by taking the negative ()-modulus if it
crosses against it (where each edge of 7; is counted twice — using the two adjacent
triangles). If the vertex v of 7; is contained on the edge e in 7 and near a, we
obtain the collection of 2-simplices meeting at v in 7; by truncating B(e) at a.
Moreover, from Figure 4.10, we deduce that the combination v(7) associated to a
small circle with clockwise orientation around v is the ()-matching equation of e.

We can evaluate v(7) at the solution N to the @Q-matching equations, giving
an integer vy(7y). Moreover, since vy(y) = 0 if v is a small circle about a vertex
of 7;, we conclude that vy is well-defined for homotopy classes of loops which
intersect the 1-skeleton transversely away from the O-skeleton, and hence defines

a homomorphism vy : m(T;) — Z.
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(a) Quadrilateral slopes and transverse orientation

(b) v(v) = Ele(—l)iq,- is precisely the Q-

matching equation of the edge containing v.

FIGURE 4.10. (Q-moduli of edges in 7; and slopes of ()—discs

4.1.11. Simple closed curves on T;. Given an admissible solution N, we
now associate a modulus and a transverse orientation to edges of 7; without ref-
erence to 2-simplices. Identify ()-moduli with the values given by N. Let s be a
1-simplex of 7; and let A and A’ be the 2-simplices of 7; meeting in s, and n and
n' be the associated Q—moduli. If n = n', then give s the modulus zero and no
transverse orientation. If n > n', then give s the modulus n —n' and the transverse
orientation inherited from A, and if n < n/, then give s the modulus n’ — n and
the transverse orientation inherited from A’. The modulus of s determines the

number of unglued quadrilateral edges of the same arc type as s and the transverse
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orientation determines the tetrahedron in which the corresponding quadrilaterals

are contained (compare Figures 4.12 and 4.13 to Figure 4.7).

\ \

FIiGURE 4.11. Construction and labelling of oriented arcs

Let ¢ be the closed simplicial curve consisting of edges in 7; with non—zero
modulus. We now derive a unique collection of simple closed curves on T; from .
If s is a 1-simplex of ¢’ with modulus n and transverse orientation pointing into
A, then place n arcs in A, each of which has endpoints identical to s, any two of
which only meet in their endpoints, and give all of them the induced transverse
orientation (pointing towards the vertex of A opposite s; see Figure 4.11). Each of
these arcs corresponds to an unglued edge of a quadrilateral.

We now identify endpoints of arcs at a vertex v of 7;, such that the identifi-
cations are dual to the construction of “arc-adding pairs” on H,. Please refer to
Figures 4.12 and 4.13. Let H, be the disc in 7; consisting of all triangles meeting
at v, and let A be the set of arcs which we have not paired yet. An outermost pair

~ and ¢ satisfies the following two criteria:

1. When we identify the endpoints of v and § at v, then the transverse orien-
tations of v and ¢ match.
2. The disc cut out from H, by vUd which the transverse orientation of § points

away from does not contain any arcs in A.

If we have found an outermost pair, we identify their endpoints and isotope the

union away from v. We then repeat the above by replacing A by A — {~v,d}.
Thus, after gluing and isotopy, we obtain a disjoint collection C of simple closed

curves, each with a transverse orientation. Moreover, on may check that each

¢ € C is homotopic to a unique closed (possibly not simple) curve ¢’ of unglued
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quadrilateral edges.! We now describe how ¢ determines a T—surface N/ with

ON/ = ¢" which will be attached to S’ along ¢". For details see [31].

X0 K XX

(a) (b) (c)

FIGURE 4.12. Example 1: (a) The pairing on H,. (b) The edge

labelling on 7;. (c) Introducing arcs and resolving intersection points

Vi A

(a) (b) (c)

at v.

FIGURE 4.13. Example 2: (a) The pairing on H,. (b) The edge
labelling on 7;. (c) Introducing arcs and resolving intersection points

at v.

4.1.12. We first attach finite T—surfaces. Assume that ¢ € C is contractible,
and hence bounds a disc D on T;. If the transverse orientation of ¢ points outside
D, we let N, = D, otherwise we let N, = T, — D. The surface N is obtained
from N, by a homotopy which takes ¢ to ¢’. In the case N, = D it is easy to
see that ¢ has at most one point of self intersection, and hence the interior of

N/ is homeomorphic to the interior of a disc. The intersection of S’ U N/ with
LThis can e.g. be done by introducing labels for the arcs specifying a 1- and a 2-simplex of

T; and a quadrilateral 1.
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each ideal tetrahedron is normal. We successively attach finite T—surfaces to S’
for the contractible curves in C, and perform regular exchanges between triangles
if necessary. We denote the resulting 2-complex again by S’, and we may assume
that S'NT; = 0.

Hence assume that c is not contractible. In this case, we attach an infinite
normal annulus A, to S’ along the corresponding curve ¢”. A, is unique up to
normal isotopy since we want the intersection of S’ U A, with every tetrahedron to
be normal. In particular, A, is uniquely determined (up to normal isotopy) by ¢
and its transverse orientation (see Subsection 4.1.9).

We successively attach normal annuli to S’ for the essential curves in C, perform
regular exchanges between intersections and discard boundary parallel components
that may occur. We thus obtain a normal surface S which is unique due to the
construction. This completes the proof of Theorem 4.1.

Since annuli spiral into cusps in two different directions, and the direction is
determined by the transverse orientation, we see that if there are two adjacent
curves in C which have transverse orientations pointing away from each other,
we can in fact attach a finite annulus to the corresponding curves in 90S5’. It
follows inductively that if there are d essential curves in C, d; of which have the
same transverse orientation, then the intersection of the resulting surface S with
a sufficiently small cusp cross section contains precisely |d; — dg| curves, where

dy = d — dy. This observation leads to the following:

PROPOSITION 4.2. Let N be an admissible integer solution to the ()Q—matching
equations, and denote the associated normal surface by S. For each torus compo-
nent T; of the boundary of M and for all v € im(m(T;) — m(M)), |vn(7)| is the

geometric intersection number of a loop representing v in OM with 0S.

PROOF. Recall that ¢’ is the closed simplicial curve consisting of edges in T;
with non—zero modulus. Let v be an oriented closed path on 7; which meets the

1-skeleton of 7; transversely. We define v () to be the sum of moduli over all
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1-simplices of ¢’ which v crosses, taken with sign according to whether v crosses
with or against the transverse orientation. Thus, vy (v) = va (7).

For each ¢ € C, we can define a number v,.(7y): If 7 is a closed oriented curve on
T; which intersects c transversely, we associate the sign +1 to an intersection where
7 crosses ¢ with the transverse orientation, and —1 otherwise. The number v,(7)
is defined to be the sum of these signs, and is clearly well-defined for homotopy
classes of c and . We have vy(y) = vu () = Y oec Ve(7)-

Note that if ¢ € C is contractible, then v.(y) = 0. If ¢ is homotopic to ¢;
with the opposite transverse orientation, then v, (y) = —v(7y). Thus, if ¢ is
essential and there are d; curves in C which are homotopic to ¢ with the same
orientation, and ds curves which are homotopic to ¢ with the opposite orientation,
then vy () = (di — da)ve(y)-

We also know that the number of parallel infinite annuli spiralling into the cusp
is |dy —dz|. The number |v.(y)| clearly measures the geometric intersection number

of ¢ and v, and this completes the proof of the proposition. [

The argument in the proof of the above proposition gives precise information

about the boundary curves of our normal surface:

COROLLARY 4.3. Choose a set of generators {M;, L;} for each boundary torus
T;. We may identify m(T;) with the first homology group of the torus and use

additive notation. Under the assumptions of the previous proposition, we have

1. If uy(M;) = vn(L;) =0, then S is disjoint from the i—th cusp.?

2. If un(M;) # 0 or un(L;) # 0, then let d > 0 denote the greatest common
divisor of the numbers |vn(M;)| and |vn(L;)|. Put p = —vn(L;)/d and
qg = vy(M,;)/d. Then s = pM; + qL; has vy(s) = 0 and hence it is a

boundary slope of S. Furthermore, S has d boundary components on T;.

2This is also shown in the file “normal_sur face_construction.c” of [50].
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The (unoriented) boundary curves of an embedded normal surface S with nor-

mal )-coordinate N = N(S) are therefore determined by the vector:
(42) (_VN([rl), I/N(Ml), P —I/N(Eh), I/N(Mh)) € Z2h.

Note that this is not necessarily a point of the boundary curve space BE(M), since
S may not be essential. Also note that we can associate projectivised boundary
curves to projective classes of normal surfaces, and hence, for each N € P(M), we

obtain a point
(43) [—VN(El), I/N(Ml), ce ey —I/N(,Ch), VN(Mh)] S IRPZh_l/Zg_l.

Note that if N and N’ are admissible solutions such that N+ N’ is admissible, then
vn + vnt = Vnint, and we can determine boundary curves of linear combinations
using the vectors of the form (4.2).

Remark: Craig Hodgson has recently observed that the approach of Weeks
sketched in Subsection 4.1.6 can be used to simplify the proofs of Proposition 4.2
and Corollary 4.3.

4.2. Ideal points and normal surfaces

As in the previous section, we assume that M is the interior of a compact,
orientable 3—manifold with non—empty boundary consisting of a disjoint union of
tori, fix any topological ideal triangulation 7 of M, and let n be the number of
tetrahedra in 7.

Let 1, = {z € C | $(z) > 0} . We define a variety D(M) in (C — {0})*"
with the property that each point of (M) N 73" defines a (possibly incomplete)
hyperbolic structure on M, and the logarithmic limit set of (M) can be identified

with a compact subset in the projective admissible solution space N (M).

4.2.1. Shape parameters. An ideal hyperbolic tetrahedron is an oriented ge-
odesic ideal tetrahedron in hyperbolic 3—space with all vertices on the sphere at

infinity. An ¢deal hyperbolic triangulation of M is an ideal triangulation of M in
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which all ideal 3—simplices are hyperbolic, and the gluing is realised by isometries

of H3. As before, we will often drop the adjective “ideal”.

(a) (b)

FIGURE 4.14. Edge invariants: (a) Ideal hyperbolic tetrahedron.
(b) Link of a vertex (regarded as a triangle in C)

We now paraphrase material of Thurston [44], and Neumann and Zagier [37].
An ideal hyperbolic tetrahedron o, is (up to orientation preserving isometry)
uniquely determined by edge invariants, which we call shape parameters. Shape
parameters are complex numbers in C — {0,1}, and arise from the fact that the
intersection of o, with a small horosphere based at one of its vertices is a Euclidean
triangle whose similarity class determines oy,. Following [44], we view this triangle
from the ideal vertex, which is consistent with the convention in Section 4.1. Note
that in [37] the triangle is viewed from the manifold.

A geometric argument shows that opposite edges of oj, have the same parameter,

and if the labelling is as in Figure 4.14, then the three invariants satisfy:

(p) 1= 2(1 - Z"):
(") 1=2'(1-2),
(") 1=2"(1-2".

Any ideal hyperbolic tetrahedron determines a triple (z, 2/, 2”") satisfying the above

equations, and conversely, any solution (z, 2’, 2") to the above equations determines
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an ideal hyperbolic tetrahedron up to orientation preserving isometry. Note that

any edge invariant uniquely determines the other two. For z € C—{0, 1}, we have:

1 1
4.4 I = d 2Z/'=1--=.
(4.4) z T—> and =z p

An ideal hyperbolic tetrahedron is positively oriented if J(z) > 0, flat if z €
IR — {0,1}, and negatively oriented if I(z) < 0. This terminology is independent
of the chosen edge invariant.

We can deform an ideal hyperbolic tetrahedron by varying its shape parameters
smoothly. We say that a hyperbolic tetrahedron degenerates when it is deformed
such that one of its shape parameters converges to zero, one or infinity on the
Riemann sphere. When a tetrahedron degenerates, the triple (z, 2/, 2”") approaches
a cyclic permutation of the triple (0,1, 00). An ideal hyperbolic triangulation is said

to degenerate if it is deformed so that at least one of its ideal simplices degenerates.

4.2.2. Deformation variety. Consider the topological ideal triangulation 7
of M. Let the ideal tetrahedra be {o1,...,0,}, and recall that there are exactly n

edges eq, ..., e, in T since x(M) = 0. As in Subsection 4.1.2, we assign edge labels

!, 2! to o0;, and now think of these labels as complex parameters. Thus, we can

Ziy Ziy %

give 0; a hyperbolic structure if and only if its edge labels satisfy the relations:

(pi) zi(l-2) =1,
(p}) zi(l—2) =1,
() 21— 2) =1.

For Z = (21, 21, 2{, . . ., #]) subject to the system of equations {p;, p, p} }i=1,..ns
let 77 be the triangulation where we put the structure of an ideal hyperbolic
tetrahedron on each o; as specified by the edge invariants, and glue the tetrahedra
abstractly (face to face) asin 7.

