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Abstract. Mixed mode oscillations combine features of small oscilla-
tions and large oscillations of relaxation type. We describe a mechanism
for mixed mode oscillations based on the presence of canard solutions,
which are trajectories passing from a stable to an unstable slow mani-
fold. An important ingredient of this mechanism are singularities known
as folded nodes. The main focus of this article is to show how the local
dynamics near a folded node can combine with global features, leading
to mixed mode oscillations. We review and extend the results of [28] on
the dynamics near a folded node and state some results on mixed mode
periodic orbits with Farey sequences of the form 1°. We also show how
to generalize the context of one fast variable to an arbitrary number of
fast variables.
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1 Introduction

Complex oscillatory behaviour known as mixed mode oscillations (MMO’s)
were first discovered in the famous Belousov-Zhabotinsky reaction [29]. Since then,
MMO’s have been frequently observed in both experiments (see e.g. [17, 25, 14,
6, 20]) and models (see e.g. [8, 13, 7, 18, 21]) of chemical and biological systems.
The oscillatory behaviour exhibited by these nonlinear systems consists of L large
amplitude oscillations followed by s small amplitude oscillations and the symbol
L? is assigned to that pattern. As a function of a control parameter, MMO’s
often follow bifurcation sequences known as Farey sequences [4]. This ubiquitous
behaviour suggests the possibility of the existence of a common dynamical systems
theory origin.

Among the proposed mechanisms for MMQO’s are break-up of an invariant torus
[16] and break up/loss of stability of a Shilnikov homoclinic orbit [1, 13]. Both of
these scenarios are consistent with the occurence of Farey sequences, but there are
certain features of MMO’s which cannot be explained. For example the theory of a
Shilnikov homoclinic predicts a bifurcation sequence of a growing number of small
excursions which has to terminate in the formation of the homoclinic connection
corresponding to an infinite amount of small oscillations. However, the most typ-
ically observed bifurcation sequences of MMQ’s are characterized by a bounded
number of small oscillations, with the MMO behavior terminating suddenly, with-
out the formation of a homoclinic orbit.

In this paper we present another possible explanation for MMOQO’s. This mech-
anism is based on a canard phenomenon which can be observed in a 3D framework
of slow-fast systems [19, 26, 28]. The classical canard phenomenon (discovered by
a group of French mathematicians [2]) occurs in systems with one slow and one
fast variable. Its nature is the transition from a small amplitude oscillatory state
to a (large amplitude) relaxation oscillatory state within an exponentially small
range of the control parameter. This transition, also called canard explosion, oc-
curs through a sequence of canard cycles which can be asymptotically stable, but
they are very hard to observe in experiment or simulation because of sensitivity to
the control parameter and also because of sensitivity to noise. This is well known
in the chemical literature where canard explosion is classified as a hard transition,
because, for practical purposes, the transition from a small cycle to a relaxation
oscillation occurs immediately.

Very important for the understanding of canard explosion is a trajectory called
mazximal canard, which is a connection from the stable slow manifold to the unstable
slow manifold. In 2D systems maximal canards occur for discrete values of the
control parameter [15], but in 3D maximal canards are robust and are therefore
persistent under small parameter changes [26]. It was shown in [28] that a class
of canards in 3D called canards of folded node type can be responsible for the
small amplitude oscillations observed in MMO’s. A good intuition is that the
system moves dynamically from the excitable state to the oscillatory state and the
feature of the large oscillation is to bring the system back to the excitatory state.
The number of small oscillations predicted by this canard phenomenon is finite,
which is a major difference to the mentioned theory of Shilnikov homoclinic orbit.
Furthermore, this canard phenomenon is robust under noise in the sense that many
of the deterministically obsrved MMO patterns are preserved.
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Another attractive feature of the canard mechanism for MMO’s is that, once
the slow and the fast variables have been identified, it is very easy to verify if it is
the canard based mechanism for MMO’s or not. For example, for the systems of
[7], [18] and [21, 22] it is known that the MMO mechanism is of canard type.

The main purpose of this work is to explain how MMO’s can occur in systems
with two slow variables due to the canard phenomenon. We want to point out
the main local structure creating the small amplitude oscillations as well as the
conditions a global return mechanism must satisfy for MMQ’s to arise. Furthermore
we would like to give some insight to how Farey sequences can be explained by this
mechanism. This paper is partly expository and non-technical, but there are more
technical parts where we try to explain certain crucial features of the mechanism
in quite some detail (in fact the paper does contain some new results). We try to
avoid very technical arguments, avoiding the use of the blow-up method, which has
been the main technical tool in much of our work. (For an introduction to the use of
the blow up method in geometric singular perturbation theory we refer the reader
to [15].) Our intention is that this paper should be accessible to anyone familiar
with basic dynamical systems and singular perturbation theory, but it should also
be useful for people who study MMO’s in their research and are not necessarily
familiar with the blow-up method.

It is worth mentioning that canard solutions play a fundamental role in other
very interesting contexts. Two most notable examples are the dynamics of the
forced van der Pol oscillator [10, 3] and a mechanism for localization of oscillation
in chemical systems [22, 23, 24] in which two oscillators (or oscillatory clusters) are
in different amplitude regimes with an order of magnitude difference between them.

The outline of the paper is as follows: in Section 2 we give a non-technical
overview of the mechanism of mixed mode oscillations we consider. In Section 3
we present some results on the dynamics near folded nodes, concentrating on the
information relevant for MMQO’s. This section contains the main new result of this
paper, namely the estimates of the size of the sectors of rotation. In Section 4 we
state some results on the existence of periodic orbits of type 1° (one large and s
small oscillations) and give very rough sketches of the proofs. We also indicate how
periodic orbits with other Farey sequences can come about. In Section 5 we present
some simulations corroborating the results of Section 4. In Section 6 we indicate
how the analysis can be extended to systems with two slow and arbitrarily many
fast dimensions. Finally, in Section 7 we present a method for finding mixed mode
oscillations in systems with two slow and arbitrarily many fast variables.

2 Mixed mode oscillations in three dimensions

In this section we present expository material on MMOQ’s in three dimensions.
More precisely, we consider systems of the form

et = f(z,y,2)
y = gl(w,y,z) (21)
z= 92($;yaz) )
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with z € R as the fast variable and (y, z) € R? as slow variables. We also consider
the fast system, which is equivalent to system (2.1) on the fast time scale 7 = t/e,

z' = f(z,y,2)
y' =egi(z,y,2) (2.2)
ZI = Eg2($,y,2') .

