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Supplementary Material
Controlling the FDR in the multiple hypotheses testing (MHT) setup

In the multiple hypotheses testing (MHT) set up we simultaneously test m (null) hypotheses H1 , . . . , Hm , looking to reject as many as possible subject to some statistical
control of our error rate. The rejected hypotheses are typically referred to as “discoveries”, and Hi corresponds to a false discovery if it is rejected but is in fact a true null
hypothesis.
Pioneered by Benjamini and Hochberg, the common approach to controlling the
error rate in the MHT context is through bounding the expected proportion of false
discoveries at any desired level α ∈ (0, 1). More precisely, assume we have a selection
procedure that produces a list of R discoveries of which, unknown to us, V are false. Let
Q = V / max {R, 1} be the unobserved false discovery proportion (FDP). Benjamini
and Hochberg showed that applying their selection procedure (BH) at level α controls
the expected value of Q at that level: E(Q) ≤ α [2]. They referred to E(Q) as the
false discovery rate (FDR), and their precise statement is that, provided the true null pvalues are distributed as independent uniform U (0, 1) random variables, E(Q) ≤ α for
any p-values the true alternative / false null hypotheses assume. Other, more powerful
selection procedures that rely on estimating π0 , the fraction of true null hypotheses,
are available. Generally referred to as “adaptive BH” procedures, with one particularly
popular variant by Storey, these procedures are also predicated on our ability to assign
a p-value to each of our tested hypotheses (e.g., [3, 4, 13, 14]). Hence, in particular they
cannot be directly applied in our competition-based setup.
6.2

The problem with pooling the decoys

Two significant problems arise when pooling the decoys to compute the p-values. First,
these p-values do not satisfy the assumption that the p-values of the true null hypotheses
are independent: because all p-values are computed using the same batch of pooled
decoy scores, it is clear that they are dependent to some extent. While this dependency
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diminishes as m → ∞, there is a second, more serious problem that in general cannot
be alleviated by considering a large enough m.
Specifically, in pooling the decoys we make the implicit assumption that the score is
calibrated, i.e., that all true null scores are generated according to the same distribution.
If this assumption is violated, as is typically the case in the spectrum identification
problem for one [7], then the p-values of the true null hypotheses are not identically
distributed, and in particular they are also not (discrete) uniform in general. This means
that even the more conservative BH procedure is no longer guaranteed to control the
FDR, and the problem is much worse with Storey. Indeed, below we show that there
are arbitrary large examples wherein Storey significantly fails to control the FDR, and
similar ones where BH is essentially powerless. Those examples, demonstrate that, in
general, applying BH or Storey’s procedure to p-values that are estimated by pooling
the competing null scores can be problematic both in terms of power and control of
the FDR. Note that these issues have previously been discussed in the context of the
spectrum identification problem, where the effect of pooling on power and on FDR
control were demonstrated using simulated and real data [7, 6].
Examples of failings of the canonical procedures 
Consider BH
 applied to just m = 2
hypotheses with d = 1 decoy, and suppose that P Z̃11 > Z̃21 = 1 (i.e., the support
of the null distribution corresponding to H1 is disjoint and to the right of the support
of the null distribution corresponding to H2 ). Suppose further that both Hi are true
nulls, so that the FDR coincides with the FWER (family-wise error rate), which is the
probability of at least one (false) discovery.
n It is easy to seeothat in this case using
:=
the FDR threshold α
2/3 the event Z1 > Z̃11 , Z2 < Z̃21 will produce one discovery (p1 o:= p-value (Z1 ) = 1/3, p2 := p-value (Z2 ) = 1), and the disjoint event
n
Z2 > Z̃21

will produce two discoveries (p2 = 2/3). However, these events have a

total probability of 1/4 + 1/2 = 3/4 so the FWER=FDR is > α in this case.
This effect can be much more pronounced in the case of Storey’s method. Suppose
that the null hypotheses
split into two equal sized groups, A and B, where for every i ∈

A and j ∈ B, P Z̃i1 < Z̃j1 = 1. Suppose further that all the hypotheses in A are false