The hyperbolic structures on the tetrahedra in 7T fit together to give a (possibly

incomplete) hyperbolic structure on M if Z € Wf’r" and the tetrahedra abutting an
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edge should “close up”, as Neumann and Zagier put it. Algebraically speaking, we
require that the sum of dihedral angles at each edge e; is equal to 27, and that the

following hyperbolic gluing equation is satisfied:
(4.5) 1= ]2 E)" ™,

(%)

i is the number of times e; has label z(k). The

where, as in Subsection 4.1.5, a :
exponents are therefore contained in the set {0,1,2}.

We represent parameter relations as elements in C[z{",. .., (2")*!] by:
(4.6) pi=2z(1-2Y-1, pi=2(1-2z)-1, pl=2'(1-2z)-1,

and similarly for the hyperbolic gluing equations we put:
n ! n

(4.7) g; =[] 2" ()" ()" - 1.
i=1

The deformation variety D (M) is the variety in (C — {0})3" defined by the hyper-
bolic gluing equations together with the parameter relations. The following result
is probably well known, though it is worth pointing out, since we do not assume
that there is a point Z; € (M) corresponding to a complete hyperbolic structure

on M, and we also do not require solutions to be near such a point.

PROPOSITION 4.4. Let M be the interior of a compact, orientable 3—manifold
with non—empty boundary consisting of a disjoint union of tori, and let T be a
topological ideal triangulation of M. For each Z € ®(M) N7, M has a (possibly
incomplete) hyperbolic structure, such that the topological ideal triangulation T is

1sotopic to a hyperbolic ideal triangulation.

PROOF. Choose disjoint isometric embeddings of the tetrahedra in 7 into H?,
and realise the face pairings by restrictions of isometries of H®. The resulting
identification space will be homeomorphic to M. Moreover, if the angles around

each edge add up to exactly 27, then we obtain a (possibly incomplete) hyperbolic
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structure on M, and viewing both 7 and 7 as subsets of M, we can isotope one
to the other.

If the argument of a complex number is chosen in (0, 27], then
(4.8) 7 = arg(z) + arg(?') + arg(z")  if S(z) > 0.

Moreover, the argument of each edge parameter is the dihedral angle along the
edge.
The hyperbolic gluing equation of the edge e;:

n

1= [T 2 ()% ()

i=1
implies that the sum of arguments satisfies:

n

2mnj =) (s are(z) + af; arg(=) + ajj arg(),
i=1

for some integer n; > 0. Recalling that the number of edges equals the number of

tetrahedra, summing over all edges gives:

Do 2mny = 303 (o ans(e) + ol are(<) + oy ans()
j=1

j=1 i=1
Since the argument of each shape parameter appears in the above sum exactly

twice, the equation simplifies to:
n n
27 an =2 Z (arg(z) + arg(z]) + arg()')) = 2mn,
j=1 i=1

since by assumption all tetrahedra are positively oriented and the arguments are
chosen such that they add up to 7 for each tetrahedron. But each n; is greater
or equal to one, and hence each n; must be equal to exactly 1. Thus, the sum of

angles around each edge is equal to 27, and this concludes the proof. [

By symmetry, the above can be modified for Z € D(M) with only negatively

oriented tetrahedra. There is an obvious relationship between these solutions, since
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if Z=(2,...,2!) € D(M), then Z = (z1,...,2") € D(M), and the corresponding

hyperbolic structures are related by an orientation reversing isometry.

4.2.3. Since D(M) is a variety in (C — {0})3", we can use the logarithmic
limit set to define its set of ideal points. We say that T degenerates, if there is a
sequence {Z;} C ©(M), such that at least one of the tetrahedra in 7, degenerates
as 1 — 00.

The deformation variety is suited for the study of denenerating triangulations,
since whenever an edge invariant of a tetrahedron converges to one, the other two
edge invariants “blow up”. Thus, an ideal point of © (M) is approached if and only
if a tetrahedron degenerates. The defining equations of the deformation variety
keep the symmetry between edges of tetrahedra and together with our description
of normal surfaces, the set—up will lead us to associate a point in the projectivised

admissible solution space N (M) to each ideal point of D(M).

4.2.4. Recall the description of the hyperbolic gluing equation (4.5) of e;:
=TT 4 @,

and the Q-matching equation (4.1) of e;:

n

0= (a}; — ai;)gi + (ai; — ai})g; + (af; — aij)gj-

i=1
To state the relationship between these sets of equations as a matrix equation, let

n
nl

(4.9) A= : =

! "
aiy Gy Gyp Q21 ... Q@

"

Alp - pn

be the matrix containing the exponents of the hyperbolic gluing equations, and let
aly —ayy apn—dly dy—an ... ay—an

(4.10) B= : : ,

n ! !
al,n - aln .« e ann - a/nn
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be the matrix containinig the coefficients of the Q—-matching equations. Let

and let C,, be the (3nx3n) block diagonal matrix with n copies of C' on its diagonal.
Then C,, = —C}', and

(4.12) AC, = B.

4.2.5. Tentative logarithmic limit set. The deformation variety (M) is
not defined by a principal ideal, hence its logarithmic limit set D, (M) is in general
not directly determined by its defining equations. However, it is contained in the

intersection of the spherical duals of its defining equations:

n

(413)  Doo(M) € Do(M) = (")(Sph(g:) N Sph(p;) N Sph(p}) N Sph(pY)).

i=1
We call ©(M) the tentative logarithmic limit set of M. In order to give a descrip-

tion of this set, consider first the intersection:

n

(4.14) Sn = [)(Sph(p:) N Sph(p}) N Sph(p})).

i=1
A calculation using the equations of Subsection 3.1.5 shows that each point in S, is
made up of n coordinate triples, each of the form (0, z, —x), (—z, 0, z) or (z, —z,0),
where z > 0. (If z > 0 these correspond to the cases where 2/ — 0o, 2" — oo or
z — oo respectively.) Similarly, one obtains that each hyperbolic gluing equation

gives rise to the intersection of S, with a hyperplane, leaving all £ € S,, such that
(4.15) (ay,dyj, ... am)" - €=0.
Thus, ©-(M) is the intersection of S,, with the nullspace of A.

PROPOSITION 4.5. Let M be the interior of an orientable compact 3—manifold

with non—empty boundary consisting of tori, and T be an ideal triangulation of
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M. The tentative logarithmic limit set D+(M) is homeomorphic to the projective

admissible solution space N'(M).

PROOF. We have defined N (M) as collection of elements in the nullspace of
B with the property that at most one quadrilateral type has non—zero coordinate
for each tetrahedron, all coordinates are > 0 and their sum is equal to 1. We may
project this set from the unit simplex onto the sphere of radius 1/v/2 centered at
the origin in IR*", and, for simplicity, we denote this set again by N (M).

The map C! takes N'(M) to the unit sphere S*"~!  where D,(M) is found,

since we have the following correspondence between the i—th coordinate triples:

0 T - 0 T 0
(4.16) r | =C"]o 0| =0C"]z —z|=0C"1o0
-z 0 x 0 0 T

Thus, if 2 € N (M) satisfies ||z||? = 1/2, then ||C]z||?> = 2||z||> = 1. Furthermore,
given z € N (M), we see that CLz € S, the set which contains D;(M). Now
0 = Bz = A(Crz) = —A(CT%) implies that Cl'z € D,(M). We therefore have a
linear map N (M) — D+(M), and we claim that it is 1-1 and onto.

The kernel of C? is generated by the vectors with (1,1,1)7 in the 7-th triple
and 0 in the other positions. It follows that different admissible solutions cannot
differ by an element in the kernel. The map is therefore 1-1.

Since every element in S, has a unique inverse image under C, we can take
any £ € (M) to a normal Q—coordinate N(£) using (4.16). Thus, £ = CIN (),
and hence BN (§) = 0. This shows that the map is onto, and in fact, that we have

a well-defined inverse mapping. [ |

Thus, any degeneration of an ideal triangulation corresponds to a unique normal
surface. However, the example of the Whitehead link in Chapter 5 shows that not

all normal surfaces arise in this way.
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4.2.6. For £ € D (M), we let N(§) be the unique normal Q—coordinate such
that £ = CIN(€) as in the proof of Proposition 4.5. If £ has rational coordinate
ratios, we let S(§) be the minimal representative of the projective class defined by
N(&). The properties we study in the following are independent of the choice of

S(€), but it will be convenient to refer to a surface, rather than a solution.

4.3. Holonomy variety and essential surfaces

In this section, we relate the derivative of the holonomy of [37] to the function

v(7y) of Subsection 4.1.10, and use this to prove the following:

PROPOSITION 4.6. Let M be the interior of an orientable compact 3—manifold
with non—empty boundary consisting of tori, and let T be an ideal triangulation of
M.

Let £ € Do(M) be an ideal point with rational coordinate ratios, and assume
that the normal surface S(&) is not closed. Then there is an essential surface in M

which has (up to projectivisation) the same boundary curves as S(§).

4.3.1. Let M be the interior of an orientable compact 3—manifold with non—
empty boundary consisting of tori, and 7 be an ideal triangulation of M. Let n be
the number of ideal tetrahedra in 7, and h be the number of vertices (i.e. cusps
of M). We give the universal cover M the ideal triangulation induced by 7T, such
that the covering projection p : M — M is simplicial. For each Z € ®(M), we now
describe a map ®; : M — H? following [51]. Each ideal tetrahedron in M inherits
edge parameters from Z. Choose a tetrahedron ¢ in M and an embedding of o into
H? of the specified shape. For each tetrahedron of M which has a face in common
with o, there is a unique embedding into H? which coincides with the embedding
of o on the common face and which has the shape determined by Z. Thus, starting
with an embedding of o C M, there is a unique way to extend this to a continuous
map P, : M — H? such that each tetrahedron in M is mapped to a hyperbolic
tetrahedron of the specified shape. If Z € 73", it follows from Proposition 4.4 that
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this is a developing map for the hyperbolic structure on M, but if some tetrahedra
are flat or negatively oriented, it is still well-defined.

For each Z € ©(M), ®; can be used to define a representation p, : m (M) —
PSLy(C) (see [51]). If we think of a representation into PSLy(C) as an action
on H?, then this is the unique representation which makes ®, 7, (M )-equivariant:
Sy(y-x) = p(y)Pz(x) for all x € tildeM, v € m(M). Thus, p, is well-defined
up to conjugation, since it only depends upon the choice of the embedding of the

initial tetrahedron o.

4.3.2. Holonomies. Let M’ be the compact core of M, and denote its bound-
ary tori by T3, ... T}, and give each of them the triangulation 7; induced by 7.
Let v be a closed simplicial path on 7;. In [37], the holonomy u(7) is defined as
(—1)M! times the product of the moduli z for the triangle vertices touching  on the
right, where || is the number of 1-simplices of -y, and the moduli are as defined in
Subsection 4.1.2.

At Z € ©(M), we can evaluate u(y), giving a complex number uz(y) € C—{0}.
It follows from [44, 37], that (trp,(7))?> = uz(y) + 2 + puz(vy)~!, and hence that
pz(7y) is the square of an eigenvalue. Choose a basis {M;, £;} for each bound-
ary torus T;, and give the eigenvalue variety &(M) the corresponding coordinates
(My, Ly, ..., My, Ly). Since pz : m(7;) = C — {0} is a homomorphism for each

t=1,..., h, we obtain a well-defined map:
S D(M) = EM) (a1, ) = (M), - 1(Lr))-

The closure of the image is called the holonomy wvariety of M. In the 1-cusped
case, some work has been done on this variety and its defining equation in an

Undergraduate Research Project at Columbia University [8], and by Bueti [7].

4.3.3. Simplicial version of v(v). For the purpose of this section, it will be
convenient to have a simplicial definition of the function v(vy) defined in Subsection

4.1.10. Let A be a triangle in the induced triangulation 7; of T;. If v, u,t are the
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vertices of A in clockwise ordering (as viewed from the cusp), and ¢y is the Q-
modulus of [v,t], and ¢; is the Q-modulus of [v, u|, then define the Q-modulus of
v to be gy — ¢ (with respect to A). E.g. if A is the triangle of Figure 4.15, then
the @-modulus of the vertex with label z is ¢” — ¢’ with respect to A. Note that
for a fixed vertex, the sum of moduli with respect to all triangles containing it is

equal to the corresponding ()-matching equation.

FIGURE 4.15. p and v

If v is an oriented simplicial path, let v*™?(y) be the sum of Q-moduli of
vertices of triangles touching ~ to the right. If 4/ is the right hand boundary
component of a small regular neighbourhood of v, oriented in the same way as -,
then v(y') = v*™P(v). We therefore write v*"™ = v. Let vy(y) be the evaluation

of v(y) at N.

LEMMA 4.7. Let N be a solution to the Q—matching equations. The number
vn(Y) € IR depends only on the homotopy class of v and defines a homomorphism
vy :m(T;) = (R, +).