The two limits obtained by setting e = 0 in (2.1) and (2.2), respectively, are known
as the reduced problem and the layer problem. The basic philosophy of geometric
singular perturbation theory is to characterize solutions of the full problem using
the information on both limiting subsystems. Let S = {(z,y,2) : f(z,y,2z) = 0}
denote the critical manifold which is the phase space of the reduced problem.

Assumption 1 The critical manifold S is (locally) a folded surface, i.e. S =
So UF US,. with attracting branch S, := {(z,y,2) € S : fz < 0}, repelling branch
Sy :={(z,y,2) € S : fz >0} and fold-line F := {(z,y,2) € S : fo =0, fzz # 0}

Without loss of generality, we assume that fy|,er # 0 holds locally. It follows
by the implicit function theorem that S is locally given as a graph y = ¢(z, 2), i.e.
f(z,¢(z,2),2) = 0. We use this representation y = ¢(z, z) to define a projection
of the reduced system

0= f(z,y,%)
y=91(2,y,2) (2.3)
z= 92($7y7z)

onto S. Implicit differentiation of f(z,y,z) = 0 gives the relationship —f,z =
(fyg1 + f92). It follows that the reduced problem (2.3) projected onto the (z, z)-

plane is given by
(“55) = (ot so) |
z 92 y=4(2,2)

Note that the fold-line F is the locus of singularities of (2.4). We rescale time by
the factor — f,, obtaining the desingularized system of (2.4):

(i):(mm+ﬁm>
z _fz g2 y=a¢(z,z) '

The local dynamics near F of system (2.5) can be completely understood. The

phase portraits of the reduced problem (2.4) and the desingularized system (2.5)

are the same, but the orientation of the flow has to be reversed on S,., see Figure 1.
Typically, fold points p € F satisfy the normal switching condition

(fy 91+ f2 92)|per # 0. (2.6)

A fold point p satisfying (2.6) is a jump point if there exists a trajectory of (2.4)
starting at some point ¢ in S, and ending at p. Jump points play a fundamental
role in relaxation oscillations [27].

Under condition (2.6) the reduced system (2.4) becomes unbounded along the
fold-line F . Thus trajectories of system (2.1) reaching the vicinity of F sub-
sequently jump away from the fold, i.e. a fast transition away from the critical
manifold S near F almost parallel to the z-axis occurs. This jumping behaviour
near F is part of the mechanism leading to relaxation oscillations in system (2.1).

(2.4)

(2.5)
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Note that away from F there exist, by Fenichel theory [9, 12], an attracting mani-
fold S, - and a repelling manifold S; ¢, with S, and S, as their singular limits. S, ¢
is only locally invariant and trajectories arrive in the vicinity of the fold-line F after
finite time, where the slow flow on S, is approximately described by the reduced
flow (2.4). Then solutions are forced to jump away from the fold. If, after this fast
transition away from the fold, a global return mechanism projects the trajectory
back onto the attracting manifold S, ., then periodic solutions are possible and we
obtain relaxation oscillations. This oscillations can be viewed as simple 1° patterns
of MMO’s. For details on relaxation oscillations we refer to [27, 11].

To obtain true MMQ’s including small amplitude oscillations the reduced flow
has to possess a folded singularity. Typically, a folded singularity is an isolated
point po € F which violates the normal switching condition (2.6). Therefore, a
folded singularity is an equilibrium of the desingularized system (2.5). We call pg
a folded node, folded saddle, or folded saddle-node if, as an equilibrium of (2.5), it
is a node, a saddle, or a saddle-node.

Remark: There are two very important limits of folded node, called folded
saddle-node of type I and folded saddle-node of type II, both of codimension one
in the class of systems we consider. A folded saddle node of type I occurs when the
linearization of (2.5) at py has an eigendirection tangent to F. Note that F is a
nullcline of (2.5), which implies that the corresponding eigenvalue must be 0.! The
occurence of the 0 eigenvalue explains the use of the term ’saddle-node’. In fact
a generic folded saddle-node of type I leads to the birth of a folded node/folded
saddle pair.

A folded saddle node of type II corresponds to the case when the linearization
of (2.5) at pp has a zero eigenvalue with the eigendirection transverse to the fold
line F. In the unfolding of a folded saddle node of type II an equilibrium passes
from the stable to the unstable sheet of the slow manifold. See [26, 28] for more
details on folded saddle nodes.

Assumption 2 The reduced system (2.3) possesses a folded node singularity
po € F, which is defined by the condition

(fog1 + f:92)l,, e =0 (2.7)

and by the requirement that the eigenvalues Ay and s of the linearization of (2.5)
at po satisfy Ay - As > 0. In addition we assume that A\, and Xs are negative.

Henceforth we assume that Assumptions 1 and 2 hold for (2.1) respectively
(2.2).

Canards are special trajectories which play a very important role in the dynam-
ics near a folded node. Their defining characteristic is that they originate in S, c,
continue to the vicinity of the fold, and subsequently, instead of jumping along the
fast direction, continue to S, .. In geometric terms, a canard corresponds to the
intersection of the manifolds S, . and S, extended by the flow to the vicinity of
the folded singularity. Canards are not unique because the corresponding invari-
ant manifolds S, . and S, . are not unique (but exponentially close). For a fixed
choice of the invariant manifolds we call their intersections maximal canards. Each