nulls with scores Zi satisfying P Zi > Z̃i1 = 1, and that all hypotheses in B are true
nulls. The decoy-pooled p-values will be essentially no greater than 1/2. Hence, Storey’s
estimate of π0 , π̂0 (λ) = m−R(λ)
(1−λ)m , where m is the number of hypotheses, and R(λ) is
the number of hypotheses whose p-value is ≤ λ, will significantly underestimate π0 .
For example, if λ ≥ 0.5 then π̂0 = 0, which in turn implies that essentially all null
hypotheses will be rejected at any FDR level α and particularly for α < 1/2, while
the actual FDP will clearly be 1/2. Even if λ is chosen to better fit these p-values, e.g.,
λ = 0.25, or the set-up is changed slightly to allow some group A p-values to be null so
π̂0 6= 0, the procedure will still significantly underestimate π0 and thus underestimate
the actual FDR.
Example 1. As a specific example in the above vein we constructed an experiment with
m = 300 and d = 5 decoys where group A’s true null distribution is N (0, 1), and
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group B’s true null distribution is N (50, 1). We set all 150 hypotheses in group B
and 50 of the 150 hypotheses in group A to be true null, and we generated observed
scores by sampling from the appropriate null distribution above. We next generated the
observed scores for the 100 false null hypotheses in group A by sampling from the
same, significantly shifted, N (50, 1) distribution that we used to generate all observed
scores of group B. All competing null (decoy) scores were generated using the group’s
null distribution. In this setup we chose to leave a third of group A as true nulls so that
approximately 50 of the p-values will exceed 1/2 ensuring that π̂0 > 0.
We then computed the pooled p-values and applied Storey’s FDR controlling procedure, as presented in the package qvalue [15] (with λ chosen using the bootstrap
option). This experiment was repeated using 1,000 randomly drawn sets, noting each
time the real FDP at FDR thresholds of α = 0.1 and α = 0.2. As expected in this
setting, Storey’s procedure clearly failed to control the FDR: at α = 0.1, the empirical
FDR (the FDP averaged over the 1K samples) was 0.24, or over 200% of what it should
be, and for α = 0.2 the empirical FDR was larger than 0.5 again indicating a significant
violation.
We could not find such examples, with an essentially arbitrary large m and a substantial
liberal bias, when using the BH procedure. However, we found a class of arbitrary large
examples, similar to the above class (on which Storey fails to control the FDR), where
due to pooling the conservative nature of BH was amplified to the point where it was
essentially powerless. Consider fourgroups A, B, C and Dand suppose that for every
i ∈ A, j ∈ B, k ∈ C and l ∈ D, P Z̃i1 < Z̃j1 < Z̃k1 < Z̃l1 = 1. Suppose further that
all the hypotheses in groups A and B are false null with
 scores that fall in the range
of values of the subsequent group, so in particular P Zi > Z̃k1 = 0 and similarly


P Zj > Z̃l1 = 0. It is easy to see that using pooling in this case the p-values for the
(false) null hypotheses in groups A and B will be ≥ 1/2 and 1/4 respectively, and it
follows that no discoveries can be made by BH with α < 1/4, regardless of how large
m and d are.
Example 2. Again, we construct a specific example according to the above general outline. We set m = 300, so that each of the four groups has 75 hypotheses, and we use
d = 5 decoys. The null distribution of each group is set as N (µ, 1), where µ increases
from µA = 0, by 50, to µD = 150. The observed scores corresponding to the 150 false
null hypotheses of groups A and B were drawn from the null distributions of group B
and C respectively, whereas the 150 observed scores of groups C and D were drawn
from their respective null distributions. Using pooled p-values BH does not yield any
discovery for any α ≤ 0.65 amongst any of our 1000 samples, and it was not until using
α = 0.7 that we finally started seeing some samples on which BH had non-zero power.
Incidentally, even using non-pooled p-values is slightly better here: the first samples
with non-zero BH power appear for α = 0.3.
6.3

Simulation setup

In order to analyze and compare the performance of the FDR-controlling procedures
we simulated datasets with both calibrated (all true null scores are generated according
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to the same distribution) and non-calibrated scores — a comparison that also allowed
us to select our overall recommended procedure.
In the non-calibrated case we allow the distribution of the null scores to vary with
the hypotheses so we sample from hypothesis-specific distributions. Specifically, for
simulating using a non-calibrated score we associate with the null hypothesis Hi a normal N (µi , σi2 ) distribution from which its competing null (decoy/knockoff) scores are
sampled. If Hi is labeled a true null, this is also the distribution from which the observed score is sampled. Otherwise, Hi is a false null, so the observed score is sampled
from a γi -shifted normal N (µi + γi , σi2 ) distribution, where γi > 0. The parameters µi ,
σi2 , and γi are themselves sampled with each newly sampled set of scores:
– µi is sampled from a normal N (µ, σ 2 ) distribution with the hyper-parameters µ =
0 and σ 2 = 1.
– σi2 is sampled from 1 + exp(ω), where exp(ω) is the exponential distribution with
rate ω = 1.
– γi is sampled from 1 + exp(ν), where ν is a hyper-parameter that determines the
separation between the false and true null scores
When simulating using a calibrated score the parameters µi , σi and γi are kept constant.
In our non-calibrated score simulations we drew 10K random sets of observed and
competing null scores (each with its own randomly drawn values of µi , σi , γi ) for each
of the following 600 combinations of parameter (or hyper-parameter) values:

– The number of false null hypotheses, k, was set to each value in 1, 10, 102 , 103 , 104 .
– For each value of k, the total number of hypotheses, m, was set to min{c · k, 2 ·
104 } where c was set to each of the following factors {1.25, 2, 4, 10, 20, 100, 1000}
subject to the constraint that m ≥ 100.
– For each values of k and m above, the hyper-parameter ν that determines the separation between the false and true null scores was set to each of the values in
{0.01, 0.05, 0.1, 0.25, 0.5, 1.0}.
– For each values of k, m, and ν above, the number of decoys d was set to each of
the values in {3, 5, 9, 19, 39}.
We then used the 10K sampled sets from each of the 600 experiments to find the empirical FDR as well as the power of each method for each selected FDR threshold α ∈ Φ.
For a given threshold α, the power of a method is the average percentage of false nulls
that are reported by the method at level α, and the empirical FDR is the average of the
FDP in the discovery list (both averages are taken over the experiment’s 10K runs). We
used a fairly dense set of FDR thresholds Φ: from 0.001 to 0.009 by jumps of 0.001,
from 0.01 to 0.29 by jumps of 0.01, and from 0.3 to 0.95 by jumps of 0.05.
Our calibrated score simulation also consisted of 600 experiments, or combinations
of parameter values. Specifically, we used the same values of k, m, and d as in the above
non-calibrated simulations and we let γ vary over the values in {0.8, 1, 1.4, 2, 3, 4}. In
each experiment we again draw 10K random sets of observed and competing scores
using µi ≡ 0, σi ≡ 1, γi ≡ γ.
In both setups we examined the FDR control by looking at the ratio between the
empirical FDR (the observed FDP averaged over 10K runs) and the selected threshold
as well as at the power which is the average (over 10K runs) percentage of false nulls
we discover.
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The correspondence between the tuning parameters of Storey’s procedure
and AS’s

Lei and Fithian pointed out the connection between the (c, λ) parameters of their AS
procedure (they refer to c as s) and the corresponding parameters in Storey’s procedure.
Specifically, AS’s λ is analogous to the parameter λ of [14] that determines the interval
(λ, 1] from which π0 , the fraction of true null hypotheses is estimated. Specifically, in
the finite sample case, π0 is estimated as:
π̂0∗ (λ) =

m − R(λ) + 1
,
(1 − λ)m

(7)

where m is again the number of hypotheses, and R(λ) is the number of discoveries at
threshold λ (number of hypotheses whose p-value is ≤ λ). The c parameter is analogous
to the threshold


n
o
∗
∗
d λ = sup t ∈ [0, 1] : FDR
dλ ≤α
tα FDR
(8)
of [14], where
∗

dλ =
FDR

6.5

( m·π̂∗ (λ)·t
0

R(t)∨1

1

t≤λ
t>λ

.

(9)

Determining λ from the empirical p-values

Given an upper bound Λ on λ (we used 0.95), and a binomial test significance cutoff β
(we used 0.1)
1. Initialize: i := 1.
2. If i ≥ Λ · d1 or i = d then
– set iλ := i and stop.
3. If i + d1 is even then
– set is := (i + d1 )/2,
– n+
p := # {p̃i ∈ [(is + 1)/d1 , 1]},
– n−
p := # {p̃i ∈ [(i + 1)/d1 , is /d1 ]}.
4. Otherwise,
– set is := (i + d1 + 1)/2,
– n+
p := # {p̃i ∈ [(is + 1)/d1 , 1]},
– n−
p := # {p̃i ∈ [(i + 1)/d1 , (is − 1)/d1 ]}.
+
−
5. Calculate pb = P (B ≥ n−
p ) where B ∼ Binomial(np + np , 0.5).
6. If pb > β then (the remaining tail of the p-value histogram “seems to have flattened”)
– set iλ := i and stop.
7. Otherwise (we are yet to see the flattening of the tail of the p-value histogram),
– set i := i + 1,
– return to step 2.
Note that the interval (λ, 1] from which π0 is estimated in (7) coincides with [(iλ + 1)/d1 , 1].
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6.6

Finite-decoy Storey (FDS and FDS1 )

The procedure we call finite-decoy Storey (FDS) starts with determining λ as above
(Supplementary Section 6.5). Then, given the FDR threshold α ∈ (0, 1), FDS proceeds
along (7)-(9) using R(λ) = |{p̃i : p̃i ≤ λ}|, to determine




∗
m · π̂0∗ (λ) · i/d1
d
tα FDRλ = max i ∈ {0, 1, . . . , d1 · λ} :
≤α .
(10)
R (i/d1 ) ∨ 1


∗
dλ
This in principle is our threshold c except that, especially when d is small, tα FDR
can often be zero which is not a valid value for c in our setup. Hence FDS defines
n

o
∗
dλ .
c := max 1/d1 , tα FDR
(11)
With (c, λ) determined, FDS continues by applying the mirandom procedure with the
chosen parameter values.
FDS was defined as close as possible to Storey, Taylor and Siegmund’s recommended procedure for guaranteed FDR control in the finite setting (albeit with a predetermined λ). We found that a variant of FDS that we denote as FDS1 , often yields
better power. FDS1 differs from FDS as follows:


∗
d λ (10) we use Storey’s large sample formulation which
– When computing tα FDR
does not include the +1 in the estimator π̂0∗ (λ) (7), and n
maximizes over i ∈ {0, 1, o
. . . , d1 }.
∗
d
– Instead of defining c as in (11), FDS1 defines c := min cmax , 1/d1 + tα FDRλ ,
where cmax is some hard bound on c (we used cmax = 0.95).
– With FDS1 ’s tweaked definition of c the case c > λ is now possible. However,
mirandom does not allow this so in that case FDS1 sets λ := c instead of the value
of λ defined in Supplementary Section 6.5).
6.7