PRrROOF. Any deformation of the path v within its homotopy class is realised
by successively applying elementary steps as illustrated in Figure 4.16 (cf. [37]).
Denote the path after one such elementary step by 4. The quadrilateral types
which « and +' do not have in common are precisely the types around a vertex v.

Note that in vy the occurring quadrilateral types around v have their sign associated



124 DEGENERATIONS AND NORMAL SURFACES

FIGURE 4.16. Homotopy of a simplicial path

as though we are travelling in clockwise order around v, whilst for 7', we travel in
anticlockwise order. Thus, they differ by exactly the sum of all moduli of v, which

is zero. [ |

Let v(7) be the coefficient (row) vector of v(7y), and u(vi be the exponent (row)
vector of u(vy), where (q1,4},4),...,4") and (21, 2},2],...,2") are the respective

coordinate systems. Then:

LEMMA 4.8. 1/(75 = mC}f

PRrOOF. It it sufficient to verify the relationship for vertex moduli, and hence
for the vertex labels of the triangle in Figure 4.15. If v touches the vertex with
label z to the right, then the contribution to u() is 2z, and the contribution to v(7)
is ¢" — ¢'. Similarly, 2z’ corresponds to ¢ — ¢" and 2" to ¢’ — q.

Describing this relationship for coordinate triples using C gives: (1,0,0)CT =
(0,-1,1), (0,1,0)CT = (1,0,—1), and (0,0,1)CT = (—1,1,0). This proves the

lemma. |

4.3.4. Proof of Proposition 4.6. We fix a basis {M;, £;} for each boundary
torus T; of M, and denote the resulting coordinates for (M) by (My, L1, .. ., My, Ly,).

Let £ € Do (M) be an ideal point with rational coordinate ratios. Lemma 3.6
provides us with a curve C' in ©(M) such that £ € Cy. Moreover, there is a > 0

such that af defines a normalised, discrete, rank 1 valuation v on C(C):

af = (~vg(2a), - —ve(2L))-
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Indeed, we may choose a > 0 such that the above is an integer valued vector whose
entries have no common divisor. Then the normal @—coordinate of S(£) is aN(€).
We therefore denote o and aN(£) by € and N (&) respectively.

For each boundary torus 7', and each vy € im(m(T) — m(M)), there are
g1, .-, gn € ZZ such that:

Hzgl zz" 9 and p( ;— (91,...,9") € Z*".

Recall that we have £ = CTN(€) and C,, = —CL. Using this and Lemma 4.8, we

get:
= v§<Hzg’ 2 gw > Zg,vg zi) + gzvg( ) + gz ( ”)
=1
= ()€ = —u(vi CCIN(E) = —v(2) - N(©)
= —un(7) = v (v )
Thus, restricted to the boundary, we have v¢pr = —vn (), and in particular, since

S(€) is not closed, the eigenvalue of at least one peripheral element blows up. This
implies that the restriction @ : C' — &(M) is not constant, and its image is therefore
a curve C' C €(M). Denote the ideal point of C' corresponding to £ by &. We
obtain a corresponding normalised, discrete, rank 1 valuation v’ of C(C") at £ as

follows. If

(4.17) (Ve (My), vepu(L1), - - ., vepp( M), vep (L))

contains a pair of coprime integers, define v'(M;) = vep(M;), and v'(L;) = vep(L;).
Otherwise, let d denote the greatest common divisor of the entries in (4.17), and
then define v'(M;) = 2vep(M;), and v'(L;) = Svep(L;). In either case, we obtain
a valuation of C(C") with the desired properties.
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We can apply Culler-Shalen theory using & and v'. Lemma 3.12 yields that the

projectivised boundary curves of an essential dual surface are given by:

[W'(L1), —v' (My),..., V' (L), =0 (My)]
=[ve(pLly), —ve(uMa), . . ., ve(uLh), —ve(LMp)]
=[—vne) (L1), v (M), -, =) (L), v (Ma)]-

This proves the claim since the latter gives the projectivised boundary curves of

S(€) according to (4.3). [

4.4. Hyperbolic manifolds

In this section we will assume that M admits a complete cusped hyperbolic
structure of finite volume, and that the ideal triangulation 7 is chosen such that
there is a point Z; € D(M) N Wi” which corresponds to the complete structure. In
this case, we say that 7 realises the complete structure. The results of this section

are direct consequences of [37].

LEMMA 4.9. Let M be a complete orientable hyperbolic 3—manifold of finite
volume with h cusps, and assume that T s a triangulation realising the complete
structure. Let B be the coefficient matriz of the Q—matching equations, and n be the
number of ideal tetrahedra in T. Then the rank of B is r(B) = n — h. Moreover,
we may choose n — h rows of B such that every other row is an integer linear

combination of these rows.

PRrROOF. Note that substituting the expressions (4.4) for 2’ and 2" in terms of

z into the hyperbolic gluing equations gives:

1= [T =8 (" ()

a. . _1a @ n o
ST ) AL S [0 1 = ),
] i=1

1 — Z; 2
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The matrix R defined in [37] contains the coefficients of z; and (1 — z;) from the
above equations. Moreover, the columns of R are columns of B, and the remaining
columns of B are linear combinations of the columns in R. It follows that the rank
of B is equal to the rank of R, which under the hypothesis of this lemma is shown in
[37] to be n—h. (The proof of this fact uses Mostow rigidity and Z, € (M) Nw3".
Without these assumptions, one only knows that 7(R) < n — h.)

The proof of the second part is already contained in [37], as well. Let X =
(wij)1<i<ni<j<n such that z;; is the number of vertices e; has on the end of M
corresponding to 7;. It is shown in [37] that X has rank A and that XR = 0.
Thus, we also have X B = 0.

Each column of X contains either the entry 1 twice and zero in the remain-
ing positions, or the entry 2 once and zero elsewhere. Denote the rows of B by
Bi, ..., B,. We obtain h linear combinations X; = Z?:n ziBj fori=1,.. h If
z;; = 2, then B; only occurs in X; with non-zero coefficient. Thus, if for some 7,
all coefficients z;; € {0, 2}, then the rows with non-zero coefficient only occur in
X;. We then divide X; by 2 and solve for any occuring row without affecting the
other linear combinations.

Now assume that for some j = j,, we have xz;;, = 1. Then there is exactly
one k # i such that x;, = 1. We may solve X; for Bj,, and substituting into X},
gives 0 = X — X;, where all coefficients are contained in {0,+1,4+2}. Moreover,
all rows with coefficient £2 do not occur with non-zero coefficient in any X; with

1 # | # k. The claim now follows inductively. |

Recall that V' (f;); denotes the variety defined by {f; = 0};. A variety is called
a complete intersection if it can be written as V(fi,..., fs) where each inclusion

V(fi,- o fi) CV(f1,-.. fr—1) for £ =2,...,d is with codimension one.

PROPOSITION 4.10. Let M be a cusped orientable 3—manifold which admits a

complete hyperbolic structure of finite volume, and let T be an ideal triangulation
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realising the complete structure. Then D (M) is a complete intersection variety of

complex dimension equal to the number of cusps of M.

PrROOF. We use the general set—up of Sections 4.1 and 4.2, and let n be the
number of tetrahedra, and A be the number of vertices of T.

The deformation variety is defined by the parameter relations and the hyper-
bolic gluing equations. For each i, the map (z;, 2}, zI') — z; is a bijection between

the variety in (C — {0})* defined by the ideal I(p;, p;, p) and C—{0,1}. Moreover
I(pi, v, p}) = I(pi, p}), since:

Zipi + (1 — 2)p; = pf.

An alternative set of defining relations for the deformation variety is therefore given
by {pi, p}i=1,. n along with the set of hyperbolic gluing equations as given in [37],

i.e. the equations of the form
1= H( l)aZ Zam—a” (1 _ Zz)a”faj =:r;.

The variety defined by the equations {p; = 0,p} = 0},—1 ., has dimension n, and
is clearly a complete intersection.

Recall the definition and properties of the matrix R in [37] from the proof of
Lemma 4.9. We have r(R) = n — h, and the second part of the proof of the lemma
applies to R by replacing B; by R;, where R; denotes the row corresponding
to the equation r; = 1. We may therefore renumber the rows of R such that
{Ri,...,R,_n} is a basis for the row space with the property that any other row
is an interger linear combination of rows in {Ry,..., R,—_,}, and we renumber the
monomials r; accordingly.

Assume R; = Z?:_lh a;R; forl > n—h. Then1 = [[= 1h rit = 4. WD h rit =
—ry, this implies that r; = —1, which is a contradiction. Hence Hi:l rj =7, and

in particular 7, = 1 is a consequence of {r; = 1,...,7, 5 = 1}. Thus, D(M) is
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defined by

(4.18) {m=pi=...=pp=p,=r1—1=...=r, ,—1=0}L

It follows that dim®(M) > h with equality if and only if ®(M) is a complete
intersection. The argument in the proof of Proposition 2.3 of [37] applies now,
showing that Mostow rigidity implies that dim®(M) = h. This completes the
proof. [ |

COROLLARY 4.11. Let M be a complete orientable hyperbolic 3—manifold of fi-
nite volume with h cusps, and let T be an ideal triangulation of M with n tetrahedra
realising the complete structure. Then the projective solution space P(M) of normal

surface Q-theory is a polytope of real dimension 2n+ h — 1.

PROOF. We only need to verify the dimension. It follows from Proposition 4.10
that (M) has complex dimension h. Hence D, (M) # (), which using Proposition
4.5 implies that P(M) is non—empty.

We know from Lemma 4.9 that B has rank n — h, and hence the set of all
solutions to the (>-matching equations is a vector space of real dimension 2n + h.
The intersection of this space with the positive unit simplex is non—empty, and

hence of real dimension 2n + h — 1. [ |

4.5. The figure eight knot

Let M denote the complement of the figure eight knot, and M7 its sister man-
ifold (see Section 2.4). An ideal triangulation for M is shown in Figure 4.17. A
triangulation for M7 can be obtained by reversing the arrows in either of the two
tetrahedra. This implies that their deformation varieties are identical.

For both M and M7, we have the following hyperbolic gluing equations:

1 — (U),)Q’IU"(Z,)ZZ”,

1= wa//zZZn.
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FIGURE 4.17. The triangulation of m004

This gives the matrix

021021
201201

A=

Hence

-1 -1 2 -1 -1 2
ACQ - == B,
1 1 -2 1 1 -2

which determines a single ()-matching equation:
0:q+q1_2qll+p+pl_2pll.

This agrees with Kang’s analysis in [31]. One can also work out the induced
triangulations of the cusps and determine standard generators for the peripheral
subgroups. One obtains: v(£) = v(L") = —2¢—2¢' +4¢", v(M) = —p'+p" —q+4q"
and v(M") = —p' + p" + ¢ — ¢". Note that ¥(M") = v(M) — Lv(L). The
fundamental solutions and their boundary curves are given in Table 4.1. All normal
surfaces corresponding to these vertex solutions are once-punctured Klein bottles
(see [31]). Note that N (M) is zero—dimensional, and P (M) is four dimensional.

Moreover, the vertex solutions are linearly independent.

4.5.1. Face pairings. Let a fundamental domain for M be given by embed-

ding the tetrahedra in H? as indicated by the vertex labels in Figure 4.17. The face
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vertex | v(M) | v(M7) | V(L) | BE(M) | BE(MT)
(2,0,0,0,0,1) 1 1] 4| (41 | @41
(0,2,0,0,0,1) | -1 30 4| @41 (4,3)
(0,0,1,2,0,0)| -1 1| 4| (-4,1) | (4,1)
(0,0,1,0,2,0) 1 3| —4| (4,1) (4,3)

TABLE 4.1. Normal surface in the figure eight knot complement
pairings associated to Z = (w,w',w", 2,7, 2") € D(M) are defined by assignments
of the following ordered triples:

Az 10,2, zw] — [00,1, 2]
My i [00,0, zw] — [1,0, 2]

Gy : [00, zw, z] = [00,0,1]
It follows that Gz = AZMZAEI. We have
(4.19) m(M) =< AM| AMAM = MAMA™' > .
Furthermore, M is a meridian, and the corresponding longitude is
L=MTITAMATM AT MA.

From above face pairings and the equation z(z — 1)w(w — 1) = 1, we obtain

representations into PSLy(C) by putting

1 1 0
z(M) = ————=
pz(M) w(l—2) \1 w(l-2)
oa(A) = 1-wz —(1—w)™!
1—w 0
oa(C) = w(w — 1) 0

2(14+w—w?)(wz —w—2) z(z—1)
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This is actually a representaton into SLy(C), and the lower right entries in M and
L correspond to square roots of the holonomies given by Thurston in [44], where
H'(M) =w(l—-2) and H'(L) = 2%(z — 1)

With the above matrices, we can find a map from ®(M) to the PSLy(C)-
character variety. We have (tr M)? = w + 2(1 — wz) + z and tr A = 1 — wz. Put
(trM)?> = X and tr A = y, and the image of (M) in the PSLy(C)-character

variety has equation
l-y—y+(y-1DX =0,

giving a sphere in CP2. This matches our earlier description, and in particular
shows that the map from D (M) to Xo(M) is onto. Note that the smooth projective
model of D (M) is a torus, and that the map D(M) — X(M) is generically 2-to-1.