In general, if a system of differential equations has an equilibrium with an eigendirection
tangent to one of the nullclines then the corresponding eigenvalue must be 0.
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Figure 1 Folded node, A: the desingularized flow, the bold resp. dashed line
corresponds to the strong resp. weak eigendirection of the singularity, B: the
reduced flow with the singular funnel (shadowed region), C: the reduced flow
on the critical manifold S

maximal canard defines a family of canards nearby which are exponentially close to
the maximal canard. Singular canards, or canard candidates are trajectories of the
reduced flow (2.4) which pass at pg from S, to S,. For a folded node there exists a
whole sector of singular canards, see Figure 1. Canards existing for (2.1) for e > 0
arise as perturbations of singular canards. Their number depends in an intricate
way on the parameter u = A\, /s [28]. (we assume WLOG that |\, < |Xs])-
Two of the maximal canards, called the primary canards, are perturbations of the
eigendirections of A, and As of the desingularized system (2.5). The primary canard
corresponding to the eigendirection of A, is called the weak canard and the pri-
mary canard corresponding to the eigendirection of A is called the strong canard.
It was shown in [28] that near a folded node singularity the trajectories of system
(2.1) originating close to the singular funnel enter a region near the fold where they
rotate about the weak canard. The rotational property and the existence of the
weak canard can be explained purely by a geometric argument. The strong canard
can be thought of the locus of a change in the relative position of S, . and S,..
The trajectories originating in S, . to one side of the strong canard are trapped by
Sr.e and have to return towards S, . This causes the small rotations and the weak
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canard can be understood as the center of rotation. The trajectories originating in
Sa,e to the other side of the strong canard are prevented by .S, . from returning to
S, and must follow a fast direction. We refer to the region of rotation as the fun-
nel. During their passage near the funnel the trajectories are initially attracted to
the weak canard and later repelled from it. The trajectories which enter the funnel
are trapped for a significant amount of time, however this behavior is transient and
eventually the trajectory exits the vicinity of the fold by jumping along the fast
direction. If, after the jump away, a global return mechanism projects this trajec-
tory back onto S, . within the area of attraction of the funnel, then MMO patterns
of type 1° are possible, i.e. periodic solutions consisting of one large amplitude
oscillation due to the global return mechanism and s small amplitude oscillations
due to the funnel near the folded node singularity.

We would like to describe MMO’s in their singular limit. Note that for small
€ > 0 fast jumps are executed near the folded node singularity. In the singular limit
we describe all these jumps as a projection along the fast fiber of the layer problem
through the folded node onto a possible other attracting critical manifold where the
trajectory then follows the local reduced flow until it may reach another fold where
it gets projected back along another fast fiber onto the original attracting manifold.
Cubic shaped critical manifolds are a prominent example which lead to this return
mechanism and they are ubiquitous in chemical and biological applications. With
that description of the fast jumps we can define a singular limit of MMQ’s:

Assumption 3 There exists a singular periodic orbit I' =T'y ULy for system
(2.1) which consists of a smooth segment T, on S, within the singular funnel with
the folded node singularity po as endpoint. T'y represents a global return mechanism
onto S, which has to be specified.

Theorem 2.1 Given system (2.1) under Assumption 1-3.

1. There exist mized mode oscillations of type 1°. It is possible to calculate the
mazimal number of small oscillations s.

2. If the segment T, of the singular periodic orbit T consists of a segment of the
boundary of the singular funnel (the strong canard) then more complicated
MMO patterns of type Ls’, L>1 and s' < s, are possible.

Figure 2 shows the basic mechanism to obtain MMQO’s. In the following we
discuss the local and the global aspects to obtain MMO patterns in more detail.
We define a return map I : ¥~ — X7, where X~ is a cross section orthogonal to the
z-axis away from the fold, such that for small €, all trajectories under consideration
which are projected back onto S, . onto the neighbourhood of the funnel intersect
%~ (see Figure 3). We decompose this map into IT := Ilgolly, where Il : ¥~ — X+
defines the (local) map near the folded critical manifold, and Ilg : ¥+ — X~ defines
the (global) map defined by the global return mechanism. We begin our analysis
with the map ITg.

3 Small amplitude oscillations — the folded node

The map Iy : ¥~ — It captures the dynamics near the folded singularity
where canard solutions exist. Recall that canard solutions are trajectories originat-
ing on S, ¢, passing through the neighborhood of a folded singularity, and ending up
in S, . where they remain for a considerable amount of time. In [28] the existence
of primary and secondary canards (see Figure 6) due to a folded node singularity



46 Morten Brgns, Martin Krupa, and Martin Wechselberger

N\

Figure 2 The basic mechanism to generate MMO patterns: A folded node
singularity (B: black circle) forms a singular funnel (B: shadowed region).
A trajectory I', which enter this funnel makes small amplitude oscillations
near the folded node singularity. After leaving the funnel the trajectory may
jump away along a fast direction. A global return mechanism (I'y) injects the
trajectory back into the funnel forming a periodic solution with a 1 MMO

Sa

pattern.

was shown as well as rotational properties of solutions near the folded singularity.
In the following we analyse these small amplitude oscillations in more detail.
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Figure 3 Cross sections ¥~ and 1 to analyse MMO patterns.
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Figure 4 Left: cross-sections X! and £2 near the fold; Right: projection of
reduced flow onto (z,z) plane. Note that the projection of the intersection
of the cross-section X! with the invariant manifold S is one-dimensional. %!
intersects the line of turning points (dotted line). Therefore X! is just a cross
section of the reduced flow to the left of the intersection (black dot) where the
flow is directed towards the fold. The same argument holds for the definition
of the cross section 2.

Remark: Note that due to the existence of canards the map Iy, : ¥— — ¥+
may not be well defined. In the following analysis it will become clear which re-
strictions have to be made to define the map II; well.

Fenichel theory in its classical form guarantees the existence of the slow mani-
folds S, and S,. O(1) away from the fold. Thus we define a map II; : ¥~ — X!
where X! is a cross section defined by y = —6&1, 1 > 0 small, parallel to the fast
fibers and O(1) away from the fold. Note there is a natural restriction for ¥; to be
a cross section due to the folded node. As shown in Figure 4, the flow in a neigh-
bourhood of a folded node has turning points (shown as a dotted line) with respect
to z , i.e. the vector field at turning points is parallel to the z-axis. Therefore
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%! may be just well defined as a cross section on a certain interval I, of z. But
this interval I, always covers the area between the two eigendirections of the folded
node (shown as bold and dashed lines) which becomes important in the following
analysis.

We next turn to the flow of trajectories past the folded node. We introduce
normalizing coordinates which brings system (2.1) into a canonical form near a
folded node singularity given by

ex =y + 2% + O(23,2%2, zyz,€)

g=—(u+1z-2+0(ye (x+2)* (3.1)
i=—L, e

Remark: System (3.1) can be seen as one possible normal form near a folded
node. The limit g — 0 gives the folded saddle-node type II. In [28] a similar normal
form of the folded node was studied which has a folded saddle-node type I as its
limit for g — 0. The results on folded nodes are the same for both normal forms,
just the limiting behavior of the folded saddle-nodes is different. Therefore all re-
sults on folded nodes obtained in [28] are valid for system (3.1).