The limiting behavior of our FDR controlling methods

In its selection of the parameter c, FDS essentially applies Storey’s procedure to the
empirical p-values; however, there is a more intimate connection between FDS, and
more generally between some of the methods described above and Storey’s procedure
that becomes clearer once we let d → ∞. To elucidate that connection we further need
to assume here that the score is calibrated, that is, that the distribution of the decoy
scores is the same for all null hypotheses. In this case, we might as well assume our
observed scores are already expressed as p-values: Zi = pi (keeping in mind that this
implies that small scores are better, not worse as they are elsewhere in this paper).
It is not difficult to see that for a given (c, λ), mirandom assigns, in the limit as
d → ∞, Wi := Zi = pi if pi ≤ c (Li = 1, or original win), and Wi := (1 − pi ) ·
c/ (1 − λ) ∈ [0, c) if pi > λ (Li = −1, or decoy win). Sorting the scores Wi in
increasing order (smaller scores are better here) W(1) < W
(2) < · · · < W(m) , we note
that for i with W(i) = p(i) ≤ c the denominator term # j ≤ i : L(j) = 1 in (3) is
the number of original scores, or p-values pj ≤ p(i) . At the same time, for the same i
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and j ≤ i, L(j) = −1 if and only if p(j) > λ and W(j) < W(i) = p(i) ≤ c so we have
for the numerator term




1−λ
# j ≤ i : L(j) = −1 = # j : pj > λ, Wj < p(i) = # j : pj > 1 −
p(i) .
c
Considering that iαcλ < m in (3) must be attained at an i for which Wi = pi ≤ c
(original win), we can essentially rewrite (3) as
(
)

p(i)
1 + # j : pj > 1 − 1−λ
c
c

iαcλ = max i :
·
≤α .
(12)
1−λ
# j : pj ≤ p(i) ∨ 1
Consider now Storey’s selection of the threshold tα , which when using the more
rigorous estimate (7) essentially amounts to


t
1 + # {j : pj > λ∗ }
·
≤
α
,
tα = max t ∈ [0, λ∗ ] :
# {j : pj ≤ t} ∨ 1 1 − λ∗
where λ∗ is a tuning parameter. Considering the cases where tα ≤ c and setting
λ∗ (t) := 1 − (1 − λ) t/c Storey’s threshold tα becomes
)
(

1 + # j : pj > 1 − 1−λ
c
c t
·
≤α .
tα = max t ∈ [0, c] :
# {j : pj ≤ t} ∨ 1
1−λ
Since in practice tα can be taken as equal to one of the p(i) the equivalence with (12)
becomes obvious by identifying t above with p(i) in (12).
Thus, for example, as d → ∞ the mirror method (λ = c = 1/2) converges, in
the context of a calibrated score, to Storey’s procedure using λ∗ (t) := 1 − t, which
coincides with the “mirroring method” of [16]. It is worth noting that the general setting
λ∗ (t) := 1 − (1 − λ) t/c is not obviously supported by the finite sample theory of [14];
however, it can be justified by noting the above equivalence and our results here.
An even more direct connection with Storey’s procedure is established by letting
d → ∞ in the context of FDS. Indeed, using the same λ determined by the progressive
interval splitting procedure described in Section 6.5, Storey’s finite-sample procedure
(8) would amount to setting the rejection threshold to


m · π̂0∗ (λ) · t
tα = max t ∈ [0, λ] :
≤α .
R(t) ∨ 1
Recalling that d1 → ∞ we note that the latter tα coincides with
 assigns
 the value FDS
to c via (10) and (11). Let ic be such that the above tα = c ∈ p(ic ) , p(ic +1) (recall we
assume no ties here), then we can assume without loss of generality that tα = c = p(ic )
and hence (compare with (12)) the mirandom part of FDS will find
(
)

1 + # j : pj > 1 − 1−λ
p(i)
c
c

iαcλ = max i ≤ ic :
·
≤α .
1−λ
# j : pj ≤ p(i) ∨ 1
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But

1 + # j : pj > 1 − 1−λ
c
1 + # {j : pj > λ} c
m · π̂0∗ (λ) · tα
c p(ic )

·
=
·
=
≤ α.
1−λ
# {j : pj ≤ c} ∨ 1 1 − λ
R(tα ) ∨ 1
# j : pj ≤ p(ic ) ∨ 1
Hence ic satisfies the required inequality and iαcλ = ic . It follows that the rejection
lists of FDS and the above variant of Storey’s procedure with the same λ coincide in
the d → ∞ limit.
6.8

Labeled resampling

For clarity of the exposition we break the description of our labeled resampling procedure into two parts with the first describing how we generate a sample of conjectured
true/false null labels.
1. Determine λ as described in Supplementary Section 6.5
2. Using c = λ from step 1 above, apply steps 1-2 of mirandom (Section 3.2 with
ϕ ≡ ϕmd of Section 3.5) to define the assigned scores Wi and labels Li , and order
the hypotheses in a decreasing order of Wi
3. Initialize by setting:
– j := 1 (j is the index of the set of hypotheses we currently consider)
– i1 := 1, i0 := 0 (ij is the number of hypotheses in Hj )
– l := 0 (l denotes the index of last drawn conjectured false null)
– f := (0, 0, . . . , 0) (f i is the indicator of whether or not we conjecture Hi is a
false null)
4. Estimate aj , the number of false null hypotheses in Hj = {Hi : i ≤ ij }, as


λ
∨ 0.
aj := # {i ≤ ij : Li = 1} − # {i ≤ ij : Li = −1} ·
1−λ

5.