4.5.2. Limiting character. Given the symmetries of M and its the triangu-
lation, it will suffice to consider degeneration of the ideal triangulation to one of
the four ideal points of ©(M). We will consider the point whose associated normal
surface coordinates are (0,2,0,0,0,1).

We wish to study “geometric” degenerations, i.e. degenerations where both
tetrahedra stay positively oriented and only in the limit become flat. The defor-
mation variety is birationally equivalent to the variety in C? defined by the single

equation:
z(1—2)w(l —w) = 1.

We can solve the above equation in terms of w, giving

(4.20) z:%<1:l: 1+ﬁ)

Since we start deforming from the complete structure where wy = 29 = (14++/=3),
we take the solution for z with positive sign in front of the root. The desired ideal
point corresponds to the degeneration w — 0. Note that then z — oo at half

the rate. Let w = w(r) = r?wq, and obtain a power series expansion of z for r
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around zero using equation (4.20). This is of the form z(r) = “2 4 1 +¢(r), where
©(0) = 0.

All points on the path [1,0) — ®(M) given by r — (w(r),2(r)) correspond
to geometric solutions to the hyperbolic gluing equations (see [44]). We can use
the face pairings to determine the limiting representations. As r — 0, we have the

following limiting traces:

trpz(A) = 1 and tr® pz(M) — oo,

3 approaches one.

whilst the eigenvalue of M*L, which is equal to —w?z(1 — 2)
Thus, M*L is an associated boundary slope. Moreover, the image of M*L ap-
proaches the identity matrix.

The limiting splitting of M corresponds to a splitting of M (4,1), which is a
graph manifold, along an essential torus (see [12]). The limiting pieces admit
Seifert fibered structures, and are a twisted I-bundle over the Klein bottle, Sy,
and a trefoil knot complement, Ss.

To work out the fundamental groups of the complementary pieces, note that an
isomorphism preserving peripheral systems between presentations (2.4) and (4.19)
is given by t - M and a — A.

Let K' be the punctured Klein bottle in M as pictured in Figure 4.18, and
let K be the corresponding Klein bottle in M (4,1). Identify Ix K with a regular
neighbourhood of K in M(4,1). Standard generators for im(m (K) — (M (4,1)))

are k; = MA2M and ky = A" MA~L. We have
kokiky 'k = AMTTATY (MAL)AMA™ =1,

Standard generators for the boundary torus of IXK are M; = k; and £, = k2.
Generators for the complement of IxK in M(4,1) are given by u = A and
v=AMAMA=L. We have

v = AMM LM AT = 1.
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FIGURE 4.18. The punctured Klein bottle

Generators for the boundary torus of the trefoil knot complement are My = u=tv
and Lo = u® (the meridian is standard, but the longitude is not).

The decomposition of the fundamental group of M (4, 1) can be worked out from
the above. It is an amalgamated product of 7,(S1) =< ki, ko | kokiky 'ky = 1 >
and 71(S3) =< u,v | u® = v? >, amalgamated by M; = M5! and £, = £;' M..

The limiting representation on the trefoil knot complement is determined by:

1
p(A) =  P(AMAMA™) — , p(MAMA™Y) =
1 0 1 0 1 1

This representation corresponds to a 2-dimensional hyperbolic structure on the
base orbifold of Sy, which is a (2, 3, co)-turnover. The limiting representation of

the boundary torus is:

10
p(Ms) — ;o p(Le) =
11 0 -1

In order to obtain a (finite) limiting representation of S;, we have to conjugate

1)11/4

the face pairings by a diagonal matrix with eigenvalues (rw, . The limiting
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representation is then:

10 0 1
,O(kl) - ’ p(kQ) — )
01 -1 0
giving a cyclic group of order two in PSLy(C). The limiting image of p(M;) is E,

and the limiting image of p(L,) is —E.

4.6. Remarks

We conclude with present and future directions of research related to the con-

tents of this chapter.

4.6.1. Splitting surfaces. Let £ be an ideal point of the deformation variety.
The example of the preceding section suggests that either the normal surface S(&)
or (in case that it is not orientable) the boundary of a regular neighbourhood of
S(€) may be a surface associated to a non—trivial splitting of M. We have already
given an interpretation of this phenomenon in the introduction. We said that
the tetrahedra associated to the degeneration become very long and thin, and the
manifold will split apart in the limit.

With the given parametrisation, quadrilaterals are placed in a tetrahedron o
such that they separate the edges with invariants z converging to one at £, and
the number of quadrilaterals placed in o corresponds to the relative growth rate
of 2/, 7" compared to the parameters of the other tetrahedra in 7. Geometrically,
one can show that the distance in o between the edges with invariants converging

'l'as 2’ is large, and hence becomes infinite.

to one is approximately log |z

We believe that a combinatorial description of the dual tree of S(§), as well
as a geometric analysis of the limiting representation into PSLy(C) suffices to
show that if the limiting representation corresponds to an ideal point &' of the

character variety, then the normal surface S(§) or (in case that it is not orientable)

the boundary of a regular neighbourhood of S(&) is indeed a surface associated to
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z—50 z—1 zZ— 00
FIGURE 4.19. Quadrilateral types assigned to the different degen-

erations of an ideal tetrahedron

&' according to Culler-Shalen theory. (See [51] for a related construction in the
1—cusped case.)

If a degeneration of the ideal triangulation through positively oriented tetra-
hedra occurs, it would be interesting to see whether one can recover Euclidean
(orbifold or cone-manifold) structures on the splitting surface from the geometry

of the degeneration, and to show that the normal surface itself is already essential.

4.6.2. Logarithmic limit set. To facilitate the study of large classes of ex-
amples, one needs to find an algorithm to compute the logarithmic limit set of the
deformation variety, or more generally, a complete intersection variety. This would
readily furnish the set of embedded normal surfaces associated to degenerations
of ideal triangulations, and determine the set of boundary slopes detected by the

deformation variety.

4.6.3. Software. The study of examples is aided by the following software.
The program regina[10] computes normal surfaces, and degenerations of hyper-

bolic structures can be studied using SnapPea[50] and snap/tube/isometric|[24].



CHAPTER 5

The Whitehead link

We consider the standard triangulation of the Whitehead link complement W.
In Section 5.2 the projective admissible solution space N (W) is computed, and
some normal surfaces are described explicitly. In Section 5.3 the logarithmic limit
sets of the deformation variety (W) and the Dehn surgery component &(W) of
the PSLy(C)—eigenvalue variety are determined. The varieties and maps needed
for this program are contained in Section 5.1, and Section 5.4 contains the results

of some computations.

FIGURE 5.1. The Whitehead link

5.1. Associated varieties

The main results of this section are birational equivalences between D (W),

&;(W) and a variety €(W) parametrising developing maps.

5.1.1. A note on the manifold. A projection of the right-handed White-
head link is shown in Figure 5.1, and W = W denotes its complement in S3. W
is isometric to the manifold m129 in SnapPea’s census with the same orientation.
The complement of a left-handed Whitehead link is oppositely oriented, and will
be denoted by W~.

137
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5.1.2. Triangulation. An ideal triangulation of W~ is contained in [44, 36].
The abstract ideal triangulation used in this thesis is derived from snap’s manifold
data. The parameter space and the holonomies in [36] differ from the ones below
since the convention regarding shape parameters is different and the associated link

in [36] is left-handed.

0 o) 0 O3
BE & %2 ?E K jz 3£ >>>7ﬂ/2 3; >>>7r(-2
0 1 0 1 0 1 0 1
w X Yy Y4

FI1GURE 5.2. Triangulation of W

The ideal triangulation of W is shown in Figure 5.2. There are four tetrahedra,
and hence four edges, which will be called red, green, black and blue.! The black
edge has one arrow, the blue two, the green three and the red four. One of the
cusps corresponds to the ideal endpoints of the red edge, and the other to the ideal
endpoints of the green edge. The cusps are therefore referred to as the red cusp
(also: cusp 0) and the green cusp (also: cusp 1) respectively. The face pairings are
decribed in the following table, where the face of tetrahedron o; opposite vertex j

is denoted by Fj ;.

Foo — Fop
Foy1 — Fip
Foo — Fi3

Fy3 — F39

Fio— Fpn
Fi1 — F3;

Fio— Fo3

Fi3— Fpo

Fyo — Fyp
Fy1 — F3)

Fy9 — F33

Fy3 — Fip

F30 — Fyy
F31 — Fi
F39 — Fy3

F33 — Fyo

TABLE 5.1.

!The colours are visible on ps and pdf files.

Face pairings
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5.1.3. Deformation variety. The shape parameters are assigned in Figure

5.2, and the following hyperbolic gluing equations can be read off from this figure:

re reen = wryz

(red & green) 1 y

(black) 1 =w'z'y? (w")?(z")?
(blue) 1= wl.’L'lylZl(yll)2(le)2.

The deformation variety D (W) is defined by these equations and the parameter

relations:
1=w(l—-w"), 1=x(1-2"), 1=y(1—19"), 1=2(1-2"),
1=w'(l-w), 1=12'(1-2x), 1=9(1-y), 1=2'(1-2),
1=vw"(1-w'"), 1=2"(1-2"), 1=¢y"1-v"), 1=2"(1-2").
Note that ® (W) can be defined by the parameter relations and the equations:

(5.1) 1=wxyz and  w'z" =y"2".

We map D(W) into (C — {0})* by p(w,w',...,2") = (w,z,y,2). The closure of
the resulting image is a variety defined by:

(5.2) 0=1-—wzyz,

(5.3) O=wz(l—y)(1—2)— (1 —w)(l-1x)y=.

This variety is the parameter space of [44, 37|, and we denote it by D'(W). For

any w,z,y,z € C— {0,1} subject to (5.2) and (5.3), there is a unique point on
D(W). Thus, D(W) and D'(W) are birationally equivalent, and the inverse map:

-1
2 (waxayaz): » L ' Y y %5 ’

w 1 w—1 1 z-1 1 y—-1 1 2-1
1—w w '1—-2" =z 11—y gy 1-2 2z

is not regular at the intersection of ©'(W) with the collection of hyperplanes

{w=1}u{z=1}u{y=1}u{z=1}
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in (C —{0})%. If ®'(W) intersects any one of these hyperplanes, then it intersects
either exactly two or four of them.

We can eliminate one of the variables, say w, from the system of equations (5.2,
5.3), and hence there is a map ¢’ : @' (W) — (C — {0})® with the closure of its

image defined by a single irreducible equation:

54 0=g(z,y,2) =z — 2y — 22 + yz — 2y°2> + 2°y°2".
(

Again, ¢’ is a birational isomorphism onto its image, and this in particular shows

that D (W) is irreducible.

5.1.4. Symmetries. There are symmetries in the defining equations of ® (W),
which descend to symmetries in (5.2) and (5.3), and which will be used to abbre-

viate proofs in the sequel. Consider the following involutions:

(5.5) n(w,z,y,2) = (2,9, z,w) and T(w,z,y,2) = (y,2,w, )
(5.6) m3(w, z,y,2) = (x,w, z,y)

(5.7) T(w, z,y,2) = (w,z, 2,Y) and T5(w, z,y,2) = (z,w,y, 2).

We have 7,75 = 73 = 7475, and each of the pairs (5.5) and (5.7) generates a Kleinian
four group. The elements 74 = 774 and 7, = 797, have order four, and one can
show that the group generated by all involutions is a dihedral group D,. For any
p €D'(W) and any 7 € Dy, 7p € D'(W), and if o ! : D' (W) — D(W) is regular

at p, then it is regular at 7p.

5.1.5. A note on orientations. In Figure 5.3(a), the convention for orien-
tations of the peripheral elements is given, where the right-hand rule is applied to
a link projection and the induced triangulation of the cusp cross—section is viewed

from outside the manifold.