The critical manifold S of system (3.1) is a parabolic cylinder with the fold-line
F given by the z-axis and the folded singularity po is at the origin. The reduced
system for (3.1) is

—22(1+ O(z,2)) = —(u+ 1)z — z + O((z + 2)?)

PR (3.2)
and the desingularized system is
i=—(u+ 1Dz -2+ 0((z+2)?) (3.3)
3= px + O(z?, 22). '
The origin is an equilibrium of node type with eigenvalues Ay = —1 and A, =

—p. Thus p = Ay /As € (0,1) defines the ratio between the strong and the weak
eigenvalue of the folded node. The phase portraits of the reduced system (3.2) and
the desingularized system (3.3) are equivalent to those shown in Figure 1.

We are studying the map II; : £! — ¥+ induced by the flow of system (3.1). To
analyse this map past the folded node we have to introduce intermediate (singular)
cross-sections which are sections used in the blow-up analysis of the folded node in
[28]. We want to avoid technicalities in this paper and therefore will not introduce
the blow-up analysis, but refer for details to [28].

To understand the flow past the fold-line we have to rescale system (3.1) by
setting

T =+ex, y=¢ey, z=+(z, t=[et. (3.4)
Equations (3.1) transform to
F =g+ +0(/e
y'=—(p+1z—-2+0(e) (3.5)
=1 _H
z = 2,
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where ! denotes d/dt. System (3.5) is a zoom of the vector field near the folded
node singularity. Note that the section X! is given by ¢ = —‘5?1 in system (3.5). We

introduce a section X2 : § = —d,, with sufficiently large d, > 0, and define the map
I, : &' — ¥2.

Remark: ¥? is given by y = —d&s¢ in the original system (3.1). Similar to
%! the section 2 is just a cross section for a certain interval I of z which covers
the area of the strong and the weak eigendirection of the folded node. Under the
reduced flow (3.2) the interval I, of ¥! is mapped into the interval I, of ¥2 (see
Figure 4). Therefore the map II, is well defined.

For § < —d2, it was shown in [28] that system (3.5) has still a normally hyper-
bolic structure and Fenichel theory can be applied. More specifically, the manifold
S,.e given by classical Fenichel theory in section X' can be extended up to the sec-
tion X2 by the flow of (3.5). Since the extended manifold is an invariant manifold
of (3.5) we denote it by S, . A manifold S, / is obtained analogously, except by
going backwards in time. The following result holds:

Proposition 3.1 [28] For system (3.5) with € # 0 and also for (3.1) the sets
Sq,vz and S, /= are smooth locally invariant normally hyperbolic manifolds and
O(v/e) smooth perturbations of S. The flow on S, /= (respectively on S, ) is an
O(+/€) perturbation of the reduced flow.

Remark: Proposition 3.1 is an extension Fenichel theory up to O(y/€) from
the fold F (which corresponds to O(g) in the y direction). In fact it can be proved
by application of invariant manifold theory in suitable coordinates [26]. Therefore,
the map I, can be completely described by Fenichel theory.

Henceforth we focus on S, . and S,/ in the coordinates (Z,7, z) of system
(3.5). The advantage of the ‘blown-up’ system (3.5) is that we can take now the limit
¢ — 0 and obtain sets S, and S, which are locally invariant for {(3.5),e = 0}. The
sets S, and S, can be seen as the approximations of S, /- and S, /- at the O(/¢)
level. In the following we want to understand how S, and S, behave beyond 2.
One important property is that S,, respectively S;., consist of solutions of {(3.5),e =
0} of at most algebraic growth as ¢ — —oo, respectively £ — oco. In fact these
manifolds approach the parabolic cylinder §j = —%2 for ¢ — +0c. Furthermore, the
unperturbed system {(3.5),e = 0} has two explicitly known polynomial solutions

Pu(t) and @4(?): R
—(Hy _Fp B _Hy
Pu(t) = (2t, AR 2t)

1. 1, 1 p
ps(t) = <2t7 4t + > 2t)
We refer to ¢, () and ¢s(f) as singular canards in the context of the rescaled
variables (3.4) and the corresponding system {(3.5),& = 0}. Recall that we defined
singular canards for (2.4) as solutions that continue from S, to S,. Furthermore,
pw(t) and @s(t) are related to the strong and weak eigendirection of the folded
node (these are obtained by projecting ¢,, (t) and s (t) onto the (x, z) plane). The
solutions ¢, (%) and o, (%) play a very important role in understanding the properties
of S,/ and S, s beyond ¥*.
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Proposition 3.2 [26] Consider (3.5) with e = 0. The invariant sets S, and S,
are smooth 2 dimensional submanifolds with a common boundary, given by @, ().
They have first order contact along ¢, (t) if (1/u) € N and higher order contact at
ww(®) if (1/u) € N. In addition there is at least one intersection, given by ¢4(t).
This intersection is transverse for every u € (0,1).

Remark: Tt is clear that o, (f) and ¢,(%) are both contained in S, and in S,
(see Figure 4). However the fact that ¢, (%) is the common boundary of S, and S,
is not immediately clear and requires an additional estimate. Later in this Section
we will develop some technical tools which will enable us to sketch the proof of this
result.

By a standard application of the Implicit Function Theorem each transverse
intersection of S, and S, perturbs to a transverse intersection of S, 7 and S, /,
which corresponds to a maximal canard solution. Thus Proposition 3.2 establishes
the existence of the strong canard for any p € (0,1) and the existence of the weak
canard for non-resonant f.

We now consider additional intersections of S, and S,.. Note that the manifolds
S, and S, rotate around the singular weak canard. These rotations happen on
a compact domain. Rotational properties of the tangent bundles along the weak
canard ¢,, can be inferred from the properties of the solutions of the Weber equation
v" —tv' +v/p = 0. More specifically, the following holds.

Proposition 3.3 [28] Given system (3.5) withe =0 andn—1<1/u < n, the
invariant manifolds S, and S, twist (n—1/2) times around the primary weak canard

in the neighbourhood of the folded node singularity, where a twist corresponds to a
half rotation of 180°.

Let 3 be a cross section of the flow of (3.5) defined by z = 0. Note that
intersection points of the curves S,N? and S,NX? are in one-to-one correspondance
with solutions along which S, and S, intersect. In the resonant cases 1/u € N, the
curves S, N ¥ and S, N X3 have higher order contact at ¢,,(0). Odd resonances
lead to a new intersection point while passage through even resonances leads to no
new intersections. Wechselberger [28] proves the following result.