6.
7.
8.
9.

Note that the first term is the number of original wins among the hypotheses in
Hj and the second is essentially the numerator of (3) (with c = λ), which uses
the number of decoy wins to estimate the number of false discoveries among those
original wins.
If aj > kf k1 (the number of conjectured false nulls drawn so far) then draw aj −
kf k1 additional conjectured false nulls as follows:
(a) for each i ∈ {l + 1, l + 2, . . . , ij } let wi := 1 − p̃i , where p̃i are the empirical
p-values
(b) while aj − kf k1 > 0:
i. draw an index i ∈ {l + 1, . . . , ij } according to the categorical distribution
with a probability mass function proportional to wi
ii. set f i := 1 and wi := 0
If ij = m return the conjectured labels f , else continue
Set δj+1 := ij − ij−1 + 1 if no new conjectured false null were drawn in step 5,
otherwise set δj+1 := ij − ij−1
Set ij+1 := (ij + δj+1 ) ∧ m
Set j := j + 1 and go back to step 4
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Note that step 7 lets the data determine the number of hypotheses in Hj+1 \ Hj : this
number grows if going from Hj−1 to Hj we concluded we do not need to draw any additional conjectured false nulls. This scheme is well adapted to handle a fairly common
scenario where most of the highest scoring hypotheses are false null, making sure they
will be labeled as such in our resamples.
The second phase of the algorithm simply resamples the indices in the usual bootstrap manner and then randomly permutes the conjectured true null scores:
1. independently sample m indices j1 , . . . , jm ∈ {1, 2, . . . , m}
2. for i = 1, . . . , m:
(a) if f ji = 0 draw a permutation π i ∈ Πd1 , else, f ji = 1 so define πi := Id ∈
Πd1 (the identity permutation)



(b) apply the permutation πi to V i := Z̃j0i := Zji , Z̃j1i , . . . , Z̃jdi : V i ◦ πi :=


π (1)−1
π (d )−1
Z̃jii
, . . . , Z̃jii 1


3. return the resampled labeled data V i ◦ πi , f ji : i = 1, . . . , m
6.9

Labeled Bootstrap monitored Maximization (LBM)

Given the list of original and decoy scores, an ordered list of candidate methods M, a
fall-back method Mf , a set of considered FDR thresholds Φ, and the number of bootstrap samples nb , LBM executes the following steps:
1. For each bootstrap/resample run i = 1, . . . nb :
(a) Generate a labeled resample as describe in Supplementary Section 6.8 above.
(b) Apply each method M ∈ M to the resample noting the number of discoveries
i
i
DM
(α) for each α ∈ Φ, as well as the corresponding FDP, FM
(α) (computed
based on the conjectured labels of the resample).
i
(α) with ties broken accord(c) For each α ∈ Φ sort the methods according to DM
ing to the rank of the methods in the list M, and
i
(α) of each method,
i. record the rank rM
i
i
(α) where M is the highest rank method (with the
ii. record F∗ (α) := FM
largest number of discoveries).
2. For each α ∈ Φ:
(a) Estimate the FDR of the direct maximization approach as the simple average
Pnb i
\
F
DR∗ (α) := n1b i=1
F∗ (α).
\
(b) If F
DR∗ (α) > α (see the comment below) then
– (the FDR of direct maximization seems too high so) set the selected method
for this α to the fall-back method: S(α) := Mf .
Otherwise,
– (direct maximization seems to work fine so) set the selected
to the
Pnbmethod
i
one with the highest average rank: S(α) := argmaxM i=1
rM
(α) (ties
are broken according to the rank of the methods in the list M).
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We added to LBM two options that in practice were used throughout our reported
\
simulations. The first is that we allowed some slack when comparing F
DR∗ (α) with
α to check whether the FDR of direct maximization seems too high (step 2b above).
Specifically, particularly because the empirical mean is taken over a relatively small
number of resamples (we used nb = 50 in our applications), we instead checked
whether
\
F
DR∗ (α) > α + 4σ(α) · (1 − π̂0∗ (λ)) ,
where π̂0∗ (λ) is the π0 estimate used by FDS1 described in Supplementary Sections 6.5
\
and 6.6, and σ(α) is the estimated standard error of F
DR∗ (α). In practice, this relaxation lead to some increase in power with no visible impact on the FDR control.
The second option is a post-processing step that aims to produce a monotone list of
discoveries as a function of the FDR threshold α. Specifically, we check if the number
of discoveries at αj+1 is smaller than the number we have when using αj < αj+1 ,
and if that is the case, then we override our resampling-based selection of the optimal
method for αj+1 and instead we use the same method that was previously selected for
αj , i.e., S(αj+1 ) := S(αj ).
In terms of the list of candidate methods we consider, M, we need to strike a balance between considering more methods, equivalently more choices of (c, λ), and the
increasing likelihood that the fall-back would be triggered. In practice, we found that
considering the methods of FDS1 , mirror, and FDS (and in that the tie-breaking order,
so FDS has the highest priority) works well so the reported version of LBM uses this
particular list of methods.
6.10