5.1.6. Holonomies. The induced triangulations of the cusp cross—sections as

viewed from outside W are given in Figure 5.3(b). There is a standard meridian,
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=

(a) Orientations of £ and M

T ; g m ; g
V' Y| L y© oy
X y VA 0 w z" L 1
XX Z wX Z
» W\ 7 w” X 7
woow" X X'
X" X . w" W
t YN\ x/ W t Y\ w/ X
z , Z B
y W y-- "X
z Z\I\/ z z

(b) Triangulation of cusp cross—section

FIGURE 5.3. Peripheral elements

and we consider two choices for longitudes, which are termed geometric and topo-
logical and denoted by £9 and L' respectively. The geometric longitudes are chosen
by snap for m129. They have the following property. Let W(p,¢) be the man-
ifold obtained from hyperbolic Dehn filling on one of the cusps. The coefficients
(p,q) € IR? are called ezceptional if W(p, q) does not admit a complete hyperbolic
metric. If the longitude is geometric, then the set of exceptional coefficients is
contained in the rectangle with vertices +(2,+1) (see [30]). If a null-homologous
longitude is chosen, the set of exceptional coefficients is contained in a parallelo-
gram with vertices £(—4,1), £(0, 1) for W~ (see [36]), and (4, 1), £(0, 1) for W+.
In Table 5.2, we show the Dehn surgery coefficients with respect to the indicated

peripheral systems which yield homeomorphic manifolds.
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{M, L} for W | {M, L9} for W and W | {M, L} for WT

(p+24q, -q) (p.q) (P+24,9)
TABLE 5.2. Surgery coefficients which yield homeomorphic manifolds

The derivatives of holonomies can be read off from Figure 5.3, and simplify to:

z xlzll (wll)2 (ZII)Q

5.8) H'(My) = = . H'(LY) =2%% H'(L) = = ,
(5.8) (M) w'y" Y (Lo) ) (£3) (") (z)2
, B w,Z” B T , iy 9 9 , o (Z”)2 B (.7/'”)2

(59) H (Ml) - y - w2’ H (El) =wy, H (El) - (’LU”)Z - (yII)Q

The holonomies yield that the complete structure is attained at (w,z,y,z) =
(4,1,1,1). The action of Dy on the holonomies is described in Table 5.3, where
(mi, ;) = (H'(M;), H'(L!)). The relationship between elements of D, and ele-
ments of the symmetry group of W can be deduced from this table.

T1 T2 T3 T4 T5 T6 7
(mo,lo) | (mo,lo) | (mghig") | (mg™igh) | (mi' i7" | (ma,la) | (mal) | (mih 00
(m1,l1) | (m7'00Y) | (mutn) | (m7hi0h) | (mg i) | (moylo) | (mgthigt) | (mo,lo)

TABLE 5.3. Action of D, on holonomies

5.1.7. Developing map. Given a point Z = (w,w’,...,2") € D(W), choose
isometric embeddings of the four tetrahedra into H? such that they join up around
the red edge, which we embed as the geodesic [0o, 0]. Precisely, we start with an
embedding of oy with vertices at the points 0, 1, 0o, w on the sphere at infinity, and
then embed the other tetrahedra according to the parameters given by Z using the

face pairings in Table 5.4.

Foo— Fig | Fio— Fy3 | Foo — F33 | Fzo — Fo3

Foz — F39 | Fi3— Fyo | Fog — Fio | F3g — Foo

TABLE 5.4. Face pairings used for fundamental domain
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The resulting ideal vertices of the tetrahedra are indicated in Figure 5.4. Note
that some tetrahedra may intersect or be “inverted”. If all tetrahedra are positively
oriented, then the resulting fundamental domain is an ideal octahedron which is

shown in Figure 5.5.

Oo 01 02 O3
1[ « }W WVZE <<</Al Wzi >>>77|/WyZ W; »%M
0 0 0y 0 00 0 0 0
w X Yy z

FIGURE 5.4. Developing map: general case

0]
wz
O
0 W
0-2 i
1=wxyz 0
j 1
Wy<Zz O, Wyz
(a) Horospherical cross section (b) Fundamental domain

FIGURE 5.5. Developing map: positively oriented tetrahedra

The remaining face pairings:

az :[0,1,wyz] — [oo,w, 1], bz : [w, 00, wz] = [1, 00, wyz],

¢z :[0,1,w] = [0, wyz, wz], cz07 : [w,0,wz] — [wz, oo, wyz|,
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determine a representation of 71 (W) into PSLy(C):

w' wx” + ./E, _,2_11 x'z! z/:liu 1-— x”zl
aZ = —, bZ =
z 1 0 Y 0 1
7!
w'y! 1 0 y [(1—wr)w L3
= T ww'(1—wy) L, 0z = w' 2" w' l-zz
y wllyl .'El wll

At the complete structure, we have:

1+ —1 1 1—2
ayg = ['J():
1 0 0 1
1 0 141 1
Cyp = 00:
-1+ 1 1 1—1

5.1.8. Fundamental group. snap computes an abstract presentation of 7 (W):
m (W) =< a,b,¢,0 | 0 = ab, bcd = ¢dc, ac = ba >,
and the peripheral elements:

Mo =b"", L£l=av'c, L= ML,

M =0, L = a?be, L= ML
71 (W) can be generated by the two meridians, and one obtains a single relation:

(510) 7T1(W) =< .M(), M, ‘M1M0M1M61MI1M61M1M0
= M0M1M61M51M51M1M0M1 >
For each Z € ©(W), the assignment of face pairings to generators defines a repre-

sentation of w1 (W) into PSLy(C) by p(y) = 7z, and the squares of the upper left

entries in the matrices representing the meridians and longitudes are the holonomies
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in (5.8) and (5.9). We obtain a map © : D(W) — X(W) defined by:

O(w,w', ..., 2") =(tr? pMy, tr’> My, tr’ pMoM,)

04 7
z +w”y” T w2 (y —1)(z —1)

(wny/ T w2 a4 T (yz _ 1)2 )

We will show that the map © : D(W) — X(W) has degree 4. This corre-
sponds to the observation that W(p, q,p’,¢"), W(-p, —q,p,¢"), W(p,q,-p',—¢'),
and W(—p, —q, —p', —¢') are geometrically distinguished (they “spiral in different

directions into the cusps”), whilst they have isomorphic fundamental groups.

5.1.9. We compute the variety €(W) of Subsection 1.1.8 from (5.10):

0
(5.11)  p(My) = ) and p(M;) = ! subject to
1

(5.12) 0= f(s,u,c)

=G-—sHu—uH+ecsu?—u?—s?+4—5 —u’+s%u?

+ 2257 —suTt — s+ 2su) + ¢ € Clst uE (.
€(W) is an irreducible hypersurface in (C — {0})? x C, and its intersection with
¢ = 0 is the collection of lines {s? = 1,¢ = 0} U{u? = 1, ¢ = 0}, which parametrises
reducible representations. Moreover, €(W) is a cover of the Dehn surgery compo-
nent Xo(W) of the character variety, since any irreducible representation of m; (W)
into SLy(C) is conjugate to an element of €(W), and it is a 4-to—1 branched cover
of Xy(W) since €(W) is not contained in the union of hypersurfaces s> = 1 and
u? = 1.

If f(s,u,c) =0, then f(—s,u,—c)= f(s,—u,—c) = f(—s,—u,c) =0, and the
four solutions correspond to the action of Hom(m (W), ZZy) on €(W). To obtain
a description of the corresponding quotient map €(W) — €(W), and hence a
parametrisation of €(W), note that (5.11) can be adjusted by a conjugation and
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rewritten in the form:

1 (s® cus 1 [u? 0
(5.13) p(Mo) = - and p(Ml) = - ’

S\0 1 vl 1
which is still subject to 0 = f(s,u,c). Themap q; : (C—{0})?xC — (C—{0})*xC
defined by q,(s,u,c) = (s% u? suc) can be identified with the natural quotient
map €(W) — €(W), and the defining equation for €(W) can be derived from this

relationship. €(W) can be viewed as a variety of representations into G'Ly(C):

B 5 d B a0 _
(5.14) par(Mo) = and pgr(My) = subject to
01 11
(5.15) 0=75u(5—1)(@—1) +d(1 — 5 — U+ 45u — 53°U — 50° + 5°0°)

+d*(2 -3 —u+23u) +d® € C[E,ut, d).

For each p;; as above, there is a unique PSLs(C)-representation p such that o,
and p are identical as representations into the group of projective transformations
of CP'. Hence there is a 1-1 correspondence between G Lo(C)-representations of
m1 (W) of the form (5.14) and irreducible PS Ly(C)-representations of 71 (W) which
lift to SLy(C).

5.1.10. (W) has a singularity at infinity at the ideal point where w, z,y, z —
1, and ®'(W) is singular at the corresponding point (w,z,y,z) = (1,1,1,1). The
variety €(W) is an irreducible variety without singularities, and we now show that
it parametrises developing maps when thought of as a variety in (C — {0})3. We
show in Subsection 5.4.6 that the intersection of €(W) with ¢ = 0 corresponds to

the ideal point of ©(W) where w, z,y,z — 1.
LEMMA 5.1. There is a birational isomorphism ® : D(W) — €(W).

PROOF. To construct the map ® : D(W) — €(W), conjugate the face pairings

(az — 0z) by a suitably chosen matrix A to obtain a form analogous to (5.13), and
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then adjust the resulting representation by multiplication:

w'y

— [T —1 4—1 = 21
= Ab AT =

,OZ(MO) w”y, VA 0 1

w" ADZAfl _ ﬁ 0
z 1 1

and 9l (M) =

It can be verified that 7, defines a G Ly(C)-representation for each Z € D(W).
This induces a map ® : (W) — €(W) defined by:

w'y' =z
(

(5.16) O(w,w',...,2") = s

2—1).

An elementary calculation shows that this map is 1-1 and that its image is dense

in €(W). A rational inverse is given by the following map €(W) — @'(W):

14+ —,1+d

d+d? — ds+3u + dsu sU d
(1+d)(d+su) ’'d+d?—-ds+su+dsu  su ’

(6.17)  (3,w,d) — (
which composed with ¢ : D'(W) — D(W) gives a map &' : €W) — D(W).
Composition of the maps ® and ®~! can readily be observed to induce the identity

on both ®(W) and €(W), and this proves the lemma. [
COROLLARY 5.2. © : D(W) — Xo(W) is generically 4—to—1 and onto.

PROOF. Note that © : D(W) — X(W) factors through €(W), and hence it
is enough to show that the map €(W) — Xo(W) is generically 4-to-1 and onto.
Firstly, €(W) is irreducible, and hence its image in X(W) is irreducible. Secondly,
the above lemma implies that €(W) contains a discrete and faithful representa-
tion, and hence maps to the Dehn surgery component. Since there are p € €(W)
such that tr? p(M,) # 4 # tr? p(M,), there are generically four elements of each
conjugacy class of representations contained in €(W) (see Subsection 1.1.8). Thus,

the degree of O is 4. [ |
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5.1.11. Eigenvalue maps. Recall that (V) and (W) denote the respective
eigenvalue varieties. We wish to show that the subvariety &;(W) corresponding
to Xo(W) is birationally equivalent to ®(W). The following lemma establishes

suitable affine coordinates and maps needed for this.

LEMMA 5.3. There are a quotient map qz : €W) — EW) corresponding to
the Hom(m (W), Zy) action, and eigenvalue maps e : €W) — EW) and € :
(W) — €(W) such that the following diagram commutes:

W) —— &(W)

qll l%
cWw) —— W)
PRrROOF. Let 9, : €W) — C be the holomorphic map which takes p to the
upper left entry of p(y). Then define e : €(W) — E(W) to be the map

(518) e(p) = (19/\/[0 (p)a ﬁﬁé (p)’ 19./\/[1 (p)’ 190{ (p))

Since every p € €(W) is triangular on the peripheral subgroups, it follows that this
map is well-defined. Denote the affine coordinates of €W) by (s,t,u,v), so they
correspond to eigenvalues of My, £, M; and L.

Denote the map which takes pg; to the upper left entry of pg;(y) by 9, as
well, and let € : €(W) — (W) be the map

(5.19) €(Par) = (Onmo(Par)s Vet (Par)s Ui (Par)s Vet (Par))

We have to check that this map has the right range. Note that the upper left
entries of pg, (My) and pgr (M) are the squares of the eigenvalues of matrices
representing the associated PSLo(C)-representation. The longitudes are the fol-

lowing words in the meridians:

(5.20) L= Mg MiMMT Mg M7 MM,
(5.21) L= MTIMMIMGEMTE MMM,
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and hence pg . (L) = p(LY) for any pg;;, and its corresponding unique PSLy(C)-
representation p. In particular, V¢ (pgr) is an eigenvalue of pgy (£f) = p(Lf) and
it is independent of the choice of the signs of matrices representing p(M,) and
p(M,). Tt follows that we can give (W) the affine coordinates (3, ¢,, v).

The natural quotient map which makes the above diagram commute is therefore
as : EW) — E(W) defined by q3(s,t,u,v) = (s%,t,u%v). This map clearly
corresponds to the Hom(m (W), Z5) action on E(W).

Since any irreducible S Ly (C)-representation is conjugate to a representation in
¢(W), the closure of the image of e is the component of (W) corresponding to
the Dehn surgery component X,(W). It follows that the closure of the image of €
corresponds to Xo(W). In particular the composite mapping ¥ = go® : D(W) —
&, (W) is onto. [

5.1.12. Holonomy variety. From the face pairings (az — 0z), one may com-

pute that Jr(07) = %a Vet (Pz) = 2y, Im, (P7) = w;f” and V¢ (pz) = wy. The

map ¥ : D(W) — E(W) with respect to the chosen coordinates is therefore defined
by

(xlzll wlzll

—, 1Y, —:wy)
Y Y

Note that at the complete structure ¥p=1(7,4,4,7) = (1,—1,1, —1).