Proposition 3.4 [28] Consider system (3.5) with ¢ = 0. Suppose that k > 0
is an integer such that

1
2k+1<;<2k+3.

Suppose in addition that (1/u) # 2(k +1). Then S, N X3 and S, N X3 have k
transverse intersection points in addition to ps(0) and the contact point p,(0).

Figure 5 shows 2+ 2 intersections of S,N¥3 and S,NE? of system {(3.5),e = 0}
for 4 =0.15.

Remark: Due to the time reversing symmetry of the unperturbed system
{(3.5),e = 0} given by T(%, 7, 2,t) = (—%, 7y, —2, —1) the curves S,N¥? and S, NT?
are symmetric images by a reflection across the y axis.

From Proposition 3.4 we conclude



Mixed Mode Oscillations Due to the Generalized Canard Phenomenon 51

A

05

-0.01f

-0.02f

-0.03f-

-0.04f

-0.05

Figure 5 A: The relative position of the manifolds S, (thin grey curve) and
Sy (bold black curve) are shown in section $3 : z = 0 for y = 0.15, B: zoom of
the dashed box area of A. The intersections represent the 2 primary canards
denoted as ¢ and ¢s, as well as 2 secondary canards denoted by ¢1 and ¢2
predicted by Corollary 3.1. Note, the manifolds rotate around the primary
weak canard ¢q.

Corollary 3.1 Under the assumptions of Proposition 3.4 the system (3.1) has,
for sufficiently small €, k secondary mazimal canards.

Remark: The bifurcations of canards for € # 0 are much more complicated
than the bifurcations of the unperturbed system, as described in the paragraph
following Proposition 3.3 (see [28]). In this paper we assume that y is not close to
resonance, where such bifurcations are of relevance.

We now describe the rotational structure of the secondary canards. For 1/p >
2k + 1, k € N there exist k secondary canards positioned between the two primary
canards in section ¥3. Furthermore, the j-th secondary canard makes (2j + 1)
twists around the primary weak canard, 1 < j < k. The primary strong canard
makes also one twist around the primary weak canard. Thus the primary strong
canard and the k secondary canards are consecutively separated by a full rotation of
360°. This allows us to define sectorsin S, , z with distinctive rotational properties
bordered by the primary and the secondary canards.

Let p; € S,/ 1 < j < k, denote the intersection of the j-th secondary ca-
nard with ¥2 and p,, € Sq,z> T€Sp. ps € S, /=, the intersection of the primary



52 Morten Brgns, Martin Krupa, and Martin Wechselberger

Figure 6 The two primary canards and the first secondary canard

weak canard, resp. strong canard, with ¥2. Let I, be the interval in Sa,veN 2
bounded by the end point of J,» close to the weak canard and by pg. Let I be
the interval in S, =N %2 bounded by py and py 1, Iy 1 the interval in S, N X2
bounded by pr_1 and py_2, and so on. Finally, I; is the interval bounded by p; and
ps. Trajectories with initial conditions in the interior of I, 1 < j < k + 1, make
(25 + 1/2) twists around the primary weak canard, while trajectories with initial
conditions in the interior of I;4; make at least [2(k + 1) — 1/2] twists around the
primary weak canard. All these solutions are forced to follow the funnel created by
the manifolds S, 7 and S, ;. After solutions leave the funnel they get repelled
by the manifold S,z and will follow close to a fast fiber in the Z direction and exit
finally through the section £* given by z = .. /+/¢ in system (3.5). The singular
limit of this fast fiber for the original problem (3.1) is exactly the fiber through the
folded node singularity. Note that all these trajectories do not exit through 2.

Remark: The boundaries of the sectors are primary and secondary maximal
canards. Consequently, the trajectories close to the boundaries of the sectors will
exit consecutively through the sections £2 and X! near S, and follow the slow flow
near S, close to the corresponding maximal canard for a certain amount of time
before they get repelled and jump away (see Figure 6). Depending on the specific
problem under study the position of the exit section ¥ may not be suitable, or
has to be modified to capture the trajectories passing very close to the boundaries
of the sectors.

The remaining part of this section is devoted to estimating the size of the sectors
of rotation. More specifically, we continue the secondary canards backwards in time
on S, all the way to the section ¥; and ask for the interval size I ]' defined by the
canards in X;. The size of the intervals I;, 1 < j < k+1, in the section £? of system
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Figure 7 ’'Blown-up’ reduced flow obtained by introducing a new coordinate
wW=-2/X

(3.5)is O(1), i.e. the primary and secondary canards are all finitely separated. Note
that an interval size O(1) in X5 : § = —J2 of system (3.5) becomes an interval size
O(+y/€) in s : y = —dae of the original system (3.1).

To estimate the size of the intervals I} in &' we are studying the (inverse) tran-
sition map IT, ' for the reduced flow of (3.2). Since transition maps are independent
of time parametrization, we can use the desingularized system (3.3) instead of the
reduced system (3.2). In system (3.3) the section ! is approximately given by

x = —/8; and the section X2 is approximately given by z = —/82¢. To under-
stand the reduced flow close to the node singularity, we introduce a new variable
w = —z/x. This singular coordinate change unfolds the node singularity and re-

sembles the blow-up analysis done in [26, 28]. In the new coordinates (z,w) the
desingularized system (3.3) becomes

z=—z(p+1—w+0(z))

= —(w — p)(w—1) + O(x). (36)

Note that the sections ¥! : £ = —v/8; and ¥2 : £ = —/d2¢ are still the same, but
the size of intervals I; change to O(1) in X2 for system (3.6). Thus, the ’blown-
up’ desingularized system (3.6) approximates the slow dynamics of the rescaled
system (3.5). Looking at the dynamics of (3.6) we find two equilibria: a sink
P, = (0,1) and a saddle P; = (0,u). The unique attracting eigendirection of
the saddle P; corresponds to the primary strong canard ¢, while the incoming
attracting eigendirection of the sink P, corresponds to the the primary weak canard
¢w- Thus the 'blow-up’ splits the strong and weak eigendirection of the folded node
singularity (see Figure 7). We estimate the (inverse) transition time from %2 to !
and the size of the intervals I} in %! by the linearized system at the equilibrium
P;. The linerization at P; is given by:

(&)= al)(2) @7)
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where x is an unspecified term. The estimate of the (inverse) transition time from
%2 to X! for trajectories not close to ®,, is

T=—-lnye+0(1).