Revisiting the failings of the canonical procedures

Going back to the two examples of Supplementary Section 6.2 we note that all our
methods essentially control the FDR with the empirical FDR (FDP averaged over the
1K sets samples sets) below the selected FDR threshold for all α ∈ Φ with a single
exception in Example 1 at α = 0.2, where FDS, FDS1 , and LBM have an empirical
FDR in the range of 0.203-0.206 or up to 3% over the threshold (for reference, the
empirical FDR of the guaranteed max method here is even higher: 20.9%), compared
with the > 250% violation of Storey with pooled p-values.
Interestingly, when comparing the power of our methods in Example 2, where BH
applied to the pooled p-values made no true discoveries even at α = 0.65, we find
that both the mirror and FDS1 are significantly weaker than FDS, LF and LBM, again
demonstrating the utility of LBM. Specifically, at α = 0.15 both FDS’s and LBM’s
power stand at 79.6% and 79.5% respectively, and LF’s at 62.8% compared with 0%
power for both the mirror and FDS1 . At α = 0.2 FDS, LBM, and LF boast 100% power
while the mirror power stands at 0.1% and FDS1 ’s power is 0.6%.
6.11

Analysis of real data

We applied our analysis to three datasets.
The human data set consists of a single control run (CTL R1 1 from the data set with
MassIVE identifier MSV000079437 [17]. The data was generated on an LTQ-Orbitrap
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Velos Pro on proteins extracted from human SH-SY5Y cells treated with 200 µM H2 O2 .
The human reference proteome was downloaded from Uniprot on 28 Nov 2016.
The yeast data set consists of a single run (Yeast In-gel digest 2) selected at
random from the data set with PRIDE identifier PXD002726 [12]. The data was generated on an LTQ Orbitrap Velos on proteins extracted from an in-gel digest of S. cerevisiae lysate. The yeast reference proteome was downloaded from Uniprot on 28 Nov
2016.
The ISB18 data set is derived from a series of experiments using an 18-protein standard protein mixture (https://regis-web.systemsbiology.net/PublicDatasets
https://regis-web.systemsbiology.net/PublicDatasets, [8]). We use 10 runs carried out
on an Orbitrap (Mix 7). The database consists of the 18 proteins from the standard
mixture, augmented with the full H. influenzae proteome, as provided by Klimek et al.
Searches were carried out using the Tide search engine [5] as implemented in
Crux [11]. The peptide database included fully tryptic peptides, with a static modification for cysteine carbamidomethylation (C+57.0214) and a variable modification
allowing up to six oxidized methionines (6M+15.9949). Precursor window size was
selected automatically with Param-Medic [9]. The XCorr score function was employed
for uncalibrated searches, using a fragment bin size selected by Param-Medic.
Clearly, the competition-based control of the FDR is subject to the variability of
the drawn competing scores. To ameliorate this variability here, we initially searched
the spectra against 100 randomly shuffled decoy databases, and then for each d ∈
{1, 3, 5, 7, 9} we repeated our analysis drawing 100 sets, each with d of those decoy
databases, while making sure that the 100 drawn sets are distinct. We can then compare
the number of discoveries reported by each considered method at the selected FDR
threshold α (here α ∈ {0.01, 0.05, 0.1}). More precisely, for each number of decoys d
we average the number of discoveries over the 100 randomly drawn sets of d decoys.
The ISB18 is a fairly unusual dataset in that it was generated using a controlled
experiment, so the peptides that generated the spectra could have essentially only come
from the 18 purified proteins used in the experiment. We used this dataset to get some
feedback on how well our methods control the FDR, as explained next.
The spectra set was scanned against a target database that included, in addition to
the 463 peptides of the 18 purified proteins, 29,379 peptides of 1,709 H. influenzae
proteins (with ID’s beginning with gi|). The latter foreign peptides were added in
order to help us identify false positives: any foreign peptide reported is clearly a false
discovery. Moreover, because the foreign peptides represent the overwhelming majority
of the peptides in the target database (a ratio of 63.5 : 1), a native ISB18 peptide reported
is most likely a true discovery (a randomly discovered peptide is much more likely to
belong to the foreign majority). Taken together, this allows us to gauge the actual FDP
for each set of d drawn decoys, FDR threshold α, and the FDR controlling procedure
that generated the discovery list. More precisely, we average the FDP over the 100
drawn sets of d decoys.
The 87,549 spectra of the ISB18 dataset were assembled from 10 different aliquots,
so in practice we essentially have 10 independent replicates of the experiment. However,
the last aliquot had only 325 spectra that registered any match against the combined
target database, compared with an average of over 3,800 spectra for the other 9 aliquots,
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so we left it out when we independently applied our analysis to each of the replicates.
By averaging the above decoy-drawn averaged FDP over the 9 aliquots we obtain an
estimate of the FDR that we can compare to the selected FDR threshold.
Similarly, when gauging the power of a method on the ISB18 dataset our analysis
was separately applied to each aliquot and then averaged over the aliquots.
Finally note that for purely technical reasons the peptide detection analysis was run
using a slightly different version of LBM than the one described in Section 6.9 above.
Specifically, instead of randomly breaking the ties in the ranks in step 1(c), the tied
ranks were averaged at that point.
6.12