(5.22) U(w,w',w" z, o' 2" g,y y" 2,2,2") =

LEMMA 5.4. The map ¥ : D(W) — € (W) is a birational isomorphism.

PROOF. Since ¥ is a regular map and © (W) is irreducible, it follows that the
image, which we have identified as &y(W), is irreducible. Thus, ¥ : D(W) —
&, (W) is a regular map of irreducible varieties. It remains to show that it has
degree one.

Assume that W= (wy, To, Yo, 20) = Yo (w1, T1, Y1, 21) where (w;, 75, y;, 2;) are
two regular points of ¢ on ®'(W). An elementary calculation shows that the points
are either identical or that we have wy = zy and wy = x;. Thus, all points on which

U does not have degree one are contained on the hypersurface w = z. Since for any
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w € C — {0,£1}, the point ¢! (w, —w™, w, —w™?) is contained in D(W), D(W)
is not contained in the hypersurface w = z, and this completes the proof of the

lemma. |

An inverse (W) — D(W) taking (5,t,u,v) — (w,w,...,2") is determined
by the following map & (W) — ©'(W) which can be computed from (5.22):

st—uv’ st—uv’ 5—7u  tu(s—T)

5.4.50) (U(E—U) #5—7) St—mv 3t—uw )

This map is not regular on a 1-dimensional subvariety of €;(W), which is defined

by the following three equations:
: 5 =1, =, =3 —t+5t+5t— 5t -5 + 51 — 5
(5.23) t 0 t+5t+ 5t -5 -2+ 54 - 31

See Subsection 5.4.3 for a computation of this subvariety.

5.2. Embedded normal surfaces

The projective admissible solution space N (W) is computed in this section and
surfaces corresponding to vertex solutions are determined, as well as their boundary
curves. The results are compared with the complete description of incompressible

surfaces in W in [21], and the boundary curve space BE(W) in [32].

5.2.1. We use the convention for the quadrilateral coordinates of Chapter
4. Table 5.5 indicates the position of the quadrilaterals in the tetrahedra. The
notation 4j/kl means that the particular quadrilateral type separates the vertices

7 and j from the vertices k£ and [.

Quadrilateral ‘ i ‘ q ‘ ql ‘
Separates ‘ 01/23 ‘ 03/12 ‘ 02/13 ‘
TABLE 5.5. Quadrilateral types
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FIGURE 5.6. Projective admissible solution space N (W)

The @-matching equations can be worked out directly from the triangulation

or using the matrix relation from Chapter 4. There are the following two equations:
(5.24) O=gqo—ao+d1—ai +d — a5 +d5— a5
(5.25) O=—q+@%—an+d+e—g+ta—d

The vertices of N'(W) can be obtained using SnapPea’s triangulation of m129

and regina. However, we are interested in a complete description of N'(W). An
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embedded normal surface intersects each tetrahedron in quadrilaterals of at most
one quadrilateral type. In order to find projective admissible solutions, one there-
fore sets all variables but one from each tetrahedron equal to zero, and computes
solutions for the resulting equations in the positive unit simplex. Since the chosen
triangulation of W has four tetrahedra, one obtains 81 systems of linear equations.
We give an example.

From the above system (5.24, 5.25), one gets a single equation in the variables

qo, 91, ¢o and q3. Together with the normalisation condition, one has:

0=—q0—q1+ g+ g3,
1=q +q + ¢ +gs,

subject to 9, ¢1,92,93 = 0.
This in fact gives a square of solutions:
1 1 1
( —q+ 55 0, Oa q1, Oa 05 5 — g3, 05 Oa g3, 05 0) where qi,q3 € [0: 5]

All other solutions consist either of a segment or the empty set. They can be pieced
together, and the resulting set, which is N'(W), is shown in Figure 5.6.

There are twenty vertex solutions, which we denote by Vi, ..., V5. We rescale
each vertex solution V; to obtain a (minimal) integer solution, and denote the
resulting normal surface by F;. These normal surfaces are described in Table 5.6.

The information given in the table is explained in Subsection 5.2.3.

5.2.2. Identifying surfaces. Using the explicit description of normal surfaces
in terms of ()-discs and 7T-discs, one can work out the topological type and the
position of normal surfaces in the manifold. The pictures of the gluing pattern of
some surfaces are shown in Figure 5.7, where we only use the quadrilaterals and
finitely many triangles to obtain compact surfaces, along whose boundary compo-

nents infinite normal annuli have to be attached. The boundary components are
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drawn in the colour of the corresponding cusp. We introduce triangle coordinates

by numbering the vertices of the four tetrahedra from 0 to 15.

5.2.3. Embedded normal surfaces. We now describe the contents of Table
5.6. First, the normal )—coordinate N(F;) is given, then the topological type of F},
where 77 stands for a once—punctured torus, S3 for a thrice—punctured sphere, R,
for a twice-punctured IRP2. The abbreviations K; and 7T} will be used in subsequent
figures for an i—punctured Klein bottle and an ¢—punctured torus respectively, and
G5 for a genus two surface.

The column class specifies the equivalence class (defined in Subsection 5.2.4)
that the projective normal ()—coordinate V; of F; belongs to.

The column O-curves encodes the number of boundary components on the
respective cusps; if there are ¢ boundary components on the (red) cusp 0, and j on
the (green) cusp 1, this is written as i/3.

Last, the corresponding boundary curves are given as they are computed from
the chosen (oriented, topological) peripheral system. The holonomies yield the

following quadrilateral combinations:

vMo) = —qo+ah+a— gy —ds+q5  v(Ly) = —2q;, +2q — 2¢5 + ¢

V(M) =qo—qy+db— 5 — g3 + 5 v(LY) = —2¢) + 2q) — 2¢5 + 24

The signs in the table respect the transverse orientations, which is relevant when
the boundary curves of surfaces corresponding to linear combinations of the N(F;)

are computed.

5.2.4. Equivalence classes. Proposition 4.5 provides a homeomorphism N :
D7 (W) — N (W) between the tentative logarithmic limit set of ®(W) and N'(W).
There is an induced action of the group D, of symmetries of ®(W) on D:(W).
Since the elements of D, interchange coordinates, the induced action corresponds

to interchanging coordinate triples of elements in ®,,(W). Moreover, there is an
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00 (0] 02 03
6 10 14
3[ <« }2 7E <<</ “i >>>77'/ 1 >>>7T(
0 1 4 5 8 9 12 13
(a)
ql q2 qo 4 11 2 1
M 7 %
15\2\1 10 306 2 8
(b) The twice—punctured Klein bottle N(Fig) + N(Fi1)
9 12 5
8 q,
13/ 9 o\ 1
y "
q 13 " y "
ql 0 do q, Yo B
n ’ CI’ q
0 q3 q2 0 q3 2 3
12 4 q’2 4 0
\Uﬁ/ 2 /0
(c¢) The once—punctured Klein bot- (d) The twice—punctured torus

tle (N (Fi3) + N(Fis)) N(Fi3) + N(Fis)

FI1GUrE 5.7. Normal surfaces in the Whitehead link complement
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ne (0,1,00) @@ (0,0,0,1)
(200,1) : > (0.120)
T,®
(4,121 (2,14,1)
(4,1,0,0) (0,04,1)
(a) Floyd—Hatcher (b) Classes (¢) O—curves

FIGURE 5.8. Surfaces in the Whitehead link complement

induced action of Dy on N (W) via the homeomorphism N which again corresponds
to interchanging coordinate triples of elements.

Indeed, D, can be identified with a group of symmetries of the triangulation.
There is a Kleinian four group K of symmetries of the triangulation which sta-
bilises the cusps. K can be identified with the group < 71, 9 >, and orbits of the

action of Ky on N (W) give six equivalence classes amongst the vertex solutions in

NW):

Nl = {‘/2: ‘/;1}: N{ = {‘/17 ‘/})}7
N2 - {‘/7’ ‘/8a ‘/lla ‘/12}3 Né = {‘/55 ‘/63 ‘/93 ‘/10}3
N3 = {V15; Vie, Vig, Vzo}, Né = {V13; Via, Vig, V18}-

Members of the classes NV; and N/ are interchanged by symmetries interchanging
the cusps. These symmetries correspond to the remaining elements of D,. One
can visualise the action of Dy on N (W) by considering the action of the dihedral
group on Figure 5.6 induced by its standard action on a square. The quotient by
the action of K is pictured in Figure 5.8(b), where we also indicate the topological
type of some surfaces with the corresponding projective normal ()—coordinates.

Note that there are arcs in N (W) connecting elements of N3, e.g. the vertices

Vie and Vig. Taking N(Fig)+N(Fi9), we obtain a twice-punctured torus. However,
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$(N(Fi6) + N(Fyg)) is also an admissible integer solution, and the corresponding
normal surface is a once-punctured Klein bottle. We denote the corresponding
equivalence class (i.e. K orbit) by Ny. Similarly, for arcs in /(W) joining elements
of Ni, we obtain an equivalence class N; whose elements are midpoints of these
arcs.

The surface determined by a minimal integer solution corresponding to the
point Vg := (V1 + V3) = (V2 + V4) in the centre of (W) is a genus two surface.
This point is fixed by all symmetries, and we denote its equivalence class by Ng.

We now analyse the D, orbit of a point P € N(W). If P is the centre of the
square, i.e. the point %(Vl—H/E.z,), then we have already remarked that its equivalence
class only contains one element.

If P is contained in the square [V, V3, V3, V4] but not equal to its centre, then
its D, orbit contains exactly four elements. Note that different elements in the

square can have the same 0-coordinate

(vp(Lo), —vp(Mo), vp(L1), —vp(My)).

This is true for instance for V; and %Vl + %V},. However, elements of the same D,
orbit are distinguished by their 0—coordinates.

If P is contained in Ny or Ny, or is the midpoint of an arc [V, W] in N (W) with
V € N;, W € N/ and i = 2 or 3, then its D4 orbit contains exactly four elements.
Moreover, the elements of the orbit are distinguished by their 0—coordinates.

If P € N(W) is not contained in any of the sets considered above, then its D,
orbit contains exactly eight elements, and all these elements are distinguished by
their 0—coordinates.

Moreover, the elements of an equivalence class (i.e. K orbit) of a point in
N(W) have the same projectivised (i.e. unoriented) d—coordinate. Thus, the
set of projectivised 0—coordinates arising from N (W) can be computed using the
incidence structure amongst the equivalence classes, and the result is shown in

Figure 5.8(c), where all arcs, including the dashed ones, are included. This shows
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that each equivalence class is uniquely determined by its projectivised 0—coordinate
unless its elements are contained in the centre square of A'(W), and hence yields

a stronger statement:

LEMMA 5.5. Any embedded normal surface in W is uniquely determined by its
transversely oriented boundary curves unless its projectivised normal (Q—coordinate

is contained in the centre square in N'(W).

PROOF. Let S be an embedded normal surface. Then there is a unique a > 0
and a unique point P € N'(W) such that N(S) = aP. If P is not contained in the
centre square, then there is no other point in N (W) with the same 0-coordinate.

Thus, S is uniquely determined by

a(vp(Lo), —vp(Mo),vp(L1), —vp(M1))
:(VN(S) (»Co); —UN(S) (Mo), Un(s) (51), —UN(S) (Ml))

This proves the lemma. |

5.2.5. Incompressible surfaces. The incompressible surfaces in W are clas-
sified in [21], and their result is shown in Figure 5.8(a). The blue areas and arcs
correspond to surfaces obtained from disjoint unions, whilst the black arcs arise
from a procedure called pinching. The structure of this space is somewhat different
to the structure of the set of equivalence classes of A'. One might be able to find
a normal surface space more closely resembling the space of [21] by subdividing
the triangulation. However, this is not done here. The vertices of A/ (W) and
combinations thereof can be related to the surfaces given in [21] by comparing the

boundary curves and topological types, as well as the position in the manifold.

5.2.6. Boundary curve space. Lash computes the boundary curves arising
from incompressible (and hence 0-incompressible) surfaces in [32], which implies

that the dashed arcs in Figure 5.8(c) do not arise from incompressible surfaces.
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0,1,0,00 @ ® (000,1)

(2,0,0,2) (0,1,2,0)
(4’1’211) (211’411)
(4,1,0,0) (0,0,4,1)
(a) Detected surfaces (b) Detected boundary curves

FIGURE 5.9. The logarithmic limit sets of ®(W) and &;(W) modulo 73

The remaining set is identical to Lash’s, taking into account that he works with a
left-handed link projection.

The boundary curve space has two connected components — one is an interval,
and the other is a circle with two intervals attached to it. Lash shows that the
former arises from reducible SLy(C)-representations, and that the latter arises

from irreducible S Ly(C)-representations.