Next we want to estimate the size of the intervals I}, 1 < j < k+1,in ¥;. It
is clear by the phase plane of system (3.6) that all solutions within the sector
bordered by the primary canards ¢,, and ¢, are moving towards the strong canard
¢s in backward time, because the saddle P, has the only attracting eigendirection
in backward time (see Figure 7). We have an eigenvalue (u — 1) corresponding to
the attracting eigendirection in backward time along the w-axis of the saddle P;.
We make a linear coordinate change which brings (3.7) for P; into diagonal form.
Then, by solving the equation w = (u—1)w for t € (0, —In +/€), we can estimate the
positions of the points p;- in ©' corrsponding to the secondary canards ¢;. We know
that all initial conditions p;, 1 < j < k, are O(1) away from the equilibrium P
corresponding to the strong primary canard ¢,. We estimate that all points p} will
be approximately O(¢(!~#)/2) close to the strong primary canard ¢, in section X!
of system (3.6). By transforming back to the original variables (z, z) the estimate
O(e"=m/2) for the size of the intervals T  holds also for the desingularized system
(3.3). We conclude that the following result holds.

Proposition 3.5 All secondary canards of system (3.1) are O(e'="/2) close
to the primary strong canard in section L',

Therefore all secondary canards converge to the primary strong canard in the
singular limit ¢ — 0. Furthermore the sizes of the intervals I} for 1 < j < k+1
are O(e1=#)/2) while the size of the interval I, | is O(1) because the two primary
canards have distance O(1) and therefore I}, = |¢,, — ¢} | = O(1).

Proposition 3.6 Given system (5.1) and the section X' : y = —&;. There
exist (k + 1) sectors I}, 1 < j < k+1, between the two primary canards where k
is the number of secondary canards. The size of the sectors I}, 1 < j < k+1, is

O(e*=M/2) and the size of sector Ly is O(1).

The qualitative picture is given in Figure 7.

As announced in the paragraph directly following Proposition 3.2 we are now in
position to prove that ¢, (t) is the common boundary of S, and S,.. More precisely,
we prove the following:

Proposition 3.7 [26] Consider (3.5) with ¢ > 0. As e — 0 the distance
between the boundary of S, sz (resp. S, /z) and the weak canard converges to 0.

The idea is that any neighborhood of ®,, in ¥! which does not contain ®, is
contracted by the flow of (3.6) onto a neighborhood of ®,, whose size converges to
0 as ¢ = 0. This is intuitively clear from Figure 7. More precisely, we prove the
following lemma.

Lemma 3.1 Let I be a closed interval in $' including the intersection of @,
with £1 in its interior but not the intersection of ®, with ©'. The map II restricted
to I is a contraction with contraction rate O(e1=H/21),

Proof: The procedure is analogous as in the proof of Proposition 3.5 except in
forward time. For this reason we need the linearization about P,,, which is given
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(ZU'J):(;“ —(10—u))(i>- (3:8)

The forward transition time from %! to X2 for trajectories not close to ®, is

T = —%ln\/g%-O(l).

by:

We now argue, analogously as above, that the evolution of the variable transverse to
®,, is given approximately by w = (u — 1)w. The required result follows easily. O

Proof of Proposition 3.7: For definiteness let us assume that p = (z,y, z) in
Sa,eNE1 corresponds to the turning point in ¥'. If p’ is the image of p in £? under
the flow of (3.1), then, by Lemma 3.1, p' is O(e(1~#)/2#) close to the weak canard
(in the (z,w,y) coordinates). This means that p' in the (Z, Z,§) coordinates must
be O(e(1=#)/21) close to the weak canard. As the weak canard converges to ¢, as
e = 0, it follows that p' converges to the intersection point of ¢, with X.2. O

4 Global return mechanism and periodic orbits

In this section we state more precise versions of Theorem 2.1 and sketch the
proofs. For precise proofs, based on the blow-up method, see our forthcoming
article [5].

Recall Assumption 3 postulating the existence of a singular periodic orbit T’
passing through the singular funnel. We now make some additional assumptions on
the critical manifold S and on I". For simplicity we assume that the critical manifold
has S shaped cross-sections. More precisely we assume that S consists of two stable
sheets S7 and Ss, one unstable sheet S, and two fold lines F; and F». Let ]—"1
(resp. F4) be the projection of the fold line F; (resp. F2) onto Sy (resp. S;) along
the z-direction. We assume that F; contains a folded node point and that there is
a singular periodic orbit I' as shown in Figure 8. We make the following assumption:

Assumption 3' The orbit Ty is defined as

. A critical fiber connecting the folded node point to Sa,
a (non-singular) trajectory of (3.2) leading to a non-degenerate jump point
a critical fiber connecting the jump point to Fb,.
. The endpoint of Iy is either in the singular funnel or on the strong canard.
. The reduced flow of (3.2) intersects F; transversely at the points T' N F,
j=1,2.

Note that Assumption 3' implies that a singular periodic orbit T' as shown in

Figure 8 exists.

UL W N

Remark: The results stated below hold not only for an S-shaped return mech-
anism, but in much higher generality. In fact we only need non-degeneracy assump-
tions on the singular flow near I'. However, in the context of this paper we prefer
to use the clear and concrete picture given by Assumption 3'.

Remark: If Assumption 3' does not hold then no MMOQ’s can be expected.
We explain this point under the additional assumption that the singular strong
canard intersects JF, transversely at one point p, and all points in F) to on side
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Figure 8 The cubic return mechanism and the singular periodic orbit I'

of ps are in the singular funnel (with no further loss of generality we assume that
the singular funnel consists of the trajectories under (3.2) of the points in F} to
the right of p,, see Figure 8). Let p; be the endpoint of I'y and suppose that p;
is to the left of p, (see Figure 8). Then, by monotonicity of the reduced flow, the
singular trajectory through p; must return to F5 to the left of p;, and so on. It
follows that no MMQ'’s can exist in this case.

We now present some positive results on the existence of simple MMO’s. Recall
the rotation sectors I J’-, which were defined as intervals in S, N ¥;. We will now
replace them by exponentially small neighborhoods of I ; in ¥y, keeping the same
notation. We will make a standing assumption that y is a a fixed constant between
0 and 1 and not at resonance. We will not make claims about the dependence of
the length of I on p.