Gene Ontology enrichment Analysis

Gene Ontology term
TDC q-value LBM q-value
cellular response to unfolded protein (GO:0034620)
9.35E-05
1.41E-04
response to unfolded protein (GO:0006986)
7.79E-05
1.18E-04
chaperone-mediated protein folding (GO:0061077)
1.37E-04
2.07E-04
cellular response to heat (GO:0034605)
1.83E-04
2.77E-04
response to heat (GO:0009408)
1.99E-04
3.00E-04
response to topologically incorrect protein (GO:0035966)
3.11E-04
4.68E-04
tRNA metabolic process (GO:0006399)
2.42E-02
3.31E-02
response to stress (GO:0006950)
7.73E-03
1.15E-02
cellular amino acid metabolic process (GO:0006520)
1.14E-02
1.68E-02
protein folding (GO:0006457)
1.31E-02
1.93E-02
translation (GO:0006412)
9.74E-07
2.94E-06
formation of translation initiation ternary complex (GO:0001677)
1.37E-05
3.38E-05
translational termination (GO:0006415)
9.10E-06
2.26E-05
translational elongation (GO:0006414)
6.83E-06
1.69E-05
cellular protein localization (GO:0034613)
—
2.93E-02
cellular macromolecule localization (GO:0070727)
—
3.13E-02
gene expression (GO:0010467)
2.47E-02
4.77E-02
Table 1: Statistical overrepresentation of Gene Ontology terms in the yeast data set. Each row is a Gene Ontology
biological process term that is deemed significant at FDR < 0.05. Enrichments were tested twice, with respect to peptides
identified using TDC and LBM.

The goal of many proteomics experiments is to understand what biological pathways are active in a given sample. We note that, as reported above, when using a single
run of the yeast data for 33 of the 100 decoy databases we drew, TDC found 0 discoveries at this 1% FDR threshold meaning that in 1/3 of similarly conducted experiments we
would not be able to draw any conclusion using this threshold. As noted above, LBM
always reports some discoveries when analyzing the same spectra set at 1% FDR.
We next added two more spectra runs to the yeast dataset (Supplementary Section
6.11) representing a higher budget experiment. In this case at 1% FDR the average
number of TDC discoveries was 275.9 and for LBM using d = 5 decoys it was 294.
Accordingly, we focused on two sets of reported peptides, one of 294 peptides detected
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by LBM (with d = 5) and another of 276 peptides detected via TDC. We eliminated
from each group peptides that occur in more than one protein, and then subjected the
remaining 54 and 50 proteins, respectively, to analysis via the PANTHER Classification System (http://pantherdb.org) [10]. Specifically, we performed an overrepresentation test for Gene Ontology biological process terms relative to the whole
genome background. We used the “slim” term set and Fisher’s exact test, controlling
FDR via BH at 5%. This process yields 15 significantly overrepresented biological process terms from the TDC list and 17 from the LBM list (Table 1). The two missing
terms—“cellular protein localization” and “cellular macromolecule localization”—are
closely related and imply that the sample under investigation is enriched for proteins
responsible in shuttling or maintaining other proteins in their proper cellular compartments. Critically, an analysis based solely on the traditional TDC approach would entirely miss this property of the sample being analyzed.
6.13

Conditional null exchangeability

The following condition which is a generalization of the conditional exchangeability
property of [1] is weaker than the iid decoys condition. Nevertheless, it can be shown
that it is sufficient for our statements to hold.


Definition 3. Let V i := Z̃i0 , Z̃i1 , . . . , Z̃id , where Z̃i0 := Zi is the ith original score
and Z̃i1 , . . . , Z̃id are the corresponding d decoy scores, and let Πd1 denote the set
of all permutations on {1,

 . . . , d, d + 1 =: d1 }. With π ∈ Πd1 we define V i ◦ π :=
π(1)−1

Z̃i

π(d1 )−1

, . . . , Z̃i

, i.e., the permutation π is applied to the indices of the vector

V i rearranging the order of its entries. Let N ⊂ {1, 2, . . . , m} be the indices of the
true null hypotheses and call a sequence of permutations π1 , . . . , πm with πi ∈ Πd1 a
null-only sequence if πi = Id (the identity permutation) for all i ∈
/ N . We say the data
satisfies the conditional null exchangeability property if for any null-only sequence of
permutations π1 , . . . , πm , the joint distribution of V 1 ◦ π1 , . . . , V m ◦ πm is invariant
of π1 , . . . , πm .
6.14

Figures
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A: randomized (ϕu ) vs. mirror (ϕm ); λ = c = 1/2