5.3. Surfaces arising from degenerations

We have a homeomorphism N : D;(W) — N (W) between the tentative loga-
rithmic limit set and the projective admissible solution space. We now determine
N(Dx(W)) and hence D (W). This analysis together with Proposition 4.6 also
determines the logarithmic limit set of &y (W).

The main result of this section is summarised in Figures 5.9 and 5.10. We first
show that all vertices of N'(W) are contained in N (D, (W)). We then determine

which parts of the centre square are contained in N(®,(W)). For the remaining
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(a) Logarithmic limit set of ®(W) (b) Logarithmic limit set of €y(W)

I

He

FIGURE 5.10. The logarithmic limit sets of (W) and &,(W)

arcs, we use the birational equivalence ¥ : ®(W) — &;(W), Lemma 5.5 and Lash’s
result.

The computation is simplified by the following observation. The action of D4 on
D+ (W) stabilises D, (W). It follows that if some point in N (W) has preimage in
Do (W), so has its orbit under the D4 action on N (W). It will also be convenient
to work with integer valued valuations, and hence we often rescale points in N'(W)
and D, (W) to integer coordinates, and we say that a normal surface S is detected

by £ € Do (W) if N(S) = aN(§) for some a > 0.

5.3.1. Detected vertices. In order to show that all vertices of N'(W) corre-
spond to points in D, (W), it is sufficient to show this for any one point of the
first three sets below. The remaining sets expand this program to the vertices of
Figure 5.8(c).

1. NUN] ={V,...,V4}

2. NoUN) ={V5,...,Vis}

3. NysUNj ={Vis,..., Vao}
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4. {Vo = (Vi + Vo) = 5(Va + Va)}
5. {3(Vis + Vis), 2(Via + Vir), 3(Vis + Vo), 3(Vis + Vo) }

Recall that ©’(W) is defined by
(5.26) l=wzyz and wzx(l—y)(1—-2)=01—-w)(l—-12)yz,

and that for any w,z,y,z € C — {0,1} subject to these equations, there is a
unique point on D(W). We will now describe sequences of points in ©'(W) which
correspond to well-defined sequences in © (W) approaching the desired ideal points.

1w, —w™1!) satisfies equations (5.26) for any

1. The point (w, z,y, z) = (w, —w™
w € C — {0}, and if w has positive imaginary part, it defines a positively oriented
triangulation of W, and in particular an incomplete hyperbolic structure on W.
This implies that the triangulation can be deformed through positively oriented
tetrahedra from the complete structure where w = i to the ideal points where
w — 0 or w — £1. These points correspond to V; and V3 for w — 1 and w — —1
respectively, and to %(Vw + Vi) for w — 0, since the growth rates of all parameters
are equal.

We give one example, where we scale to integer coordinates. As w — 0, the

ideal point
g = (_1a 0; 11 1; _15 01 _]-1 0; ]-a ]-a _]-a 0)
is approached. The corresponding normal ()—coordinate is

N() = (0,1,0,0,0,1,0,1,0,0,0,1),

1
whilst 2 (N(S1s) + N(S19)) = (0,1,0,0,0,1,0,1,0,0,0,1),

which we can rescale to 1(Vig + Vig).
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Moreover, one easily obtains the limiting eigenvalues. As w — 0 there are the

following power series expansions for the resulting eigenvalues:

W
|

1, t=—1,

1
(1+_w +22w v = w?.

The first two equations reflect the fact that one cusp is completed, and comparing

S
|I

the growth rates at the second cusp (remembering that @ is the square of an
eigenvalue, whilst v is an eigenvalue) gives a point in boundary curve space with
coordinates [0, 0, 4, 1].

2. For any w € C — {0, +1}, the point

l—-w 1+4+w

_ S | !
Trw 1w W) €D

(w,z,y,2) = (w

gives a point on D (W). Note that the associated triangulation involves either only
flat tetrahedra or both positively and negatively oriented ones. One may use power

series expansions to show that a detected surface for w — 0 is Ss:

1w 1+w 1
T ltvw * ; by 11— Zw ‘

Thus, as w — 0, the ideal point
¢=(-1,0,1,0,1,-1,0,0,0,1,—1,0)

is approached. The corresponding normal ()—coordinate is
N(¢) =(0,1,0,1,0,0,0,0,0,0,0,1),

which coincides with the normal ()—coordinate of Sg, and may be rescaled to V5.

3. Detecting elements of N3 U N} is a little more involved. Let

—1—e4+/5—4de+4e2 — 2e3 + €5
w— T =€
2(1+ €?)

2(1+¢€) -2

= —¢ z=—¢
Y —1— &3+ /b5 —de+4€> — 263 + €6
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Formal substitution of these assignments in the defining equations of the defor-
mation variety shows that whenever the expressions are defined for any small,
non-zero €, they determine a point of ®(W). Since w is differentiable at ¢ = 0 and
takes the value w(0) = %‘/3, it follows that w and y have converging power series
expansions at € = 0, and y has a zero of order one at ¢ = 0. The first few terms

are:

123
25v/5

w(e):%ﬁ—%e—k(l—%) ‘+(-3+

2 8 9
)26 + ...

T I+ VB VA(-1+ VB

Thus, as w — 0, we approach

)63+...

¢=(0,0,0,-1,0,1,—-1,0,1,2,-2,0).

A detected surface is therefore Si;.

L w™ w). Then w — 1 approaches an ideal point

4. Let (w,z,y,2) = (w,w™
corresponding to V. The chosen degeneration is through triangulations involving
positively and negatively oriented tetrahedra, or triangulations which are entirely
flat. In fact, there cannot be a degeneration through positively oriented tetrahedra
to this ideal point, since the hyperbolic gluing equation 1 = wxyz would imply
that throughout this degeneration arg(w) + arg(z) + arg(y) + arg(z) = 2, whilst
for each parameter the argument converges to zero (see the proof of Proposition

4.4).

5. See point 1. above.

5.3.2. Experimentation with SnapPea suggests that elements from all but
the fourth set can be approached through degenerations only involving positively
oriented tetrahedra. Using the projection of the right-handed Whitehead link, the
following surgery coefficients can be approached through degenerations involving

positively oriented triangulations:
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e (00),(4,1). Four tetrahedra degenerate and the splitting surface is a 1-sided
Klein bottle.

e (00),(0,1). Two tetrahedra degenerate and two become flat with parameters
equal to —1. The splitting surface is a 2-sided torus.

e (4,0),(0,2). Three tetrahedra degenerate, the remaining tetrahedron has
shape % + %z The limiting orbifold has volume approximately 0.9159.

e (8,2),(4,2). Three tetrahedra degenerate, the remaining tetrahedron has
shape 1+ ¢, and the limiting orbifold has volume approximately 0.9159.

(SnapPea does not compute a splitting surface if all cusps have been filled.)

5.3.3. Centre square. We have already shown that the vertices of the square
as well as its centre correspond to ideal points of ©(W). Any point in the interior
of an arc in the boundary of the square corresponds to an ideal point where three
of w,z,y, z tend to one, but one of them tends to a complex number other than
zero or one. But the relation wxyz = 1 does not allow this.

Thus, we now only need to consider points in the interior of the square. Recall
the third description of the logarithmic limit set of Subsection 3.1.1. Let J be the
defining ideal of D(W). Then & € D (W) if for all non-zero f € J, the maximum
value of the dot product £ - & as « runs over the support s(f) is assumed at least
twice.

w'—1 ,n 1

Substitute the expressions w = Y=, w” = ——;, etc., into the elements wxyz—1
w 1—w

and w"z" — y"2" of J (see (5.1)) and adjust by units to obtain the following two

elements of J N Clw',2',y', Z']:

1,00 110

g = —wz'y —war'd +uw'r — Wy +wy ' —

1o

— 2z +x/y/+xlzl_l_/+ylzl_y/_zl+1’

92:wlxl_wl_ml_ylzl+yl+zl.
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Now consider

1.0

3= +vy'go=—wad +uwr —w'y'

y'z +w'd — _xlylzl
+lel o .II - (y’)22’l + (yl)Q +2ylzl - yl o Z’+ 1 c J
Without loss of generality, we may consider the point p'V; + ¢'Vo + r'V3, where
p',q,r" > 0, in the interior of [Vi, V5, V3, V4]. With suitable p, g, > 0, the corre-
sponding point in D7(W) is:
g = (Oapa —-p, 0: q + ry—q—T, Oap + q,—p—4q, O,T, —'f').

The set of € - @ as « runs over s(g3) is:

{p+ag+2rp+qg+r2p+q+r,p+r,p,p+2¢+2r,q+2r,q+r,

2p+2q+r1,2p+2¢,p+q+1,p+¢q,r 0}

Since p,q,r > 0, each of the remaining elements of the above set is strictly less
than p+2g+2r or 2p+2q+r. Thus, £ € Do (W) only if p+2¢+2r = 2p+2q+7.

Hence, r = p. But then ' = p’, and we have

PVi+dVa+pVa=p(Vi+Va)+qdVo=p'(Va+ Vi) +¢Vo=(p +¢)Vo+p'Vi,

and hence the point is contained on one of the diagonals. We conclude that the
square minus the diagonals [V1, V3] and [V3, V4] is contained in N’ (W) — N (Do, (W)).
To deal with the diagonals, it is sufficient to consider points in the interior of

the arc [Vg, V5]. Such a point is of the form

g = (Oapa —bp, Oa q,—4q, Oa q,—4q, Oapa _p) Where p > q > 0.

The boundary curve contributed by this point is (0,p — ¢,0,0). We are seeking
a sequence of points on ®'(W) converging to (w,z,y,z) = (1,1,1,1) with the
specified growth rates, such that none of the elements in the sequence are contained

in the union of hypersurfaces where one of the coordinates is equal to one. This
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gives a corresponding sequence of points on D (W) converging to . Note that we

can eliminate w from the system

0=1-wzyz, O=wz(l—y)(1—2)— (1 —w)(1-2)yz,

giving a single equation

0=g(z,y,2) =z -2y — 22+ Yz — ry’2? + 1’y

Let

z(e) =1 — €, y(e) =1+ €’ + €Y, z(e) =1 —¢€.
We are seeking a power series expansion of Y = Y'(¢) such that Y (0) = 0 and:
0 = g(z(e),y(e), z(e)) for all € € Bs(0) for some § > 0.

If we find this, then we are done, since substituting w = (xyz)~! gives a suitable

sequence on D (M) converging to £. Put p = ¢ + k, where k£ > 0 and consider:

F(e,Y) = e *g(x(e), y(e), 2(c))

- _YV 4 6q + 62q 4 26k—|—q _ 62k:—|—q _ 26k—|—2q _ 62]9—1—2q _ 26k+3q + 62k+3q

+ 2k _ Ry 4 2e20Y 4 4ty — 92Ky _ gk tiay
+ 2€2k+4qY _ 6q}/2 4 €2qy2 4 26k+2qy2 _ 26k+3qy2

_ Zkt3ay2 4 2ktigy 2

Then F(0,0) = 0, and we have

%F(e, Y) = —1— € + 262 4 4€"19 — 2e7F+20 — 4eh 30 4 g2k tia

— 2¢7Y —+ 262(1Y + 46k+2qY _ 4€lc-l—3qY _ 262k+3qY + 262k+4qY.

Since £ > 0 and ¢ > 0, we have %F(0,0) = —1. It follows from the implicit

function theorem, that there is a unique convergent power series ¢(€) such that
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©(0) = 0 and such that F(e, ¢(€)) = 0. Thus, any element of [V}, V5] is contained
in N(Dxp(W)).

5.3.4. Detected arcs. Consider the arcs in Figure 5.8(b). We will show that
a (and hence any) element of an equivalence class in [Ny, N3], [N3, Ni], [Na, N3],
[N2, Nj] is contained in N (D, (W)), and that a (and hence any) element of an
equivalence class in the interior of [Ny, Np] and [Ny, N]] is contained in N'(W) —
N(®Dw(W)).

IfV € N(®s(W)) with non-zero 0-coordinate, then its projective 0—coordinate
is strongly detected by &;(W), since the map ¥ : D(W) — &y(W) of Subsection
5.1.12 is defined everywhere and Proposition 4.6 applies.

Conversely, the birational inverse €,(W) — D(W) yields that if a projective
boundary curve is detected by an ideal point & of the PSLy(C)-eigenvalue variety,
then it must be the projectivised boundary curve of a normal surface detected by
an ideal point of ©(W), unless £ is an isolated point in the logarithmic limit set
of (W) and it is an ideal point of the 1-dimensional subvariety (5.23) of &;(W)
where U1 is not defined. Ideal points of this subvariety detect boundary curves
of the form (p, q,p, q), since ¥~! is not defined on 5 =1, t = v.