Theorem 4.1 (Existence of 1° MMO) Given system (2.1) under Assumptions
1, 2 and 3’. Assume also the endpoint of Ty is in the interior of the singular funnel
region and not on the weak canard. Then, for sufficiently small € > 0, there exists
a stable periodic orbit passing through the sector of mazximal rotation I}, .

Sketch of the proof: On the singular level the return map IT maps the entire
singular funnel to a single point. It follows that for ¢ > 0 II restricted to I}, is
a very strong contraction. Hence there exists a unique attracting periodic orbit
passing through I; ;. O

Periodic orbits passing through submaximal sectors exist in the unfolding of
a codimension one situation. More precisely, we assume that the system depends
on a parameter § and variation of 8 has the effect of moving the the global return
point in S,. We have the following theorem.
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Theorem 4.2 Given system (2.1) under Assumptions 1, 2 and 8’. Assume
also that for some B = By the return point is on the strong canard and as 3 passes
through By the return point crosses the strong canard with non-zero speed. Then
the following holds provided that € is sufficiently small:

For each j there is an interval fj with length of the order 0(6%) such that

for each B € I ; there exists a periodic orbit passing through I ]’

Sketch of the proof: The size of a submaximal sector in ¥~ N S, is
O(¢(1=m/2), n the vicinity of the fold the sectors are O(1) in the (Z,7, Z) variables,
which suggests contraction by factor O(e#/?). From the vicinity of the fold back
to X~ the sectors do not particularly contract or expand, except for trajectories
near the canards. This suggests that the sector may be returned inside of itself and
this will happen in the parameter range 8 = O(¢(!=#)/2). The resulting map will
be a uniform contraction with contraction rate O(¢#/2). For the relevant interval
of 3 there will be an attracting periodic orbit passing through the given sector. [

More complicated Farey sequences can occur if no sectors are returned inside
themselves. In principle the only restriction is that the number of small oscillations
is bounded, but our simulations indicate that only neighboring sectors can inter-
act. The study of more complicated periodic orbits and possible chaos will be the
subject of our future work.

Remark: As y — 0, which corresponds to an approach to a folded saddle-node,
the rate of contraction on the submaximal sectors decreases, in fact our estimate
does not imply any contraction in the limit. Also the number of sectors grows
indefinitely, while their size decreases to at most O(4/€). In fact most of the sectors
in K (the intervals I;) must shrink to 0 in length as p approaches 0. This suggests
that near a folded saddle-node the dynamics becomes less dissipative, submaximal
sectors play a greater role and trajectories visiting many different sectors are more
likely to occur.

5 Simulations of MMQO’s

For our simulations we have used the system:

3
et =y + 53:2 -2

g=—(p+ 1)z —=2 (5.1)
Zz—é(,u—a:—%b:cz)

Equation (5.1) is a *van der Pol-like’ toy model. There is a folded node point at the
origin for any p € (0,1) and mixed mode oscillations can be observed for a range of
b values (b corresponds to 8 of the preceding section). An important concern was to
pick p sufficiently large relative to €, in order to stay out of the folded saddle-node
range, but not too large, so that the oscillations near the fold could be observed.
A good choice of p and ¢ turned out to be u = 0.15 and € = 0.001. Note that
6 < % < 7, so that our theory predicts the presence of three sectors of rotation,
namely I7, I} and Ij.
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The following figures show the time series of the periodic orbits found, corre-
sponding to various cases of the theorems presented above. Note that the evolution
of both x and z near the fold consists of oscillation and drift along the weak canard.
To eliminate the drift we used x + z as dependent variable. The region of existence
of MMO’s starts at b ~ —0.9 and 1% solutions exist for b &~ —1.25 or less. For our
simulations we chose b = —1.25, which is close to the boundary of the sector. For
smaller b’s the first two rotations become extremely small so that they essentially
cannot be seen.
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Figure 9 Left: Maximal sector solution MMO 13, sector Ié; Right: MMO 12,
periodic solution passing through I},
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Figure 10 Left: MMO 1!, periodic solution passing through I}; Right: Peri-
odic solution MMO 1111111119 from the chaotic region
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6 More fast dimensions

In this section we extend the theory presented above to the case of two slow
and m fast dimensions, with m arbitrary. In this context a fold line is defined by
the requirement that the m by m matrix of linearization of the fast equation in
the fast directions should have a simple 0 eigenvalue. In this case there exists a
local center manifold spanned by the slow variables and the critical direction of the
fast variables. The local problem is governed by the flow on the center manifold,
which is three dimensional, with one fast and two slow variables. Consequently it
is possible to define the sectors of rotation and the funnel analogously as in the
preceding sections, and to generalize the requirements on the global return. The
results on MMO’s in this generalized context are analogous as in the basic case.

A reduction theorem.
Given are equations of the form

et = f(z,y)

6.1
y=g(z,y) with z € R™, y € R? (6.1)

The above system has two slow and m > 1 fast variables. Let

So = {(JU,y) : f(xay) = 0}

be the critical manifold. The following result shows how to obtain a reduction to
systems with one fast and two slow variables.

Theorem 6.1 Assume (xo,y0) € So is such that Dy f(xo,y0) has a 0 eigen-
value with algebraic multiplicity 1 and all the other eigenvalues are in the left half
plane. Then there exists a three dimensional center manifold M with the following
properties:

(1) M is tangent to the three dimensional space spanned by the slow directions and
(v,0,0), where v is the nullvector of D, f(xo, o)

(2) M is exponentially attracting

(3) The wvector field (6.1) reduced to M has a fold point of the type studied by
Szmolyan and Wechselberger [26, 28]. More precisely (6.1) reduced to M has the
form:

es = f(o,y)

6.2
y=g(o,y) cER, yeR’ 62)

with f,(0,y0) = 0. The point (o,y) = (0,y0) corresponds to (zq,yo).