B: max vs. mirror

C: LF vs. mirror

D: LF vs. max

E: TDC vs. mirror

F: TDC vs. max

Fig. 1: Power difference. Each of the panels show the difference in the average power of the two compared methods (positive
values indicate the first method is more powerful). Each panel is made of 1200 curves, each of which shows the difference
in power averaged over the 10K (100K for panel A) sets. The sets were drawn simulating both calibrated and non-calibrated
scores using the experiment-specific parameter combination as described in Supplementary Section 6.3. The power of each
method is the 10K-average (100K for panel A) percentage of false nulls that are discovered at the given FDR threshold. Note
that figures’ y-axes are on different scales. (A:) with c = λ = 1/2 the mirror map (ϕm ) is consistently better than the
randomized uniform map (ϕu ); 100K draws for each of the 1200 parameter combinations. (B-D:) for each of the mirror,
max, and LF procedures there are numerous cases where its power is significantly below one of the other methods. (F:) the
mirror is consistently better than TDC. (E:) the max is not consistently better than TDC.
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A: FDS

B: FDS1

C: max

D: LBM
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Fig. 2: FDR control. The panels show the ratio of the empirical FDR to the selected FDR threshold, and each is made of
1200 curves, each of which corresponds to one experiment involving 10K randomly drawn sets. The empirical FDR is the
10K-sample average of the FDP of each method’s discovery list at the selected FDR threshold. The 10K sets were drawn
simulating both calibrated and non-calibrated scores using the experiment-specific parameter combination as described in
Supplementary Section 6.3. Notably there are relatively few cases where the empirical FDR is above the threshold (ratio
> 1), and it is instructive to compare the ones observed in FDS, FDS1 and LBM with those we note in the max method.
Specifically, the overall maximal observed violation is 5.0% for FDS, FDS1 and LBM while it is 6.7% for max. Similarly,
the number of curves (out of 1200) in which the maximal violation exceeds 2% is 7 for FDS and FDS1 , 21 for LBM, and 24
for the max. Given that the max provably controls the FDR these simulations suggest that FDS, FDS1 and LBM essentially
control the FDR as well.
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A: max vs. FDS1

B: LF vs. FDS1

C: mirror vs. FDS1

D: FDS vs. FDS1

E: TDC vs. FDS1

F: LBM vs. FDS1

Fig. 3: Power relative to FDS1 . Each of the panels show the difference between the average power of the noted method
and FDS1 (negative values indicate FDS1 is more powerful). Each panel is made of 1200 curves, each of which shows the
difference in power averaged over the 10K sets. The sets were drawn simulating both calibrated and non-calibrated scores
using the experiment-specific parameter combination as described in Supplementary Section 6.3. The power of each method
is the 10K-average percentage of false nulls that are discovered at the given FDR threshold. (A-E:) FDS1 arguably offers
the best compromise among the multi-decoy procedures of mirror, max, LF, and FDS, as well as the single decoy TDC. (F:)
LBM seems to offer an overall more powerful procedure.

Title Suppressed Due to Excessive Length
A: max vs. LBM

B: LF vs. LBM

C: mirror vs. LBM

D: FDS vs. LBM

E: TDC vs. LBM

F: aTDC vs. LBM
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Fig. 4: Power relative to LBM. Each of the panels shows the difference between the average power of the noted method and
LBM (negative values indicate LBM is more powerful). For LBM vs. FDS1 see panel F of Supplementary Figure 3. Each
panel is made of 1200 curves, each of which shows the difference in power averaged over the 10K sets. The sets were drawn
simulating both calibrated and non-calibrated scores using the experiment-specific parameter combination as described in
Supplementary Section 6.3. The power of each method is the 10K-average percentage of false nulls that are discovered at the
given FDR threshold. LBM seems to offer an overall optimal procedure among the competition-based procedures considered
here.
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A: human

B: yeast
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Fig. 5: Peptide detection. (A: human) The number of discoveries at the given FDR threshold is the average over the 100
randomly drawn decoys sets. Specifically, for each d ∈ {1, 3, 5, 7, 9} we randomly drew 100 decoys sets, each with
exactly d decoys, and applied TDC (d = 1), the mirror, LBM and aTDC (d ∈ {3, 5, 7, 9}) to the target and the drawn
set of d decoy scores. We then noted the number of target discoveries at FDR thresholds of 1%, 5% and 10%, and finally we
averaged those numbers over the 100 drawn decoy sets. The numbers to the left of the markers indicate the number of runs
(out of 100) in which no discovery was reported. (B: yeast) Same as (A) but for the yeast dataset. (C: ISB18, power) Similar
to (A) and (B) except for the ISB18 where the data consists of 9 aliquots or replicates. Therefore, the number of discoveries
is averaged over the 9 aliquots, where for each aliquot we averaged the number of discoveries over 100 randomly drawn sets
of d decoys as explained above. The numbers to the left of the marker indicate the aliquots-average number of runs (out of
100) in which no discovery was reported. (D: ISB18, FDR) Similar to (C) only here we noted the putative FDP of each run
(as explained in Supplementary Section 6.11), then we averaged the FDP across the 100 runs to get an empirical FDR for
each aliquot that we then averaged over the aliquots. Notably, in all cases the empirical FDR was lower than the selected
threshold.
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