Since the quotient map q; : €& (W) — & (W) has the form (s,t,u,v) —
(s?,t,u% v), all boundary curves which are detected by SL,(C) representations
are also detected by PSLy(C)-representations Thus, all boundary slopes arising
from irreducible representations into SLs(C) are detected by the deformation va-
riety possibly apart from the ones which are of the form (p, ¢, p, q).

Let V' be a point of (W) which is not contained in the centre square. If the
projective 0—coordinate of V' is strongly detected by the deformation variety, then
either V or one of the points in its D, orbit must be contained in N (D (W)). But
this implies that all points in the orbit are contained in N(®y(W)). Thus, for
equivalence classes outside the centre square, it is enough to determine whether or

not their projective boundary curves are detected by ®(W).
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Thus, all elements of the equivalence classes in [Ny, N3], [N3, Ny], [IN3, Nj]
and [Nj, N;| are contained in N (D, (W)), as well as the elements in [Nj, Ni]
and [Ny, Ni| with their midpoints removed (because they have projectivised 0
coordinates (p,q,p,q)). But since the logarithmic limit set is a union of convex
rational polytopes, it follows that the midpoints must be included as well.

The points of (W) corresponding to the interior of the dashed arcs in Figure
5.8(c) cannot be contained in N (D, (W)), since otherwise there would be incom-
pressible surfaces with these boundary slopes contradicting [32]. This shows that
the equivalence classes in the interior of [Ny, Np| and [Ny, Nj] are contained in
N(W) = N(D,(W)).

This completes the computation of D, (W).

5.3.5. Logarithmic limit set of the eigenvalue variety. The relationship
between ideal points of the PSLy(C)-eigenvalue variety and ideal points of the
deformation variety has already been discussed and used in the computation of
Do (W), and it follows that the logarithmic limit set of &(W) is as pictured in
Figure 5.10(b). In particular, all these slopes arise from sequences of irreducible
representation. For all but four points this follows also from [32].

The sequences in Subsection 5.3.1 under point 1. which converge to ideal points
corresponding to elements of N; and Nj give rise to sequences of irreducible rep-
resentations in the character variety since the eigenvalue of a longitude is constant
equal to —1 throughout the degeneration. There also are sequences of reducible

representations detecting the same slopes:

where m — 0 or m — oc.
The eigenvalue variety is irreducible because it is birationally equivalent to
D (W) (see also Subsection 5.4.3). Bergman asks in [3] whether the logarithmic

limit set of an irreducible variety V is always a union of polytopes all having
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(real) dimension dimgV — 1. We now know that this is not so in the case of
the eigenvalue variety of the Whitehead link. It would be interesting to modify
Bergman’s question and ask whether each connected component of the logarithmic
limit set of an irreducible variety can always be expressed as a union of polytopes

all having the same dimension when dimg V' > 2.

5.4. Calculations

5.4.1. Manifold data. The “gluing and completeness” data obtained from
snap is given in Table 5.7. The relationship to the shape parameters used here is:
w =z, x =2y, y=2z and z = z;. From this, one can verify that the holonomies
of the peripheral elements given by snap are the inverses of the holonomies of the
meridians and geometric longitudes given above, where snap’s cusp 0 corresponds

to the green cusp (here: cusp 1), and cusp 1 to the red cusp (here: cusp 0).

21 29 23 24| 1—21 1—29 1—23 1—24
HMy)| 1 0 -1 0 -1 0 1 11 0
HM;)| 0 0 0 1 1 -1 0 01 0
H'(Ly) 1 0 0 O 0 1 -1 11 0
H() |-1 0 0 0 0 -1 -1 11 0
el 1 1 1 1 1 -2 0 0-1
e 0 -1 -1 -1 -1 1 1 1] 1
es -1 1 1 1 1 0 -2 2|1
e4 0 -1 -1 -1 -1 1 1 1] 1

TABLE 5.7. snap’s gluing matrix for m129

5.4.2. Elimination theory. The calculations below use the elimination and
extension theorems as found in [16]. Given two polynomials fi, fo € Clzy, ..., ]
of positive degree in z,, let g1, g2 € Clzy, ..., z,) such that f; = g;x7*+ terms in
which z; has degree lower than n;. The resultant Res(f1, f2, 1) is an element of

Clza, . .., Tyy). If this resultant vanishes at P = (po, . .., p) and not both of g; and
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g2 vanish at P, then there is p; € C such that f; and fy vanish at (p1,...,pm).
This fact can iteratively be applied to collections of polynomials, and to eliminate

more than one variable.

5.4.3. Eigenvalue variety. Denote the component in &()V) arising from re-
ducible representations by & (W). We have &,(W) = ¢(W) — €' (W), where the
overline denotes the Zariski closure. With respect to the chosen affine coordinates,

we have " (W) = {t = v = 1}, which is 2-dimensional. &;(W) is 2-dimensional

since it is the closure of the image of the eigenvalue map. From this, it also follows

that the intersection of & (W) and €"(W) is a union of two lines:
EWNeEW)=4{s=t=v=1}U{t=u=v=1}

Consider €(W) and the eigenvalue map e (5.18). The rational functions determin-

ing the eigenvalues of the longitudes are:

t=0p(p) =s*—s P +ul+c(2s 'ut+sut — s u) + Ps 7

2 1 2

v=0p(p) =u?—u?’+ 5 +c2uts +ulsT —uTls) + PuC

Then st — u?v = s — u? + c(su™ — s7'u). Since €(W) is not contained in the
hyperplane s* = u?, this shows that the map e : €W) — &(W) has degree one,

and also determines an inverse mapping:

(5.27) (5,41, 0) — (s, u S e = “)).

su~t — s~y
Recall the defining equation (5.12) of €(W):
fi=G=—sHu—-uN+e(sT2u?—u?—-s2+4—5*—u?+ s%u?)
+ 225wt —sumt — s u A+ 2su) + .
We obtain two additional polynomials fo = s3ut+... and f3 = suv+... from the
above expressions for ¢ and v. The only variable to be eliminated is ¢, and the lead-

ing coefficients of cin fi, f, and f3 are monomialsin C[s, u]. Since s and u are units,

it follows that the eigenvalue variety is defined by Res(f1, f2,¢) = Res(f1, f3,¢) =
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Res(fs, f3,¢) = 0. Eliminating redundant factors from the resultants gives the

following set of defining equations for &,(W):

hy =t — 8%t + s%% — s*? — u? — 28%tu® + s*tu? — t2u® + 25222
+ s*tPu? + tut — SPtut + st — s4t2u4,

he = 2 —v— st + uv + 25%uv + s*uv — sPutv + 2% — u?v?
— 25%u%v? — s'u?0? + ut? + stutv? — 52u4v3,

hsy = st — s%t — s*tu® + s*tu® + s5t%u? — s*uPv

+ vt + s2utv — 2s*tuty — ubv + sPubv?.

The mapping (5.27) is not defined when s?> = u2. We may now compute the defining
equations of the subvariety of &;(W) on which it is not defined:

sP=u?  t=wv, O0=—t+s*(1+1t)+s'1—1t)—s2(1+1)+ 2.

With a little more effort, one can compute the following inverse mappings de-

fined on two open sets, which cover all but eight points of the eigenvalue variety:

g (52— )1 - w)
(5.28) et EW) = W) (s,t,u,v) = (s,u, su(l+0) )

2 2
_ , u® —t)(1—s%)
5.29 LLE@W) = e(W ,tu,v) = ,,(
(529) e @MW) EW)  (s,tu) (u o )
The maps reflect the interchangeability of the two cusps. The points corresponding
to the complete structure are always singularities of the eigenvalue variety — here
determined by the points where ¢t = v = —1 and s? = u? = 1. The other points of
&y (W) where neither of the above maps are defined are subject to t = v = —1 and

s?=u?=—-1.
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5.4.4. The defining equations for the PSLy(C)—eigenvalue variety can be
worked out from €(W) similarly to the above, or from the results of the previ-

ous subsection using Lemma 5.3. In particular, we obtain:
t=0p(Por) =5 ' —5 WH+T+dQ25 +5 7w -5 ) + 47w,
v=0pnPgr) =u ' —u '5+5+d2u ' +u s —u) + s

Then su?v — 5°ut = su? — 5°u + d(u — 35) implies that the degree of the map

C(W) — E(W) is equal to one. It follows from the above discussion that there are

only two points where neither of the following inverse maps is not defined:

gl

L _ _ - -y -1
(5.30) e &(W) = €(W) (3,8,3,v) = (8’ W)

S

1. = - 4 = - (ﬂ_t)(l_g)
(5.31) e, : (W) = (W) (5,t,u,v) — (s, ,W>

The results of this and the previous subsections are summarised in the following

lemma. Note that this provides an alternative proof of Lemma 5.4.

LEMMA 5.6. The varieties €(W) and E(W) are birationally equivalent, and
so are the varieties (W) and Ey(W).

5.4.5. If one of the cusps is assumed to be complete, then the resulting sub-

variety, which parametrises hyperbolic Dehn fillings on the other cusp, is defined
by:

(5.32) 0=1—t+45t — 5t +5°t° when @ = 1,v = —1,

(5.33) 0=1-v+4uw — w’v + u’v* when s=1,t = —1.

The boundary curves (0,0,0,1), (0,0,4,1) and (0, 1,0,0), (4,1,0,0) are detected by

these curves respectively. We may also write the defining equations as the following

well-defined trace relations:

(5.34) 4 = trp(M3) — tr p(M3ILY) = tr p(M?) — tr p(LY) where i € {0, 1}.
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Curves in (W) corresponding to these curves in the eigenvalue variety can
readily be determined. Consider points in & (W) of the form (1, —1,%,v). The
preimage under ® of such a point is of the form ¢~ (w, —w™!, w, —w™") for some
w € C—{0,+1}, and hence H'(M;) = ﬁ and H'(LY) = w?.

5.4.6. Eigenvalues at (w,x,y,z) = (1,1,1,1). Using the implicit function
theorem as in Subsection 5.3.3, the eigenvalues at the ideal point

f = (07 1: _1: 05 1: _1: 05 1, _1,05 1a _1)

where w, z,y, 2z — 1 can be computed. Note that this point maps to a singularity

of @I(W) We use the pTOjGCtiOn (’LU, z,Y, Z) — (’U), Y, Z)a with image defined by
0=g(w,y,2) =w—wy —wz +yz — wy?2® + wy?22.

The holonomies of meridians take the form

1—w 1-2

H'(Mo) = —yz7— y H'(My) =

Cyz(l—w)
and as £ is approached, the eigenvalues of the longitudes converge one. Since the

growth rates of all parameters are equal, let
w=1+4e¢, y=1—-3le+eY z =1 — e,

and we are seeking Y'(e) such that g(w(e),y(e),z(€)) = 0 for all ¢ € Bs(0) and
Y (0) = 0 for some 5,7 € C — {0}. As in Subsection 5.3.3, substitution yields
a polynomial F'(e¢,Y), and in this case the implicit function theorem applies if
(s—1)(mw—1) =0. We have

(1—ue)(1 —5te+¢€Y) U

H(Mo) = 5L+Y - M) =555

Thus, for any 5,u € C — {0}, one can obtain the limiting eigenvalues (1, 1,7, 1)
and (5,1,1,1) as one approaches £. These eigenvalues are precisely the eigenvalues

of the reducible representations in €(W).
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5.4.7. Character varieties. We conclude this chapter with a complete de-
scription of the character varieties associated to W. The SLy(C)-Dehn surgery
component can be worked out from €(W). Let X = tr p(My),Y = trp(M;) and
Z = tr p(MopM,), then X,(W) is defined by the single equation:

0=F(X,Y,Z2)=XY +(2-X*-Y)Z+XYZ* - 7%

The set of reducible SLy(C)—characters X" (W) is parametrised by tr p|Mgy, M;] =

2, which is equivalent to:
4=X*+Y’+2* - XYZ.

Thus, X(W) = X,(W) U X" (W).

The form of the relator in (5.10) implies that a PSLy(C)-representation lifts
to SLs(C) if and only if the relator is equal to the identity in SLy(C) for any
assignment of matrices representing the PSLy(C)-representation. Therefore only
the Dehn surgery component of the PSLy(C)—character variety can be worked out
from the above equation. With X = X2, Y = Y? and Z = Z? one obtains:

0= F(X,Y,7)

= XV + 44X+ X AV + V) Z - (4-2X - Y + XV Z + Z.
Note that F(X?,Y?2, 2%) = F(X,Y, Z)F(~X,Y, Z) = F(X,Y, Z)F(X, Y, Z).
Computation of PSLy(C)-representations which do not lift to SLy(C) reveals
that there is only a finite set, parametrised by (X,Y,Z) = (0,0,2 £ 1/2). These
points do not satisfy F, and the corresponding representations are irreducible on
the peripheral subgroups, with image isomorphic to Z,®7,. In particular, they do
not contribute any points to the PSL,(C)—eigenvalue variety. Thus, all boundary
curves which are detected by €y(W) are also detected by &,(W).
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