Proof: The proof is completely analogous to the proof of the existence of a
slow manifold. The center manifold M is non-unique, but any M is given as a
graph as follows:

M = {(IL'() +ov+ ¢(07 y)vy)va € (_607 60)}7

with &y sufficiently small and ¢ = O(c2, (y — y0)?). The function ¢ is as smooth as
f and g and if f and g are C* then the k-jet of ¢ at (0,0, o) is uniquely determined.
The functions f and § are defined as follows:

f(U7y) :wf(xo +U"U+¢(U7y)7y)
g

(0,y) = g(mo + ov + $(0,1),y) (6-3)
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and w is the left nullvector of D, f(zq,yo), i.e. w” D, f(z0,10) = (0,0). O

Theorem 6.2 If, in addition to the assumptions of Theorem 6.1, we assume
that

w - Dy f(0,Y0)9(T0, Yo) = 0. (6.4)
then the point (zg,yo) is a folded singularity in the sense of [26, 28].

~ Prooft According to [26, 28] system (6.2) has a folded singularity at (0,yo) if
f4(0,90) - §(0,y0) = 0. Clearly this condition is equivalent to (6.4). O

A point pg is now a folded singularity of (6.1) if it is contained in M and is a
folded singularity of (6.2). Classification of folded singularities is analogous as in 3D.

Global return mechanism.

We assume that (zo,y0) is a folded node. The layer problem restricted to the
invariant plane y = yo has saddle node point at g with one center and m — 1 stable
direction. This condition guarantees that the flow on the center manifold for the
layer problem restricted to the invariant plane y = yo approaches x = x( in one
direction and moves away from z = ¢ in the other direction. In particular there is
a trajectory going away from zo. We refer to this trajectory as the unstable critical
fiber. Now the generalization of the global return I'y is a sequence of trajectories
of the layer flow and the reduced flow, starting with the unstable critical fiber
and ending in the stable sheet of Sy which contains the folded node point. The
Assumptions 3 and/or 3’ can now be easily generalized and theorems analogous to
Theorem 4.2 and Theorem 4.1 hold.

7 Reduced flow and desingularization

In this section we derive a method for finding the desinguarized flow near the
fold. The purpose of this is to develop an efficient way of finding folded singu-
larities. Recall that in the basic case of two slow and one fast variables folded
singularities are equilibrium points of the desingularized equation (3.3). Suppose
for a problem with two slow and m fast variables a suitable generalization of the
desingularized equation is available. One can then (possibly numerically) find equi-
libria, and determine whether they correspond to folded singularities. The type of
the folded singularity can be deduced from the properties of the linearization of the
desingularized equation.

The reduced flow is given by the algebraic system:

0= f(z,y)

7.1
9 =g(z,y) with z € R™, y € R? (7.1)

In order to get a better understanding of the system (6.2) we would like to eliminate
the constraint f(z,y) = 0. At a hyperbolic point of Sy we can just solve for y as a
function of x. Near the fold this is not possible, but one may be able to solve for
either the fast variables x or for one slow variable and one fast variable. We will
consider the following two cases:

(i) There exists 4,5 € {1,...,m}, i # j, such that D, .,)f(%0,y0) has rank 2.
(ii) D(4;,y;)f(w0,y0) has rank 2, where i € {1,...,m} and j equals 1 or 2.
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The case D,, ,,)f(%0,%0) has rank 2.

With no loss of generality we assume that (i,5) = (1,2). We write z = (&, (%3, 24,

ey X)), With & = (21,22). Let (x3,%4,...,%m,y) = (&) denote the (possibly
locally defined) solution of f(z,y) = 0. We use f(x,y) = 0 to derive the following
identity:

0= "2 (#(,)) = Daf(@,9)i + Dy (@, 9)g(a,9)

or

Dy f(@,y)& = =Dy f(x,y)9(z,y)- (7.2)
Let C(z,y) denote the transpose of the co-factor matrix of D, f(x,y). We apply
C(z,y) to both sides of (7.2), getting

det D, f(z,y)* = —C(x,y)Dy f(2,y)g9(,y)- (7.3)

Note that we need only two independent equations, namely the ones for #; and .
We have

det Do (2, ®(£))& = —P(1,2C(%, 2())Dy f (%, 2(2))9(2, 2(7)),  (7.4)

where F(; 5 is the projection onto the first wo coordinates. For the important case

of m = 2 we have
9fs _0f1
C=| "% o5

CED EEN
and
8f2  _ 05
det D, f(z, ®(2))2 = — < 8 ofe ) Dyf(z,®(x))g(z, 2(z)) (7.5)
Oz Oz

Remark: If (z(t),y(t)) is a trajectory of (7.4) then it is the trajectory of (7.1).
We now rescale the time by detD, f(z, ®(x)) obtaining the reduced and desin-
gularized equation:

§ = —Pu2)C(#, 8(#)) Dy f (&, 3())g (&, B(#)). (7.6)

For m = 2 we get

8fz2 _0f1
= _ ( _B;gi §£2 ) Dyf(_'p,(I)(x))g(m,(I)(-’E)) (77)

Now we have the following proposition:

Proposition 7.1 An equilibrium (xo,y0) of (7.6) is a folded singularity in the
sense of Section 6 if Dy f(xo,y0) has a zero eigenvalue of algebraic multiplicity 1.

Proof: We assume for simplicity that m = 2. In the general case the proof is

similar.

If D, f(x0,y0) has a simple eigenvalue 0 then the vector

Ofa of1
(6—;62(370&0); 6—@(%’%)
is either 0 or a left eigenvector of D, f (o, yo). The same holds for

0 0
<_6—Zf'i($07y0)7 8—£1(m07y0)) J
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namely it is either 0 or a left eigenvector of D, f(xzq,y0). It follows that (zg,yo) is
an equilibrium of of (7.6) if and only if the condition (6.4) holds. O

The case D,, y,)f(T0,y0) has rank 2.

We assume for simplicity that m = 2. We also assume, with no loss of generality,
that i = j = 2, i.e. Dy, 4,)f(20,%0) is invertible. We can now find a smooth
function @ so that (z2,y2) = ®(x1,y1). Further we proceed as in the case of two
slow and one fast variable obtaining the reduced equation in the following form:

U = g1(x1,y1,®(x1,91))

det D(ﬂh,wz)f .

det Dy1,22) f
= P - 7 7
dot D(ngyﬂfﬂh g2(21,y1, ®(x1,91))

(0] .
detD(zz,yQ)f g1(z1,y1, ®(1,91))

The desingularized flow is given by

det D(w1,w2)f
det D(z27y2)f
det D(y1,w2)f
det D($2,Z/2)f

U1 = g1(x1,y1, ®(x1,91))

&1 = go(21,91, ®(21, 1)) — g1(x1,y1, ®(x1,91)).
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